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Summary

In this thesis, the matrix free Characteristic Based Split (CBS) scheme based
on an artificial compressibility (AC) method and the semi-implicit CBS scheme are pre-
sented for laminar and turbulent incompressible flows. Numerical simulations of steady
and unsteady state incompressible flow problems have been carried out on structured and
unstructured meshes of linear triangular and tetrahedral elements. The standard Galerkin
method was used for spatial discretization of the governing equations in their semi-discrete
CBS form. Four different Reynolds average Navier-Stokes (RANS) turbulence models
have been studied in detail. They are the one-equation linear k — [ model of Wolfshtein,
the one-equation Spalart-Allmaras model, the two-equation linear x — € model with two
different low Reynolds number treatments (Lam-Bremhorst damping functions and Fan-
Lakshminarayana-Barnett damping functions), and the two-equation nonlinear near-wall
k — € model with Kimura-Hosoda’s parameters. The results of standard steady flow in a
channel, inside a lid-driven cavity, over a backward facing step, around a stationary sphere
and through an upper human airway are adequately predicted. In addition to steady state
flow problems, unsteady Reynolds-averaged Navier-Stokes (URANS) model was employed
to solve vortex shedding behind a circular cylinder using a dual-time stepping technique.
The two- and three-dimensional results presented show that both the CBS-AC matrix free

procedure and semi-implicit CBS formulation are accurate and efficient.



Chapter 1

Introduction

1.1 General remarks on the CBS scheme

It is well known that generally direct finite element formulations without any stabilization
may result in violent oscillations if employed to solve incompressible flow equations. The
instability due to the non-linear convective acceleration terms, which make the fluid me-
chanics equations non-self-adjoint, leads to a system of non-symmetric equations. Unless
the velocity is very small, for instance creeping flows, spatial oscillations due to central-type
spatial discretization of convective acceleration will occur. Thus the spatial discretization
derived by the standard Galerkin method (or Bubnov-Galerkin method) {1, 2]—the shape
functions are used as weighting—is not valid here though this gives minimum error in the
energy and the Lo norms for self-adjoint problems. On the other hand, the incompressible
limit, Ladyshenskaya-Babuska-Brezzi (LBB) conditions (3, 4, 5], introduces instability if
equal order interpolations for velocity and pressure are used. Therefore, use of simple linear
triangular elements result in highly oscillatory solutions when the viscous flows of incom-
pressible fluids is solved using equal order interpolations [6]. The violation of this condition
often results in numerically unphysical oscillations in the pressure field. However, second
order terms introduced into the discrete governing equations ensures that stable solution is
obtained in this study.

There are several stable approximations available to deal with the steady-state




situations which reduce/eliminate oscillations resulted from standard discretization of con-
vective acceleration terms. For the steady-state convection-diffusion equation with a scalar
variable, generally treatments include the Streamline Upwind Petrov-Galerkin (SUPG)
method (7], the Galerkin Least Squares (GLS) method [8, 9], the Finite Increment Calcu-
lus (FIC) method [10] and the Subgrid Scale (SGS) method [11]. The methods available
to stabilize oscillation via transient formulation include the Characteristic-Galerkin (CG)
method [12, 13, 14, 15, 16] and the Taylor-Galerkin (TG) method [17, 18]. In this study, the
CG procedure is employed to solve the Navier-Stokes equations and the Reynolds average
Navier-Stokes (RANS) equations.

The SUPG approximation can be employed by taking the weighting functions dif-
ferent from the interpolation (shape) functions. This non-standard weighting in the discrete
form was to introduce consistent stabilization to solve convection dominated problems. The
Galerkin process based on a least square residual minimization also permits non-self adjoint
operators to be treated. The process of adding the higher order terms via the GLS for-
mulation can stabilize oscillations. Indeed the concept of the extra terms are often known
as 'artificial or balancing diffusion’. The FIC procedure directly obtains the balancing dif-
fusion in the governing differential equations via higher-order approximations using Taylor
series.

In this thesis a combination of time discretization in the characteristic direction
along with standard Galerkin spatial approximation is used to deal with incompressible
flow equations. Its derivation involves a Taylor series expansion in a semi-discrete system
along the problem characteristics to obtain second order accuracy in time. The extra higher
order terms can either be derived in conservation or non-conservation form for any scalar
convected quantity. The TG scheme gives similar form of convection stabilization for scalar
convection-diffusion problems. The TG method is the finite element counterpart of the
Lax-Wendroff type [19] developed in the finite difference context.

In order to circumvent unphysical pressure oscillation, the development of stable
procedures in which the LBB condition is stabilized have been proposed and being widely
used [6]. The Characteristic Based Split (CBS) algorithm [13, 15, 16] based on firstly

removing all the pressure gradient terms from the Navier-Stokes equations leads to a non-




singular solution for any interpolating shape functions used for velocity and pressure. In
the second step, the pressure is obtained from the continuity equation and finally the inter-
mediate velocity variables obtained from the first step are corrected to get the final velocity
values.

For the solution of both compressible and incompressible flows, CBS scheme was
initially presented by Zienkiewicz and Codina [13]. Also, CBS scheme has been extended to
investigate other applications, for example solid dynamics [20], shallow water flows [16, 21],
thermal and porous medium flows [16, 22, 23, 24, 25]. However, recently it has been com-
bined with the standard Artificial Compressibility (AC) method [26] to obtain an efficient
and accurate explicit matrix free procedure [27, 28].

Such a matrix free CBS-AC scheme, via a dual time stepping technique [27, 29]
gives a transient numerical solution for unsteady flow problems. This method has been
implemented to solve turbulent incompressible flows using RANS and unsteady RANS
(URANS) in this thesis. Several articles have been published on the artificial compress-
ibility formulation for turbulent flow calculations in the past [30]-[49]. It is noticed that all
the referred papers use either finite difference or finite volume method for spatial discretiza-
tion and many of reported studies use additional dissipation model to get a stable pressure
solution.

The semi-implicit CBS scheme, which requires a matrix solution procedure [6], [50]--
[53] for the implicit solution of the pressure Poisson equation, has also been implemented

along with one of the RANS models.

1.2 Strategies of turbulence modelling and simulations

In the study of turbulent flows, one of the first methods that was designed for directly
solving the time-dependent Navier-Stokes equations is called Direct Numerical Simulation
(DNS) by which all the relevant scales are resolved without any turbulence model equation
or averaged variable. For the high-Reynolds-number flows, the DNS method is intractable
to resolve all lengthscales and timescales between the largest and smallest range in the

turbulent velocity field. Thus, the Large Eddy Simulation (LES) approach in which the fil-




tering operation and the space-averaged equation of fluid flow is the alternative. The effect
of the larger and easily-resolvable scales on the turbulent motions are computed by LES
procedures using the Smagorinsky SGS stress model [54, 55], the dynamic SGS eddy viscos-
ity model (56, 57, 59], the least squares dynamic SGS closure model [58, 59], the monotone
integrated large eddy simulation (MILES) approach [60]-[63] and the variational multiscale
model [64, 65, 66] etc. Thus the (filtered) Navier-Stokes equations which provide adequate
dissipation of turbulent kinetic energy is responsible for the energy transfer between the
large resolved scales and the SGS eddies.

In the Smagorinsky model, the eddy viscosity based on the application of the
mixing length hypothesis is employed to be proportional to the SGS lengthscale, through
the universal Smagorinsky constant, and the turbulent velocity scale imposed by the second-
order symmetric tensor of the filtered strain-rate. To correct asymptotic behaviour in
the near-wall region of a boundary layer in different flow regimes, the concept of the so-
called 'double filter levels’ leads to SGS stress tensor in which Smagorinsky constant is
replaced by an algebraic equation. It is known as the dynamic eddy viscosity model which
can dynamically obtain the constant that is a functibn of space and time. A potentially
important modification of the dynamic mode is made by a least squares approach to avoid
the denominator become zero. Except for the above explicit SGS stress models, one of the
implicit numerical filters is so-called the MILES approach, wherein the inherent numerical
dissipation based on the flux corrected transport scheme [67] or the piecewise parabolic
method [68] in the SGS model is used. In the multiscale formulation, the SGS stress
is modelled by the fluctuating rate-of-strain rather than the filtering rate-of-strain which
represents a missing effect based on unresolved subgrid scales on resolved scales (space-
averaged) within the filtered Navier-Stokes equations. In brief, LES is used to simulate the
large-scale motion on which the effect of small scales is modeled.

RANS models are developed using time-averaged quantities resulting from the
decomposition of mean and fluctuating parts [69]. It extends the classical time-averaged
approaches that involve the numerical solution of the Reynolds equations to determine the
mean velocity field. The mixing-length hypothesis [70] in which velocity scale is defined
based on the turbulent kinetic energy was suggested by Kolmogorov and Prandtl [71, 72]




for solving the transport equation. Here the turbulent eddy viscosity formulation is replaced
with the absolute values of the mean velocity gradient. It implicates that the turbulent eddy
viscosity is a scalar in this turbulence-energy hypothesis. This RANS model is called the one-
equation model because it has just one turbulence quantity—turbulent kinetic energy—for
transport. The one-equation model of Wolfshtein [73] based on iength scale of dissipation
and viscosity is employed to account for the near wall effects in this work.

The two-equation model belongs to the RANS model as well. This model uses two
turbulence quantities. The turbulent kinetic energy « is taken as one of the variables. An-
other is determined by several quantities, for instance, turbulence dissipation rate ¢ [74, 75],
turbulence frequency w = /e [76] and turbulence timescale 7 = ¢/x [77]. However, several
investigators have applied the linear x — e model to develop nonlinear eddy-viscosity models
(NLEVMs) in the constitutive stress—strain/vorticity equation for practical engineering
turbulent flows during the past two decade [78]-[84].

One of the hybrid techniques, detached eddy simulation (DES) approach, was
suggested by Spalart et al. [85, 86, 87] in order to combine the most beneficial results of
RANS and LES. The closure is based on a modification to the Spalart-Allmaras model
such that the whole boundary layer uses the RANS model and separated regions away from
boundary layers use LES at external flows.

In this thesis, the linear k — € model is used to demonstrate the use of both the
matrix free CBS-AC scheme and semi-implicit CBS scheme. The low-Reynolds-number
approximations, the Lam-Bremhorst model [88] and Fan-Lakshminarayana-Barnett model
[89], for predicting wall-bounded turbulence are also demonstrated in this thesis. Especially,
the unsteady turbulent boundary layers with correct asymptotic behaviour in the near-wall
region had been improved by Fan et al’s work. For the nonlinear k — € mode, the Kimura-
Hosoda formulation [84] was presented in the Reynolds stress tensor. In majority of the
turbulent cases studied in this thesis, the Spalart-Allmaras model [90] has been used as a
one-equation turbulence model for transport of the turbulent eddy kinematic viscosity.

It is not very'clear when computing power will be sufficient enough to carry out
LES calculations on practical engineering problems. One prediction (Spalart) suggests that

it will be in the year 2045 before a reasonable size engineering problem is solved using LES.




It is also not clear how LES is going to develop itself as an unstructured mesh method.
Thus this thesis is devoted to develop unstructured mesh based matrix free method for
RANS calculations. Through examples it is proved that sufficiently accurate turbulent flow
calculations can be carried out on fully unstructured meshes.

This thesis describes the RANS modelling using a matrix free scheme in detail.
Various governing equations and their origins are summarized along with the finite element
solution procedure. The accuracy and efficiency of the matrix free scheme is demonstrated
through several laminar and turbulent incompressible flow problems. The semi-implicit
form of the CBS scheme is also implemented for the sake of comparison. In the following

section, the contents of the present work is described in same detail.

1.3 Organisation of the thesis

This research aims at using the matrix free CBS-AC scheme and semi-implicit CBS scheme
to solve both laminar and turbulent incompressible flow problems using the structured,
unstructured and hybrid meshes.

Chapters 2 to 3 deal with the mathematical models and turbulence formulations
for incompressible flows. Applying the Reynolds decomposition to split into mean and
fluctuating values of Naiver-Stokes equations are explained in Chapter 2 followed by a
discussion on the derivation of several turbulence transport equations. In Chapter 3, various
turbulence RANS models are explained in detail.

Chapter 4 covers CBS algorithm in detail using an explicit discretization technique.
A combination of the artificial compressibility method and the dual time stepping process
are used here to solve unsteady problems with the matrix free form while the pressure
Poisson equation of the semi-implicit scheme is solved using a conjugate gradient method.
Two- and three-dimensional matrix coefficients resulting from the weak formulation has
been obtained by the rules of linear algebra and shown in Appendices A and B. Chapter 4
also presents how CBS scheme avoids LBB condition.

Chapters 5 to 6 present numerical experiments of steady and transient laminar

flow calculations. Many two- and three-dimensional benchmark problems have been pre-




sented in Chapter 5. The steady and unsteady incompressible flow calculation inside a
two-dimensional non-rectangular double driven cavity at a Reynolds number range of 50
and 10000 are described in Chapter 6.

In Chapters 7 to 8 numerical solutions of turbulent incompressible flow problems
are evaluated by the one- and two-equation turbulence models. The first benchmark prob-
lem is the turbulent incompressible flow through a two-dimensional rectangular channel
at Re=12300. The other steady state problems studied are the turbulent two- and three-
dimensional flow past a backward facing step at Re=3025 and the model upper human
airway at a moderate Reynolds number. The application of URANS is investigated by
solving the vortex shedding behind a circular cylinder at Re=10000. All two dimensional
turbulent flow problems are presented in Chapter 7. Three dimensional RANS and URANS
turbulence calculations are shown in Chapter 8.

The conclusions derived from the present study are described in Chapter 9. This

chapter also gives same ideas for future research.




Chapter 2

The turbulent mean-flow equations

2.1 The Navier-Stokes equations

The mass conservation based on time rate of decrease of mass inside the control volume is

equal to net mass flow out control surface. It leads to the conservation form of the continuity

equation which can be expressed as

ap 0 (PU;‘) . (2.1)

where p is the density, u; are the velocity components, x; are Cartesian coordinates.

The constitutive relation for the deviatoric stress components 7;; for Newtonian

fluids is given as

Ou; Ou; 20u
- i) RS 2.2
7ij # (6.’13] + 8(1)1 3 Ba:k 61‘7) ( )

where p is the dynamic viscosity, d;; is the Kroneker delta.
The general momentum equations based on the Newton’s second law (ma; = F;)
is
Duj . opP aTi]’

=——4 — ; 2.3
p Dt a:L'j + Bx, +pf] ( )



where Duj/Dt are the acceleration of the moving fluid element, P is the pressure, —8; P +
0;7i; are the net surface force per unit volume, f; are the body force which is the gravity
acting on the fluid element.

By substituting Equation (2.2) into the general momentum Equation (2.3), the

momentum equation in differential form of Cartesian tensor notation can be given as

Ou; 0 (ujug) 1 0p o] Ou;  Ouj 20u
1= — =85 24
ot + Oz p Ox; + ox; g Oz; + Or; 30z ” (24)
where v = pu/p is the kinematic viscosity, and the modified pressure p includes pressure and

a constant gravitational field, that isp = P + G.

2.2 The Reynolds averaged Navier-Stokes equations

The Reynolds averaged Navier-Stokes equations can be derived by the Reynolds decompo-
sition. The decomposition of the instantaneous quantities 1; as a function of time at a fixed
point in a turbulent flow into its time-averaging value 1); and the random quantities ¥ (see

Figure 2.1), i.e.

Y =i — i (2.5)
and definitions of the mean values for velocities and modified pressure in a turbulent flow
[91] are

1 (7 17T
ﬂi=T/0 u;dt; p=T/0 pdt
and
1 T / / 1 T /

where T is time interval. Substituting Equation (2.5) with definitions of the mean velocity

values we obtain the Reynolds stress
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Figure 2.1: Description of the instantaneous quantities.
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It is assumed that the turbulent velocity and modified pressure are differentiable.

It also takes the mean commutative law of the derivative by integration during an interval

of time T and derivatives with respect to time or space can be interchanged.

and also
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ou, o (1 (T o,
—'] = — — /. = —J. =
axk 6:Ek (TA qut) 6:l?k 0 (2.9)

The differential conservation form of the mean-continuity equation can be written

as

Op  Opu; Op Opu; ap’_u;

ot + Oz; T ot + Oz; + ox; =0 (210
For incompressible flow, Equation (2.10) becomes
0,
52; 0 (2.11)

Equation (2.11) is the continuity equation for incompressible turbulent flow given in terms
of time-averaging quantities.

The mean of substantial derivative in conservative form can be written as [92]

Du; _ Buj aujuk _ 6’11_1' 0 /_ —
D = o " Bee = ot ey () (2.12)

Therefore, we obtain the mean-momentum equation

(2.13)

3t+ oz pamj+6_ac,;

du; d(wm)  18p 8 [V<aai+@l_g%i.)}_aﬁg_ui

0z; Or; 30z ” Oz,
The above equation is well known as the Reynolds equation. Obviously, it differs from
Equation (2.4). The extra last term is referred to as the Reynolds stresses. Both the
mean flow quantities and the Reynolds stresses are unknown so some transport models are

required in the turbulence regime.

2.3 The turbulent kinetic energy equation

According to the turbulent eddy viscosity hypothesis of Boussinesq [93], the deviatoric

Reynolds stress tensor —u;u’; + (2/3)kd;; is proportional to the mean strain-rate tensor [92]
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where oyjp = 03;0m01 + Sikdji(92 + 93) + dudjr (P2 — V3); Y1, Y2 and I3 are scalars [94],
vy is the turbulent eddy kinematic viscosity that is the positive scalar coefficient and the
turbulent kinetic energy (per unit mass) is & = (1/2)ulu].

In the above equation, the isotropic part of the Reynolds stress tensor is (2/3)xd;;.
According to the Boussinesq’s turbulent eddy viscosity hypothesis, the relation between the
stress and the mean rate of strain for the Newtonian fluid is determined by the turbulent
kinetic energy .

Because the turbulent kinetic energy « is a scalar quantity of considerable im-

portance, the transport equation of the turbulent kinetic energy is derived here. First,

" by subtracting Equation (2.13) from Equation (2.4), we have the fluctuating velocity uj

equation, i.e.

Ouj 8 18y 8 [ (0w,  Ouf 284 o,
J — _ -2 -~ % Tk J
ot +3xk (ujuk+uuk+u k) p Oz; +8 [V (63:j + amz 30z )] + Oz,

(2.15)

Then each term is multiplied by u;. and using the chain rule

8 (i o [ wui\ 04 8 (wuuj 7 (,p)
55( 2 )+5x_k W) T TG, T e\ 2 ) g +

pou; o[, [0y Oup 20y )] 3
P axj + Vaa:i uJ 8:17]' + 63’:1 331‘ 6

ou; ou, Ou; 20u o',
I —k _ — 1 _ZZ77ks. ) D
UJUJ Bmk ((9.’1?3 + &ci 331%61]) 3:Ei +
0 1T _au.,f
+ zr (u u uk> u u,cacc (2.16)

Continuing in this way, by taking mean values on both sides of Equation (2.16) and con-

sidering each of these terms independently one obtains for incompressible flow.
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Since g, 0uj/0z) and u;u;c are constants with respect to time, finally, the turbulent kinetic

(2.17)

energy equation can be expressed as

8 (w0 (L) _ _ 0 (W) o (up),
ot 2 Oz L) - Oz 2 0z; 0

~

Convective ‘:J.cceleration Di ffTL sion
9 , [ Oy au.IT 2 Ouj — 01
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Viscous dif fusion Generation
ou, Ou;  20u o',
V( R e T (2.18)
Ozr; Ox; 3 Oz 6.7:,

-

Dissipation rate
2.4 The isotropic dissipation rate equation

For the high Reynolds number flows, an exact equation for the isotropic dissipation rate
of the turbulent kinetic energy is obtained by using the isotropic second-rank tensor in the
viscous diffusion terms and by differentiating Equation (2.15) with respect to z,;. The

result may be written as

2 (Y, 9 au;.u;c) 8 (aaju; _ 0 (Owum\ 10 (o)
ot \ Ozm Oz \ Orm - Oz \ Oz Oz \ Oz, prJ OTm
5?2 3u3- 8 3u3u§c
+ Va;nz? ((‘)xm) +6:ck OTm (2:19)

Then it is assumed that the velocity gradients are continuous and multiplying through out
by 21/6u3 / 0z, and using the product rule of the derivative and the chain rule. We have for

an incompressible fluid
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However, taking the time averaged values on both sides of the equation, the dissi-

pation rate equation of the turbulent kinetic energy becomes

o 6u Bu _ a (. au Bu
i\ o tne) = "om \ " ometen |~
_ 2y6<6uJ 6p>_2 0 (Bug)z_
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v (axm Bccm> Oz v (&vm c')xk> OTm
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o o Bu 6u

In the above equation, the isotropic dissipation rate uc’)mugamu; is introduced by

a second-order symmetric tensor. The result may be written as
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Equation (2.22) is called as the isotropic dissipation rate equation of the turbulent
kinetic energy and each term is identified as follows: (i) Time rate of increase of the dissipa-
tion rate of the turbulent kinetic energy. (ii) Convective acceleration of the dissipation rate
of turbulent kinetic energy by mean flow. (iii—1) Viscous diffusion of the dissipation rate of
turbulent kinetic energy by pressure fluctuation. Following Hanjali¢ and Launder [95], this
term contains higher order derivative of the mean or fluctuating velocity field (fourth-order
tensor) which is neglected. (iii — 2) Viscous diffusion of the dissipation rate of turbulent
kinetic energy by velocity fluctuations. (iv) Production of the dissipation rate of turbulent
kinetic energy by time-averaged velocity gradients. (v) Destruction of the dissipation rate
of turbulent kinetic energy. (vi) Viscous diffusion of the dissipation rate of turbulent kinetic
energy for lower-Reynolds-number flows.

The moment approximation is to provide reasonable closing procedure in terms of

multiple correlations of velocity fluctuations and the dissipation rate [95, 96]. These terms

may be respectively written as
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where cg, c1, ce2 and c.3 are constants.

Equation (2.26) may be replaced with suitable wall damping functions, so the
final form of the simulated dissipation rate equation of turbulent kinetic energy can thus

be expressed as
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The above equation contains three different constants which are described in Chap-

ter 3.

2.5 The Reynolds stresses equation

For an incompressible turbulent flow, the exact transport equation for the Reynolds stresses
u;-'u,f is obtained from the fluctuating velocity Equation (2.15) based on second-rank isotropic
tensor in the viscous diffusion terms.

Each term in the fluctuating velocity u; equation is multiplied by w; that gives

ou; Ou;u) Ouli g oulu; ul Op' %, oul ]
1% OUj Uy 175 19%5 %k 1 oP 12 % 1273k
uy—+u +u +u =——=——+4vu +u 2.28
"t T o0, Yoz ! Oz p Oz; PozrZ Tt Oz (2:28)

The same equation for the velocity component w; is multiplied by ug can be written as

/= 1,0 / / 2,,/ 1o,
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By adding Equations (2.28) and (2.29) and using the differential rule,
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Taking mean values on both sides in the above equation, the transport equation of the

Reynolds stresses may be written in the form [95, 97]
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The above equation is referred to as second-order or second-moment closure for
turbulence transport models since it is derived by taking a second moment of the fluctuating
Navier-Stokes equations. It is solved for the individual Reynolds stresses. The right-hand
side of Equation (2.31) contains several correlations between turbulence quantities and their
fluctuating and time-averaged components. In this work, the Reynolds stress equation of
the one-point velocity correlation is used to build up the foundation of the constitutive
anisotropic Reynolds stress equation of the nonlinear x — £ model [84, 98, 99]. However, it
is noted that both k-equation and e-equation may be written in the canonical form of the

exact Reynolds-stress-transport, i.e.

1,1
DuiuJ

Dt
N —

Convection

= Diffusion + Production(Generation) +

+ Dissipation /Destruction (Source) (2.32)
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2.6 Summary

In this chapter, various time-averaged equations for the turbulent incompressible flow are
discussed. The turbulent kinetic energy, the energy dissipation rate and the Reynolds
stresses equations are derived from the governing equations of fluid dynamics-the Navier-
Stokes equations which represent the fundamental physical principle of fluid flow. Further

details on the turbulence equations are given in the following chapter.
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Chapter 3

Turbulence models

3.1 Intrbduction

It is obvious from the previous chapter that the quantity to be modelled is the Reynolds
stress tensor u;ug In this chapter, various available options are outlined. The Boussinesq
hypothesis for Reynolds stresses will be assumed here. Both two- and one-equation models

are explained in the following sections.

3.2 The two-equation model: linear x — ¢ formulation

From the Navier-Stokes equations and the Reynolds averaged Navier-Stokes equations in
Chapter 2, we obtain the turbulent kinetic energy Equation (2.18) of which the energy flux

may be written as

wulul  ylp ou,  ou,  20u
Ef = &l [ L Sk 3.1
+ VU, (8&:,- + dz; 30zk (3.1)

The energy flux E¥ is approximated by the generalized gradient diffusion hypothesis result-
ing from Daly and Harlow [100] and simplified by Pope [92] to give

o0k /) Ox;

Thus, the first transport equation for the turbulent kinetic energy « is of the form

Ef = - (l/ + Kt—) Or (3.2)
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where the diffusion Prandtl number for the turbulent kinetic energy is o, = 1.0, the

(3.3)

Ok

dissipation rate is € = v(0ju; + Oyu} — (2/3)0ku}di;)0iu; and the Reynolds stresses are

Tg = — pu;ug.
From Equation (2.27), the energy flux of the dissipation rate equation may be

expressed as

ulul, )
. Ce~52 (—ULUQ o du, ou, 20u. .\ Ou
E; = v+ _— I/( 0 J—-—-—k&‘j
ou, | Ou; 9 Ou} 5 ou, | Ox; afcj Oor; 30z Ox;
(555 + 7t — hoeb) 32
(3.4)
which is modelled with the generalized gradient diffusion hypothesis as

B = (l, + ﬂ) e (3.5)

The transport equation for calculating the turbulence energy dissipation rate €
can generally be written in the following form

(3.6)

5 " Bz, bz

where the constants are c;; = 1.44 and c. = 1.92 are proposed by Launder and Sharma

e Dm0, M) e plts &

O¢

[101]. The diffusion Prandtl number for the dissipation rate is o = 1.3 and the turbulent

eddy kinematic viscosity as [74]

A

Vg = Cy— (37)

where ¢, = 0.09.
The above linear k —¢ model belongs to the class of two-equation models, in which

closure transport equations are solved for two turbulence quantities x and €. The Reynolds

stresses 72 or —ulu’

; ju; are calculated by a linear strain relation from Boussinesq hypothesis

[93] which ignores anisotropic effects.
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For near-wall treatment, the coefficients c,, cc1 and c.o are multiplied by the
turbulence damping functions f,,, fe1 and fep respectively.

These functions, firstly, was used by Lam and Bremhorst [88]. The dissipation
rate € employed by Gibson et al. [102] is given as

(3.8)

2
€ = 0.2274[1 — ezp (—0.01189R,)]? (085+)n

t

Comparison of the above equation with Equation (3.7) gives a simpler relationship for f,

in terms of turbulent Reynolds numbers R, and R;

fu=[1 - exp(~0.0165R,)]? ( 1+ %f’) (3.9)

N\

where both the turbulent Reynolds numbers are defined as R; = x2/ve and R, = vKy/v
in which y is the distance from the nearest wall.

By avoiding the destruction term, 2v (8v/k/ 63:2)2, in the transport equation of the
turbulent kinetic energy to yield reasonable prediction in the near wall region [74, 103], fe1
is increased to a larger value rather than constant or equal to unity. Thus f¢; is modelled

with the following form

3
faa=1+ (%5-) (3.10)
I

The damping function f.» was suggested by Jones and Launder’s work [74, 103]

modified and is written as

feo =1—exp (—RY?) (3.11)

The above equation tends to zero as the turbulent Reynolds number R; tends to zero. Also,
it makes sure that the dissipation rate € is not infinite even if the turbulent kinetic energy
K is equal to zero on the solid walls.

Another wall function used in the present work as given by Fan et al. [89]. Here,
the development of low Reynolds number functions to account for the near-wall damping
effects, the function f,, is introduced by Speziale et al. [77] and the experimental data

resulting from Patel et al. [104] were used to formulate expression in terms of Ry, i.e.
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fw=1—ezp{—\2/'§;+ (ﬁ— 81.2;9) [l—exp (—?—(’;)]3} (3.12)

The turbulent eddy kinematic viscosity scale is k2 /¢ at locations far from the solid
wall at high Reynolds number. However, it reduces to \/72/6 according to Myong and
Kasagi’s model [105] due to the effect of turbulent Reynolds number R; = x?/ve in the
vicinity of solid walls. Therefore the correct near-wall asymptotic behaviour of turbulent
eddy kinematic viscosity is needed by the function f, to connect between low-Reynolds-

number flows in the vicinity of solid walls and high-Reynolds-number flows away from the

wall. The empirical function f, is given as

fu= 0.4\;—% + (1 - 0.4%) [1 —ezp (—4523”3 (3.13)

The fe1 is equal to unity was suggested by Speziale et al. [77]. The function feo
based on the variation of turbulent Reynolds number was demonstrated to have excellent
agreement with experimental data for turbulence energy decay by Hanjalié and Launder
[96]. Here fe2 is assumed to be a function of the near-wall damping function f,, to ensure

reasonable prediction, i.e.

2
fer = {1 - eeap [— (%) ] }ff, (3.14)

The Dirichlet condition used are kK = 0 on solid walls. The constants used are given as

ce1 = 1.4 and c.2 = 1.8.

3.3 The one-equation model: linear « — [ formulation

The turbulent eddy kinematic viscosity can be expressed as the product of a lengthscale I°

and a velocity scale u®:

v =%’ (3.15)

By Prandtl’s mixing-length hypothesis {70], the lengthscale is replaced with the

mixing length [,,, and it varies linearly with the distance to the closest wall, the constant
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of proportionality being the von Kdrmén number o, = 0.41 in the log-law region of a

wall-bounded flow, i.e.

P =lpn=ouwy (3.16)

Also, the velocity scale is based on the turbulent kinetic energy that was suggested by

Kolmogorov [71] and Prandtl [72], that is

u’ = c;/4,61/2 (3.17)

where the turbulent kinetic energy « is estimated by the transport equation of s, which is
equation (3.3).

Then the turbulent eddy kinematic viscosity becomes

_ 1/4.1/2
m .
w=c)/ kel (3.18)

The dissipation rate € scale may be written as U2/, = U2/l,, in which U,, 7o
and I, are the characteristic velocity scale, timescale and lengthscale of the largest eddies

respectively, at the high Reynolds number being considered, it is reasonable to model € as

3/4 3/2
e=# K (3.19)
lm
Equations (3.18) and (3.19) can, consequently, eliminate I, to yield
2
w=%% (3.20)

Clearly, the above equation is same as Equation (3.7). On the other hand, the mixing length

I is often related to the lengthscale of the turbulence L as

Cp

L=ln~7% (3.21)
Cu

where the constant Cp = 1.0.



25

However, the dissipation rate € is taken to be a function of the lengthscale of the

turbulence L and hence

K3/2

For the wall damping treatments, Wolfshtein {73] suggested two length scales in
the transition region between the laminar sublayer and fully turbulent layer to account for
the wall proximity behaviour.

There are two damping functions to account for the wall effect. All in all, v, is multiplied

by fu=1- e~01608x and ¢ divided by f, = 1 — e=0-263Fx,

3.4 The one-equation model: Spalart-Allmaras formulation

Spalart and Allmaras [90] have developed a one-equation turbulence model for the aerody-
namic application. This model depends on Galilean invariance, empiricism and dimensional
analysis to transport the turbulent eddy kinematic viscosity with modified procedure. The
transport equation choose the scalar variable, which follows Baldwin and Barth [106] in
choosing the transport quantity # and much easier to resolve than both turbulent kinetic
energy and dissipation rate based on fluctuating velocity components.

In this study, the version of a wall-bounded flow at moderate Reynolds number
is selected to model the turbulent eddy kinematic viscosity. The transport equation of the

modified turbulent eddy kinematic viscosity ¥ may be expressed in the form [90]

o0 o 1[0 o0 (00) (7Y v el
vy =—lzg-Ww+d)g—+te (5] |- cwifw | = b1

ot Ox; o | Ox; Or; Ox; Yy ——
Se—— — N————’ Production
Convection V_iscousjz;i £ fusion Near—wall inviscid destruction

(3.23)
The turbulent eddy kinematic viscosity v; is effective in the log layer of which
range is estimated by

T2 _ U2 [Twz2 22 [diy 30 3.24
y—&, v p v VvV dzo > (3.24)

z2=0
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where y* is the non-dimensional distance from the wall normalized by the viscous length-
scale, J, is the viscous lengthscale, u, is the friction velocity, 7, is the wall shear stress.

However, ¥ is calculated as

w=0fn; fa=X/(X’+ch); X=o/v (3.25)

where the modified function fj; is from Mellor and Herring [107]. The constant cy; is equal
to 7.1 from the log law calculation.

According to the free shear flow investigation in two-dimensional mixing layers
and wake regimes by Spalart and Allmaras’s work, the diffusion Prandtl number of the
modified turbulent eddy kinematic viscosity o; is 2/3, . The constant cpe = 0.622 is chosen
in the viscous diffusion terms. The value of ¢p; lies between 0.13 and 0.14 which is taken
from experiments of the free shear flow. A value of ¢; = 0.1355 is used.

The turbulent flow exists only where vorticity is creating from the solid boundaries
so the production term is employed by a scalar norm of the vorticity tensor based on the
symmetric-deviatoric rate of strain tensor. Also, the magnitude of the vorticity S is replaced

with S, given by

SES+(ZA//k:2y2)f,;2; f,;2=1—X/(1+Xf,;1)

~ ~ A~

S = QijQij; Qij = 6,-&,- — aiﬂj (3.26)

where § is determined by the modified function f;p to maintain its well behaviour of the
log-law region all the way to the wall.
The inviscid destruction term is constructed by —cy1(P/y)? based on dimensional

analysis and the near-wall damping function f,, resulting from algebraic models, that is

fu=glA+S83)/ (g +E)YE  g=r+cwm®—r); r=0/5ky? (3.27)

where the mixing length I, = (9/5)%3 leads to a non-dimensional factor r. The constants

are k = 0.41, cy1 = cp1 /K2 + (1 4 cp2) /05, cw2 = 0.3, cu3 = 2.
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At the solid wall, the Dirichlet boundary condition is # = 0. In other words, the
transport equation yields equilibrium all the way to y = 0 in the law of the wall. However,

this model must be supplied with appropriate initial and boundary conditions.

3.5 Summary

The subject of this chapter is concerned with various turbulence RANS models. Different
types of one- and two-equations have been discussed in detail. Near-wall damping treat-
ments are also included in this chapter. It should be noted that all the transport equations

discussed in this chapter take a convection-diffusion equation form.
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Chapter 4

The Characteristic Based Split
(CBS) scheme

In fluid mechanics several difficulties aries when the finite element method is employed. The
first and well known difficulty is that no direct variational principle exists for the Navier-
Stokes equations to express the extremum of a function, so a weak form of an integral
formulation is used. Second, it is important to deal with non-self-adjoint problems of the
convective acceleration term which requires specialized procedure. Third is that of dealing
with incompressible situations in a manner which satisfies the Ladyshenskaya-Babuska-
Brezzi (LBB) restrictions (3, 4, 5].

This chapter addresses the stabilized form of both the matrix free Characteristic
Based Split (CBS) scheme based on the artificial compressibility (AC) method and semi-
implicit CBS scheme. Also, the dual time-stepping procedure for solving unsteady transient

flow is introduced in this chapter.

4.1 Characteristic based schemes

In all areas of fluid dynamics the characteristic based methods are widely employed. A brief

background on this method is presented in this section and in the following subsection.
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Figure 4.1: A scalar-dependent variable ¢ along characteristics.

4.1.1 Direct characteristic Galerkin procedure

A typical convection-diffusion equation with a scalar-dependent variable ¢ in non-conservation

form is [13]

9 ,,00 0 ( 00
ot 1(93),' 61‘,‘ (9.’1,','

where u; is the velocity field to transport quantity ¢ in a convection-diffusion action, « is

>+Q=O (4.1)

the diffusion coeflicient, @} is any external source or the reaction of ¢.
In the above equation if only a linear convection term is considered with a constant
convection velocity u in one dimension, then the characteristics propagate in ¢ — ¢ plane as

shown in Figure 4.1. We can thus write

¢ (& +6,tny1) — ¢ (£,ta) =0 (4.2)

where § is the distance travelled by a particle at the speed of the characteristics, which
is identical to a constant convection velocity u for scalar problems. & = z — udt is the
characteristic direction in one dimension.

Also, it is possible to weight Equation (4.2) and integrate over the domain. The

weighted residual form at £ + 6 can be written as
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[w@+8B@+dtmn - s@ =0 (4.3)

By substituting interpolation functions, Equation (4.3) becomes

/ N (& + 6) [N¥(@ + 8)¢ (& + 6, tng1) — N*(8) (8, t)] d2 = 0 (4.4)

The exact integration of the above equation is not available due to different spatial
positions of Nt(z) and N7(%+6). Thus an approximate integration procedure may be used.
It is noted that back tracking the position Z at each time step is not difficult using an
approximate integration, apart from complex geometries in multi-dimensional flows [14].

However, in order to overcome the difficulties of the direct method, both the
indirect characteristic Galerkin procedure [108, 109] and the explicit characteristic Galerkin
procedure [12, 13, 14, 15, 16] have been addressed in the literature. The second one is in

the author’s view more important to develop a stabilized form.

4.1.2 Explicit characteristic Galerkin procedure

We consider the convection diffusion scalar Equation (4.1) again. Let the trajectory of the
reference particle is located at the spatial point Z; at time t = t,.f, so that characteristic

direction is given as &; = r; — u;dt and therefore

06 (&:(t),1) | 96 (8:(t),1) das
¢(21( ) ) It t,-e ( at + 3.'1;,; dt i=x;—udt (45)
where dz;/dt = u;
Thus the scalar Equation (4.1) now becomes
dp 0 ¢
E-a—x;( a%)Jrcz_o (4.6)

It is observed along the characteristics from Equation (4.6) that the convective acceleration

term disappears, so the equation is self-adjoint. The temporal discretization is written as




31

¢ @iltni1) tur1) = @ (&ilta),tn) —
~ 0At {Q(a‘ci(tnﬂ),tnﬂ) _9 [aa¢ (wi(tg;l),tnﬂ)] } N

3:1:,-
0 [0 (@iltn) tn)

+ 0-080{ Qo tn) - - [« 2B )
where 6 € [0,1]. Crank-Nicolson scheme [110] employs # = 0.5 to obtain a second order
approximation.

Here, &; is expanded by the Taylor series in time that can be approximated up to

second order as [13]

Therefore, u; is expanded by the Taylor series in characteristic direction at t..f =

tn+1, i.e.

u; (£i(tn), tn) = u; (zi — At (24, tn) + O(AL?), 1)
(zi—6) (z:i—96)
= u; (T4, tn) — 5M + O(Atz) (4.9)
Oz;

where ¢ is the distance travelled by the reference particle in the characteristic direction
which is [14, 16]
0 = u;At (4.10)

where

Ui (Zi(tns1), tna1) + i (Zi(tn) tn) | s
il = 5 (2:~9) (4.11)

that is an average value of u; along the characteristics.

Substituting Equations (4.9), (4.10) and (4.11) into Equation (4.8)
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. At
xz; = Zi(tn) + 5 (ui (@i tng1) + wi (23, t0)) —

_ (At) Ou; (x4, tn) 3
2 uJ( J’tn) 8—921 +O(At )

Py At 2 0 i \Liy tn
= &i(tn) + Atu; (T, tny1/2) — %uj (%5, tn) —‘i—éz—) +o(At%)  (4.12)
J

where u;(Z,tni1/2) = [wi(%i, tny1) + ui(i,8,)]/2. From the Taylor series expansion and

equation (4.12) we have

¢ (ji(tn)v tn)

(zi~6)

2
=¢ (xi — Atui(Tis tpgr/2) + (29

Ou;(x;,t
u.‘i(x.‘i) tn)ﬂé%ﬁ + O(At3)»tn) (2:-0)

a¢(xk;tn) At)2 Ou; (xutn 0 (zk, t )
_¢(x,,tn)—Atuk(xk, n+1/2) +( 5 Uj (:L'j,tn) 6.’13:, ) E?:L‘k n

At)? 8 8¢ (zk,tn
( 2) U (25, tn1/2) uk(Ths n+1/2) M;Tkk)+0(At3) (4.13)

-+

For the fully explicit version of the scheme, we write the following approximations

wi(zi, tn+1/2) = ui(z;,tn) + O(At)
(zi, tn) + O(AL)

0 o
55;¢($iatn+1/2) = 3

Q (xh tn+l/2) = Q (:L'h tn) + O(At) (414)
Thus we have
1
2 [$ @ltnnh ) — s st )| |
1 8 jy tn
= 22 16 (@ tnir) — 6 (@i 1) +uj(xj,tn)i’%—) -
A 6 sy Yn
- "2—t“‘ (zutn) oz; (UJ (fL‘J,tn) (xjjt )) + O(At3) (4.15)



33

The diffusion and the source terms are averaged quantities along the characteristics. They

are given as

0 [ 0¢(&i(tns1), tns1) 9 (09 (2i(tn),tn)
ox; (a oz; + ox; (a Oz; ) l(x——é)

0 d¢ (:L‘,', tn)) 0 0 09 (271_ tn) 2
=29 (%2%0m) N Ap(r 1.2 |9 [, 0P \Zirtn)
e (a o, Atuj(zj,tn) oz, [&ci (a Bt )] + O(At%)
(4.16)
Q (fi'i(tn+1)» tn+1) + Q (ji(tn)) tn) (i—6)
= 2Q (4, tn) — Atuy (x4, t5) 9Q (j,tn) + O(At?) (4.17)

alij
where Q (i, tn) = 2Q (i, tny1/2) — Q (i tny1)-
Substituting Equations (4.15), (4.16) and (4.17) into Equation (4.7) with § = 0.5

we finally obtain

Ap = ¢(zi,tny1) — ¢ (i tn)

= At [—-’U,j (:Bj,tn) @%—éﬁﬁ + aixz (a%%@) - Q (mi,tn)J +

+ (A;)2 {u, (i, tn) 8%1 (uj (5, tn) %‘;tn))} *

At)? 8 [0 [ 0¢(zstn 0Q (z;,tn
BT sy ot i [ (022000 | 4 a0 200

(4.18)

Moreover, if linear elements are used the third and higher order terms in the
stabilized formulation may be neglected for the spatial discretization.
4.2 Temporal discretization and splitting procedure

The splitting method follows the process originally introduced by Chorin [111, 112] for in-

compressible flow in the finite difference analysis. Zienkiewicz and Codina [13] extended the
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split to solve the governing equations of fluid dynamics for both compressible and incom-
pressible formulations using the characteristic Galerkin procedure. Here, we present the
semi-implicit CBS scheme and the matrix free CBS-AC scheme for the Reynolds averaged
Navier-Stokes equations.

The non-dimensional form of the governing equations depend on the nature of the

flow which can be obtained by employing the following scales

_ U; T tu, _ D
ap=—ty =L s BB e e e p?,;
~ R
K el | v Tiq Tis ¢
ﬂ* = T; 6* = T; * = bt T;‘;' = _1'72 H T{}* = ———-——1'72 H #’; = ——'Ul (4.19)
uoo uw Voo Poouoo pOOuoo Hoo

where an asterisk indicates a non-dimensional quantity and an over-bar indicates a mean
value. A subscript co represents a free stream quantity, L is a reference length.

The scheme contains three steps. In the first step, the intermediate momentum is
established, in the second step, the pressure (gravitational action neglected) is obtained from
a modified continuity equation and finally the intermediate velocity variables are corrected
to get the final velocity values. Any turbulent transport equation can be added as a fourth
step.

The three steps of time discretization of the scheme may be written in the semi —
discrete form as (dropping the asterisks from the non-dimensional forms and defining the
overline for time-averaged values are dropped as well for simplicity)

Step1: Intermediate momentum

Following Equation (4.18) we get

AU} =U} ~UP

Oz Re 6z; ' Re 0z;

(At)? o [ 1 (on; otE\]\"
— ) — — — 4.2
+ 2 tm 8:1:m a.’l,‘k (UkUJ) Re 8xi + &L'i ( O)

where U = Uj(ts) = pu} is the momentum of fluid particles per unit volume in which

y orR1"
::At[__Q_O%LG)+ 10y 1 n,}
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At = t"*! —¢™ and  indicates an intermediate quantity. Re = poolUooL/fioo is the Reynolds
number.

Step2: Pressure

(ciz)nAp = (c%)n @™+ - ")

aur oAU} &%p™ 92A
- _ J i _ p P
At [axj + 6, 31:_7' Atoq (6zj8xj + 64 ijaa:,- )] (4.21)

where c is the speed of sound which assumes density changes are related to pressure changes
for small compressibility or elastic deformability and approaches infinity for incompressible
flows.

Step8d: Momentum correction

AU, = UM _or = AU — A2 4.22
i=Uj j =AU - Atg (4.22)

where 0.5 < 0; <1 and 03 = 0 is in the explicit form. 0.5 < 8; < 1and 0.5 <f, < 1lisin
the semi-implicit form.

Step4: Turbulence transport equations

Turbulent kinetic energy

AK = K™t — K™
_ 0 ) 1 0 Mt Ok Rauj "
—At[ (uJK)+Re .(u+ ) w_+r~~ o E| +

Oz; Oz; ox) 0z; 0
+ (A;)2 {”’“a%c [a-z—j(ujk) - kl—w% (u + %) 56% - 75% + E] }n (4.23)
where K™ = K (t,) = pk™ and E™ = E(t,) = pe™.
Dissipation rate of turbulent kinetic energy
AE = E™+! _ g
= At [—%(qu) + é% ( + Z—:) 6%-6; + 65157'5(;—2 - 052%]71 +
+ (A;)Q {ukéi_k [%(UJE) - ﬁlgg% (M + g—:) ;—; - 051%73'?%;—; +c52%2] }“
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Modified turbulent eddy kinematic viscosity (Spalart-Allmaras model)

Ap =yt g
15] . 1 15} oD Ch2 o0 \2 culfw [V 2
At | ——(u; —_— — — - —
{ sz(ujy)_’_a,;Reij (v +7) 6a:j+a,;Re (sz) Re (y)
At 0 [8 1 0 N 60]}”
+

2 Y05 [82; ") " GiRe oz, T B

Q> [ 8 | as (00 curfuw (D) - 1"
T u’(‘?wi opRe \ Oz + Re \y ~enS?

The extra second order terms in last part of RHS at stepl and step4 are consistent

+

+At{cb1$’z‘/+

(4.25)

and reduce oscillations due to the standard Galerkin type discretization of convective terms.
The third and higher order terms are generally neglected if linear elements are employed.
The boundary conditions for the CBS scheme consist of both Dirichlet and Neumann con-
ditions. The Dirichlet conditions for velocity such as no slip conditions are prescribed at
step3. The traction conditions are prescribed at stepl. No Dirichlet pressure conditions
are essential for the explicit CBS scheme, but at least one pressure boundary condition is

essential for the semi-implicit scheme.

4.3 Matrix free CBS-AC scheme

The CBS algorithm based on the artificial compressibility formulation belongs to the class
of matrix free methods and this scheme is obtained by substituting #; = 1 and 62 = 0. Also,
the acoustic wave velocity ¢ needs to be replaced by a finite speed (artificial compressibility)
B in Equation (4.21). In general, the artificial compressibility parameter 3 is calculated from

the local velocity scale and the mesh size, as discussed below.

4.3.1 The artificial compressibility (AC) method

The principle of using artificial compressibility for solving incompressible flow equations
was first introduced by Chorin [26]. Here, the time derivative of density equation is written
as a function of a parameter 8 and time derivative of pressure. Thus, a matrix free method

for solving incompressible viscous flow problems may be constructed using this principle.
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The appropriate local time steps to account for the local stability is based on a

suitable artificial compressibility parameter 3, which is given as [27, 29, 113]

B = mazx(e, Veonv, Vaiff) (4.26)

where e is small constant, veony is the convective velocity and vg;s 1 is the diffusive velocity,

which can be calculated as

Veonv = V/ Uil; (427)
(I/ + l/g)
ff = - 4.28
Udif f oonhRe ( )

where o,, = 0.5 is the von Neumann number and h is the local element size. In addition,
the local time stepping At approach with different time steps at nodes are employed to

accelerate the solution to steady state. The local time step is calculated as

At = min(Ateony, Atdiff) (4.29)

where

h
At = 4.30
conv 'Ucon-u +ﬂ ( )
and
ownh®Re

Atgigs = ‘Gv/n:,j—t) (4.31)

Equation (4.29) is multiplied by a safety factor which is common to both time
steps calculated using diffusion and convection velocities. The range of a safety factor
varies between 0.1 and 0.8 depending on the problem and mesh used.

As mentioned before the time steps are calculated at nodes. Therefore the local

element size, h, at a node ip connected to the number of element ie is defined as

3 Volume
. 4.32
hip = min (Area of the opposite triangular element) ie (5
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in three-dimensional flows using four noded tetrahedral elements. Similarly

2 Area
Rir = mi 4.33
ip = TN (Length of the opposite side)ie (4.33)

in two-dimensional flows using three noded triangles.

4.3.2 The dual time stepping method

The dual time stepping technique of recovering numerical solutions to transient flow is
standard and explained by authors {27, 29]. It requires the addition of a real time term to
the correction stage to progress in real time.

This method implies the use of two time steps. The first is a ”real” or outer
or global or physical time step that corresponds to the temporal discretization of the real
physical time variation. Another is an artificial or inner or ”local” or pseudo time step
which is used to iterate the solution within each real time step. For the inner iterating loop,
the local time step is allowed to vary node to node. This means the local time step depends
on local element size.

As mentioned before the real transient term is added to the momentum correction
and the turbulent transport equations. Thus Equation (4.22) may be re-written as
op n+602

At — 61U} — At
U; Ataxj }+(1 61)U;

AUT

- (4.34)

Upth =,

where U]'-H'{’l = 01U}‘+1 + (1 — 61)U} in which 6, is equal to unity for the matrix free
scheme. The real time step is A7. In order to get a second order real time accuracy, AUJ

is approximated using

+1 -1
U —4U + U

. (4.35)

AUT =

In the above equation U;‘“ is equal to the nth inner iteration counter within each real
time step A7. The other two values, U" and U;”*l, need to be appropriately stored at
the start of each real time loop. m indicates the real time step counter. The steady state

convergence criterion is set within each real time step. The dual time stepping technique
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leads the transient numerical solution of matrix free CBS-AC algorithm and often referred
to as implicit scheme [114].

In a similar fashion, a real time term is added to the turbulence transport equations
to recover the real time variation of the turbulent kinetic energy, dissipation rate and

turbulent eddy kinematic viscosity.

4.4 Semi-implicit CBS scheme

The only difference between the matrix free CBS-AC scheme and the semi-implicit CBS
scheme is that here implicit solution of the pressure Poisson equation is sought. This scheme
is obtained by substituting 8; = 1 and 62 = 1 with the acoustic wave velocity ¢ approaching

infinite. Thus, Equation (4.21) can be rewritten as

a2pn+1 _ 1 aU;
Oz;x; At Ox;

where a critical time step At = h/(|lu;||) is applicable here.

(4.36)

4.4.1 The preconditioned conjugate gradient method

The large storage requirement is the major drawback of semi-implicit CBS scheme, espe-
cially in three-dimensional flows, with a sparse system of linear equations [6]. However, one
of iterative method, preconditioned conjugate gradient [6], [50}-[53], can reduce the diffi-
culties associated with sparseness of the matrices. This method constructs the residual of
conjugate vectors which are the gradient and minimizer of a quadratic functional. The pre-

conditioning matrix leads to rapid convergence depends on the limited condition number,

i.e.

A = Amaz (4.37)

/\min
where Apqz and Ay, are the largest and smallest eigenvalues from the solution.

In this study, conjugate gradient algorithm is used to solve the pressure Poisson

equation at step2 on the structured and unstructured meshes.
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4.5 Spatial discretization and matrix form

The standard Galerkin method is employed for spatial discretization. The following spatial

discretization of the variables are employed.

Uj = NuUj; AU; = NuAUj; AU = NyAUY; uj = Nyiij; p = Npp;
Ap = NpAP; K =NiK; k=Nii; E=N.E; e =N.& 0 =Nyb (4.38)

In the above equation N are the shape functions and ~indicates a nodal quantity, i.e.

O=v} v . U . UJ’-]T

N=[N1 N® .. N¢ . N‘] O (439)

where k is the node identifing number and varies between 1 and [.
Applying the standard Galerkin approximation with the divergence theorem, we
get the following weak forms, i.e.

Stepl Weak form of intermediate momentum

/N TAUFdQ = At -~/N Ti(u U»)dQ——l—/ ON—“T(T-~+Tﬁ)dQ n+
a o J N _Q“axk’” Re Jo Ox; "V Y

At? 0 T 0 "
+ —2— [/ﬂa(umNu )(—6—%(1%(]])) dQ:l +

r n
+ At / Nu’-”tddr] (4.40)
L/T

In the above equation tq = [(73; +T§) /Re]n indicates the part of the traction corresponding
to the deviatoric and Reynolds stresses only and n are the components of the outward normal
to the boundaries. As the pressure term is completely removed from the first step, we have
only deviatoric and Reynolds stresses part of the traction left in the equation.

Step2 Weak form of pressure equation
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Matrix free scheme

1\" p "
/NpT (_2) ApdQ = —At/N T 0 UndQ At/N (AU* At 9 )anI“+
Q ,6 Q 8 oz Zj
ON,T Op
At ¥ :
+ /Q e (AU -aigt )dQ (4.41)

In the above equation, pressure and AU} terms are integrated by parts and n; are the

components of the outward normal to the boundaries.

Semi-implicit scheme

8]) n+l1 8N T ap n+1 aur
N T Y Y i _ — T J .
/F L e / No' 5 dQ  (4.42)

Here, pressure term is integrated by parts.

Step3 Weak form of momentum correction

Matrix free scheme

/ N AU;dQ = / N."AU}dQ + At /
Q Q Q

T
36N‘:_ pdQ — At /F Ny Ttpdl (4.43)

Semi-implicit scheme

T
/ N.TAU;dQ = / N, AU Q + At / %p"“dﬂ-m / Ny Ttpdl (4.44)
Q Q o Oz; T

In the above two equations t, = (p™ + 62Ap)n only indicates the part of the traction
corresponding to the pressure which was removed from stepl. It is simply ignored and
assumed to be zero as the full traction is prescribed and employed in stepl [115]. '

Step4: Weak form of turbulence transport equations

Turbulent kinetic energy

0 1 ON,T ut\ Ok
T = - T_7_ (. - d £ty =
/QN,e AKdQ = At[ /N,i _(uJK)dQ Re Jo 0z, (u+ )6 JdQ] +

n
+ At [/N TRau]dQ—/NRTEdQJ +
Q

s 22 [ 2o (o)

+ [ / N ( ) gx’z dl"r (4.45)




Dissipation rate of turbulent kinetic energy

42

T n
/NETAEdQ = At[ /NET 0 (u; E)dQ — ! /BNE (u+ Ei) Edﬂ] +
(9] Z 5 Re Q ij O¢ 8.’13_7'
€ pOu E2 "
+ At [/ NeTcer = ga JdQ—/QNETcszfdQ] +
At2 ' "
1 :
4 M 3 "
N, ; 4.46
" [ / ( )59?;' Jdr] (440
Modified turbulent eddy kinematic viscosity (Spalart-Allmaras model)
[ r 0 i ON,T ov
TA; N 7
LA = A 5t —(u4 - —d}
/QN,, d t N o) - (u;0)d2 ooFe Jo B2, (+)(9 d +
n
+ At /N (ch' C“”f“’ ) dﬂ] +
ar\2 1"
+ At U,;Re_/ND Ch2 (8—) d§2 +
A N,T o) "
+ 5 [/ 3%, (u;N )(— (uJV)) ] +
4.47
+ At a,,Re/N ,dr] (4.47)
The final matrix form of the above weak forms are
Stepl: Intermediate momentum
AT* = —M, At [(cuﬁ + K+ CusK — £o) - At(KufJ)] " (4.48)
Step2: Pressure
(Mp, + At?6:0:H)Ap = At{GU™ + 6, GAU* — Atf Hp — fp]" (4.49)
Step3: Momentum correction
AU = AU* - M;'At [GT(H" + 6,4D)] (4.50)




43

Step4: Turbulence transport equations

Turbulent kinetic energy

AK = —M,~'At [(cnf{ + KR — foq — for) — At(Kunf{)]n (4.51)

Dissipation rate of turbulent kinetic energy

AE = _Me_lAt [(CEE + Keé' - fsn - st‘) - At(KueE)]n (4'52)

Modified turbulent eddy kinematic viscosity (Spalart-Allmaras model)

-~ - -~ - n
AD = -M,; 1At [(Caﬁ + Kso — fa — foq- — for) — At(Kuaﬂ)] (4.53)
where

M, = / N TN.d2; K, = / privtwel (1 gmmT) BdQ;
Q [¢) Re 3

n
H= / (VNp)TVNLdQ; M, = / NpT (%) Npd;
Q Q p
f, = At / NpT [NGO™ + 6, (AT - Atvp™*%:)| T dr
r
K, = —-;- / (VT (uN )T (VT (uNL))dQ; G = / (VNL)TNwd;
Q Q
2
f, = / NyTtqdl'; Cu= / N T (VT (uN,))dQ; Cux = 3 / NuTVN,dQ;
T Q Q

M, = / N TN K, = / (VNR)T(M—U”—“)VN,AQ;
Q Q oxRe

C, = / N T(VI(uN))Q;  fun = / N [royus — NeE] de;
Q Q

for = / Nt Ko = / (VT (uN)T (VT (ulN,.))ds;
r Q

M, = / NN K, = / (VNe)T(w>VNEdQ;
[¢] 9 oeRe
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Ce = ‘/QNST(VT(uNe))dQ; feq = _IE?/QNET [celfi?c’)ju,- - CE2N5E] dQ;

1
fr = [ NTLAD Kue= =5 [ (970N (77 (N0

v+u
N;dS2;
R )V 2dSY;

o;Re

M,;=/N,~,TdiQ; K,‘;=-/(VN;))T(
Q Q

C, = / N, T(VT(uN))dQ;  foqe = / N;T <cb1:§— Cwtfu y—’;) N5 od;
Q Q

Re
fm=/NaT( b2 )(5#7)2619; ff/l‘=/NﬁTtﬁdr§
Q oy Re r
Ky = _% / (VT (uNp))T (VT (uN5))d2 (4.54)
Q

In the above the strain shape function matrix B is given as

B = SN, (4.55)

where S is an strain matrix operator. For a two dimensional case

el
2 0
— a
S = 0 5 (4.56)
d a
dzz Om
m = [1,1,0]F (4.57)
and
2
I, = 9 (4.58)
1

For a three dimensional case
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<)
(2 0 o
el
0 = 0
0 0 A
S = J 923 4 (4.59)
ol 0 0
% dm
0 a o
oz Oz
) 0 &
\ dz3 Oz /
m = [1,1,1,0,0,0]7 (4.60)
and
-, -
2
2
I, = (4.61)
1
1
e 1 -

4.6 The restriction of mixed formulations

In many problems of interest the volume remains approximately constant. The behaviour
is normally called incompressibility.

Incompressible behaviour is generally defined using both the velocity u and pres-
sure p parameters. Here often mixed formulations are employed in the finite element litera-
ture. Most of such mixed form of the Galerkin method results in discrete equations, which

can usually be written in the following standard global matrix form [116]

K GT
G M

_| B (4.62)

)

[=]]

T

where 11 is the discrete primary variable and p is the discrete constraint variable (equivalent

to a lagrangian multiplier). The matrix G is the discrete gradient operator, K and M are
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both n x n squre symmetric matrices. K is positive definite and M is either negative definite
or zero, which depends on the property of the type of discretization employed. f; and f;
arise from the force terms.

In this section how to avoid fhe restriction of LBB stability condition which makes
(M = 0) impossible to employ many useful elements is presented [117]. Thus instability

generally lead to unphysical pressure oscillation and locking of the velocity field [116].

4.6.1 The CBS form

For Stokes flow, Equation (4.48) in stepl only keeps the viscous diffusion terms and the

boundary traction terms [16], i.e.

AU* = —M, " Atiemyp [K,0™ - £,]" (4.63)

where a time step At;emp provides the temporal stability [164].
In step2 the matrix M, disappers for incompressibility and Ap equals zero for

steady state, so Equation (4.49) can be written as

GU" + 0,GAU* — Aty HP" =1, (4.64)

where the spatial stability in the discrete form indicates a time step Atspat = tAtiemp in
which ¢ is a time step ratio [164].

Then we have AU = 0 in steady state that results in Equation (4.50) in step3

reduce to

AU* = M Atremy [GTP™ (4.65)

Therefore, the discretization leads to the following matrix form

K, GT on f,
= (4.66)
G Attempf: (GM;IGT - H) P f,
where the matrix K, = K;/p is the quadratic form. The discrete velocity vector is U™ and

p" is the discrete vector of nodal pressures.
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If the pressure approximation is assumed to be discontinuous, then

P" = (Attempf:) "t (GM'GT — (H) "' £, — (Atsemp0:) ! (GM'GT — H) ' GU™
‘ (4.67)

and the system for U™ will be got by eliminating p". We can write

K, + *GTG] O™ = f, + ¥GTf, (4.68)

where the penalty function points to ¥ = —1/(Atempf; E) in which E = GM;1GT - H
is proportional to Attemp.

Observe that the bilinear form K, is symmetric and positive definite from the
energy expression of physical considerations. E is symmetric and negative definite from its
quadratic form. The system is, however, always positive definite and leads to a non-singular
solution for U™,

It is noted that the discrete steady state systéem above do not have a zero diagonal
term, so the LBB resrtiction no longer influence the finite element spaces for velocity and
pressure. Thus this system theoretically permit arbitrary and convenient interpolation
functions to be employed for U™ and p™. On the other hand, possibly avoiding difficulties
encountered with explicit characteristic-Galerkin procedures, equal interpolation functions

are chosen for any variable in this dissertation [13, 14, 118].

4.6.2 The mixed form

If all the pressure gradient terms are retained in the governing equation, the three steps of

a stokes flow can be written as

AU = ~M, " Atyemy [K-G" + GTp" — £,]" (4.69)

where f, includes the pressure term which is integrated by parts.

1

AD -
P A tspatol 92

H[GU" + 6,GAU* — f,|" (4.70)
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AU = AU — M Atyempf2 AP (4.71)

At steady state Ap = AU = 0 leads to AU = 0. Finally, a typical algebraic equation set

of the form can be obtained

K, GT || O" f,
= (4.72)
G 0 p" f,
Clearly, the coefficient matrix is not positive definite from its quadratic form, i.e.
T
0 K, GT 0
=0 (4.73)
1 G 0 1

due to the zero diagonal term results from the mixed formulation for any assembly of
elements. Such a system is singular unless the number of degrees of freedom in the o
variables is larger than the number of degrees of freedom in the p™ variables.

Proof: If discontinuous velocities are used and the matrix K, has unique inverse and is
always non-singular and positive definite for standard stokes flows, then we can write from

the first equation in Equation (4.72)

U" =K;'f, - K;!GTp" (4.74)

By substituting into the second equation we obtain

GK;!GTp" = —f, + GK ', (4.75)

which requires that the rank of K, be greater than or equal to number of pressure degrees
of freedom to obtain a unique solution of p”. Because the rank of K;! cannot be greater
than the number of velocity degrees of freedom, the number of velocity degrees of freedom
over an element must be greater than number of pressure degrees of freedom.

Now let H = GK;1GT. And H is an n x n square matrix that is non-singular if
its rank is equal to n, that is the determinant of H is not zero. However, the rank of the

matrix H cannot be greater than the rank of matrix K,,.
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Although the above mentioned requirement is necessary, it is not a sufficient con-
dition to construct a non-singular matrix H. Thus an equivalent condition to the stability

criteria of the LBB resrtiction is added, i.e. [16, 117]

GTpm£0 forall p"#0 (4.76)

In addition, by multiplying (5™)7 in the left hand side of equation (4.75), i.e.

") TGK;'GTp" > 0 (4.77)

if the requirement of (4.76) is satisfied to yield a unique solution. It ,therefore, shows that
K ! is positive definite and the rank of matrix G equal n. However, we do not use this

form to test any cases.

4.7 Steady state convergence

The root mean square (RMS) value of error for the steady state convergence criteria is
based on the Ly norm of the velocity field. It gives the norm of different velocities between
time step n 4+ 1 and n normalized by the Euclidean norm of the velocity at time step n + 1,

which is

21172
(S5 (it~ )]
llellz, = ; (4.78)

[ (g7

where NN are the number of nodes.

4.8 Fundamental aspects of unstructured mesh generation

Any given domain could be systematically decomposed into a set of convex polygons was
firstly suggested by Dirichlet [146]. It is known as the Dirichlet tessellation for the geo-
metrical construction of the Voronoi regions [147, 148]. Firstly, let S be a set of sites (i.e.
points) in the Euclidean space E9. Secondly, let ds be a mapping of E% to the positive real

number for each s € S. Then the Euclidean distance between a site s and a point p is ds(p).
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Thirdly, the Voronoi region V (s) can be defined as the set {p € E%|ds(p) < d¢(p),t € S — s}
in the Voronoi cell of s. It is clearly to state a given Voronoi region/convex polygon closer
to its central point than to any other. In general, the Voronoi regions which is also called
the Voronoi diagrams in the computational geometry are based on a set of non-overlapping
convex polygons covering the entire domain.

From this definition, the Voronoi polygon share an edge by connecting a segment
of the perpendicular bisector of the line between each pair of sites/points of S has been
proved the straight-line dual of Voronoi diagrams is a triangulation by Delaunay [149]. The
triangulation can be obtained from an equivalent convex hull for higher dimensions. It is
also note that every circumcircle (circumsphere in three dimension) of a triangle contains
no other points. Such triangulation is referred to as Delaunay triangulation. The algorithm
to construct a Delaunay triangulation from a given set of points follows the early work of
Weatherill {150, 151]. Such a method can connect an arbitrary set of points inside a convex
hull. An efficient implementation of the Delaunay construf:t,ion algorithm applies to both
two and three dimensions.

In the Delaunay algorithm, automatic point creation can be generated in three
ways which ensure a valid boundary conforming assembly of tetrahedra will be produced
from an initial surface triangulation in a bounded domain. For each point r, = (z, ¥, z) on

the boundary, the point creation distribution function is given as [152]

N
1
dp, = N ; [r; — 1o (4.79)

where | | is the Euclidean distance whose point o is surrounded by N points within which
no interior point is placed.

Another method to create automatically points is to use a background mesh [153).
It is overlaid over the computational domain with a specified point spacing. However, point
creation is controlled by the use of sources, especially point and line sources, to provide grid

for unstructured meshes. At position r, local point spacing can be given as [152]

dp = AjeBilfi—rl, =1 N (4.80)
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where the user specified amplification is A;, the decay parameters of the sources is B;, and
the position of each sources is R;.

In our work, all meshes are generated using the Parallel simulation user environ-
ment II (PSUE-II) code [154]. The boundary of the geometry definition is described in the
PSUE-II system in the curve and surface components. The background mesh information
includes point, line and planar sources placed in the appropriate area of the computational
domain. Once all of the sources have been defined, the simulation process is to generate
the surface mesh. Then the eventual aim of the process is to produce a single or a set
of several partitions by the parallel volume mesh generator. It should be noted that the
FLITE parallel flow solver directly provides all of the necessary information. Also, the mesh

refinement is available used by PSUE-II if an initial mesh does not satisfy the need.

4.9 Summafy

In this chapter, major part is concerned with explicit characteristic Galerkin procedure to
obtain stabilizing terms. Both the matrix free CBS scheme and semi-implicit CBS scheme
with various turbulence transport equations are presented. Also, how to circumvent the

LBB stability condition is discussed.
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Chapter 5

The steady and unsteady laminar

flows

5.1 Introduction

The numerical solutions of laminar, incompressible, viscous flow problems, namely flow
inside a channel, in a lid-driven cavity, flow over a backward facing step, flow around a
circular cylinder and flow past a stationary sphere, are presented in this chapter. The goal
is to compare several meshes. The matrix free CBS-AC scheme and the semi-implicit CBS

scheme are employed in this chapter.

5.2 Two-dimensional laminar Poiseuille flow inside a channel

A 1 x 1 square computational domain with no slip condition on top and bottom walls at a
Reynolds number of 100 is assumed to test mesh convergence using the CBS-AC scheme.

The exact, non-dimensional velocity from inlet is given as [114, 165]

Uy = 4.’1,‘2(1—:132)

up = 0 (5.1)
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Pi

am

Figure 5.1: Poiseuille flow, (a) Meshl (10 x10); (b) Mesh2 (20 x 20); (c) Mesh3 (30 x 30);
(d) Mesh4 (40 x 40); (e¢) Mesh5 (50 x 50); (f) MeshG (60 x 60); (g) Mesh7 (80 x 80); (h)
Mesh8 (100 x 100); (i) Mesh9 (200 x 200).

A pressure variation solution is p = (8/Re)(l —x\) for this problem. Nine dif-
ferent uniform structured meshes were used as shown in Figure 5.1. Figure 5.2 shows the
convergence history to steady state (see Equation (4.78)). It appears certain that the CPU
time calculated depends on the element size and total nodes.

The error magnitude of velocity and pressure are expressed as
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Figure 5.2: Convergence to the steady state for Poiseuille flow using the matrix free CBS-AC
scheme.

(b)

Figure 5.3: Poiscuille flow using the matrix free CBS-AC scheme at Re—100. (a) Velocity
error; (b) Pressure error.

elm

EC = ~ MU Uexact) “% (52)
i1
elm ‘

En = ' "(p~ Pexact) Aj,l (5.3)

li=1
where e/m is the number of elements.
The errors of horizontal velocity and pressure with mesh convergence using CBS-
AC scheme are shown as Figure 5.3(a)-(b). As seen the spatial accuracy of both velocity
and pressure are second order.

In Figure 5.4 and Figure 5.5 horizontal velocity component and pressure contours
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B=——————n———————m-—

Figure 5.4: Poiseuille flow. Velocity contours for Re=100 (a) Meshl (10 x10); (b) Mesh7
(80 x80); (c) Mesh9 (200 x200).

(a)LL (b) (c) L

Figure 5.5: Poiseuille flow. Pressure contours for Re=100 (a) Meshl (10 x10); (b) Mesh7
(80 x80); (c) Mesh9 (200 x200).

are ploted for three different meshes. The first mesh consists of 11 nodes on the sides. The
second and third meshes consist of 81 and 201 nodes on the sides. As seen even the coarsest

mesh used gives an excellent accuracy.

5.3 Two-dimensional laminar flow in a lid-driven cavity

This benchmark problem consists of a square geometry along with a moving lid. A non-
dimensional horizontal velocity of unity was prescribed on the top-lid. A zero-velocity
condition was prescribed on the bottom and side walls. Three different Reynolds numbers,
400, 1000 and 5000, have been investigated. Figure 5.6 shows the three meshes used to
solve this problem. The structured meshl and unstructured mesh?2 are refined close to solid

wall. However, the unstructured mesh3 is uniform everywhere.
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©

Figure 5.6: Flow inside a lid driven cavity, (a) Structured meshl (2888 elements; 1521
nodes); (b) Unstructured mesh2 (10596 elements; 5515 nodes); (c) Unstructured mesh3
(5656 elements; 2929 nodes).

i-implicit CBS Semi-implicit CBS
0.1
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07 07
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No. time steps No. time steps

(a) Re=400 (b) Re=5000

Figure 5.7: Convergence to the steady state for the flow inside a lid driven cavity using the
matrix free CBS-AC scheme and the semi-implicit CBS scheme on the structured meshl.

As shown in Figure 5.7, the semi-implicit CBS scheme took less number of time
steps to reach steady state than the matrix free CBS-AC scheme at a low Reynolds number,
but the difference between the two schemes at a high Reynolds number is very small.

Figure 5.8 provides the comparison of steady state of convergence histories be-
tween three different meshes at various Reynolds numbers. All meshes resulted in similar
convergence rates except the coarse unstructured mesh (rnesh3), which fails to meet the
prescribed steady state convergence tolerance at Re = 5000. The steady state tolerance

prescribed in these problems is |le||z,2 < 1076 (see Equation (4.78)).
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Figure 5.8: Convergence to the steady state for the flow inside a lid driven cavity using the
matrix free CBS-AC scheme on the three different meshes, (a) Re = 400; (b) Re = 1000;
(¢) Re —5000.

The horizontal velocity component and pressure pattern for Reynolds number 5000
obtained with the unstructured mesh2 is shown in Figure 5.9. For the contour plots, 24
contour lines are used.

In order to determine the accuracy of the numerical experiment, the velocity distri-
butions at various Reynolds numbers are compared with the benchmark solution by Ghia et
al. [119], which were obtained using a very fine grid, and numerical results of Codina et al.
[120]. The comparison of the horizontal and vertical velocity profiles along the mid-sections
of the cavity are shown in Figures 5.10, 5.11 and 5.12. It is observed that all meshes lead to
good results at Re = 400 in Figure 5.10. Some small deviations near to peaks are noticed
while the Reynolds number is increased. Major differences are noticed for the case when

Re = 5000. Figure 5.12 shows that the structured mesh perform better than the others.
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(a)

Figure 5.9: Flow inside a lid driven cavity at Re = 5000 using the matrix free CBS-AC
scheme on the structured meshl. (a) Horizontal velocity u| contours; (b) Pressure contours.

Ghuci al

CBS-AC; Mesh]

Vertical coordinate

Figure 5.10: Flow inside a lid driven cavity at Re = 400 using the matrix free CBS-AC
scheme, (a) ul along vertical centre line; (b) U2 along horizontal centre line.
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Figure 5.11: Flow inside a lid driven cavity at Re = 1000 using the matrix free CBS-AC
scheme, (a) u| along vertical centre line; (b) U2 along horizontal centre line.

5.4 Two-dimensional laminar flow past a backward facing

step

For this classical benchmark problem, experimental data are provided by Denham et al.

[121]. The entry to the channel is situated at a distance of 4 step lengths upstream. The
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Figure 5.12: Flow inside a lid driven cavity at Re = 5000 using the matrix free CBS-AC
scheme, (a) u\ along vertical centre line; (b) U: along horizontal centre line.

(b)

Figure 5.13: laminar flow past a backward facing step at Re = 229. (a) Unstructured meshl
(8662 elements; 4656 nodes); (b) Unstructured mesh2 (22257 elements; 11659 nodes).

total length of domain is 40 step heights and the width is three times step height. The ex-
perimental velocity profile [121] is used on the inlet flow. The no-slip condition is prescribed
on all solid walls. At the outlet, no Dirichlet boundary condition is employed. Figure 5.13
shows two different unstructured meshes used in the calculations. Both have high resolution
near the solid walls. The Reynolds number is 229 which is based on the average velocity of
the inflow and the height of the step.

Figure 5.14 shows the steady state convergence histories of the two meshes toward
the steady state. As seen, meshl is quite fast to reach steady state compared to mesh2 that

is more refined near the boundaries.
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Figure 5.14: Convergence histories for the laminar flow past a backward facing step at
Re=229 using the matrix free CBS-AC scheme on the two different unstructured meshes.

Figure 5.15: Horizontal velocity contours for the laminar flow past a backward facing step at
He = 229 using the matrix free CBS-AC scheme on the unstructured rnesh2. {u\min ——0.14,

= 1-84)

Figure 5.16: Pressure contours for the laminar flow past a backward facing step at Re =
229 using the matrix free CBS-AC scheme on the unstructured mesh2. (pmin — -0.19,

Pmax = 0.03)

Figures 5.15 and 5.16 show horizontal velocity and pressure contours using mesh2.
No appreciable non-physical oscillations obtained in the distribution of the variables. Al-
though Dirichlet boundary conditions are not prescribed at the exit, the pressure contours
are still smooth.

The comparison of horizontal velocity profiles at several vertical sections on both
meshes with experimental values [121] are shown in Figure 5.17. The numerical solutions

resulted from using mesh2 are very similar to those obtained by meshl except for small



61

L*00 x/L w40
3
Exp (Denham et al.)
25
25
2 i
L5
05
0 04 06 08 12 14 0 o 04 06 08 12 14 16
Horizontal velocity Horizontal velocity
X/L w488 X/L—6.11
3 3
Exp (Denham ctal.) Exp. (Denham ct al.)
25 25
15 15
05 05
2 0
92 02 04 06 08 12 16 0.2 02 04 06 08 1 14 L6
Horizontal velocity Horizontal velocity
X./L-8 17 x./L- 1429
3 3
Exp. (Denham et al.) Exp (Denham cl al )
25 25
15 15
05 05
02 04 06 08 1 14 0 @. 04 06 08 1 12 14

Horizontal velocity

Figure 5.17: Comparison of horizontal velocity profiles different sections with experimental
results for the laminar flow past a backward facing step at Re = 229 using the matrix free
CBS-AC scheme.

deviations far downstream.

5.5 Two-dimensional laminar flow around a circular cylinder

The domain consists of a circular cylinder placed at a distance of 4D from the inlet, where
D is the diameter of the cylinder. The distance from the centre of the cylinder to the top

and bottom sides is also equal to 4D. The exit of the domain is placed at a distance of 12D
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(d)

Figure 5.18: Unsteady laminar flow around a circular cylinder at Re = 100 using the
matrix free CBS-AC scheme, (a) Unstructured mesh. (Nodes: 9988, Elements: 19650); (b)
Horizontal velocity contours. wimin = —0.26, ulmax = 1.84; (c) Vertical velocity contours.

u2ein = -0.68, uZmax = 0.78; (d) Pressure contours. pmin = -0.66, pmax = 0.73.
v CBS-AC 0.5 CBS-AC
1.55
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(a) Realtime (6) Real time
Figure 5.19: Unsteady laminar flow around a circular cylinder at Re = 100 using the

matrix free CBS-AC scheme, (a) Drag coefficient variation with respect to real time; (b)
Lift coefficient variation with respect to real time.

from the centre of the cylinder. A constant inflow velocity is prescribed. The Reynolds
number 100 for the two-dimensional unsteady flow problem is based on the diameter of the
cylinder and inlet velocity. The initial conditions are horizontal velocity of unity, vertical
velocity of zero and zero pressure.

For each physical real-time step the Euclidean norm of the interface residual of

velocity is reduced to 10-6 (see Equation (4.78)). It requires from 200 to 300 pseudo-time
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Figure 5.20: Unsteady laminar flow around a circular cylinder at Re = 100 using the matrix
free CBS-AC scheme, (a) Drag coefficient; (b) Lift coefficient; (c) Vertical velocity at the

central exit point.

Figure 5.21: Three-dimensional laminar flow around a circular cylinder, (a) Unstructured

meshl (Elements:
Nodes: 115035).

69948, Nodes:

17382); (b) Unstructured mesh2 (Elements:

606769,
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Figure 5.22: Steady laminar flow around a circular cylinder at Re—20 on unstructured
meshl using the matrix free CBS-AC scheme, (a) u! velocity contours. wimin(red) = -
0.022, uimax(blue) = 1.336; (b) u3 velocity contours. w3min(red) = -0.535, u3ma2(blue) =
0.626; (c) Convergence to the steady state.

iterations to reach the prescribed tolerance with real-time step size of 0.05.

Figure 5.18 shows the computational mesh used for the simulation and all qualita-
tive results. The contours of the horizontal and vertical velocity components and pressure
contours at the non-dimensional real time of 200 are shown in Figure 5.18(b)—(d).

Figure 5.19 shows the drag Cd and lift C/ coefficient histories from 0 to 200 real
times. The Strouhal number is around 0.121. The time variation of the drag Cd and

lift Ci coefficients as well as the vertical velocity at the middle point of the exit section
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(a) U\ velocity contours (b) u\ velocity contours

(c) us velocity contours (d) us velocity contours

Figure 5.23: Unsteady laminar flow around a circular cylinder at Re—100 on unstructured
meshl using the matrix free CBS-AC scheme (left) and the semi-implicit CBS scheme
(right), (a) u! velocity contours. ~imin(red) = -0.186, wimax(blue) = 1.510; (b) u! velocity
contours. uimn(red) = -0.159, wimoi(blue) = 1.428; (c) u3 velocity contours. u3mirt(red) =
-0.696, usmax(blue) = 0.814; (d) u3 velocity contours. u3min(red) = -0.863, Wama*(blue) =
0.974.

as compared with the results of Codina et al. [120] are shown in Figure 5.20. As seen,
the difference is quite small. The reason for the small difference could be due to the first
order splitting error in pressure introduced by CBS algorithm. It leads to more dissipative

influence encountered with smaller amplitude and frequency [114, 120, 122]. Note that
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Figure 5.24: Three-dimensional laminar flow around a circular cylinder at Re=100 on un-
structured mesh2 using the matrix free CBS-AC scheme, (a) Drag coefficient; (b) Lift
coefficient.

both results of CBS-AC scheme and Codina et al. are produced on the same mesh shown
in Figure 5.18(a). The averaged drag coefficient is around 1.528 using the second order
accurate Orthogonal Subgrid Scale (OSS) method and 1.521 using the Algebraic Subgrid
Scale (ASGS) method while the matrix free CBS-AC scheme gives 1.512 [114].

5.6 Three-dimensional laminar flow around a circular cylin-

der

The primary objective of the low-Reynolds-number (LRN) flow past a stationary circu-
lar cylinder studied here is to compare prediction of quantitative and qualitative results
from numerical solutions of the matrix free CBS-AC scheme and the semi-implicit CBS
scheme. A constant horizontal-velocity was specified at the inflow and a no-slip condition
was prescribed on the cylinder surface. All sides treated as slip walls.

In Figure 5.21 shows two different unstructured finite element meshes used in the
flow past a circular cylinder problem.

The convergence history to steady state of the CBS-AC scheme is shown in Fig-

ure 5.22(c). The patterns of the horizontal and vertical velocity components based on 20
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©

Figure 5.25: Steady laminar flow over a stationary sphere, (a) Concave surface of the sphere
mesh; (b) Convex surface of the sphere mesh; (c) Mesh of the central section; (d) Sphere
inside a rectangular channel.

contours using the matrix free CBS-AC scheme at Re = 20 are shown in Figure 5.22(a)-(b).

To evaluate the three-dimensional transient capabilities of the matrix free CBS-AC
scheme using the dual time stepping procedure and semi-implicit CBS scheme the vortex
shedding behind a stationary circular cylinder in cross-flow is studied. The flow has a
stagnation point at the front of the cylinder, a unsteady separation region adjacent to the
cylinder and periodic vortex shedding in the wake. Figure 5.23 shows the alternating vortex

shedding from the upper and lower surface of the cylinder on unstructured meshl using both
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Figure 5.26: Steady laminar flow over a stationary sphere using the marix free CBS-AC
scheme. Contours of u| horizontal velocity component, (a) Re=100. uimin(red) = -0.138,
wimax(blue) = 1.183; (b) Re=200. uimiri(red) - -0.321, wimax(blue) = 1.213.
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Figure 5.27: Steady laminar flow over a stationary sphere using the marix free CBS-AC
scheme, (a) Pressure coefficient at Re = 100; (b) Pressure coefficient at Re = 200.

CBS schemes at Re = 100.

The drag and lift coefficient variations with respect to time using mesh2 are shown
in Figure 5.24. As seen, the drag coefficient and lift coefficient from three-dimensional
matrix free CBS-AC scheme are almost identical with two-dimensional results (see Figure

5.20). The averaged drag coefficient is around 1.537. The Strouhal number is 0.115.

5.7 Three-dimensional laminar flow past a stationary sphere

The sphere of diameter D is considered inside a rectangular channel of length 25D with the

inlet boundary located at 5D from the centre of the sphere. No slip condition was applied
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on the surface of the sphere. Inflow velocity was assumed unity. Steady flow around a
sphere was introduced into the laminar simulation at the Reynolds numbers of 100 and 200.

The three-dimensional unstructured mesh shown in Figure 5.25 consists of 987958 .
elements and 164139 nodes. Figure 5.26(a) shows the horizontal velocity component with
20 contours using 0.066 interval at Re = 100 whilst 0.077 interval is used at Re = 200 (see
Figure 5.26(b)).

The distribution of pressure on the surface of sphere is compared with two different
numerical results [123, 124] in Figure 5.27. The pressure coefficient were calculated by using
102 interpolation points. The averaged pressure quantities at a free stream are 0.0056 and
0.0047 for Re = 100 and 200 respectively. As seen the present predictions agrees well with
numerical data of Giilcat et al. [124]. There is a small discrepancy with Rimon et al. [123]

results at the back of the sphere surface at Re = 100 and top surface at Re = 200.

5.8 Summary

In this chapter, the matrix free CBS scheme based on the artificial compressibility method
has been used to test four classical laminar incompressible flow problems. The problems
considered are Poiseuille flow, lid-driven cavity flow, flow over a backward facing step,
vertex shedding behind a circular cylinder and steady flow past a stationary sphere. For
unsteady, incompressible, circular cylinder flow calculations, a dual-time stepping approach
is employed. In general the results presented are accurate and the CBS-AC scheme is proved

to be robust in dealing with laminar incompressible flows.
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Chapter 6

The double driven cavity flows

6.1 Introduction

The numerical solutions to the incompressible Navier-Stokes equations for steady and un-
steady driven cavity problems have been the subject of research for the last four decades
[119],[125]-[131]. The cavity flows cover several flow regimes we normally encounter in
incompressible fluid dynamics including recirculation, singularity and transient behavior.
Flow instability in cavities has been one of the favourite topics of theoretical and numerical
fluid dynamics researchers [132]-[134]. However, many of the reported cavity problems are
either rectangular shaped or single driven cavities.

w=1lu=0

w= L =n

G—1 GO
L 04L

Figure 6.1: A double driven cavity. Problem definition and boundary conditions.
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Figure 6.2: Finite element meshes, (a) Unstructured meshl. (Nodes: 1414, Elements:
2670); (b) Unstructured mesh2. (Nodes: 2106, Elements: 4018); (c¢) Unstructured mesh.3.
(Nodes: 4727, Elements: 9164); (d) Unstructured mesh4. (Nodes: 18717, Elements: 36864);
(e) Structured rrieshS. (Nodes: 5057, Elements:9928).

Mesh convergence for horizontal velocity component at Re = 1000 Mesh convergence for vertical velocity componentat Re 1000

14 14
12
08 08
06 0.6
0.4 0.4
02 02
als 05 0 05 L5 04 03 02 -0l 0 o 02 03 04
(a) Horizontal velocity (b)

Figure 6.3: Flow inside a double driven cavity using the matrix free CBS-AC scheme, (a)
u\ velocity distribution along x| = 0.7; (b) U2 velocity distribution along X> = 0.7.

It appears that only recently non-rectangular double driven cavities are x'eceiving

attention among the researchers and one such problem was discussed by Zhou et al. [135]
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Figure 6.4: Streamlines patterns at steady state for Re = (a) 50; (b) 100; (c) 400; (d) 1000.

Figure 6.5: ul velocity contours at steady state for Re = (a) 50; (b) 100; (c) 400; (d) 1000.

Figure 6.6: ui velocity contours at steady state for Re = (a) 50; (b) 100; (c) 400; (d) 1000.

Figure 6.7: Pressure contours at steady state for Re = (a) 50; (b) 100; (c) 400; (d) 1000.

as a potential benchmark problem for testing numerical schemes. They have presented the

numerical results for a Reynolds number range of 50-3200. However, the detailed analysis
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Table 6.1: Locations and values of the primary vortex.
Zhou et al. CBS-AC

Re fay) o(x,y) (s.y) u(x,y)
50 (0.9781, 1.1600) -3.05843 (0.9776, 1.1478) -3.07633
(0.4219, 0.2518)  -3.05670  (0.4263, 0.2473)  -3.10055

100 (1.0172, 1.1091) -2.72390 (1.0114, 1.1035) -2.69993
(0.3828, 0.2889) -2.72310  (0.3865, 0.2894) -2.73231

400  (0.7000, 0.7000) -1.54842  (0.6995, 0.6966) -1.60552

1000  (0.7000, 0.7000) -1.41562  (0.6895, 0.6969) -1.52363

Table 6.2: Locations and values of the first secondary vortex.

Zhou et al. CBS-AC
Re u(x,y) (x,y) wix.y)
50  (1.3556, 0.4405) 0.02395 (1.3566, 0.4446) 0.02786
(0.0444, 0.9595) 0.02394 (0.0424, 0.9569) 0.02587

100 (1.3556, 0.4486) 0.04399  (1.3566, 0.4446) 0.03975
(0.0444, 0.9514)  0.04401  (0.0424, 0.9569) 0.03695

400 (1.3500, 0.4656) 0.15569 (1.3483, 0.4688) 0.19767
(0.0500, 0.9344) 0.15777 (0.0569, 0.9400) 0.19385

1000 (1.3250, 0.4844) 0.53846 (1.3221, 0.4836) 0.65005
(0.0750, 0.9063) 0.53813  (0.0753, 0.9142) 0.63326

was presented by Zhou et al. only for a steady state Reynolds number range between 50
and 1000.

A double driven cavity is different from the single lid-driven cavity, discussed in
many previous papers due to the way the double lids are used as the name suggests. In
a double driven cavity the lids are moved on both the top and bottom sides of the cavity.
In this study, the flow in a non-rectangular cavity as shown in Figure 6.1 is examined. As

mentioned before, this problem was suggested as a benchmark by Zhou et al. [135], and is
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Table 6.3: Locations and values of the second secondary vortex.

Zhou et al. CBS-AC
Re (x.y) u{x,y) u(x,y)
50
100

400 (0.4703, 1.1625) 138495 (0.4772, 1.1610) 1.70971
(0.9219, 0.2375)  1.38140  (0.9232, 0.2385)  1.69442

1000  (0.5484, 1.2000) 2.38557 (0.5505, 1.2071) 2.73409
(0.7256, 0.2000) 2.38559 (0.8523, 0.2015) 2.60588

1
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Figure 6.8: The ul| and U velocity distribution along the middle line of the domain using
the matrix free CBS-AC scheme on the unstructured mesh4 at different Reynolds number
(a) 50; (b) 100; (c) 400; (d) 1000.

a diagonally symmetrical enclosure with a longer side of size L and a smaller side of size

0.4L. The top lid is assumed to move at a prescribed positive horizontal velocity value and
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Figure 6.9: Convergence to the steady state for the flow inside a double driven cavity using
the matrix free CBS-AC scheme on the several meshes at different Reynolds numbers (a)
50; (b) 100; (c) 400; (d) 1000.

the bottom lid moves with a negative velocity with a magnitude equal to the velocity of the
top lid. The Reynolds number is defined based on the magnitude of the prescribed velocity
value of the lids and the length L. The velocity components on all other sides are assumed
to be equal to zero.

Several meshes have been used in the analysis to assess the convergence properties
of the matrix free CBS-AC scheme and also to minimize the error due to the coarseness of the
mesh. Five different meshes were employed in the study are shown in Figure 6.2. Although,
the fifth mesh used contains structured layers close to the cavity walls, the emphasize of
the present work is to use unstructured meshes. All the first four meshes are unstructured
meshes starting with a reasonably fine uniform mesh 1 as shown in Figure 6.2(a). Second,
third and fourth meshes are generated by consistently refining the mesh by increasing the

number of nodes. The fourth mesh includes finer grid close to the walls.



Figure 8.10: The instantaneous transient state for streamlines at Re = 3200 using the
matrix free CBS-AC scheme on the unstructured mesh4. (a) Real time = 150; (b) Real
time = 200; (c¢) Real time = 250; (d) Real time = 300; (e) Real time = 350; (f) Real time
= 400.

(a) (b)

(d) (e) (b

Figure 6.11: The instantaneous transient state contours for pressure distribution at Re =
3200 using the matrix free CBS-AC scheme on the unstructured mesh4. (a) Real time =
150; (b) Real time = 200; (c) Real time = 250; (d) Real time = 300; (¢) Real time = 350;
(f) Real time = 400.

6.2 Two-dimensional steady flow in a double driven cavity

From Figure 6.3(a), it is easily seen that the differences between the meshes 3, 4 and 5

are negligibly small. However, Figure 6.3(b) shows a small difference in the peak values



Figure 6.12: The instantaneous transient state for streamlines at Re = 5000 using the
matrix free CBS-AC scheme on the unstructured mesh4. (a) Real time = 150; (b) Real
time = 160; (¢) Real time = 170; (d) Real time = 180; (e) Real time = 190; (f) Real time
= 200.

0)

(@) (c)

()

Figure 6.13: The instantaneous transient state contours for pressure distribution at Re =
5000 using the matrix free CBS-AC scheme on the unstructured mesh4. (a) Real time =
150; (b) Real time = 160; (c) Real time = 170; (d) Real time = 180; (e) Real time = 190;
(f) Real time = 200.

between the meshes. It is seen that the solution is converging and the difference between

the meshes 4 and 5 are less than 2%. It is therefore obvious to use either mesh 4 or 5. In
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(a) (b)

(d)

Figure 6.14: u\ velocity component variation with respect to real time using the matrix
free CBS-AC scheme on the unstructured mesh4 at various Reynolds numbers (a) 2000; (b)
3000; (c) 3200; (d) 4000.

the present work mesh 4 is selected in order to show that the present scheme is flexible to
use on unstructured meshes at all Reynolds numbers. Whenever if it was found necessary,
the solution obtained has been double checked using at least two meshes and the accuracy
was verified.

The stream traces in Figure 6.4 show two primary vortices at Re = 50 and 100
and one primary vortex at Re = 400 and 1000. Also, it is observed that there are four
secondary vortices atRe = 400 and 1000 and only two vortices at smaller Reynolds number.

Figures 6.5, 6.6 and 6.7 show the contours of all the three variables, u|, {» and p,
for different Reynolds numbers. From these contours it is clear that the solution obtained
is symmetric with respect to the shorter and longer diagonals of the cavity.

The u\ velocity contours in Figure 6.5 show the existence of strong u| gradients
close to the top and bottom lids. As the Reynolds number increases this gradient increases
in strength as indicated by the closely packed contours near the top and bottom lids at Re

= 400 and 1000. Also at higher Reynolds numbers, stronger u| gradients develop close to
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Figure 6.15: u\ velocity component variation with respect to a longer non-dimensional real
time of 1000 using the matrix free CBS-AC scheme on the unstructured mesh4 at two
Reynolds numbers, (a) Re = 2000; (b) Re = 3200.

the inward corners of the enclosure.

The u2 velocity contours in Figure 6.6 show steeper gradients close to the corners
along the vertical walls. The pressure contours shown in Figure 6.7 are marked with very
high gradients close to the top and bottom corners of the cavity. This was expected due
to the singularity introduced by the sudden change in the velocity at the top and bottom
corners.

A comparison of the present unstructured mesh solution with the structured fine
mesh solution [135] is shown in Figure 6.8. It is clear that both the finite element solution
on unstructured meshes and the fine structured mesh solution are identical.

The vorticity values and locations of the centres of primary, first secondary and
second secondary vorticities are listed for different Reynolds numbers along with numerical
results of Zhou et al. in Tables 6.1, 6.2 and 6.3. As seen the predictions agree well and
differ less than 4% from the reference values.

Figure 6.9 shows the temporal history of convergence for different Reynolds num-
bers and meshes. To ensure a steady state solution, the convergence criterion is fixed at
10”7 for all the variables involved and satisfied in all simulations. Clearly, all the conver-
gence histories of the solution discussed here in general show that the convergence curve is

a function of element size.
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Figure 6.16: Unsteady cavity flow at Re = 5000 using the matrix free CBS-AC scheme on
the unstructured mesh4. (a) u\ and /12 velocities as a function of real time from 300 to 400;
(b) Phase-space trajectories of ul vs. U2\ (c) Power spectral density of the ul velocity; (d)
Power spectral density of the U: velocity.

6.3 Two-dimensional unsteady flow in a double driven cavity

The steady state solutions were obtained up to a Reynolds number of 1000. Beyond Re =
1000, the steady state criterion discussed in the previous section was not met. It is therefore
essential to continue the study to search for transient solution patterns. The unsteady state,
beyond Re = 1000, was also observed by Zhou et al. [135] at Re = 3200. They concluded
that a multiple steady state exists at Re= 3200 and speculated that this may be caused
by the elliptic instability. It was also observed by Zhou et al. that the symmetry of the
patterns with respect to the diagonals is lost at Re = 3200.

In order to further enhance the understanding of the transient state, which exists
beyond certain Reynolds number, we monitor the velocity distribution at certain points
within the domain with respect to the real time. As mentioned before we use the dual

time stepping approach and a second order discretization of the real time term. In order
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Figure 6.17: Unsteady cavity flow at Re = 6000 using the matrix free CBS-AC scheme on
the unstructured mesh4. (a) u\ and U> velocities as a function of real time from 250 to 350;
(b) Phase-space trajectories of iq vs. 1:2; (¢) Power spectral density of the u!| velocity; (d)
Power spectral density of the 112 velocity.

to obtain an accurate time description of the variable, we set an instantanecous steady state
convergence criterion of 10-7 for all the variables within every real time step.

In addition to monitoring velocity distribution at certain points we also observe
the overall pattern of the variable distributions within the geometry for different real time
steps.

Figures 6.10 to 6.19 show various transient solutions for the Reynolds number
range between 2000 and 10000. In general the overall conclusion is that transient state
exists from Re = 2000 onwards. Between Re = 2000 and Re = 4000, the flow is unstable
but no familiar pattern exists. The flow is chaotic and increases in complexity as the
Reynolds number is increased. From Re = 4000 until Re = 5000, the flow enters into a
quasi-periodic flow pattern and finally at Re = 10000, no solid conclusion on the type of

flow pattern was reached.
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Figure 6.18: Unsteady cavity flow at Re = 10000 using the matrix free CBS-AC scheme
on the unstructured mesh4. (a) u!| velocity as a function of real time from 100 to 170; (b)
Uk velocity as a function of real time; (c¢) Phase-space trajectories of ul vs. U2\ (d) Power
spectral density of the ui velocity.

Sample solutions of contours at various real times for Re = 3200 and Re = 5000
are shown in Figures 6.10 to 6.13. In Figure 6.10, stream traces with respect to real non-
dimensional time is plotted and in Figure 6.11, the corresponding pressure contours are
plotted. Figure 6.14(c) shows the corresponding observation of ul velocity values at seven
different points within the domain. Although the pattern shows some periodic nature of
the flow at certain time levels, overall the pattern obtained is non-periodic but transient.

It is observed from Figure 6.10 that the flow is dominated by three major vortices.
In addition, there are several secondary vortices developed within the cavity. The major
vortices are placed along the longer diagonal of the cavity. The vortices close to the top
right corner and bottom left corner grows in strength and reduces in strength with respect
to time. When the bottom one grows, top one shrinks and vice versa. When the top

main vortex grows to its maximum strength, it creates two eyes in the vortex which lies
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(a) Streamlines (b) Pressure distribution

Figure 6.19: The instantaneous transient state at Re = 10000 for a real time of 200 using
the matrix free CBS-AC scheme on the unstructured inesh4.

between the top and bottom vortices. The intermediate vortex generated between the top
and bottom vortices is always created at the top portion of the cavity. This vortex is
created by a split in the top vortex as it grows in strength. When the bottom one grows in
strength, the intermediate one disappear from the bottom portion of the cavity and a new
intermediate one is created at the top portion.

Although the pattern of stream traces and pressure contours follow a qualitative
cyclic pattern, the quantities in Figure 6.14(c) follow no regular periodic pattern. In order
to further confirm the existence of the non-periodic pattern at moderate Reynolds numbers,
observation of | is continued for a longer non-dimensional time of 1000 as shown in Figure
6.15. It is evident that no periodic flow state exists at moderate Reynolds numbers.

Figures 6.12 and 6.13 show stream traces and pressure contours at various non-
dimensional real times for Re = 5000. These contours are plotted between the non-
dimensional time of 150 and 200. The striking difference between the patterns of Re =
3200 and Re = 5000 is that at Re = 5000, the eyes of the vortices are predominantly
aligned along the vertical line. However, at Re = 3200, the eyes of the vortices were aligned
along the major diagonal of the cavity. Although the quasi-periodic pattern is not very

clear from the contours, it is clear from Figure 6.16.



84

Figure 6.16 depicts the velocity distribution at a fixed point (z1,xz2) = (0.7,0.7)
of the cavity with respect to real time, phase-space trajectories of uj vs. us and the power
spectra of velocity at a Reynolds number of 5000. The time evolution of velocity from real
time 300 to 400 is shown in Figures 6.16(a). The appearance of a quasi-periodic behaviour
at Re=>5000 is illustrated. As seen one fundamental frequency around 0.0415 is obtained
from the analysis of Fourier power spectral density shown in Figures 6.16(c) and 6.16(d).

For clear visualization of the quasi-periodic flow the Reynolds number is increased
to 6000. The time evolution of horizontal/vertical component of velocity, the phase trajec-
tory on u; — ug plane and the power spectra to identify the fundamental frequency are all
given in Figure 6.17. As we further increase Reynolds number to 10000, the chaotic pattern
is established as demonstrated in Figure 6.18.

Figures 6.18 and 6.19 show the pattern developed at a Reynolds number of 10000.
The pattern obtained was not periodic but transient. The turbulent nature of flow is
reasonably clear from the arbitrary variation of u; and us component of velocity, the phase
trajectory on uj; — ug plane and Fourier power spectra of velocity observed as shown in
Figure 6.18. Figure 6.19 shows the complex nature of flow pattern at a real time of 200.
We suspect that the mesh resolution is not good enough to resolve this Reynolds number
flow correctly. Therefore the results at Re = 10000 may not be completely independent of

the mesh size.

6.4 Summary

In this chapter, the matrix free CBS-AC scheme was employed to study both steady and
transient double driven cavity flow. The steady flow regime was observed between the
Reynolds numbers of 50 and 1000. Beyond this range the flow is marked with non-periodic
and quasi-periodic transient states. At Re = 10000, the flow already started showing the
signs of highly arbitrary state indicating a transition to turbulent flow. The objective of
this chapter was to give a general and accurate picture of steady and unsteady flows at

different Reynolds numbers.
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Chapter 7

The steady and unsteady

two-dimensional turbulent flows

7.1 Introduction

In this chapter, the matrix free CBS-AC method is used to obtain a stable solution for
turbulent incompressible flows. Both explicit solution procedure for steady state problems
and the dual time stepping technique for transient problems are discussed. The presented
matrix solution free method is efficient compared to other standard explicit schemes, due to
the inherent stabilization properties and local time stepping employed. A recent study con-
cluded that for steady state laminar incompressible flow problems, the fully explicit method
consumes less CPU time than a semi-implicit scheme with conjugate gradient solution to
the pressure equation [136]. Another study indicates that for a time step based on the
stability limit of an explicit scheme, the CBS-AC scheme is faster than standard implicit .
schemes for steady state problems [137]. For unsteady problems, the study is inconclusive.
It is therefore sensible to extend the matrix free CBS-AC scheme to solve turbulent incom-
pressible flows and exploit the advantages of such a scheme. For the comparison sake, the
semi-implicit CBS scheme is also implemented to solve turbulent flows.

Three different RANS models have been implemented in the matrix free CBS-AC

scheme in this study to model turbulence. The first one is the one-equation model with low
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(a)
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Figure 7.1: Turbulent incompressible flow in a rectangular channel using the matrix free
CBS-AC scheme at Re=12300. (a) Structured mesh (7546 elements; 3900 nodes); (b)
Unstructured mesh (160756 elements; 83762 nodes).

Reynolds number parameters proposed by Wolfshtein [73]. This model needs discretization
and solution of one transport equation for turbulent kinetic energy k. The second model
employed is that of Spalart-Allmaras [90], which again a one equation model and widely
employed in aerodynamic flow calculations. The third and fourth models employed are
respectively the kK —£ (two-equation) model of Lam et al. [88] and Fan et al. [89] which
impose the wall damping procedures on the dissipation rate equation. Full details of the
turbulence models and their discretization are discussed in Chapter 3 and 4.

Three different numerical examples are studied using the presented approach. The
first benchmark problem is the incompressible turbulent flow through a rectangular channel
at a Reynolds number of 12300. The second benchmark problem studied is the turbulent
flow past a backward facing step at a Reynolds number of 3025. Finally, the application of
unsteady RANS is investigated by solving the vortex shedding behind a circular cylinder
at a Reynolds number of 10000. The present numerical results are compared against the

experimental and numerical data wherever possible.
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Figure 7.2: Turbulent incompressible flow in a rectangular channel using the matrix free
CBS-AC scheme at Re= 12300 on the structured mesh, (a) Comparison of fully developed
velocity profiles; (b) Convergence to the steady state

7.2 Two-dimensional turbulent flow in a rectangular channel

The channel is assumed to be two units wide and forty units long. The Reynolds number
is defined based on the half width of the channel. A non-dimensional horizontal velocity
of unity is assumed at the inlet and the vertical component of velocity is zero. No slip
conditions are applied on both walls of the channel. Both structured and unstructured
meshes were refined close to the solid wall (see Figure 7.1). The first node from the wall is
placed at a non-dimensional distance of 0.005.

For the one equation turbulence model a fixed value of K=0.05 is assumed at the
inlet. On the walls zero value is given for the turbulent kinetic energy.

For the Spalart-Allmaras model the scalar variable u is prescribed equal to 0.05
at the inlet and zero on the solid walls.

The boundary conditions for the two equation turbulence model are: inlet values
of both k and e are prescribed (k—0.05 and s—0.05) based on the idea proposed in [138].
On the walls «=0 and e = [2/Re){dnl'2/dx2)2 is prescribed as proposed in [139].

The comparison of fully developed profile obtained from all the three turbulence

models with the experimental data of Laufer [140] using the structured mesh is shown in
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Figure 7.3: Turbulent incompressible flow in a rectangular channel using the matrix free
CBS-AC scheme at Re=12300 on the structured mesh. Logarithmic representation of tiine-
averaged velocity profile at several RANS turbulence models.

Figure 7.2(a). Figure 7.2(b) shows the steady state convergence to a tolerance value below
10-10. As seen, the convergence to steady state was rapid when the linear K —e model of
the Fan-Lakshminarayana-Barnett wall functions [89] were employed. The Spalart-Allmaras
model gives results closer to the experimental data than other models as shown in Figure
7.2(a).

Figure 7.3 shows variation of u+ = u\/uT = y/puify/r* with respect to y+ =
uTx2/V = y/r*"Xzly/pv in fully developed turbulent channel flow using the structured mesh.
The distribution from the n —e model of Fan-Lakshminarayana-Barnett damping functions
closely follow the von Karman’s logarithmic law, except near the solid wall and at the
center of the channel. The best fit of the experimental data of Laufer [140] is given by the
Spalart-Allmaras model. The one-equation £ — model of Wolfshtein [73] gives a very small
logarithmic region. Clearly, the overshoot in the law of the wall in the £ —e model of the
Lam-Bremhorst low Reynolds number formulation [88] results in the over-prediction of the

velocity profile in the fully developed flow (see Figure 7.2(a)).
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Figure 7.4: Turbulent incompressible flow in a rectangular channel using the matrix free
CBS-AC scheme with the Spalart-Allmaras model at Re=12300. (a) Comparison of fully
developed velocity profiles; (b) Convergence to the steady state.

In Figure 7.4(a) the fully developed velocity profile resulted from using the Spalart-
Allmaras model on the structured and unstructured meshes is shown. Both numerical results
agree with the experimental data. The convergence criterion to steady state used was below
10-7 for both meshes (see Figure 7.4(b)). Figure 7.5 shows non-dimensional time-averaged
velocity with respect to non-dimensional distance from the solid wall. By comparison with
experimental data, the Spalart-Allmaras model using the structured mesh is closer than

using the unstructured mesh.

7.3 Two-dimensional turbulent flow past a backward facing

step

Another standard test case commonly employed for testing turbulent incompressible flow
models at a moderate Reynolds number is the recirculating flow over a backward facing
step. Unlike the channel flow, the model has to handle the recirculation region immediately
downstream of the step. The definition of the problem is shown in Figure 7.6. The charac-

teristic dimension of the problem is the step height. All other dimensions are defined with
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Figure 7.5: Turbulent incompressible flow in a rectangular channel using the matrix free
CBS-AC scheme with the Spalart-Allmaras model at Re=12300. Logarithmic representation
of time-averaged velocity profile.

respect to the characteristic dimension. The inlet is located at a distance of 4 times the
step height from it. The inlet channel height is two times the step height. The total length
of the channel is 40 times the step height.

The inlet velocity profile is obtained from the experimental data reported by Den-
ham et al. [141]. No slip conditions apply on the solid walls. For the one-equation and
the standard K —e model (two-equation) models, the inlet ¥ and e profiles are obtained by
solving a channel flow problem. For the Spalart-Allmaras model, a fixed value of 0.05 for
the modified turbulent eddy viscosity (scalar variable) at the inlet is prescribed. On the
walls K is assumed to be equal to zero. No flux conditions are assumed for e on the walls.
The scalar variable of the Spalart-Allmaras model is also assumed to be zero on the walls.

Figure 7.7 shows the convergence histories to steady state for all the three turbulent
models using the matrix free CBS-AC scheme. As seen in Figure 7.7(a) both the two-
equation K—e model of Fan et al. and the Spalart-Allmaras model reach prescribed residual

tolerance 10~10 faster than both the one-equation X —/ model and the K —e of Lam et al.
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Figure 7.6: Turbulent incompressible flow past a backward facing step. Geometry and
boundary conditions.

Sapart-Allmaras -————
0.01 v-£(Lam ctal)
K-e (Kan ct al.)
0.001 One-eq. (Wolfshtein)

0.001

0.0001

A

0.0001
le-05
1 le-05 k‘:‘o
I ‘

| ,c-06
Ie 07

< le-07

le 08
le-09 le-09

le-10 le-10

le-11 le-11
0 50000 100000 150000 200000 250000 O 5000 10000 15000 20000 25000 30000 35000 40000

No. time steps No. ume steps
(a) Structured mesh (b) Unstructured mesh

Figure 7.7: Turbulent incompressible flow past a backward facing step. Steady state con-
vergence histories at Re=3025.

It is expected that the convergence to steady state will not be always monotonic for an
explicit time discretization.

Both structured and unstructured meshes are employed in the calculation. Figure
7.8 and 7.9 show the Spalart-Allmaras model solutions on structured and unstructured
meshes respectively. The qualitative difference between the two results is almost nil. The
quantitative difference between the two solutions are also found to be negligibly small.

The comparison of velocity profiles against the experimental data of Denham et al.
[141] is shown in Figure 7.10. It is obvious that the one-equation model failed to predict the

recirculation region accurately. The Spalart-Allmaras model and the two-equation models
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Figure 7.8: Turbulent incompressible flow past a backward facing step. Structured mesh
(Elements: 8092, Nodes: 4183), velocity contours, v contours and pressure contours at
Re=3025 using the matrix free CBS-AC scheme with the Spalart-Allmaras model.

on the other hand predict the recirculation better than the one-equation model. Among
the latter models, the Spalart-Allmaras model seems to predict the recirculation more ac-

curately. However, some differences between the experiment and the present predictions of
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Figure 7.9: Turbulent incompressible flow past a backward facing step. Unstructured mesh
(Elements: 47359, Nodes: 24336), velocity contours, z>contours and pressure contours at
Re=3025 using the matrix free CBS-AC scheme with the Spalart-Allmaras model.

the Spalart-Allmaras model are noticed along the top wall.
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Figure 7.10: Turbulent incompressible flow past a backward facing step. Velocity profiles
at various downstream sections at Re=3025 using the matrix free CBS-AC scheme with

several RANS turbulence models.
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Figure 7.11: Turbulent incompressible flow over a circular cylinder, (a) Unstructured mesh
(Elements: 46433, Nodes: 23452); (b) Unstructured mesh of close to solid wall (0.0097
distance); (c¢) Hybrid meshl (Elements: 30299, Nodes: 15277); (d) Hybrid meshl of close to
solid wall (0.005 distance); (e) Hybrid mesh2 (Elements: 37571, Nodes: 18913); (f) Hybrid
mesh2 of close to solid wall (0.001 distance).

7.4 Two-dimensional turbulent flow over a circular cylinder

The dual time stepping technique is used to predict time dependent turbulent flows here.

The example considered is the standard test case of transient turbulent incompressible flow
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Figure 7.12: Turbulent incompressible flow over a circular cylinder. u\| velocity contours at
different real time at Re= 10000 using the matrix free CBS-AC scheme with the Spalart-
Allmaras model.

past a circular cylinder.

Three different finite element meshes used are shown in Figure 7.11. The unstruc-
tured mesh was tested by all presented RANS turbulence models. The hybrid mesh was only
investigated with circular cylinder wall-bounded flows based on mixing-length hypothesis
inside the log-law region while the ¥ —/ model of Wolfshtein was employed. However, all
the meshes in the vicinity of the cylinder and along the wake region are refined to capture
the transient feature of the problem.

Uniform velocity conditions are assumed at the inlet. The Reynolds number is
10000, based on the cylinder diameter and the uniform inflow in the X\ direction. The real

time step size is taken equal to 0.05. The turbulent scalar variable is assumed to be 0.05 at
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Figure 7.13: Turbulent incompressible flow over a circular cylinder at Re=10000 using
the matrix free CBS-AC scheme with the Spalart-Allmaras model, (a) Drag coefficient
distribution with respect to real time; (b) Lift coefficient distribution with respect to real
time; (c) U: distribution at the central exit point with respect to real time; (d) Pressure
distribution at the central exit point with respect to real time.

the inlet for the Spalart-Allmaras model. On the top and bottom sides slip conditions are
assumed and no turbulence quantity is prescribed. On the cylinder walls no slip conditions
are assumed and the turbulent scalar variable of the Spalart-Allmaras model is assumed
to be zero. For the two-equation model, a and e values at the inlet are assumed to be
0.0025 and on the solid walls a is assumed to be zero and e condition is the same one used
for the steady state problems. The Wolfshtein model based on mixing-length hypothesis is

modified to give a constant lengthscale if the nearest wall distance is more than 0.05.
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Figure 7.14: Turbulent incompressible flow over a circular cylinder at Re—10000 using the
matrix free CBS-AC scheme with the linear £k —e (two-equation) model, (a) Drag coefficient
distribution with respect to real time; (b) Lift coefficient distribution with respect to real
time; (c¢) {2 distribution at the central exit point with respect to real time; (d) Pressure
distribution at the central exit point with respect to real time.

In the matrix free CBS-AC scheme, the pseudo time step used within each real
time step is local and varies between the nodes depending on the local flow field and mesh
size. As mentioned before, the L2 norm of velocity residual is reduced to 10-6 within every
real time step in order to make sure that local steady state is achieved within each real time
step.

The time dependent patterns of horizontal velocity component are shown in Figure

7.12 for different real times to show that the vortex shedding is present. At r = 10, the
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Figure 7.15: Turbulent incompressible flow over a circular cylinder at Re=10000 using
the matrix free CBS-AC scheme with the k¥ —/ one-equation (Wolfshtein) model, (a) Drag
coefficient distribution with respect to real time; (b) Lift coefficient distribution with respect
to real time; (¢) {2 distribution at the central exit point with respect to real time; (d)
Pressure distribution at the central exit point with respect to real time.

initial velocity field immediately behind the cylinder looks symmetric but the velocity field
at r = 20 and beyond shows un-syrnmetric shedding behaviour. From Figure 7.12(b), (¢)
and (d) it is obvious that the origin of the vortex street shifts between the areas above and
below the central axis. The behaviour qualitatively confirms the periodic vortex shedding
phenomenon.

Figures 7.13(a) and (b) show respectively the drag and lift coefficients with respect

to real time using the matrix free CBS-AC scheme and the Spalart-Allmaras model. As seen
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Figure 7.16: Turbulent incompressible flow over a circular cylinder at Re=10000 using
the matrix free CBS-AC scheme with the & —/ one-equation (Wolfshtein) model on the
unstructured mesh (left) and hybrid mesh2 (right), (a) Turbulent kinetic energy & contours.
“mm(red) = 0.0, «max(blue) = 0.219; (b) Turbulent kinetic energy k. contours. «min(red)
= 0.0, Kmox(blue) = 0.119; (c) Horizontal velocity component u| contours. fHmiri(red) =
-0.517, himax(blue) = 1.789; (d) Horizontal velocity component u| contours. himin(red)
= -0.498, wimax(blue) = 1.861; (e) Vertical velocity component {2 contours. (2min(red) =
-1.0, homax(blue) = 1.023; (f) Vertical velocity component Uz contours. Uzmin(red) = -0.992,
“max (blue) = 1.037; (g) Pressure contours. pm;n(red) = -1.118, pmaa;(blue) = 0.714; (h)
Pressure contours. pmin{red) = -1.163, pmax(blue) = 0.691.

the periodic flow and vortex shedding are clearly evident from the graphs. The averaged
experimental value of drag coefficient is around 1.12 and the Strouhal number is around 0.2
[142]. Present prediction shows that the averaged value of drag coefficient is around 1.34

and the Strouhal number is 0.154. The large difference in predicted drag coefficient is not
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Figure 7.17: Turbulent incompressible flow over a circular cylinder at Re=10000 using
the matrix free CBS-AC scheme (left) and the semi-implicit CBS scheme (right) with
the Spalart-Allmaras model, (a) Modified turbulent eddy kinematic viscosity 0 contours.
Ominired) = 0.0, umax(blue) = 460.887; (b) Modified turbulent eddy kinematic viscosity
2z>contours, rmm(red) = 0.0, max(blue) —409.792; (c) Horizontal velocity component ul
contours. uirmnji(red) = -0.533, wimax(blue) = 2.112; (d) Horizontal velocity component u|
contours. wimin(red) = -0.483, wimax(blue) = 2.123; (e) Pressure contours. pmin(red) =
-1.276, Pmax(blue) = 0.699; (f) Pressure contours. pm;n(red) = -1.417, pmax(blue) = 0.717.

surprising as all the URANS models have accuracy limitations. The two-dimensional LES
model reported in reference [143] significantly over predicts the averaged drag coefficient. It
appears that some of the non-linear URANS models give results better than the standard
URANS models [144]. However, investing in the Spalart-Allmaras model leads to further
development towards Detached Eddy Simulation (DES) [86].

The lift coefficient distribution with respect to real time using the Spalart-Allmaras
model is shown in Figure 7.13(b). The pattern is periodic and the magnitude of the lift
coefficient produced by the Spalart-Allmaras model is in qualitative agreement with other
reported results [143]. However, it should be noted that the turbulent flow over a circular

cylinder at a Reynolds number of 10000 is essentially three dimensional as shown in reference
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Figure 7.18: Turbulent incompressible flow over a circular cylinder at Re= 10000 using
both the matrix free CBS-AC scheme and the semi-implicit CBS scheme with the Spalart-
Allmaras model, (a) Drag coefficient distribution with respect to real time; (b) Lift coef-
ficient distribution with respect to real time; (¢) u= distribution at the central exit point
with respect to real time; (d) Pressure distribution at the central exit point with respect to
real time.

[145]. Figure 7.13(c) and (d) show the variation of vertical velocity component and pressure
at an exit point at the horizontal centreline of the domain. This is consistent with the drag
and lift data.

Figure 7.14 show the drag coefficient, lift coefficient, vertical velocity and pressure
variation at an exit point using the matrix free CBS-AC scheme with the two-equation
model. Although the velocity distribution at an exit point is similar between the two-
equation and the Spalart-Allmaras models, the drag and lift coefficient distribution are
quite different. Figure 7.14(a) shows the averaged drag coefficient value obtained is around

0.843 by Fan et al. and 0.811 by Lam et al., which are much smaller than that of the one
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predicted by the Spalart-Allmaras model. The two-equation models results, however, are
very similar to the one reported by [144] for a higher Reynolds number. The averaged lift
coefficient obtained by different wall damping functions of the two-equation models are zero
(Figure 7.14(b)), which are consistent with reference [144]. For the two-equation models,
the Strouhal number based on the lift coefficient was predicted by Fé,n-Lakshminarayana-
Barnett wall functions and Lam-Bremhorst wall functions are 0.155 and 0.127 respectively.

Several numerical solutions using the Wolfshtein x —I model by limiting the mixing
length were obtained and shown in Figure 7.15 and 7.16. Three different meshes, one
unstructured mesh and two hybrid meshes, were used in the calculation. Figure 7.15 shows
the variation of quantitative results with respect to real time. The average drag coefficient
obtained are 0.905, 0.728 and 0.763, respectively on unstructured mesh, first and second
hybrid meshes. By using the hybrid mesh2, the Strouhal number of 0.185 was obtained
which is quite close to experimental solution. Figure 7.16 shows the qualitative results that
are almost identical between the meshes used.

In Figure 7.17 there are 20 contours on time dependent patterns at real time
7 = 100 using both the matrix free CBS-AC scheme and semi-implicit CBS scheme and the
Spalart-Allmaras model. The turbulent eddy kinematic viscosity has influence only along
the central region as shown in Figure 7.17(a) and (b). The horizontal velocity component
413 contours resulted from the matrix free scheme has less spatial oscillations than using the
semi-implicit scheme. (see Figure 7.17(c) and (d)). From Figure 7.17(e) and (f), the Dirich-
let condition at the outflow boundary is taken as pressure equal to zero for the semi-implicit
scheme, but in the matrix free scheme no pressure at the exit was prescribed. However,
both schemes show vertex shedding and periodic turbulent flow behind the cylinder.

Figures 7.18(a) shows the drag coeflicient with respect to real time from both the
matrix free CBS-AC scheme and semi-implicit CBS scheme and the Spalart-Allmaras model.
The semi-implicit CBS scheme gives an averaged drag coefficient of around 1.117 which is
quite close to the averaged drag coefficient 1.12 from Schlichting’s experiment [142]. The
Strouhal number is 0.158. The semi-implicit scheme, however, gives un-symmetric, periodic
lift coeflicient.

Last but not least, the most important point here is that the explicit scheme along
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with an implicit dual time stepping approach can satisfactorily model unsteady turbulent

incompressible flows.

7.5 Summary

In this chapter, three benchmark problems, a rectangular channel, a backward facing step
and a stationary circular cylinder, have been tested using the matrix free CBS-AC scheme.
Numerical solutions presented have demonstrated the robustness of using the CBS-AC
method to both steady and unsteady two-dimensional incompressible turbulent flows. It
appears that the matrix free CBS-AC scheme is well suited for turbulent flow calculations
as it was for laminar flow. The semi-implicit CBS scheme was also implemented with the

Spalart-Allmaras model to test unsteady turbulent flow around a circular cylinder.
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Chapter 8

The steady and unsteady

three-dimensional turbulent flows

8.1 Three-dimensional turbulent flow past a backward facing

step

The three-dimensional backward facing step flow has been the subject of detailed experi-
mental study by Denham et al. [141]. The geometry and boundary conditions are same as
the two-dimensional backward facing step flow except that the pressure at the outflow cross-
section was assumed to be zero for using the semi-implicit CBS scheme. The matrix free
CBS-AC scheme and the semi-implicit CBS scheme were tested using the Spalart-Allmaras
turbulence model.

The unstructured mesh used is shown in Figure 8.1. The mesh is refined in the
recirculation zone to capture vortical flows and the reattachment point. Figure 8.2 shows
modified turbulent eddy kinematic viscosity contours and velocity component contours from
the matrix free CBS-AC scheme and semi-implicit CBS scheme respectively. As seen, the
qualitative difference between the two results is almost nil.

Figure 8.3 shows profiles of the comparison of horizontal velocity component at six
vertical sections with the experimental data of Denham et al. [141]. The Spalart-Allmaras

model predicts the recirculation satisfactorily. The quantitative difference between the
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Figure 8.1: Turbulent incompressible flow past a backward facing step at Re=3025. Un-
structured mesh of 4 nodes tetrahedral elements (Elements: 297054, Nodes: 65372).

numerical RANS solutions of two schemes are found to be negligibly small. Some differences
between the experiment and the present predictions of the Spalart-Allmaras model are
noticed along the top wall. However, comparison between two- and three-dimensional flow
solutions shows that the results are identical.

The steady state convergence criteria is based on the L2 norm of the velocity field.
It is reduced to a value below 10~4. Figure 8.4 shows the convergence histories to steady

state.

8.2 Three-dimensional turbulent flow over a circular cylinder

The Spalart-Allmaras model with the matrix free CBS-AC scheme is tested o1l three-
dimensional turbulent flow past a stationary circular cylinder problem at Re= 10000. Uni-
form velocity conditions in the x| direction are assumed at the inlet. The size of real time
step was set at 0.05. The turbulent scalar variable (modified turbulent eddy kinematic
viscosity) is assumed to be 10-8 at the inlet for the Spalart-Allmaras model. On the top
and bottom sides slip conditions are assumed and no turbulence quantity is prescribed. On
the cylinder walls no slip conditions are assumed and the turbulent scalar variable of the

Spalart-Allmaras model is assumed to be zero.
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Figure 8.2: Turbulent incompressible flow past a backward facing step at Re=3025 using
both the matrix free CBS-AC scheme (left) and the semi-implicit CBS scheme (right) with
the Spalart-Allmaras model, (a) Modified turbulent eddy kinematic viscosity contours.
L'min(red) = 0.0, Pmax(blue) = 54.354; (b) Modified turbulent eddy kinematic viscosity
contours. zm*(red) = 0.0, Cnax(blue) = 51.873; (c¢) u| velocity contours. himin(red) =
-0.345, uvinea.(blue) = 1.213; (d) hi velocity contours. himin(red) = -0.338, himax(blue) =
1.213; (e) u3 velocity contours. h3min(red) = -0.098, h3max(blue) = 0.150; (f) us velocity
contours. himin(red) = -0.097, h3amax(blue) = 0.148.
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Figure 8.3: Turbulent incompressible flow past a backward facing step. Velocity profiles
at various downstream sections at Re=3025 using two different CBS schemes with the
Spalart-Allmaras model.
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Figure 8.4: Turbulent incompressible flow past a backward facing step. Steady state con-
vergence histories at Re=3025.

The dual time-stepping method was employed with the matrix free CBS-AC scheme.
The local time step depends on each element size within every real time step. The con-
vergence criterion of both velocity and pressure residuals is reduced to 10-4 per real time
step.

Two different meshes used to test the flow past a three-dimensional circular cylin-
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Figure 8.5: Turbulent incompressible flow over a circular cylinder at Re=10000 using the
matrix free CBS-AC scheme with the Spalart-Allmaras model, (a) Unstructured meshl
(Elements: 606769, Nodes: 115035); (b) Unstructured meshl of close to solid wall (0.038
distance); (c) Hybrid mesh2 (Elements: 489463, Nodes: 88964); (d) Hybrid mesh2 of close
to solid wall (0.01 distance).

der problem in this study are shown in Figure 8.5. The fully unstructured mesh (meshl)

used comprises of 606769 tetrahedral elements and 115035 nodes. The hybrid mesh (mesh2)
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Figure 8.6: Turbulent incompressible flow over a circular cylinder at Re=10000 using the
matrix free CBS-AC scheme with the Spalart-Allmaras model, (a) Drag coefficient variation
with respect to real time; (b) Lift coefficient variation with respect to real time; (c) Pressure
coefficient distribution along the cylinder surface at real time =100.

consists of three structured layers close to the cylinder surface and unstructured grid away
from the wall. Figure 8.5(d) shows the mesh in the vicinity of the cylinder. Both meshes
are refined close to the wall and in the wake region to predict the vortex shedding.

Figure 8.6 shows the time variation of drag coefficient, lift coefficient and pressure
coefficient using the unstructured and hybrid meshes. The average drag coefficient obtained
1.311 from the unstructured meshl. The strouhal number is 0.152. The amplitude of lift
coefficient is between 1 and -1. The averaged drag coefficient obtained by the hybrid mesh2

is 1.239, which is more accurate than the result of meshl in comparison with experimental
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(a) u\ contours (b) Us contours (c) Pressure contours

(d) u\ contours (e) Us contours (f) Pressure contours

Figure 8.7: Turbulent incompressible flow over a circular cylinder at Re—10000 using the
matrix free CBS-AC scheme with the Spalart-Allmaras model o011 unstructured meshl (up)
and hybrid mesh2 (down), (a) fiimin(red) = -0.526, wimai(blue) = 1.928; (b) u3dmm(red) =
-1.223, Umai(blue) = !-437; (c) pw ix (red) = -1.090, pmax(blue) = 0.743; (d) vimm(red) =
-1.135, wimax(blue) = 1.973; (e) Usmin(red) = -1.074, u3mai(blue) = 1.136; (f) pmin(red) =
-0.967, Pmax(blue) = 0.704.

data. The strouhal number here is around 0.144.

In Figure 8.6(c) the pressure coefficient values at Re—10000 are compared with two
different turbulence procedures, one is available LES modelling [166] and another numerical
data is from non-linear eddy viscosity modelling [167]. As seen the time-averaged pressure
distribution on the hybrid mesh2 is in good agreement with LES and non-linear model,

except close to stagnation. This may be attributed to turbulence modelling accuracy [144].
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(a) zcontours (b) u contours

Figure 8.8: Turbulent incompressible flow over a circular cylinder at Re= 10000 using the
matrix free CBS-AC scheme with the Spalart-Allmaras model on unstructured meshl (left)
and hybrid mesh2 (right), (a) zmfa(red) —0.0, zmax(blue) = 368.329; (b) zmin(red) —0.0,
"max (blue) = 349.945.

In Figure 8.7 and Figure 8.8 the contours of horizontal velocity component, vertical
velocity component, pressure and modified turbulent eddy kinematic viscosity obtained from
meshl and mesh2 respectively. Both results are almost identical. As seen the origin of the
vortex street shifts between the areas above and below the central axis. The behaviour

qualitatively confirms the periodic vortex shedding phenomenon.

8.3 Three-dimensional turbulent flow around a stationary

sphere

In this section, numerical solutions of turbulent flow over a sphere placed inside a channel
at a Reynolds number of 10000 are presented. The computational geometry domain is same
as the laminar flow problem in Chapter 5. A uniform flow at the inlet is prescribed and
no slip conditions are assumed on the sphere surface. The turbulent scalar variable of the
Spalart-Allmaras model at inlet is 10~6. The pressure residual was reduced to 10-4 within
each real time step.

All sides of the channel are assumed to have slip conditions. Three structured
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(@ (b) (©)

Figure 8.9: Turbulent incompressible flow over a stationary sphere at Re= 10000 using
the matrix free CBS-AC scheme with the Spalart-Allmaras model, (a) Sphere inside a
rectangular channel; (b) Unstructured mesh on the surface of sphere; (c) Hybrid mesh close
to sphere surface.

mesh layers at distances of 0.01, 0.021 and 0.035 close to sphere surface as shown in Figure
8.9.

Figure 8.10(a)-(b) depict drag and lift coefficient variation with respect to real
time. As seen the averaged drag coefficient gives 0.31. The experimental measurements for
the subcritical flow at Re= 10000 [142] gives the averaged drag coefficient was around 0.4.
The large difference is due to URANS modelling of the transition. The comparison of the

pressure coefficient around the sphere surface is shown in Figure 8.10(c) at real time = 100.
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Figure 8.10: Turbulent incompressible flow over a stationary sphere at Re= 10000 using the
matrix free CBS-AC scheme with the Spalart-Allmaras model, (a) Time variation of Drag
coefficient; (b) Time variation of Lift coefficient; (c) Pressure coefficient distribution on the
sphere surface at real time =100.
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Figure 8.11: Turbulent incompressible flow over a stationary sphere at Re=10000 using
the matrix free CBS-AC scheme with the Spalart-Allmaras model, (a) L'min(red) 0.0,
“max(blue) - 116.176; (c) himin(red) = -0.413, himax(blue) = 1.425.

Spalart-Aliniara

a 0 2000 4000 6000 8000 10000 12000 14000 16000 18000 20000

(b) No. time steps

Figure 8.12: Turbulent incompressible flow over a stationary sphere at Re=10000 using
the matrix free CBS-AC scheme with the Spalart-Allmaras model, (a) Unstructured finite
element mesh (Elements: 185692, Nodes: 35931); (b) Convergence to steady state.

The results presented are almost identical Constantinescu et al.’s work [87].
Figure 8.11 shows modified turbulent eddy kinematic viscosity and horizontal ve-

locity patterns at real time = 100. Each figure contains 20 contour increments.
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(a) (b)

© (d)

Figure 8.13: Turbulent incompressible flow through a upper human airway at Re=1000
using the matrix free CBS-AC scheme with the Spalart-Allmaras model, (a) Vmin{red) =
0.0, zmax(blue) = 72.113; (b) himtn(red) = -1.775, himax(blue) = 0.706; (¢) u3min(red) =
-1.665, u3max(blue) = 1.439; (d) pmin(red) = 0.0, pmax(blue) = 2.302.

8.4 Three-dimensional turbulent flow through a upper hu-

man airway

One of the spray dynamics problems, steady flow inside a upper human airway, have been
performed with the matrix free CBS-AC scheme and Spalart-Allmaras model. The geometry
defined are same as a human throat studied by Gemci et al. [155]. Apparently, most of the
literatures on the particle movement in the upper human airway related to sleep apnoea
and vocal cord problems [156]-[158]. It is of interest to understand and investigate the

respiratory mechanism through fluid dynamics. In the present research the unstructured
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(2) (b)

Figure 8.14: Turbulent incompressible flow through a upper human airway at Re—1000
using the matrix free CBS-AC scheme with the Spalart-Allmaras model, (a) vector pattern
of iii; (b) vector pattern of ui near to the epiglottis.

Spalart-Allmaras model Spalart-Allmaras model

Horizontal velocity Horizon tal velocity

(@ (b)

Figure 8.15: Turbulent incompressible flow through a upper human airway at Re=1000.
Distribution of the near-wall shear stress (a) All surfaces; (b) On the superior surfaces.

mesh was employed and shown in Figure 8.12(a). It is generated using PSUE-II code [154].
The computational domain includes 29.68 length, 23.05 height and the diameter of 4.91 at

the inlet boundary. The moderate Reynolds number is 1000 based upon the diameter of
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the narrow profile near to the epiglottis.

Uniform velocity perpendicular to the inlet surface in the downward direction is
assumed at the top boundary. No slip conditions are used on the solid walls. At the walls,
the modified turbulent eddy kinematic viscosity is equal to zero. Figure 8.12(b) shows the
tolerance value was reduced to 1075 to reach steady state.

The contours of modified turbulent eddy kinematic viscosity, @; velocity compo-
nent, @3 velocity component and pressure along the longitudinal central section are shown
in Figure 8.13. As seen the narrow portion near to the epiglottis triggers recirculation zone
downstream. A very high gradient area is noticed at the narrow portion.

Figure 8.14 shows horizontal velocity vector plots. It is apparent that the recircu-
lation zone is located close to the epiglottis.

Figure 8.15 shows the distribution of near-wall shear stresses around the surface
of upper human airway. It is apparent that the maximum near-wall shear stress occurs in

the distance 18.082 length of z; direction.

8.5 Summary

We have presented numerical solutions of turbulent incompressible flow past a backward
facing step using the matrix free CBS-AC scheme and semi-implicit CBS scheme with
the Spalart-Allmaras turbulence model. Both schemes give excellent accuracy. For the un-
steady flow problem, the averaged drag coeflicient and lift coefficient from three-dimensional
turbulent incompressible flow over a circular cylinder that agrees with the result of two-
dimensional flows. A model of upper human airway flow has also been demonstrated to

show that CBS scheme is able to handle more complex geometry.
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Chapter 9

Conclusions and future work

‘9.1 Conclusions

A robust matrix free procedure based on the Characteristic Based Split (CBS) algorithm
as well as the artificial compressibility (AC) method has been presented in this thesis.
Several numerical problems of laminar and turbulent incompressible flows at a wide range
of Reynolds numbers were simulated by the CBS-AC scheme. A dual time stepping approach
has been implemented in this scheme, which enabled it to deal with unsteady flows with
transient features. The advantages of the proposed scheme include excellent computational
efficiency and better accuracy.

An explicit characteristic based procedure with optimal Galerkin spatial approxi-
mation plays an essential role in the stability and convergence of the matrix free CBS-AC
scheme. The higher order time terms of the discrete form arises due to the Characteristic
Galerkin (CG) approximation which leads to a stabilized form and reduce spatial oscillations
due to the discretization of the convective acceleration term. Such scheme also circumvents
Ladyshenskaya-Babuska-Brezzi (LBB) restriction. The removal of the pressure gradients
from the momentum or Reynolds equations allows any order of shape functions used for
velocity and pressure. In other words, the temporal discretization were divided into three
steps to construct non-singular matrices which guarantee a consistent system. The concept

of the employed fractional step method lead to the first order splitting error in pressure.
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This can be eliminated by introducing a pressure stabilizing scheme.

Consideration of the standard AC method selected in this thesis without the pre-
conditioning matrix. The reason is to simplify the method which gives an accuracy as
good as a pre-conditioned scheme. Thus an appropriate AC parameter selection is quite
important to calculate local time steps based on the convective and diffusive velocities in
conjunction with the element size. The presented results clearly show that the standard
method gives results as good as pre-conditioned methods. Further, there are reasons to
believe that an explicit and matrix free fractional step method combined with a standard
AC method through characteristic time-stepping can give robust and accurate results. Due
to these merits, CBS-AC is suitable for solving complex 3D incompressible flow problems.

In order to handle turbulent features, various Reynolds averaged Navier-Stokes
(RANS) models were implemented with CBS-AC code. Four turbulence models for near-wall
treatments, one equation x — [ model of Wolfshtein, one equation Spalart-Allmaras model,
two equation linear kK — € models of Lam-Bremhorst and Fan-Lakshminarayana-Barnett,
have been chosen for evaluating moderate Reynolds numbers to compare with available ex-
perimental data. The Wolfshtein’s model fails to provide the effect of turbulent recirculation
and periodic shedding in the wake. On the other hand, the choice of Lam-Bremhorst’s wall
damping functions was good for the reasonable prediction of turbulent kinetic energy. It
should be noted that the damping functions suggested by Fan-Lakshminarayana-Barnett’s
model might be inappropriate for complex three-dimensional turbulent flows even though
the wall-bounded behaviour has been resolved and validated for two-dimensional unsteady
turbulent boundary layers. Indeed, the two scalar variables, « and €, by which the transport
equations have been established are more expensive with CPU time than a one-equation
model. A modified turbulent eddy kinematic viscosity was therefore derived by Spalart and
Allmaras which was used to solve both 2D and 3D problems in this thesis. It yields bet-
ter agreement with experimental results and gives rapid convergence to steady state using
unstructured or hybrid meshes.

The main objective of this thesis was to develop a matrix free CBS-AC scheme for
laminar and turbulent incompressible flows. The major conclusions derived from this study

are listed below:
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e The explicit characteristic Galerkin procedure is a stabilized form of the matrix free
CBS scheme based on the artificial compressibility (AC) method. This method is
suitable to carry out both laminar and turbulent incompressible flows on unstructured

meshes.

e The Ladyshenskaya-Babuska-Brezzi (LBB) conditions has been satisfied and violent
oscillations of pressure from the discretization of governing equations have been elim-

inated when equal order interpolations for velocity and pressure are used.

e The matrix free CBS-AC scheme via a dual time stepping technique is efficient in

saving memory and easy to implement in parallel environment.

e Various RANS models can be employed along with the CBS scheme to accurately

predict turbulent incompressible flows.

9.2 Future research

In order to improve the computing costs as well as accuracy of the CBS scheme in the

incompressible turbulent regimes, further research can be carried out in the following areas

e To further reduce the computational time, a single-step, explicit multistage Runge-
Kutta scheme could be employed to resolve the discrete equations in time-stepping

calculations.

e Extension of the proposed scheme to build appropriate preconditioning matrix to

compare with the present standard AC method.

e The detached eddy simulation (DES) approach could be implemented and tested on

unstructured meshes.

e A better approach for anisotropic and inhomogeneous turbulent characteristics may
be employed with the monotone integrated large eddy simulation (MILES). It would
be interesting to test CBS-AC scheme to deal with such high-resolution computational

fluid dynamics.
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e Alternative acceleration techniques such as the multigrid procedure to enhance the

rate of convergence is possible.

e An edge-based data structure would be useful in reducing memory and increasing the

speed of calculation.

e The better matrix free schemes such as Generalized Minimal Residual (GMRES)

method could be employed to accelerate solution procedure.
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Appendix A

Two-dimensional matrix
coefficients of the CBS algorithm
with RANS turbulence models

The two-dimensional matrix coefficients of a linear triangular element based on the Galerkin
spatial approximation indicate nodal values and all the discretized matrices and vectors.

The standard finite element shape functions N, depended on any variable o, i.e.

<pN=[<p1N¢1, Ne?> .. NeF o .. N(pl] (A1)

where k is the node identifying number and [ = 3 for a 3-nodes triangular element.

The 6 x 6 symmetric, lumped mass matrix for the intermediate momentum is given
M, = / [M}7] dQ = / Ny NudQ (A.2)
Q Q
where the matrix coefficients [M&J ] are (¢ row; j column)

1,2 _ 2,1 _ 14 _ 4,1 __ 1,6 __ 6,1 _ 2,3 _ 3,2 __ 2,5 __
Mu —‘Mu _Mu' _Mu _Mu’ _‘Mu _Mu _Mu _Mu -

= M3’2 = M3’4 = M3’3 = M3’6 = M3’3 = M3’5 = M3’4 = MS’G =
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=MS5 =0
MP = M?*? = NIN}
MY® = Mp* = NIN?
MY® = M$® = NIN3
M3 = M = M2 = M3? = NIN2
MPS = M = M8 = M8? = NIN3

M35 = M3® = MA6 = MS4 = N2N3 (A.3)

The 6 x 6 convection matrix of the velocities for the intermediate momentum is

given as

— 1, - T T
Cu= /Q (9] dar = /Q NuT (V7 (uNy))de (A4)

where the divergence operator of discretized velocities is

8 a 1 2 3
Nl 0 N2 0 N3 O
VT (uNy) = { %1 = Ut u u u (A.5)
2 = us U 0 N 0 N2 0 N2

and the matrix coefficients [ ,i}j ] are

Czll.’z ___Cgl Cl4 _ C41 _ 016 061 023 032 03,5 = 03,2 —
_034_043_036_063_045 054 056 065
oyt = C3 = N




cat =t m (T8 22E)
ettt = (P + 205)
crr=ctr=ap (%520 200
rr =it (P + )

Oui N3 Oua N3
03,5 — 04,6 — N2 ( u u
u or; + Ozo
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(A.6)

The 6 x 6 symmetric diffusion matrix for the intermediate momentum is given as

KT=(”%Q/Q[K$""] dgz/QBT(ﬂ%&) (10_

where the matrix coefficients [K-’}’j ] are

2 2
it 4 (0N, ONy K22
T 3 81'1 8.732 ’ T
2 2
P s L
T 3\ 0 Ozy )’ T
4 (ON3\? [ON3\?
K5,5 —_ u u : KG,G =
T 3(3$1) +(3:132) T
K12 = g2l _ 20N, dN,  ONLON}
Tt T3 O, Ozo Oz 011
K3 = g3 _ éaN& 3NE 3N& aNﬁ
T T 3 311,'1 (9:1:1 (9:1,‘2 31'2
KA = gl _EBN,} 6N3 BNJ 8N3
T T 3 0ry, Oz2  Oxy 011
15 _ o1 _ SONLONS  ON1oN
L 3 6:c1 8:51 a.’L‘z 8:112
K6 = g6l _ 2 ONLON3 ON}ON?
T T 3 6x1 sz (9:1:2 6:131
K23 — K32 = _ 20N, ONZ 0N} N2
T T 3 82:2 611 6$1 3(172

_3- O0xy Oxq Oz 0z

WM Wid Wik

) BdQ2

(A7)
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_ 28N, 8N3 9N} ON3
3 Oy Oxq Oz, Ox9

K2,6 — K6,2 — éaN'& 6N3 aN‘& aN'g

T T 3 3:122 6.712 3:111 81/‘1

got _ gas _ _2ONZONZ | ONZONZ
T T 3 0z; Oxo  Oxy 011

40N2ON} _ ON2OND

K5 = K52 =

K3,5 —_ K5’3 —
’ T 30z Ory Oz O
K36 = 63 _ _20NZOND  ONZON]
T T 3 0z, Oz, Ora 011
K4S - o4 _ _2ONZONG | ONONg
’ i 3 0z Oz, Oz Oz
K46 — go4 4 ONZONZ  ON2ON}

T 3 0zs Or2 @ Oz 011
2 ON3ON2 ON2ON?
3 0ry Oxq Oxs 011

K58 = K85 = (A.8)

The 6 x 6 matrix of the isotropic turbulence for the intermediate momentum is

given as

Cux = 2 / [Ch] dQ = 2 / N,TVN,.dQ (A.9)
3 Ja 3Ja
where the matrix coefficients [ fu%] are
CRl=Cll =Cul=Cut =Cll =Cli =Cl=CRl =Cl2 =C3? =

34 _ 43 _ 136 _ 63 _ 4,5 _ ~54 _ ~56 _ 65 __
_C‘u;c_Culi—cuﬁ,_CUK—CUK—CUK_CUK_CILK_O

oyt =2 o =A% op=mIE cp=mE,
o= oo s oo e e, o3 - w30,
o =n22s; otz w20l oo 2O, cuo - 2Ol
ot =N, oz = waOle; oo - wpOls; ooz -y O,
cag = N2, oo - wall (A10)

The 6 x 1 traction vector for the intermediate momentum is given as
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fu = (“—;ﬁ‘l/ [fo7] dT = /NuTtddI‘ (A.11)
€ r r

In the above equation of the vector coefficients [ ff,’j } are

- s ) ()
)

2= w[5 (s %""GN} 3?,’55)—5(111?! R ]
+ Ny P(Ui%Nf+ ‘2 + ?ZN;+ éaaN11+ %ZN:+ %%Jf)} iy

i) T
[ %%T)]

= i ) 02 2 )
(o g

i U
(B R ' e

AR HHE %‘2”2+ %“fo)-g(ul? +u$‘2”f ruigpe )|t
+ N8 ((u%%1;11+ %ZN2+ ?%N3+ %ZN11+ %%1;,2+ g";m)]nm (A.12)

where both 75, and 7, are normal vectors.
The 6 x 6 symmetric convection matrix of the stabilization for the intermediate

momentum is given as

K, _% /Q (K] df2 = % /Q (VT (uNw)T (V7 (uNy))d2 (A.13)

where the matrix coefficients [Kf,’j ] are
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The 3 x 3 symmetric, lumped mass matrix for the pressure is given as

M, = (Elg)n /Q [Mi9) dQ = / NT (ﬁ)andQ (A.15)

where the matrix coeflicients [M;;'j ] are

1,1 _ nlpgl 2,2 2 pr2 3,3 _ ar3ar3
MM = NINY  M2%=N2N% M3 = N3N

1,2 2,1 2 1,3 _ 3,1 _ arlpg3
M} = M?' = N)N% MM = M3 = NIN3

2,3 _ as3.2 _ n2p83
M2® = M3? = N2N} (A.16)

The 3 x 3 symmetric, second lumped mass matrix for the pressure is given as

— 1,J _ T
H= /Q [H™] dQ = /Q (VNp)" VNLdQ (A.17)

where the matrix coefficients [H*7] are

i (0N 2+ oNL\’
T\ 0ny 019
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The 3 x 6 gradient (operator) matrix is given as

8
'ezw b

= 1,5 _ T
G= /Q [G] do = /Q (VNp) N, d02 (A.19)

where the matrix coefficients [Gi'j ] are

ON} ON} ON}
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3,1 1 Y. 32 _ pl p 33 _ a2 'p
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The 3 x 1 forcing vector for the pressure is given as

£, = At / [£4] dT = At / NT [NufJ" +6, (Afj* - Atvpn+92)] nTdC  (A21)
r r



where the vector coefficients [ Fisd ] are

= N} [(NIO + N2OF + N30T ) gy + (NSO + N2OF + N3UF) oy
Ng [(NL0} + N20? + NSOP) ey + (NLOG + N203 + N3O3) e,
= N3 [(NA0} + N2O? + N3OF) oy + (NLOJ + N20F + N30
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(A.22)

The 3 x 3 symmetric, lumped mass matrix for the turbulent kinetic energy is given

where the matrix coefficients [M,i’j ] are

M} = NINY  M2*=NINY M3 =N3N3
MY =M2'=NINZ MY =M =NIN}
M2? = M3? = N2N}

The 3 x 3 convection matrix for the turbulent kinetic energy is given as

— 1,7 _ T =T
C. = /Q [Cid] da = /n N, T(VT(uN,))dQ

where the matrix coefficients [ ,’g”] are

6u1N1 8U2N1 8u1N2 BUQNz
1,1 1 K K\, 2,2 N2 K K
CK NK’ ( 3.’171 63’}2 ’ GK ® 8:::1 + 8582
OuiN3  BuyN3 Oui N2 OugN?2
3,3 _ a3 K K ). 1,2 1 K K
Cn N N" ( 81:1 6:122 ’ CK’ Nn 3(131 t (9:172
02,1 _ 2 aU].N; a'UQN,% . 01’3 _ 1 au1N2 + 6U2N3>
K k 8(121 (9(132 ' ® K 81:1 69:2
OuiN}!  OugN} OuiN3  OugN2
3,1 _ w3 14V, 24V, Y 02,3 N2 14V, 24V
Cr N’“( oz | 0z ) g ~( 5z, | oz )
6u1N2 6u2N2
3,2 3 K K
CK Nn ( 8:1:1 + 6.’122

(A.23)

(A.24)

(A.25)

(A.26)
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The 3 x 3 symmetric diffusion matrix for the turbulent kinetic energy is given as

_ 1 |23 i _ / T(MH'
Ke= o (u+ ) /Q (ki) da = [ (VN ( EpeE | TNwd (A.27)

Ok

where the matrix coefficients [ k’] are

Kl = (aN; 2+<6N; 2 Ku__(aN,% 2+(g_1\§_ 2
K T\ 011 0z2 ) ' £ T\ 0n Oz

2 2
K33 = (aNg) 4 (8N,§> L 2o K = AN1ANZ  ONlONZ

a1 Oza 8z Bm Oxo Ox2
ONlON3 ON! 8N3 ON2 ON3 ON2oN?
1,3 _ 33,1 — kK 2,3 32 _ K K Yk K A28
K" =Ky Oz 011 t Bz Oz2 Bza K K dx1 9011 + Ozy Ox2 ( )

The 3 x 1 vector based on both the generation and source terms of the turbulent

Kkinetic energy equation is given as

£ = / [f;'g] o = / N TTHd0 = / N, T [T{}ajui—NEE] 0 (A.29)
Q Q Q

where T{f = 11 + Tox + T3x + T4 + T8 + rg. may be respectively expressed

Aps ( LON} ONg | 2
e = oo ul u?
* 3Re \ 'Oz “ 6:101 1 833
_ _gy:i ulaNl 28N2 36 ( 8Nu + ZBN'E 3 N3)
3Re 2 6:1':2 Y2 83:2 b2 8:131 1 0 851:1
2
_ 4:[1t 16N1 23N2 3 NS
"2 = 3Re (u2 Oz U B T 252, Lo
ous [ 10Ny | 20Ny 3 NE) (ONL | ,ONZ | 3 NE)
3Re ( 1 9zq t o1 L 9z Oro + U 012 + Oxo
2

1
22 1
= £t Tl L3 2) +
"3n Re (ul Ox2 +tu Ozx2 “ 89:2)
: (
u



148

_ _,U,—t laN.& 28N2 36N3
e = Re(u281+ 2 8z, +28x +
e ,ON} 2ONZ  JON3 10N} 28N2 3ON3
+Re(3+16+18 gy T g T,
Toe = §(K1N1+K2N2+K3N3)
10N} ON? ON3 ON} ON? ON3
( 150, Pul gy Tulg tug s tui g +§8a:2)
Tén = —(E‘N§+E2N3+E3N3) (A.30)
Thus the vector coefficients [ f;’gz] are
fea = NAXE5 fea = NIX f = N2 (A.31)

The 3 x 1 forcing vector for the turbulent kinetic energy is given as

-1 a2 id] ar = / T
fur = - (‘Han) /F (7] ar = [ N Tt (A.32)
where the vector coefficients [ f;l’«] are
[( 16N} ON2 ON3 ON! 6N2 ON3?
L1 _ Al 1 2 3 " 1 2 3
fnl" N ( 0z, & 0z T oz ) Py + (R 0z 6:1:2 Oxo ) Mz
21 _ 2 [(10Ns , 20NE | 3ONZY . (8N ,BN? 38N3)
fob = M (m 0z, 9oy T Bm ) T\ B, T Bmy T By ) "
31 _ s | 1ONL | ,ON2 30N\ aNl 26N3 3ON3 ]
fb = Ny < 0z, tr 0z, th 0z oy + ( & 6:1:2 Oxs tr Ozo n”_
(A.33)

The 3 x 3 symmetric convection matrix of the stabilization for the turbulent kinetic

energy is given as

Kue = —3 /Q [Kif)ao = — /Q (VT (uN,)T (VT (uN,))d2 (A.34)

where the matrix coefficients [Kﬁ‘,’g] are
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2 2

o1 Ozo ! 011 Ozo
K3’3 _ 6U1N3 6U2N3
uk 6ac1 a:L'Q

a’u,lN,% + a’leN,%) (3U1N,3 + a’LLQNg)

K1,2 — K2,1 —
ure ur 8581 8172 8:21 a.’rz

‘ Sui Nl BuyN} Oui N3 OusN3
K1’3 — K3’1 — 14V 24V 14V, 24V
ur uk oz, Ozs 01 + O0za
8u1N2 8u2N2 8u1N3 6u2N3
K2,3 — K3,2 — ( K K K K .
e ur 0z + 0z 0 + Oz (A-35)

The 3 x 3 symmetric, lumped mass matrix for the dissipation rate is given as

M, = / [M27] d = / N.'N.dQ (A.36)
Q Q

where the matrix coefficients [Mé’ ] are

Mgt = NeNg; M2 =NINZ M2® = N2N?
Mgn2 —_ M€211 — NEIN52’ Ml 3 M31 — N N3
M?3 = M3? = N2N3 (A.37)

The 3 x 3 convection matrix for the dissipation rate is given as

C.= [ [CH]dQ= / N T (VT (uN,))dQ (A.38)
Q Q

where the matrix coefficients [Cé’j ] are

Oui N} Bu N} OuiN2  OuyN?

1,1 _ w1 1 2 2,2 _ N2 1iVe 24Ve
G =N ( 9z, Oz2 ) G =N ( oz + dz2 )

Ou N3 Bu N3 OuiN2  OuyN?

33 _ N3 1 2 1,2 _ arl 11V 2V
CE NE ( Bxl 3112 ) G N€ ( 3:81 + 6z2 )

- Ou N} 3u N} Ou N3  OuyN3

2,1 _ a2 1 2 1,3 _ Nl 1:¥e 2iVe
CE Ne ( 5:1:1 3.’172 ) CS NE ( 61‘1 + 6(1)2 )
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o Oz4 or Ozo
Oui1N2  QuyN?
3,2 __ 3 14Ve 2iVg
Co* = N; ( 31 + B2s ) (A.39)

The 3 x 3 symmetric diffusion matrix for the dissipation rate is given as

—_.1__ [t 1, / T Mt + Tept
Ke = % (“+ ) / (K] = [ (VN7 (=55 ) VNed (A.40)

O¢

where the matrix coefficients [Ké’j ] are

ONI\? [oN} ONZ N2\ 2

Kl,l — € 2,2 £ )

€ ( (9(131 ) + ( 6.'132 ) , KE 3.’B1 + (9:172

2

K33 (9NN L aNZ\?. K12 = K31 = ON; ONZ  ON} ON?

€ 0z Ozy ) ' € Oz, Ozy  Oxp Oxy
ONIONZ  ONLONZ  toa_ oo ONZONY  ONZONZ
Oz1 O0x1 Ozg Oz’ € Oz 8z1  Ozy Oz

K} = K3 = (A.41)

The 3 x 1 vector based on both the generation and source terms of the dissipation

rate equation is given as

= 2 / Jan - / NETET”dQ / N. _[cdri?aju,-—cezNef«:] 0 (A.42)

where TeI.I = 71 + Toe + T3¢ + T4e + T5¢ + Tge May be respectively expressed

3.’1:2 +u 28 ) +u 2(9:132

(ONi  ,ONZ  4ONG

201,:
el b ul

3Re

5o, T U0, TG0 U, T 25,

_ deaps [ 1ONL | ,0N2 . 3ONR\?
Me = T3Re (’“ 55, T oz T "%,
2cc1pt [ 1ON} 231\72 3aN3 (’)N1 26N2 36N3)
3Re (“ 2525+ 255, T g, 19z T "%,
4cgl”t 1 6N1 2 6N2 3 aN 2
roe = Uy

(8N1 o ON? 38N3)
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_ Ce1 it 1(9N& 28N 381\73 2
e = Re (“16 PG, T ) T
Cel it 18N1 26N2 36N3 & 28N2 36N3
* Re (“2ax1+ i g 19z, T g,
_cape [ 1ONL . ,0NZ  JON3\?
S (“2ax e T2 ) T
ceipt [ 1ON} 26N2 3aN3 8N1 2 ON? 36N3
+ Re(u16x2+18 tuige ) (W T e t e
re. = 2351 (K'N! + K2N? + K3N?)
10N} ON? ON3 ON} ON? ON3
(8:1:_{-%6 Ul gy T Tl +gaa:2)
ree = —ce2 (E'N}+E*NZ + E3N3) (A.43)

Thus the vector coefficients [ féé] are

1, 2, ,
flo = NiYH, 2 = N2YH o g3 = N3 (A.44)

The 3 x 1 forcing vector for the dissipation rate is given as

_ 1 e ij _/ T
for = = (“+05> /r (7] ar = [ NCTear (A.45)

where the vector coeflicients [ f;lf ] are

11 [/ 10N} 26N2 36N3 . 10N} 28N2 38N3
» — N
fer : (6 dor ¢ Bm TS am )\ s T B T By )
2,1 2 [(1ONS | ,ONZ  ONZY | 10N | ,0NZ  3ON?
] — N
fer : (E 921 7€ Bz T Bay ) T\E Ba T Bz T By )
3.1 3 aNl 28N2 36N3 ~ 3N1 26N3 38N3
i —_ N
fer € ( Oz te 0z te Oz oy + (€ 8:32 8:1:2 O0zx2 Az
(A.46)
The 3 x 3 symmetric convection matrix of the stabilization for the dissipation rate
is given as

Kue =~ /9 [K7] da= 1 /ﬂ (V7 (uNE)T (VT (uNe))df2 (A.47)
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where the matrix coefficients [ s ] are

2 2
K,&él — <3U1N51 + 3U2Né}) A Kg‘sz — (6U1NE2 + a’u,gNg)

o0z Oza ’ oz, dzo
K3’3 — <6u1Ng + 6u2N6.'3 2
ue 6:01 a.’L‘z
Oui Nl OuaN!\ [Ou; N2 OusN2
K1'2=K2'1=( 1N, 2 Ve 1V 2V
ue ue 9z + 972 o1 + £
KL = K3 — (aulNal + Ouy N} (aule N duy N3
oz Oz oz 9z
OuiN2  OQuaN2\ [Ou N3  OQuyN3
2,3 3,2 14Ve 24Ve 14Ve 24Ve
=K = A4
Kue ue ( 31’1 + ‘6:1,‘2 )( 8131 + 311:2 ) ( 8)

The 3 x 3 symmetric, lumped mass matrix for the modified turbulent eddy kine-

matic viscosity is given as

/ [ W dQ = / N>TNdQ (A.49)

where the matrix coefficients [ ] are

Myt =NyNy;  Mp*=NIN3;  M)P = NIN}
Mﬁl'z — Mg’l = Nl.}Ng, M,;’a = Mg'l = Nf}Ng’
M2 = M2 = NN (45

The 3 x 3 convection matrix for the modified turbulent eddy kinematic viscosity

is given as

Csr = /Q [cgf] Q= /Q N, (V7 (uNp))as2 (A.51)

where the matrix coefficients [C;’j ] are

L1 _ arl

BulN; + GU2NI—} : 022 8u1N2 + 6U2N§)
6.’1:1 3.'1:2 Ba:l a:L'z
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S
b= (B e ) et (B )
o3 = (Pt + R ) o= (Tt + TR
C32 = N3 (a:;;z:/ Ly 02112\73 ) (A.52)

The 3 x 3 symmetric matrix resulted from first diffusion term in the modified

turbulent eddy kinematic viscosity equation is given as

V‘*‘l? i T v+ v
K; = o = o dQ A.53
aﬁRe/Q[K" ]dn /Q(VN) (GDRG)VN (A.53)

where the matrix coefficients [K :,J ] are

2 2 2 2
Pesun ON} + 6Nf} ; K22 _ <¢9N§> + (6N§)
v Oz, Or, v oz, Oz2
2 2 2 1 2
33 N3 ON3 ) 1.2 21 _ ON!ON2 ON}ON?
K™= (6:31) + (8:1:2 K=Ky Oz 011 + Oy Ozo
Kl B _ el _ BNl 8N3 ON} 3N§; K23 K3 2 6N2 6N3 6N§ ON3
v 9z, Om Ozry Oz v or1 O Ozry Oxo

(A.54)

The 3 x 1 vector resulted from second diffusion term in the modified turbulent

eddy kinematic viscosity equation is given as

fo0 = Gj‘f% / [f,, dQ / N> ( 2 )(a, )2dS) (A.55)

where the vector coefficients [ f,;’é] are

(0N} _ON2 . ON3 AN} 6N, aN3\?]
L1 _ Al ~2 -3 ~1 2 ~3
b = N ( 5z, U om TV 33:1) +(” A . ‘1o 3$2> |
[/ (N} ,ON2  ,ON3 8N} 0N ON3
21 _ a2 (gt 52 -3 51 -2 53
oo = N (” Fr = 33:1) +(” o2+ B ‘4 6x2>J
ON!  ,ONZ  ,ON3 (ONL  ,ON? 0N}
31 _ a3 (s .2 .3 22 -3
fia = N ( o = 63:1) +( A . ‘1o 83:2)

(A.56)
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The 3 x 1 vector based on both the production and destruction terms of the

modified turbulent eddy kinematic viscosity equation is given as

o & cwlfwi & C“’Ifw
foqe = (cmS e y2> /ﬂ (£id.] a0 = / N (cbIS o )N BdQ (A57)

where the vector coefficients [f,is])] are

foge = N} (0'N}+02N2 +0°N3)

v

fane = NE(0'N}+0°NE+0°NE)

v

fage = N§(0'N}+02NZ+0°N3) (A.58)

The 3 x 1 forcing vector for the modified turbulent eddy kinematic viscosity is

given as

fop = 217 / [ f;'g] dl' = | NpTtpdl (A.59)
r r

[/ .,ON} ON2Z  JON3\ | ,ON}  ,ON2 ON3
f;fl = N; ( a Oz s 8:1:1 e 0z, ) Moy + (Vl O0x2 + 8:1:2 +0° Oz ) R
[(.10N] ON ON} ON} AN ON} ]
2,1 _ 2 ({51 2 2394V \ o 51 ~2 3
Tor N _(u 92, +v 8:1:1 +V B2, ) gy + (u 5o +0 25 + . ) Mg 3
[(.1ON} ON, ON3 ON} ON? ON}
31 _ a3 (s -2 ~394V5 \ . 1040V | 2 ~3
fob = No ( 0z T 6.7:1 +V Oz ) May + (U Oxs v Oxs tv Oza ) Mz

(A.-60)

The 3 x 3 symmetric convection matrix of the stabilization for the modified tur-

bulent eddy kinematic viscosity is given as

Ky = — = /Q (K] aa = -% /Q (VT (uN;))T (VT (uN3))de (A.61)

where the matrix coefficients [K:[.{] are
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2
K;bl _ (a’UalN'% + 6U2NI~}> : K‘z’? — (6U1N§ T 6U2N§)2

61‘1 8:52 az'l (9332
2
ox, 0z
1 1 2 2
inbz — KM = (3u1Nu + OuaN;\ (OuN} + OugN?
6.’21 3.’122 le 3.1:2
1 1 3 3
Kibg _ KS;Q]' - (BUINV + 8U2Nu) a’LLlNu + c'?uzNﬁ
31:1 31)2 6:61 8(1:2
OuiN?  QugN?2 OuiN3  OQuaN3
K2’~3 — KB’? - ( 14V 24V5 14V, U2V,
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Appendix B

Three-dimensional matrix
coeflicients of the CBS algorithm
with RANS turbulence models

Here we display the 3D matrix coefficients of a 4-nodes tetrahedral element.
The 12 x 12 symmetric, lumped mass matrix for the intermediate momentum is

given as

M, = / [M37]dQ = / N NudQ (B.1)
Q Q

where the matrix coefficients [Mf;’j ] are (i row; j column)

M2 = M21 = M3 = M3 = ML = MO = L6 = MO = ML =
= M& = ML = MOt = MIN = ML = 120 = 02 o 28 =
= M32 = M24 = MA2 = 26 = MO = M2 = MT2 = M2O =
= M22 = M210 = M102 — pg212 = pr122 — 34 = 43 = 35 =
= M33 = M3 = MTS = M38 = MBS = M3 = pg103 = pr31 =

M113 M45 M54 M46 M64 M48 M84 M49
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_ M3’4 = M1 = plts = M2 = M4 = M56 = MBS = M7 =

— Mz,s M59 M95 M5 10 M105 — M5 12 Mf’f’ _ M3’7 _
= M6 = M68 Mse M6 10 = MI06 = 611 = MJI,G — MZ,S -

= MS 7 M79 M9 7 MZ’U Mll 7T M7 12 M12 7 M8 9 _
_ M3'8 = MBS0 = pf108 Ms 12 — p128 = M0 — M09 =
— M3,11 Mll 9 MlO 11 M&I,IO — M50,12 M12 10 Mll 12 _
_ Mf’u -0

Myt = M2 = M2® = NIN}

Myt = M3® = M3 = NZN2

MDT = MBS = M® = N3N3

Ml010 ML = sz'u = NAN?

MM = M = M25 = M52 = M36 = MBS = NIN2

M3,7 M74 _M58 M85 M69 M96 __N2N3

M7 10 _ M107 MB 11 M118 — M9 12 M129 — N3N4

MY = MIT = M3 = M = M3 = M3? = NLN

M4 10 M10 4 M5 11 Mll 5 MG 12 M12 6 N2N4

MJ’IO = M&O.l — M3’11 Mll 2 _ M3 12 M12 3 N1N4 (B.2)

The 12 x 12 convection matrix of the velocities for the intermediate momentum is
given as
Cu= / [Ci] dQ = / NuT (VT (uNy))d (B.3)
Q Q

where the matrix coefficients [Cf;j ] are

Cl 2 CZ 1 Cl 3 C3 1 C&,S — CS,I Cl 6 Cﬁ 1 _ Cl 8 _
— C’S’l Cl 9 CQ 1 C'th’u — C.il’l Cl 12 012 1 03,3 —
_ 03,2 _ 02,4 _ 04,2 026 C6 2 02 7 072 CZ,Q —
—VYu — VYu — Vu u



=092 = 0210 = 0102 _ 0212 _ o122 _ o34 _ 043 =

= 058 = 037 = O73 = 038 = (83 = 0310 = C103

= L3 = 045 = 084 = 046 = 084 = 048 = B4 =

= 094 = o1l = Q114 — o412 _ o124 _ (056 — (065
=7 = 089 = 095 = 0510 = 105 — 0512 — 0125 _

= CT6 = 088 = 086 = (610 — 0106 _ 611 _ (116

=87 = 19 = 97 = Ol = o117 = ¢T12 = 127

— CQ 8 _ 08 10 ClO 8 CB 12 012 8 C9 10 CIO 9 CQ 1 _

— Cl19 _ gloll _ 51110 _ 510,12 _ Cl2 10 011 12
u u u u
OuN!  OusN} 6u N}

1,1 2,2 3.3 1 14Vy 2 3

[Eg— [ — © =N
Cu Cu Cu ¢ ( (9:121 + 6:1:2 3123 )
Ouy N} + Oug N} + BU3N,1>

Ot Ozo Ox3

ot = ot = cge = 2 (

3 aulN& 6u2N,} 6u3N1{
Chl =82 =% = N3 ( dor T om o )
<8u1N,} + 3’(1,2N1} + 3’U3N&)
0z, 0zo Oz3
Ou1N2  QuyN? 8U3N2
3.’1,‘1 33}2 6:173 )
3U1N3 + BUQNz + 6u3N3>
611:1 (911:2 3:173
Oui N2 + Oua N2 + c')u;:,Ng)
Oz Oz, Oz3
6U1N5 + BU2N3 + 6U3N3)
oz Oz Or3
Ou N3 + Oug N3 BU3N3>

C&O,l = C&1,2 - 052,3 = N:}

oyt = c2# = o3¢ = i (

034 C55 066 u(

074 085 096 u(

01]20,4 - C'zltl's — 0111:2’6 — Ng (

o, Oxy Ozs
Oui N3 + OuaN3 + au:;NS)

8:1:1 8.’1)2 6233
Ou N3 + Oug N3 N 6u3N3)

01 Ora O3

017_028 C39 u(

C47 C58 C69_N3(

C7 7 CS 8 03,9 = NS (

CLO7 _ Gl18 _ 129 _ N4 (‘9U1N3 + duaNg + 6u3N3)
u u

0x1 Oxa Oz3
a'u,1N3 6U2N3 3U3N3)
+ +
Ox, Oz Oz3

1,10 _ ~2,11 _ 3,12 _ ard
L0 = g2t = 3 —Nu(

C35 =
=C3! =
oL =
— OB =
co7 =
= 0518 =
=C89 =

12,11
=C,

=0
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C’{f’lo = 03’11 = 03’12 = (au1N4 BUZN4 + BUSN;%)

a:rg
( Ou N2 8u2N4 BugN{f)
+
Ox3

6u1N4 auQN4 dug N4
Cl010 _ o111 _ ~12,12 _ pré u u u
u v u u 61171 + 61‘2 + 3.’1:3

CI10 — o8l — 0912 _

(B.4)

The 12 x 12 symmetric diffusion matrix for the intermediate momentum is given

as

K, — W /Q (K9] dQ = K_”*;%T’f’f)p_] /Q BT (10 _ —g-mmT) BiQ  (B5)

where the matrix coefficients [ ) ] are

N
[ &)

11_ 4[N} ON} N2
Kr 3<6x1 t\ o2 ) T\ 5z
1\2 1\ 2 1\ 2
ea_ (0NN, (MY (oNy
3 Ozg 8(1:1 6-'173
K33 4 (ONL), (om 2+(6N,})2
T 3\ Oz3 Oy 0Ty
2\ 2 2\ 2 2\ 2
VY AR AN
3\ 0 O0zo 0z3
2\ 2 2\ 2 2\ 2
gos = & (ONE | (ONEY?, (oM
3\ Oxo 0z Oz3
2\ 2 2\ 2 2y 2
Koo = 4 (ONE)?  (ONE)? (oM
3\ O3 Ozq 0z1
3\ 2 3\ 2 3\ 2
1o = & (MY, (ONEN 8Nu>
3\ 0z, Oxo 0z3
3\ 2 3\ 2 3\ 2
Kos— 4 (ON2)?  (ONE)? (O
3\ Ozq oz, Oz3
3\ 2 3\ 2 3\ 2
goo _ L (ONE\T | (ONE\? (ON
3 \ Oz3 Oy 0z,
o0 _ 4 (ONEN | (ONG\? | (ONEN?
T 3\ 0x Oz2 Oz3
2 2 2
KT11,11=‘_1 ON, _I_(aN&i +(Qﬂ>
3 \ Oz, Oz, Oz3



ON* ON4\?  /oN%\?
12,12 _ u u
K (ax3) +(3.’E2> +(6$1>

K}? = 2! = _
K}M¥=K3=_2
Kl 4 Kﬁ N

K} =K = 2
K16 = K81 = =
KM = K71 =

KM =K} =

K} =K} =
K71_,10 K.}O 1

K,,].”l]' — K,,.u’l _ _

Kb12 = K121 = _

K2 = K3 =

K2 =K} =

K% = k3% =

K28 = g8 = =
K2"=K!? = =
K? 8 _ K,B. 2 _

K2 9 Kf 2

K2 10 KIO 2 _

20NLO6N! ON>ON]
3 9z, Oz Ozq 01y
20N}l 6N}l ON!ON]
3 Or; Oz3 Oz Oz
40N} 8N2 ON} BNf ON] ON?
3 a:L'l 6.’111 6.’122 83:2 axg 6:1)3
2 BN,} BN,E 6N1} BNE
30y Oxa Oz 013
20Nl ON2 ON]}ON?
3 3:151 3:1:3 3:1:3 6:131
4 8N1 8N3 BN,} BNS’ BN& BN;j’
3 3.’171 31:1 axz amg 6:1:3 8x3
20N, 1 ON, 3 8N,} 8N3
K oz, Oxo Ora 011
2 (9N1 8N3 3N,} 6N3
3 (9@'1 31'3 61‘3 3121
40NLONE ON!ON ON} ON
3 8z, Oz Oz Ozo Or3 Ox3
20N} ON: ONLON:
3 0r1 Ox2 Ozq 011
20N} 6N3 ON} <9N;1
3 0r, Oz3 @ Oz3 071
20N.ON} ON]}ON]
" 30z, Oz3 Oxr3 O0xo
2 6N1 8N2 BN& ON?
"3 Ory Oy Oz, Oxo
40N, 1 ON; 2 8N,} BNS oN} c'?N,f
3 6.'1:2 6.’1:2 6x1 82)1 6:!:3 6.’133
2 3Nj 6fo 6N,} BNﬁ
3 8.’122 8:173 83:3 81112
2 6N,} 3N3 BN,} BNS
3 6:1:2 89:1 63:1 8332
40NLON3 ONLON? ON!ON3
3 0z2 Oz, Oz, Oz Ox3 Ox3
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The 12 x 12 matrix of the isotropic turbulence for the intermediate momentum is

given as

Cyp = 2 / [Cid]d = 2 / N, TVN,dQ (B.7)
3 [¢) 3 Q

where the matrix coefficients [ Z’,’g] are

Cut =Clp =Cl =Co =CR=Cii =Gl = Cul = Cyf =
=G =0l =Cl =0y =t =C? = G = O = G =
=Cll =Cul =0l =2 = O = O = Ol = Gl = Cii° =
= =Cil?=C=Cli=Cl =0 =C3 =CYl =C? =
=0 =CRl =00 =0 =0l = O =Cl = Cif = C =
=Cul =Cue =Gt = Cud = Gl = Ot = Ot = G = Ot =
=C =C =Cul =Cif = Ol = Oy = Ci* = C° = O =
=0t =0l =Cl =C =l = Ol = O =G = C° =
=Cl =0l =CR =Col = O =" = O = G = Gy =
=Gl =Ca’=CRt = =CR = Cul' = C° = Ot = C° =

_ 10,11 _ ~11,10 __ 10,12 __ ~12,10 _ ~11,12 __ ~12,11 __
- Ctm - Cu;c,’ - Cmc - Culc - Cun - Cun =0
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The 12 x 1 traction vector for the intermediate momentum is given as
fy = K"%’Qﬂ] /F [fid]dr = /F N Ttgdl (B.9)

In the above equation a matrix of shape functions defined as

N} 0 0 N2 0 0 N} 0 0 N O 0
Nu=| 0 N 0 0 N2 0 0 N> 0 0 Nt 0 (B.10)
0 0 N 0 0o N 0 0 N} 0O o0 N2

and the traction is
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where both 7z, , 7z, and 715, are normal vectors.
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The 12 x 12 symmetric convection matrix of the stabilization for the intermediate

momentum is given as

where

Ku=_§

1

| &) 0= =5 [ (97N TV N )0

(B.13)
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(B.14)
The 4 x 4 symmetric, lumped mass matrix for the pressure is given as
1\" > 1\"
Mp = ([—35) /Q[M;;J] Q2 = /QNE (’@) Npd© (B.15)
where
T
Np=[N! N2 N} N§| (B.16)

The 4 x 4 symmetric, second lumped mass matrix for the pressure is given as

H= /Q [H%] dQ = /Q (VNp)TVNpdQ (B.17)

and the 4 x 12 gradient (operator) matrix is given as

— 5, — T
G= /9 (6] d = /Q (VNp)TNud®2 (B.18)

where



168

0
oz

— a 2
VNp={ & [N N2 N2 N (B.19)
o)
Bes

The 4 x 1 forcing vector for the pressure is given as

£, = At / [f4] dT = At / N [Nu0" + 6 (AT - Atvp®) | nTar  (B.20)
r r

where the vector coefficients [ f,’;’j ] are

L~ N (NlUl + N2O? + N3U3 + N4U1) figy +
+ N} (N1U2 + N2UZ + N30 + N;}Ug) figy +
+ N} (N U} + N2UZ + N3U$ + N4U3) gy
= N,?( 10} + N2UE + N3O + N4U4) Ay +
+ N2 (NLO3 + N2OF + N3OS + NEO$) gy +
+ N2 (NIO} + N2OF + N3U3 + N4O3 ) g
31 = N3 (NIOL+ NZOF + N3P + NiOE) gy +
+ N3 (NO} + N2OF + N3UF + N4O3 ) ooy +
+ N3 (N0} + N2OF + N3OF + NEO3) g
M= Ny (NLOL+ N2OF + N2OP + NOE) oy +
+ Np(NLO}+ N2OF + N3OS + N1O3 ) iy +
+ N (NIO + N2OF + N2O3 + N2O3) oy (B.21)
The 4 x 4 symmetric, lumped mass matrix for the turbulent kinetic energy is given
as

M, = / [MET]dQ = / N, TNdQ (B.22)
Q Q

where the matrix coefficients [M,ﬁJ ] are
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Mgt =NiNy; M2 =N2NZ M3 =NIN3;, M= NiN:

K-'K?

M’l. 2 M2 1 __ N1N2 Ml 3 M3 1 NiNg, Ml 4 M4 1 N;N:

[

M23 = M3? = N2N3;,  M2>*= M*? = N2N%;, M3 = M4 = N3N? (B.23)

K-K?

The 4 x 4 convection matrix for the turbulent kinetic energy is given as

—- 2,J . T T u .
Cp = /Q (03] da = /Q N7 (VT (uN,))dQ (B.24)

where the matrix coefficients [ o ] are
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33 = N3 8u1N3 6u2N3 au;;Ng obd _ N (c’)ulN;1 + Ouy N2 + 8u3N,‘3>
* 0z 9 Oz /' F \ 01 Oz Oz3
Ou N? Bu N2  QBugN? Oui N} BugN!  OuzN}
1,2 _ 1 2 34V 2,1 _ pr2 14V, 24V 34iVg
Cn ( 851,‘1 )] + 5{1:3 ) ’ CN Nﬁ ( 8:121 * 6:1:2 + 6:1:3 )
Ou N2 au N3 au N3 OuyNl  OugN!  OugN}
1,3 _ 1 2 34V, ) . 3,1 _ p3 14V, 24V 34V
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The 4 x 4 symmetric diffusion matrix for the turbulent kinetic energy is given as

Re Ok

1 - ut+o
K, = — (u + ﬂ) / [K29) dQ = / (VN,)T (—L—RZ’Q VN,.df (B.26)
Q Q K

where the matrix coefficients [ e ] are
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(B.27)

The 4 x 1 vector based on both the generation and source terms of the turbulent

kinetic energy equation is given as

fur = / [724] 4o = / N, THd0 = / N, [r0;u - NcE| d0
Q Q Q

(B.28)

where YT = 1, 410+ 735+ Tax+ 756 +7T6x + 776 + Tk +Tox + 7105 + 114 May be respectively

expressed

Tlk

(1 a2
i 200
(445 1 25 B%N%ufzf:n

e (g g2

)
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)
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2
3
2
3

(K'Ng + K2NZ + K°N? + K*N;) (
Thus the vector coefficients [ f:’{z] are

fnﬂ — NITIII fnﬂ — N2TIII fK,Q — N3TIII fK,Q — N4~rIII (B30)

The 4 x 1 forcing vector for the turbulent kinetic energy is given as

_ L e ig] o — T
fur = - (u+ UK) /F [fKF] dr = /FNN tdl (B.31)
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where the vector coefficients [ f;’f.] are

G et etk et LR
P
(et ).,

fo = N (nl (?9]: + 268‘2’12 + n"‘%]f + "4?9]:?) fgy +
R
pEr e

o= N2 (Fcl%Nl + 2%1:12 + 3%];[: +”4%]Zf) Rz, +
+ N3 (,J%Nl N 2%1;7:+ 3%]:;+n4%1:f) e, +
ot

f& = Ni (KlaaNl + 2%1;’1 + 3%1;]:' +n4aa];?> figy +
o ot 2
+ Ny (nl %1;[31 + 2%];’; 3031;,5 + K %Zf) fizy (B.32)

The 4 x 4 symmetric convection matrix of the stabilization for the turbulent kinetic

energy is given as

Kux = —% /Q (Kb dQ = —= / (VT (uN)T (VT (uN,))dQ (B.33)

where the matrix coefficients [KL,{] are
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(B.34)

The 4 x 4 symmetric, lumped mass matrix for the dissipation rate is given as

M, = / [M}7] dQ = / N.TN.dQ
Q Q

where the matrix coefficients [Mgi’j ] are

M!
M1,2

M23

— NlNl, M2,2 — N2N2, M3,3 = N3N3‘ M4 4 N4N4
[ € ? H
= M2 =NINZ, MM =M =NINE MM =MD = NIN;

= M3 = N2N3; MM =M =NINY MM =M =N2N;

The 4 x 4 convection matrix for the dissipation rate is given as

_ 1,5 — T T u
ce_/g[cg] dQ_/QNE (V7 (uN.))d®2

where the matrix coeflicients [Cg’j ] are

(B.35)

(B.36)

(B.37)
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The 4 x 4 symmetric diffusion matrix for the dissipation rate is given as
K, = .1;_8 ( “t) / [K&7) e = / (VNe) ("‘ +}§;“)VNEdQ (B.39)
where the matrix coefficients [Kg’j ] are
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(B.40)

The 4 x 1 vector based on both the generation and source terms of the dissipation

rate equation is given as

SC

Jaa= /NETET’”dQ /Ne [cerrou

- cezNel-?;] dQ (B.41)

where Tf:’ I = p)e 4 1roe + T3¢ + Tae +T5e +Tge + 776 + T8e +T9e + T'10e + T11¢ may be respectively

expressed
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Thus the vector coefficients [ f;g-’l] are

fig = NIYHL f20 = N2YIT, fo = N3YHT, £l = NAYDT O (B43)

€ =2

The 4 x 1 forcing vector for the dissipation rate is given as

_1 M ij _/ T
fr = & (u+%> /F [fer]dI‘— [ NTtedr (B.44)

where the vector coefficients [ f;’rj‘ ] are

1,1 1 laj\l.z-:1 ZaNg 3(9N3 48Ne4 Y
3 — N
f‘gF € (6 3.7:1 te 8:1:1 te 6:131 te 81121 Mty +
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3

The 4 x 4 symmetric convection matrix of the stabilization for the dissipation rate

is given as

1 id _ l
Kue = =3 [ [KiZ] a2 = -5 [ (77 (N7 (V7 N0 (B.46)

where the matrix coefficients [KLF? ] are
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(B.AT)

The 4 x 4 symmetric, lumped mass matrix for the modified turbulent eddy kine-
matic viscosity is given as
M; = / [M;'ﬂ’] aQ = / N;TNdQ (B.48)
Q Q

where the matrix coefficients [M:/] ] are

Myt = NiNL  M2? = NZNZ  My*=NiNS;, Myt =NiNE

My? = M2t = NINE M7 =M= NING Myt = Myt = NJN}

M2 = M3? = NIN3;, MY =M= NINE MY = M}P = N3N} (B.49)
The 4 x 4 convection matrix for the modified turbulent eddy kinematic viscosity

is given as

Cs = /Q [c;;j] dQ = fn N,T (VT (uN,))dQ2 (B.50)

where the matrix coefficients [C};’j ] are

obl = Nl OuiN}  OuyN} N OusN}\ 022 _ N2 OuiN? 4 Oua N2 N 6u3N§)
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The 4 X 4 symmetric matrix resulted from first diffusion term in the modified

turbulent eddy kinematic viscosity equation is given as

A_I/-i-l; i, _ AT
K,,_UﬁRe/Q[KD]dQ—/Q(VN,,) (

where the matrix coefficients [K ;J ] are
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The 4 x 1 vector resulted from second diffusion term in the modified turbulent

eddy kinematic viscosity equation is given as

fo0 = 22 / dQ / N, (Cb? )(a )2dQ (B.54)

o;Re

where the vector coefficients [ ff,’é] are
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(B.55)

The 4 x 1 vector based on both the production and destruction terms of the

modified turbulent eddy kinematic viscosity equation is given as
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o & Culfw D i _ T & Cwtfw ¥\ 3
f,,n._(cbl.S’ 4 yz) /9 [fm.] Q= /Q N, (CMS o yz)NuudQ (B.56)

where the vector coefficients [ ff'é.] are
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14

The 4 x 1 forcing vector for the modified turbulent eddy kinematic viscosity is

given as

fop = 21V / [ f;g] dr = / N;Tt5dD (B.58)
r r

where the vector coefficients [ f%] are
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The 4 x 4 symmetric convection matrix of the stabilization for the modified tur-

bulent eddy kinematic viscosity is given as

Kuo =~ / (K] aa = / (VT (ulN;))T (VT (uN;))de (B.60)

where the matrix coefficients [K L’ﬁ] are
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Appendix C

Jacobian matrix of the

transformations

The transformation of a triangular or tetrahedral element of a finite element mesh to a
regularly shaped element is solely for the purpose of numerically evaluating the integrals.
Thus when a typical element of a finite element mesh is transformed from the global coor-
dinates to the local coordinates of the elements, the weak form of the integral equations for
applying the standard Galerkin approximation must also be expressed in terms of the local

coordinates.

C.1 Area coordinates

Cartesian directions are not convenient in the triangule while these are not parallel to the
side of a triangular element. However, it is easy to construct that an definition of three
non-dimensionalized coordinates L*, which relate respectively to the sides opposite nodes,

such that

Al )

L= A=ZA’ (C.1)
i=1 R

where A? is the triangle formed by the other nodes (except node i) and an arbitrary point in

the element. A is the total area of the local element. It is obvious that each individually gives
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unity at one node, zero at others and varies linearly in the element such that L'+ L2+L3 = 1.

The shape functions are simply the area coordinate, i.e.

N'=1LY N?2=1% N3=[L3 (C.2)

where the shape functions N, N2 and N3 are non-dimensional coordinates system (£, )

N'=1-¢—9, N?’=¢ NP=pq (C3)

The transformation between (z, y) and (£, 7) is accomplished by a coordinate trans-

formation of the form [161]

3
z1(6m) =Y aiN =z} + (af — z])¢ + (e} - al)n
i=1
3 3 .
za(&,m) = ) o5N' =z} + (23 — H)€ + («§ — z3)n

i=1

(C.4)

Because the interpolation functions N*(&¢,n) can be expressed in terms of the local coordi-

nates £ and 7, using the chain rule of partial differentiation

ON? _aN'?ﬂ aNia_:vg_
0f ~ Oz, O ' Oxzy OF
ON? _ BNi% BN"% (C.5)
on  Oxy On = Oxp On '
and the matrix formulation is
ON! 9N2 N3 oz Oz ON! &N2Z 9N8
e or or | _ | % W Bz Bz Bm (C.6)
ANl 9N2 §N3 8z, Oz ON! 9N? N3
DT on or n on | | Bz Gz O

which gives the relation between the derivatives of N* with respect to the global and local

coordinates. However, the Jacobian matrix of the transformation is

1—o of-af

t-al a-a}
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In order to compute the global derivatives of N* with respect to z; and 2, it have
to invert the Jacobian matrix. The determinant J—the Jacobian—is non-negative at every
point (£,7) in finite element domain for J~! existence, i.e.

6:1:1 axz 6m1 8.’132

where the functions £ = &(z,y) and n = n(z, y) are continuous, differentiable and invertible.
However, the Jacobian matrix J must be nonsingular.

Hence, the global derivatives of N* can be easily evaluated

ON' z3 — 23
0z (x% - 93%)( - xz) - (”31 - 331)(52 - ”32)
ON? T3 — z}
0z ("3% - $1)(932 - 932) - ('Tl - 531)(332 - f”z)
ON3 <6N1 N 8N2) _ —z3 + 2}
ozy N0z Or1)  (2f - ai)(e} - z3) — (af - 21) (a3 — 23)
ON1? _ :1::13 — zf
Ozy (% — x1)(3 — x}) — (¢ — 21) (23 — 23)
ON? —z3 + o}
0zy (2} —al)(ad — z}) — (2 — 21) (2§ — z})
0N3__ ON'  ON?\ _ z? — ! (C.9)
dr;  \Oz ' 03p) " (@l - al)(e} — 2}) — (a§ — 2])(5 — 2) '
C.2 Volume coordinates
S 7 LI
M= V= d v (C.10)

where V¢ is the tetrahedron formed by the other nodes (except node i) and an arbitrary
point in the element. V is the total volume of the local element. M+ M 2y M3y MA=1.

The shape functions are expressed as

N'=MYy N?2=Mm?% N3=M3 N=M* (C.11)
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where the shape functions N, N2, N3 and N* identify non-dimensional coordinates system

(€:m,¢)

N'=1-¢-n-¢ N°=¢ Ni=n N'=¢ (C.12)
A coordinate transformation of the form can be written as
4 . .
z1(€,m,¢) = ) _aiN* =z} + (2} - a)¢ + (e} — al)n + (21 — 21)¢
i=1
4 . o
22(€,m,¢) = D apN* =z + (23 — 23)¢ + (2§ — 23)n + (23 — 23)¢
i=1
4 . .
23(€,m,¢) = ) T4N' = o} + (23 — 23)€ + (] — =j)n + (2§ — 23)¢ (C.13)

i=1

The derivatives of interpolation functions N* relate to the local coordinates (¢,7,() and the

global coordinates (£,1,(), i.e.

AN’ _ ONidz; ON'0Ozs + ON? Oz3
8¢ ~ Oz, 06 ' Ozy OE  Ozz O
ON' _ ON'dzy ON'dzy  ON'Ozs
on ~ Oz, On Oz On dzs On
BNi _ BNi a’El 8N‘ 61‘2 BN" a.’L‘g (C 14)
8¢ ~ Oxy 8¢  Ozy OC  Ozz OC ’
and the matrix formulation is
ON! 9N2 9N3  HN4 3 L) B ANl 9N2 N3  gN4
e ‘o og oc 5 B B a1 Oz Om  Bur
AN 9N2 N3 Nt | _ | @ 8 ) ANl N2 N3  9Nd
B o o o |~ | B on Bn Soz  Buy der 2er | (C19)
ON! 9N2 N3  9N? 8z, Ozp Oz AN! 9N2 9N3  HN?
¢ ‘oc 8¢ ¢ 5 o B 25 Oz3 O3 Oza
The Jacobian matrix of the transformation for the tetrahedral element 4 nodes is
B ] [d-4 d-4 4-q
J= %?;,l 3’;, %’7]3 =| o3 -2} 23—z 23—z} (C.16)
%’% a”c %%1 z} -z} z§—2) 2§z}
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As mentioned before, invert the Jacobian matrix have to non-negative at every

point (£,71,¢) in finite element domain, i.e.

det(J) = (o1 —=1) (23 - 3) (w5 — 23) + (21 — o1) (a2 — 73) (2 -
+ (21— a1) (2§ — 22) (w3 - 3) — (a1 — 21) (23 — 23) (5 -
= (a1~ 21) (2§ - 23) (28 - 23) — (o - =1) (2 — 23) (23 -

However, the global derivatives of N* are

ON1
6.’1:1

ON?
3.’1,‘1
ON3
8:1:1
ON*
8:1:1
ON'1
Oz

ON?
6.’172
ON3
Oxo
ON*
Oz
ON!
Oz3

— [(a5 — wb)(w5 — 23) — (2 — 23)(a3 — 23)] /det(J) —

[(23 — 23)(a] — 23) — (23 ~ ) (2§ — 23)] /det(J)
[(} — 2)(ad — 23) — (a3 — 23) (a3 — 23)] /det(J)

[(2 — 22)(a5 — 73) — (a3 — 23) (a3 — 23)] /det(J)
[(25 — 23)(af — 23) — (a3 — 22) (a3 — 3)] /det(J)

(23 — 23)(23 — 5) — (23 — 23) (23 — 23)] /det(J)

— (2] — 21) (23 - 23) — (2} — =) (25 — z})] /det(I) -

(23 — 1) (25 — =5) — (21 — 21) (2§ — 23)] /det(J)
[(z} - 21)(2] — 23) — (23 — 21) (a8 — 23)] /det(J)

[( — 21)(af - 28) — (2} — 21) (a5 — 2})] /det(J)
[( — 21)(@f§ — 2}) — (a1 — 21) (2 — 23)] /det(J)

[( — 21)(a3 — 23) — (2T — 21)(23 — 23)] /det(J)

— (@} - 21)(ah - 2}) — (21 — &) (23 — 23)] /det(I) —

(2] — 21)(23 — 2}) — (af — &) (e} — 23)] /det(I) —

[(2F - 21)(23 - 2}) — (21 ~ 21)(a} — 3)] /det(J)
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oN? 3 _ (4 _ 1

aN3 4 1 2 1

28 = [t - ohah - 2b) - (&} - 2h) (et — ab)] fdet(O)
ON*

S = [t - et - oh) - ot - ah)ad - o] /et (C.18)
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Appendix D

The nonlinear Kk — ¢ model

It is well known that the nonlinear x — € model can take into account the anisotropy of
turbulence with less CPU time and computer memory than LES formulation [84]. Also, the
linear k¥ — € does not perform well for near-wall predictions of high Reynolds number flows
and may not predict turbulent flow fields where the anisotropy plays an important part.
The nonlinear k¥ — € model, unlike the linear one, does not use Boussinesq assumption for
Reynolds stresses. It was originally derived from a solution of the transport equation of the
Reynolds stress tensor Wu; By making use of compactness in Cartesian tensor notation,

Equation (2.31) may be written as

NG
Duju;

Di = Gij+ P — &5 + dﬁj +d; (D.1)
where
7 o0u
= — ] J ol ? D.2
Gij {u,uka + ujuy 3xk} (D.2)
jd ou’ Bu;)
d,, = — Ly = D.3
" p (6&:,- Oz; (D-3)
I ou;
g = Ou; O (D.4)
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0 [—— pu p'u;
&, = —2 (v + P, 4 P,
i i (u,ujuk+ p ik + P ik (D.5)
- A% ulu’.
& = vl =v—L7 (D.6)
* v ozl

are, respectively, the shear stress generation, the pressure-strain correlation, the dissipative
correlation of second-rank tensor, the turbulent stress diffusion, and the viscous diffusion.
For turbulent incompressible flows, the derivation of algebraic stress models are

used by the basic equilibrium hypothesis which satisfies the following constrains [98]

Db;;
57 =0 (D.7)
dl; +df =0 (D.8)

where b;; is the normalized Reynolds stress anisotropy tensor, i.e.

Tl 17,78,
Uy — U0

bij = -2 = (D.g)
It follows first equilibrium hypothesis from Equation (D.7) that
Dugu’- wut——D 2
L iyl ——— =0 D.10
Dt ' 2 "Dt (D-10)

and, hence, by making use of the product rule of the derivative with the turbulent kinetic

energy equation of isotropic tensors of rank 2 by the Equation (2.15), we obtain

B [ ()& (F) 3 () - - R
Dt ulu! Oz; 2 Oz; \ p Oz *Oz; *'J0zx; = Orj;Or;

(D.11)
The dissipation rate tensor €;; can be split into isotropic part (1/3)e0;; and deviatoric part
53. By substituting Equation (D.11) and second equilibrium hypothesis Equation (D.8) into
Equation (D.1) and neglecting diffusion process, it yields the equilibrium formulation of the

Reynolds stress:
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e [ 2uiu; 2 uful [ 0u; Bu]
(Po-F) (== -3%) = 53
U U, Z axz
ulul, (O, wu! O, Oty
6 _ 1 15 0 —_ P
t 73 (axn 8a:m) mn = =g~ 0mn \ ot Fam ) %
-0 ,,au, il  0u;  uul . 0w
— — _ E ik —2 iy,
Uk " % g, t T3 % g, T3 oy,
+ @ij—eg (D.12)
where P;; = —ugu;c')ﬁi /0z; is the production of turbulent kinetic energy and e;; is the scalar

turbulent dissipation rate. Equation (D.12) reduces to the simpler form if Equation (D.9)

is substituted

€ 2 2 II;;
(Rij 2“) bij = —gKSij — & (biksjk + bjkSik — §bmnsmn‘sij) — & (bikSk + bjkik) + %
(D.13)

where II;; = ®;; — 63 and k = uju}/2 is the turbulent kinetic energy. The mean strain-rate

tensor is S;; and §2;; is the mean vorticity tensor, giving respectively

1 /0u; Bﬁj ) N 1 /0u; 6u,
E(axj*La_zi)’ %; 2(ax, am,) (D-14)

In all of the second-order closure models, II;; is modelled and the most general

form which is tensorially linear in the normalized Reynolds stress anisotropy tensor b;; is

given by Speziale et al. [162] as

1
II;; = meby +72¢ (bikbkj - gbmnbmn&'j) + v36S5;5 +
2 2
+ kK (biksjk + bk Sk — -3-bmn5'mn5ij> + 5K (bikbklsjl + bjkbriSu — §bzmbmn5nt5ij> +
+ Y6k (bikS2k + bjkQik) + v75 (birbriSt + bjkbriSdar) (D.15)

where € = €;;/2 and 71,72, ...,y7 are constants.



194

Continuing in this way, the anisotropy b;; may be expressed as the tensor polynomial. It
includes functions of a deviatoric symmetric and an antisymmetric tensor and the coeffi-
cients of the irreducible invariants to obtain a nonlinear turbulent eddy kinematic viscosity
form by using the Cayley-Hamilton theorem [92, 98, 163].

The nonlinear form of a cubic relation between the mean strain-rate tensor and

the mean vorticity tensor for the Reynolds stresses is normally used {99, i.e.

Y )
Ty = TPUL;

2
= —gprdi+  puSy
——

Linear term
PEVt

(181 + @222 + 0323 + 0424 + 555 + A= + a7Z7) (D.16)

Cubic term

where the constitutive time-averaging stress/vorticity terms are

[1]

1 = QukSjk + QrSik

[1}
S
|

1
= SiSjk — §Sk15kz5ij

(1

1
3 = Qiijk_gﬂlekl(sij

1

4 = SkiSuSl; + SkjSkifl

(1]
o
il

2
QilleSmj + SilleQmj - ESIQOninJij

4]
=)
il

SijSkiSki

(1

7 = SiiQU ' (D.17)

Thus the components of Reynolds stresses of three-dimensional turbulent flow are

given as
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—puiuy

—(2/3)pr + peS11 — (21pek/€) (12512 + 213513) —

(captr/€) [(2/3) (S11511 — S238523) + (1/3) (S12512 + 513513 — S22822 — S33533)) —
(azpek/€) [(2/3)Q2302 + (1/3) (120212 + 213013)) —

(2aapek?/€?) [Q21 (S11512 + 521522 + S31532) + Q31 (S11513 + 521523 + 531533)] —
(daspes?/3€2) (S110020021 + S11013031 + S23Q212U3) —

(205652 /362) (S129023031 + S13032001 + S220219021) —

(2051157 /3€2) (S22Q023003 + S330310%1 + S33328032) —

(aopes®/e?) [Su (n5;11511 + S22522 + S33533) + 2511 (S12512 + S13513 + S23523)] —

(207pek?/€%) S11 (1212 + Q133 + Q23003) (D.18)

—puyuy

—(2/3)pr + S22 — (201 ek /€) (2152 + Q23523) —

(aoper/€) [(2/3) (S22S22 — S31831) + (1/3) (21521 + S23523 — S11511 — S33533)] —
(azper/€) [(2/3) 31 + (1/3) (219021 + D2323)] —

2a4pek°/€?) [Q2 (S12511 + S22521 + S32831) + Q32 (512513 + S22523 + S32533)] —
daspek?[3€%) (S22Q021012 + S22023032 + S310210023) —

2052 /3€%) (S21013032 + S2303102 + S11Q2012) —

(

(

(

(205152 /3€%) (511913013 + S3302310031 + S33320232) —

(agpitr?/€?) [Saz (S11511 + S22522 + S33533) + 2522 (S21521 + 531531 + S32532)] —
(

2arpek°/€?) Sz (122 + Q13013 + Q23 023) (D.19)
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—puuy

—(2/3)ps + peSsz — (2onpek/€) (31531 + Q32532) —

(azpuer/€) [(2/3) (S33S33 — S21521) + (1/3) (S31531 + S23S23 — S11511 — 522522)] —
(a3per/e) [(2/3)2001 + (1/3) (231931 + Q328232)] —

(20ape?/€%) [Q13 (S13S11 + S23S21 + S33531) + Q23 (S13S12 + S23S22 + S33S32)] —
(4asper®/3€?) (S3303103 + S33220a3 + S12031032) —

(2asptk?/3€%) (S31012003 + S32021U3 + S11012Q2) —

(20515 /3€%) (S1100313 + S22Q21001 + S22023003) —

(cgptk®/e?) [Sas (S11511 + S22S22 + S33S33) + 2533 (S12512 + S13513 + S23523)] —

(207pk% /€) S35 (22 + D133 + N23003) (D.20)

—puluy

5

peS12 — (capes/e) [Qu2 (S22 — S11) + Q13 S2s + Q23513] —
(aopr/€) (S11521 + S12822 + S13523) — (asper/e) 13023 —
(caper?®/€®) Q2 (S11511 + S31531 — S22522 — S32532) —
(aaper®/€2) [Qs1 (512513 + S22523 + S32533) + Q32 (S11513 + S21523 + S31533)] -
(asuek®/e?) [S113s2 + Si2 (2120021 + Q13031 + D23s2)] —

(asuek®/e?) (S130031002 + S22Q13032 + S320212003) —

(aguek®/e?) [Siz (S11511 + S22S22 + S33S33 + 2512512 + 2513513 + 2523523)] —

(

207pek? [€%) S12 (212 + D13s + D23Q3) (D.21)
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oy = —pujuj

= rf

= w813 — (capek/e) [Q3 (S33 — S11) + Q12532 + N32512] —

—  (a2pek/e) (S11531 + S12832 + S13533) — (a3pik/e) Q12032 —
(a4utﬂ2/€2) 13 (511511 + 821821 — S23523 — S33533) —
( %) [Q21 (513512 + S23S22 + S33S32) + Qa3 (11512 + S21522 + S31532)] —
(aspek?/e?) [S1102Q023 + Si3 (221301 + Q2021 + Q23Q32)] —

—  (asper?/e?) (S1200213 + S23013032 + S33Q2803) —
( 2) [S13 (S11511 + S22S22 + S33S33 + 2512512 + 2513513 + 2523523)] —
(

[
2071462 /€%) S13 (22 + Q133 + N2303) (D.22)

T3 = —p@
= 18
= wS2s — (c1per/e) [Qo3 (S33 — Sa2) + Q21531 + N31521] —
(02ptk/€) (821531 + S22832 4 S23533) — (azper/e) 2131 —
(caper?®[€®) Qo3 (S22S22 + S12S12 — S13513 — S33S33) —
(caper?/e?) [Qua (S13S11 + S23S21 + S33S31) + Qs (S12511 + S22521 + S32531)] —
—  (sper®/e?) [S2200103 + Sas (2023032 + Q21012 + N31013)] —
(a5utﬂ2/62) (8210212823 + 5130238231 + S338218013) —
( /€?) [Sa3 (S11S11 + S22S22 + S33S33 + 2512512 + 2513513 + 2523523)] —
(

207pek? [€%) Sas (22 + D133 + Q230023) (D.23)

where u; is the turbulent eddy dynamic viscosity.

The coefficients used in Equation (D.16) are proposed by Kimura and Hosoda [84]

ap=c3—cC; az=c+c2+c3; az=c—C —C3;

ay=as=ag=a7=0 (D.24)
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The coefficients, ci, ¢z, ¢3, and ¢, are evaluated as follows:

~1+0.01M2 = 1500102 1+ 0.09M2
(D.25)

o= roemE =% o= Troagm %= min (000 o )

where M=max(5, ) and

=",/ %+‘9ﬂi)2; q=" l(aﬂi_f"aﬁ)Q
3 2 a{ltj 8(1,'i € 2 3:1,‘]‘ Bm,

Both nondimensional functions of the strain invariant § and the vorticity invariant £ were

(D.26)

initially introduced by Pop [163].
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Appendix E

Comparison between the
single-processor and the parallel

computing

E.1 Introduction

The multiprocessor and multicomputer based on multiple instruction stream, multiple data
(MIMD) systems with both a shared-memory architecture and a distributed-memory ar-
chitecture have had an explosive expansion in many areas of computational engineering,.
One of the message-passing programming paradigm, the Message-Passing Interface (MPI),
is a standard library of subprograms used a distributed-memory method to write parallel
programs binding for either Fortran or C languages [159, 160]. In this study the matrix
free CBS-AC scheme has been implemented into a parallel environment with MPI model to
test three-dimensional, steady and unsteady laminar flow past a stationary circular cylin-
der. The present results are compared against the numerically qualitative solutions by the

single-processor system.
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E.2 The Message-Passing Interface programming model

E.2.1 Starting and terminating communication

First preprocessor assigns mpif.h to definite for compiling an MPI library at every program.
Then MPI routines can be employed in the program. In order to initialize the MPI identifier
to lead to an error code, MPI_INIT(ierror) function must be called before any other MPI
functions. At the end of MPI environment, the program terminates the MPI identifier must
contain an error code using MPI_FINALIZE(ierror).

For shutting down all the processes if any error occurs in the MPI environment,

MPI function is written as

MPI_ABORT  (communicator,ierror) (E.1)

All the MPI functions require the communicator to send message to each other
in the communication domain for all the running processes. For this reason, the function,
MPI_COMM_WORLD communicator, is to be performed in the executing progranm.

The parallel process have to determine its rank in the MPI implementation. Thus
MPI_COMM_RANK function which ranges from zero to the size of MPI_COMM_WORLD minus one
is asked to identify the rank of every process. For determining the number of processes to
make executable MPI paradigm, MPI_COMM_SIZE is to be used in the communication domain.

There are several datatypes to determine which predefined type is needed for
the MPI identifier to send message. It includes MPI_DOUBLE PRECISION, MPI_INTEGER,
MPI_REAL8, MPI_CHARACTER, MPI_COMPLEX, MPI_LOGICAL etc. However, each MPI_datatype

can easily to correspond with Fortran data type.

E.2.2 Sending function and collectors for communication

There are two different ways of sending and receiving messages by MPI functions. The first
command is to use tags to check enclosed messages on the typical message passing system.

The exact syntax for sending and receiving MPI identifiers are, respectively, given as
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MPI_SEND (buffer, reckoner,MPI_datatype,destination, tag, communicator,
ierror)
MPI_RECV (buffer, reckoner,MPI_datatype, source, tag, communicator,

stand, ierror) (E.2)

The function MPI_SEND sends the message put in the buffer area by the parameter buffer.
The message are stored in the buffer area which depends on giving reckoner variable and
choosing MPI_datatype. The destination of sending message whose rank of the process is
determined by destination parameter. The message type is referenced by the integers
tag of which standard value ranges from 0 to 32767. The MPI_COMM_WORLD function can
be only used as the communicator for the message passing system in the communication
domain. However, it should be noted that MPI_SEND uses the communicator arguments
have to consistent with receiving function MPI_RECV. The source parameter serves as its
identifier MPI_RECV for a message process to determine how many rank is needed. Any
message is received and located in the buffer area does not exact same the amount of a
message from the sending process. The tag of a receiving process is also employed with
MPI_RECV to handle the number of messages. Since three information, source, tag and
ierror, are necessary for return on the all processes, the stand parameter carries out this
computation. All in all, both commands include error code in the ierror argument to
detect any error occur in the MPI process.

The alternative pattern, MPI_BCAST function, sends the identified message to all
the processes in the domain of collective communication. Its formulation of MPI paradigm

can be written as

MPI_BCAST (buffer,reckoner,MPI_datatype, source, communicator, ierror)

(E.3)

In the above MPI formulation the buffer area referenced by buffer allocates both sending

and receiving messages based on available reckoner parameter and the data type is specified
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in the MPI environment. From the source process to any other process, the message is
used to specify the only communicator MPI_COMM_WORLD with the rank of source. Since the
collector MPI_BCAST does not use tag on all processes to recognize source and destination
processes, every reckoner value and MPI_datatype must match on all the parallel process
to return needed information, for instance source and ierror.

There are several operations undertaken to optimize MPI implementation. In
this study, three predefined values i.e. MPI_SUM, MPf_MIN and MPI_MAX are, respectively,
identified sum, minimum and maximum for performing MPI_REDUCE and MPI_ALLREDUCE

functions. One of syntax of MPI subprogram is

MPI_REDUCE (buffer_send,buffer _receve, reckoner, MPI_datatype,

MPI_operator, target, communicator, ierror) (E.4)

The reduction operation MPI_REDUCE provides the buffer memory to store sending mes-
sages in the buffer_send from each process and return the results via using MPI_operator
computing in the buffer memory buffer_receve with the identified rank target on the
process. The reckoner memory location and MPI_datatype are both used by buffer_send
and buffer _receve parameters. However, MPI_COMM_WORLD communicator, MPI_operator
reduction, MPI_datatype form with reckoner and target parameters have the same cal-
culation on each process to be called‘ by MPI_REDUCE.

In order to return the results toward original process, MPI_ALLREDUCE in the MPI
library provides for its successive computation on the reduction operation. The function

contains

MPI_ALLREDUCE (buffer_send, buffer receve, reckoner,MPI_datatype,

MPI_operator, communicator, ierror) (E.5)

In the above formulation since the reducing results return to all original processes, the
rank referenced by target used for MPI_REDUCE is not needed any more with a call to

MPI_ALLREDUCE.
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One of basic communication operatior is known as all-to-all total exchange for the
use of the design of data parallel model. The MPI implementation supplies two different
forms to satisfy the process. The first form is only to be used in the same amount of message

which have to send every process, i.e.

MPI_ALLTOALL (buffer_send, reckoner_send, MPI_datatype(send), buffer._receve,
reckoner _receve,MPI_datatype(receve), communicator, ierror)

(E.6)

MPI_ALLTOALL determines how much large reckoner_send data stored in the buffer_send
memory using the MPI data type send it to store in the buffer area buffer_receve by
receving MPI_datatype in the communication domajn MPI_COMM_WORLD via each parallel
process. It is only to be called same amount of sequential data for every process.

If the MPI environment need to obtain different number of data from each cal-
culating, then MPI_ALLTOALLV have to communicate this process. The function is given

as

MPI_ALLTOALLV  (buffer_send,reckoner_send,shift_send, MPI_datatype(send),
buffer_receve,reckoner_receve,shift_receve,

MPI_datatype(receve), communicator, ierror) (E.7)

The positions of identified buffer area refer to shift_send as well as shift_receve for the
interaction between sending and receving data on each process. Thus each process can
send every other process the different quantity of computing data by using MPT_ALLTOALLV.
From every other process, each process also receves the different quantity of computing data.
However, the same number of processes in the MPI_COMM_WORLD communicator must be used
for the several arrays of reckoner_send, shift_send, reckoner _receve and shift_receve

parameters.
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Matrix free CBS-AC scheme
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Figure E.l: Laminar flow around a circular cylinder, (a) Unstructured finite element meshes
(Elements: 69948, Nodes: 17382); (b) Steady state convergence obtained at Re=20 using
the matrix free CBS-AC scheme.

E.2.3 Data type constructors for communication

The MPI implementation provides derived data type for every process to construct individ-
ual data. Before any mechanism of derived data is employed in the communication domain,
MPI program have to be committed and include error code to detect every process. Its

syntax is

MPI_TYPE COMMIT (datatype.vector, ierror) (E.8)

In the above form the derived data type datatype vector is employed by all MPI.datatype
for the MPI system.

There are three data type constructors for communication, MPI.TYPE-CONTIGUOUS,
MPLTYPE.VECTOR and MPLTYPE.INDEXED. to build the derived data type. In the present
study, MPLTYPE.CONTIGUOUS is only for the use of the MPI program. The formulation is

given as

MPI.TYPE.CONTIGUOUS (reckoner, MPI.datatype, datatype.vector, ierror) (E.9)

The old data type MPI.datatype creates the vector to build the dervied type datatype.vector

with a contiguous reckoner parameter in the function MPI.TYPE.CONTIGUOUS.
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(a) Ui velocity contours (b) « 1 velocity contours

(c) us3 velocity contours (d) 113 velocity contours

Figure E.2: Steady laminar flow past a circular cylinder at Re—20 using the single-processor
(left) and the 4 processors parallel computing (right) based on the matrix free CBS-AC
scheme, (a) ul velocity contours. wimin(red) = -0.022, uimal(blue) = 1.336; (b) u!| velocity
contours. uiThm(red) = -0.022, wine3.(blue) = 1.335; (c) u3 velocity contours. u3min(red) =
-0.535, UBmax(blue) = 0.626; (d) u3 velocity contours. u3min(red) = -0.535, w3max(blue) =
0.627.

E.3 Three-dimensional laminar flow around a stationary cir-

cular cylinder

The primary objective of studying the low-Reynolds-number flow past a stationary circular

cylinder here is to compare prediction of qualitative results from the single-processor and the
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(a) Ui velocity contours (b) ui velocity contours

(c) u3 velocity contours (d) us3 velocity contours

Figure E.3: Unsteady laminar flow past a circular cylinder at Re=100 using the single-
processor (left) and the 8 processors parallel computing based on the matrix free CBS-AC
scheme, (a) u! velocity contours. wimin(red) = -0.186, wimal(blue) = 1.510; (b) u\ velocity
contours. uimm(red) = -0.206, wingEblue) = 1.516; (c) u3 velocity contours. u3min(red) =
-0.696, u3rnax(blue) = 0.814; (d) u3 velocity contours. u3mm(red) = -0.692, Wmai(blue) =
0.810.

parallel computing using the matrix free CBS-AC scheme. A constant horizontal-velocity
was specified at the inflow and a no-slip condition was prescribed on the circular cylinder
surface. All sides except exit are treated as symmetric planes.

For the low-Reynolds-number flow, the coarse mesh used is shown in Figure E .1 (a).
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This mesh was produced using the PSUE-II code.

Figure E.2 presents the qualitative solutions of the matrix free CBS-AC scheme
using the single-processor and the parallel environment using 4 processors through the MPI
library. These numerical results clearly show that all contours of the steady velocity field
are identical.

The transient flow past a circular cylinder has been tested at the Reynolds number
of 100. The matrix free CBS-AC scheme based on the dual time stepping procedure is
employed with 8 processors on a parallel computing environment. Figure E.3 shows the
qualitative comparison between the single-processor and parallel computing. As seen, the

results are almost identical.

E.4 Summary

Steady and unsteady three-dimensional laminar flow around a circular cylinder has been
performed in the parallel computing environment with message-passing interface (MPI) at
the Reynolds number of 20 and 100. These qualitative results obtained are in agreement
with numerical solutions from the single-processor calculation. It is noted that the ma-
trix free CBS-AC scheme with the dual time stepping method is well suited for the MPI

implementation.
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