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Abstract

In this thesis we consider subordination (in the sense of Bocnher) of vari-
able order. This work extends previously known results related to operators
of variable (fractional) order of differentiation, or variable order fractional
powers. The first main result gives a formal backround to the proof that for
certain classes of negative definite symbols ¢(z, £) and state space dependent
Bernstein functions f(z,s) the pseudo-differential operator —p(z, D) with
symbol — f(z, q(z,£)) extends to the generator of a Feller semigroup. A new
concrete example is given. The final result improves upon this result. This
is achieved by proving the crucial estimates previously assumed for a large
class of symbols and Bernstein functions.
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Notation

N natural numbers
No = Nu {0}
¢ set of all multiindicies
6y =1{B€N3 |8l >0and 0<|B] <~}
Z integers
R real numbers
Ry={zeR|z >0}
R™ euclidean vector space
C complex numbers
C™ unitary vector space
A closure of a set
A\ B set theoretical difference of two sets
al=a!...ap!, €N}

=z ... 2%, o € N} and z € R”
o, glely
O%u = dz;1..8z3"
D%y = (—i0)%u
a
: ha#F0
sign a =< la’ 7 signum of a
0,a=0

a A b= min(a,b)
aVb=maz(a,b)
diagA = {(z,z) : z € A}

(g):(%;)(g:) for o, 3 € N2

x4 characteristic function of the set A
ut positive part of u, i.e. ut =uVO0
u~ negative part of u, i.e. v~ = —(uV0)
Re f real part of a function

Im f imaginary part of a function
(f,)ven sequence of functions

f og composition of functions

f * g convolution of functions

1, Fu Fourier transform

F~'u inverse Fourier transform

supp u support of a function

B™ Borel sets in R"
o(S) o-field generated by S
XM Lebesgue measure in R”



¢, Dirac measure at a € R"

¢o Dirac measure at 0 € R™

1 ® pe product of the measures p; and po

11 * o convolution of the measures p; and o
||| total mass of a measure p

supp p support of a measure u

(pt)t>0 convolution semigroup of subprobabilities
(141 )t>0 subordinate convolution semigroup

b
fa+ = f(a,b]

B(€Q) Borel measurable function

C(G) continuous functions

Co(G) continuous functions with compact support

Cx(G) continuous functions vanishing at infinity

Cy(G) bounded continuous functions

C™(G) m-times continuously differentiable functions

Ci(G) = C™(G) N Co(G)

C* arbitrarily often differentiable functions

C§° arbitrarily often differentiable functions with compact support
LP(Q, u) space of u-measurable functions f such that |f|? is integrable
H5(R") = {u € §'(R"); |Jully,s < 00}

S(R"™) Schwartz space

S'(R™) the dual space of S(R") (tempered distributions)

|z| Euclidean distance in R"
|Z|co = max{|z1],...,|Zn|}, z € R"
|z] Euclidean distance in C®
||u||x norm of u in the space X
llullax = ||ullx + ||Au||x graph norm with respect to the operator A
||A]| = ||A||x,y operator norm of the operator A
[|lu||o, (w,u)o norm and scalar product in L2(§2, u)
||ulloo = suplu(z)|
[lu|lys norm in the space H¥*(R™)

m
Prmama (W) = SUPgern (14 |21%) 2 3 1012, 10%u()])
Pa,p(t) = SUP cpn [270%u(z))|

X — Y continuous embedding of X into Y

B(X) bounded linear operators from X into itself
(X,]] - ||x) Banach space X with norm || - ||x

X* dual space of a topological vector space



< u,z > duality pairing between X* and X

(A,D(A)) linear operator with domain D(A)

D(A) domain of an operator

R(A) range of an operator

A closure of an operator

p(A) resolvent set of an operator

p+(A) = p(A) N (0, 00)

(Rx)x»0 resolvent of an operator

R, = ()\ - A)_l

(B,D(B)) bilinear form with domain D(B)

B(u,v) bilinear form

Bi(u,v) = B(u,v) + A(u, v)o

B®Y™ symmetric part of a bilinear form B

B%¥™ antisymmetric part of a bilinear form B

q(z, D) pseudo-differential operator with symbol q(z, £)
(D) pseudo-differential operator with symbol ¥(£)
(Tt)i>0 one parameter semigroup of operators

(T¥)i>0 adjoint semigroup of (T3):>0

(T/)i>0 subordinated semigroup

Af %enerator of subordinated semigroup
(T{*);50 semigroup on Cy

Al generator of (Tt(w))tzo

(T)s0 semigroup on LP(R™), 1 < p < 0o
A® generator of (T”)ss0



Introduction

The main purpose of this thesis is to investigate subordination (in the sense
of Bochner) of variable order. S. Bochner introduced a method called sub-
ordination which was used to obtain a new process from a given one by a
random time change. His original papers are [5] and [6]. We will however,
study subordination using an analytic approach by using the books of Chr.
Berg and G. Forst [4] and N. Jacob [20]. There is a long history of construct-
ing a functional calculus for generators of subordinate semigroups, with the
first general results obtained by R. S. Phillips [34]. Many calculi for this topic
have been proposed, however, we only mention the paper of Chr. Berg, Kh.
Boyadzhiev and R. de Laubenfels [3], J. Faraut [10], the monograph of R. de
Laubenfels [8] and the papers of R. L. Schilling [35] and [36]. We should note
that F. Hirsch [15]-[16] had obtained related results prior to this. The repre-
sentation of fractional powers of generators is the the best known result, this
is due to A. V. Balakrishnan [1], see also K. Yosida [39], M. A. Krasnosel’skii
et al. [26] and V. Nollau [32]-[33]. At the root of our work is the result that
for a continuous negative definite function ¢ and a Bernstein function f, fo®
is also a continuous negative definite function. Further, it is already known
that for one parameter semigroups, the subordinate semigroup is given by

thu=/ Tsum(ds).
R™

where the convolution semigroup (7;):>0 supported by [0, co) is linked to f
by '

L(n)(z) = / e~ ®n,(ds) = 7@ £ >0 and t > 0.
0

It is known that if T, is a Feller semigroup on Coo(R™) then T} is also a
Feller semigroup on Co(R"). Similarly if 7; is a sub-Markovian semigroup
on LP(R™) then T/ is also a sub-Markovian semigroup on L?(R"®). For the
translation invariant case we have clear results for the generators of Feller
and sub-Markovian semigroups and for the subordinate case.

Subordination has also been studied on the level of pseudo-differential
operators. It is illustrated in the thesis that under certain conditions the
pseudo-differential operator —p(z, D) with symbol — f(g(z,€)), where f is a
Bernstein function and ¢ belongs to Hoh’s symbol class, extends to the gen-
erator of a Feller semigroup. A similar result is shown for the sub-Markovian
case. This result is not totally unexpected since we know that the function

£ — flq(z,8))



is a continuous negative definite function provided & — gq(z,€) is a con-
tinuous negative definite function, hence the pseudo-differential operator
—(f oq)(z, D) with symbol — f(q(z, £)) is a candidate for an operator having
an extension generating an LP-sub-Markovian or Feller semigroup.

This now leads us to the next step, i.e. subordination of variable order.
By subordination of varibale order we mean the case when we replace a fixed
Bernstein function f by a family of Bernstein functions, f(z,-) depending
on z. Pseudo-differential operators of variable order of differentiation have
already been studied by A. Unterberger and J. Bokobza [40], and in particular
by H.-G. Leopold [27], [28]. Feller semigroups obtained from the symbol
(1 + |€]*)"® have been studied by N. Jacob and H.-G. Leopold [23], where
further work is due to A. Negoro [31], in particular to K. Kikuchi and A.
Negoro [24], [25]. It should also be noted that Weyl-Hérmander calculus
can be used to consider operators of variable order of differentiation, see F.
Baldus [2]. Moreover Hoh, [19] has shown that when

f(z,q(z,€)) = (q(z, )™

where 0 < m(z) < 1, then under certain conditions the pseudo-differential
operator

—p(z, D)u = —(2m)"% / e (q(z, €)@ a(e)de

n

extends to the generator of a Feller semigroup.

The aim of this thesis is to extend these ideas; we want to enlarge the class
of examples and obtain a general proof showing that the pseudo-differential
—~p(z, D) with symbol — f(z, ¢(z, £)) extends to the generator of a Feller semi-

~ group. The process of subordination of variable order may also be described

as considering pseudo-differential operators of variable order of differentiation
as generators of semigroups.

In this work we first meet subordination of variable order in chapter four.
Here we give a formal backround to the proof that —p(z, D) generates a
Feller semigroup. The aim is to use the Hille-Yosida-Ray theorem to prove
this result. The majority of the work in the proof comes from solving the
equation py,(z, D)u = g which is one of the conditions of the Hille-Yosida-
Ray theorem. The essence of the proof is as follows. We first assume

inf f(y,s) > fo(s) for all s € [0, 00)
yER™

and

sup f(y,s) < fi(s) for all s € [0, c0)
yER™



where fo and f are Bernstein functions. Further, when ¢(z, £) is comparable
with a fixed continuous negative definite function v, we find

p(z,8) < f(z,q(z,€)) < cfi(¥(§)) = ¥1(€)

and similarly

p(x,é) > f(fI?,q(.’E, 5)) Z Cofo(¢(§)) = wo(f)

Therefore, we have continuous negative definite functions g and 1; as lower
and upper bounds for p(z, €). Under further assumptions for v, 1, 9; and f
we get the following embedding results:

HY"H(R™) — HY!Y(R™)

and
Hwo,m(1+a) (R") PN Hzpl 'm(Rn)

for m > 0. These results become crucial further in the proof. We now assume
p belongs to the class S2*™¥1(R") (for Hoh’s symbol class see (2.2)), for
some appropriate 7 > 0. This allows us to derive some important continuity
estimates for p(z, D). In order to solve the equation py,(z, D)u = g we
assume that for the bilinear form B(u,v) = (p(z, D)u,v)o

|B(u, v)| < &|[ully, 1]|v]]ps,1 £ >0

and
B(u,u) = vlull}, — dollull3, Ao >0, 7> 0.

Since these estimates are in different spaces we introduce an intermediate
space HP»(R"). By the Lax-Milgram theorem we have that for every g €
H¥~Y(R") (since HY>~}(R") = (HP(R"))*) there exists a unique element
u € HP* (R") satisfying

B)‘O(U,'U) =<g,v> (01)

for all v.€ HP*»(R™). We next prove that we have a unique variational
solution to py,(z, D)u = g for g € H¥>"}(R") and u € H¥!(R"). More
regularity is achieved by assuming that py ' (z,£) = m belongs to the
symbol class S, 2*™¥(R") for some 7o > 0. We now have all the tools we
require to prove that —p(z, D) extends to the generator of a Feller semigroup
by the Hille-Yosida-Ray theorem. To demonstrate the scope of our result we
consider an example where

p(2,€) = (1 + (2, )" (1 — e~ 10+

10



i.e. the family of Bernstein funtions is given by

flz,s) = s%ﬂ(l — 6_43—2—2).
We prove that p(z,£) and m belong to the appropriate symbol classes
0 b

and then we apply the general framework to find that —p(x, D) extends to
the generator of a Feller semigroup.

We improve the results of chapter four in chapter five, namely by proving
the crucial estimates that are previously assumed. We prove that p belongs
to the symbol class S2r1*2¢¥(R") and that the symbol p} ' belongs to the
class S;Zot21¥(R™). This is true assuming that g(z, &) is comparable with
a fixed continuous negative definite function ¢ and f is a Bernstein function
such that for appropriate € and dy

1
|8:6_ff($, S)I < ca,k,es_kf(x, S).S‘6

holds for all z € R™ and s > ¢ with ¢, independent of x and s. This will
imply the estimates required in chapter four.

To summarise the content of this thesis, the first chapter begins with
some important definitions such as continuous negative definite functions
and Bernstein functions. One parameter operator semigroups are also intro-
duced, in particular Feller and sub-Markovian semigroups and their genera-
tors. We then conclude this chapter by looking at subordination of operator
semigroups.

Chapter two gives a description of Hoh’s symbolic calculus; it defines
anisotropic Sobolev spaces and introduces estimates for bilinear forms in
these spaces. These estimates are needed when trying to solve the equation

p(z, D)u = f.

We dedicate chapter three to pseudo-differential operators as generators
of Feller or sub-Markovian semigroups. Here we first introduce the idea of
using the Hille-Yosida-Ray theorem to prove that an operator extends to the
generator of a Feller semigroup, a method very important in the chapters to
follow.

As mentioned, chapter four gives a general framework of a proof that
—p(z, D) generates a Feller semigroup. A new example is then given. In
chapter five we prove the estimates required in chapter four for a large class
of symbols and Bernstein functions. The final chapter looks at other pos-
sibilities of studying variable order subordination, namely Dirichlet forms.
Here we only indicate the approach and refer to the literature.

11



1 Some Considerations on Operator
Semigroups

The main purpose of this chapter is to introduce strongly continuous con-
traction, Feller and sub-Markovian semigroups. We will look closely at their
generators and deal with subordination (in the sense of Bochner) of these
semigroups. We will begin by considering some introductory material crucial
to this work. We follow in our presentation essentially [20], see also [4]

1.1 Introductory Definitions
We will begin by defining a positive definite function.

Definition 1.1.1. A function u : R® — C is called positive definite if
for any k € N and vectors €',...,E* € R™ the matriz (u(& — €'));1=1,.k 18
positive Hermitian, i.e. for all A\y... \ € C we have

o w@ - )N = 0.

=1
We can now define a negative definite function.

Definition 1.1.2. A function ¢ : R® — C is called negative definite if

$(0) =0

and
£ — (2m)"2e O s positive definite for t > 0.

Definition 1.1.3. A convolution semigroup on R" is a family of bounded
Borel measures (pt)i>0 on R™ such that the following conditions hold

w(R™) <1 for all t > 0;

Ps * Pt = pers St 2 0 and po = €o;

Ut — €9 vaguely ast — 0.

Further we have a relationship between convolution semigroups and con-
tinuous negative definite functions.

12



Theorem 1.1.4. For a convolution semigroup (i:)i>0 on R™ there ezists a
unique continuous negative definite function v : R™ — C such that

u(€) = (2m) 2O (11)

holds for all £ € R™ and t > 0. Conversely, given a continuous negative
definite function ¢ : R® — C there ezists a convolution semigroup (u;)i>0 on
R™ such that (1.1) holds for all £ € R™ and ¢t > 0.

We will now introduce the Lévy Khinchin formula. This formula gives
a representation for a continuous negative definite function.

Theorem 1.1.5. Let ¢ : R®™ — C be a continuous negative definite function.
Then the following representation for 1 holds

= ) d . 1-— —iz-§ _ d

P(€) = c+i( §)+Q(§)+/n< € 1_|_.]$|2>V( z)

where ¢ is a non-negative constant, d € R™ a vector, ¢ a symmetric positive
semidefinite quadratic form on R™ and v a Borel measure integrating r —

1A |z)?.

As we will be dealing with subordination in the sense of Bochner it is
essential to define a Bernstein function.

Definition 1.1.6. A real-valued function f € C*((0,00)) is called a Bern-
stein function if
f=0

and

(—1)’“‘13;(,3’) <0 keN.

Theorem 1.1.7. Let f be a Bernstein function. Then there exists constants
a,b >0 and a measure u on (0,00) verifying

/: " (ds) < o (1.2)

such that

o o]

f@) =a+bo+ /0+ (1- e*)u(ds), o> 0. (13)

The triple (a,b, 1) is uniquely determined by f. Conversely, given a,b > 0
and a measure p on (0,00) satisfying (1.2), then (1.8) defines a Bernstein
function.

13



Compare Theorem 3.9.4 in [20].

Remark 1.1.8. We may extend f : (0,00) — R™ continuously using the
representation (1.8) above into the half plane Re z > 0, i.e.

(e <]

f(z) =a+bz +/ (1 —e**)u(ds), Rez>0.

0+

We will now discuss the relation between Bernstein functions and certain
convolution semigroups of measures.

Definition 1.1.9. Let (n:):>0 be a convolution semigroup of measures on R.
It is said to be supported by [0, 00) if supp n. C [0,00) for allt > 0.

Theorem 1.1.10. Let f : (0,00) — R be a Bernstein function. Then there
ezists a unique convolution semigroup (m:)i>0 supported by [0,00) such that

L(n:)(z) := / e7®n,(ds) = e @ £>0 and t>0. (1.4)
0

The converse is also true, i.e. for any convolution semigroup (M:)i>0 Sup-
ported by [0,00) there exists a unique Bernstein function f such that (1.4)
holds. '

In the above theorem the convolution semigroup (n:):>0 is associated with
the continuous negative definite function given by y — f(iy) where f is
the Bernstein function. If we consider representation (1.3) of a Bernstein
function, i.e.

f(z) = a+bx+/oo(1 — e *)u(ds), = >0.
then o
f =a+ g+ [ (1= e*u(de),
o+

which is the Lévy-Khinchin representation for a continuous negative definite
function. Therefore for any Bernstein function f the function & — (&) =
f(i€) is continuous and negative definite. Further using (1.3) we may consider
the composition f ot namely

(fod)(§) = a+bp(&) + (1 e ®)u(ds),

for every continuous negative definite function. Since (1 —e~*¥(9) is negative
definite, we can derive that f o is also negative definite. This leads us on
to the following result which is our first encounter with subordination in the
sense of Bochner.

14



Lemma 1.1.11. For any Bernstein function f and any continuous nega-
tive definite function ¢ : R® — C, the composition function f o1 is also
continuous and negative definite.

To summarise

Proposition 1.1.12. Let ¢ be a continuous negative definite function with
associated convolution semigroup (u:)i>0 on R™. Further let f be a Bernstein
function with associated convolution semigroup (n:)i>0 supported on [0, 00).
Since f o1 is a continuous negative definite function there erists an asso-
ciated convolution semigroup, which we will denote by (,uic )e>0- We call this
convolution semigroup the convolution semigroup subordinate (in the sense
of Bochner) to (ut)i>0 with respect to (m:)i>0 and it is given by

pl = / psme(ds) (vaguely).
0

We now introduce complete Bernstein functions.

Definition 1.1.13. A function f : (0,00) — R" is called a complete Bern-
stein function if there exists a Bernstein function g such that

f(z) = £*L(g)(z)
holds for all x > 0.

For f: (0,00) — R™ the following are equivalent
1. f is a complete Bernstein function.

2. f is a Bernstein function having the representation
o0
f(z)=a+bz+ (1—-e*")u(ds), = >0,
0+

where a and b are non-negative constants and the measure y is given by
u(ds) = m(s)A(ds). The density m is given by

m(s) =/ e “r(dt), s>0,
0+

where 7 is a measure on (0, 00) satisfying

/0 L+ /1 " %T(dt) < .

Lt

15



1.2 Operator Semigroups

In this section we aim to describe basic facts of the general theory of one
parameter semigroups of operators, in particular we will consider Feller semi-
groups on Cy,(R™) and sub-Markovian semigroups on LP(R"). In the follow-
ing let (X, ]| - ||x) to be a real or complex Banach space.

Definition 1.2.1. A. A one parameter family (13);>0 of bounded linear op-
erators Ty : X — X which satisfies Ty = id and Tsyy = Ty o Ty (semigroup
property) for all s,t > 0 is called a (one parameter) semigroup of opera-
tors.

B. We call (T;):>0 strongly continuous if

lim T = ullx = 0

forallu e X.
C. The semigroup (T})i>0 which satisfies ||T;|| < 1 for allt > 0 is called a
contraction semigroup.

Important for our work is

Definition 1.2.2. Let (T}):>0 be a strongly continuous contraction semigroup
on (Coo(R™), || - ||oo) which is positivity preserving, i.e.

u>0 yields Tiu>0, t>0.
Then we call (Tt);>0 a Feller semigroup.
Further, we require

Definition 1.2.3. Let (T3):>0 be a strongly continuous contraction semigroup
on LP(R™), 1 < p < co. We call (T3);>0 a sub-Markovian semigroup on
P, 1 <p<ooif forue LP(R"), such that 0 < u < 1 almost everywhere it
follows that 0 < Tyu < 1 almost everywhere.

As an illustration we may consider on S(R™) the operator

n

Tou(z) = (2m)"3 / €= €O U(£) de.

Using the convolution theorem and the fact that fi;(¢) = (27)"Ze () we
obtain

Tou(z) = / u(z ~ y)yu(dy)

16



When u € Coo(R™), Tiu is also in Coo(R™) and then (Tiu):>o is an example
of a Feller semigroup. Further when u € L?(R™), Tyu is also in L?(R™) and
then (Tiu);>o is an example of a sub-Markovian semigroup.

Sometimes we write (Tt(p ))tzo, 1 < p < 00, to indicate that (T):>o is an
L[P-sub-Markovian semigroup. For p = oo, i.e. when writing (Tt(°°))t20, we
always mean that (73):>o is a Feller semigroup.

1.3 Generators of Operator Semigroups

The purpose of this section is to investigate generators of strongly continuous
contraction, Feller and sub-Markovian semigroups. Important in this topic
are the Hille-Yosida and the Hille-Yosida-Ray theorems.

Definition 1.3.1. Let (T})>0 be a strongly continuous semigroup of operators
on a Banach space (X, || - ||x). The generator A of (T;):>o is definied by

Ay = liné T = (strong limit) (1.5)
with domain
. Tu—u . L
D(A):=que X| %m& ; exists as a strong limit » . (1.6)

Compare Definition 4.1.11 in [20]. In order to get a characterisation of
all generators of strongly continuous contraction semigroups we first require
the following definition.

Definition 1.3.2. We call a linear operator A : D(A) — X, D(A) C X
dissipative if .
||Mu — Aullx > Al|ullx

holds for all A > 0 and u € D(A).
We can now state the Hille-Yosida Theorem.

Theorem 1.3.3. A linear operator (A, D(A)) on a Banach space (X, ||-||x)
is the generator of a strongly continuous contraction semigroup (T)e>0 if and
only if the following three conditions hold:

1. D(A) C X is dense;
2. A is a dissipative operator;

3. R(\— A) =X for some A > 0.
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Compare Theorem 4.1.33 in [20]. More useful for us is

Theorem 1.3.4. A linear operator on a Banach space (X, ||-||x) is closeable
and its closure A is the generator of a strongly continuous semigroup on X
if and only if the following three conditions hold

1. D(A) C X is dense;
2. A is a dissipative operator,

3. R(A — A) is dense in X for some X > 0.

Compare Theorem 4.1.37 in [20]. To progress further we introduce the
positive maximum principle.

Definition 1.3.5. Let A : D(A) — B(R"™) be a linear operator, D(A) C
B(R™). Then if for anyu € D(A) such that for o € R™, u(zo) = sup,cgn u(z)
0 implies that Au(zo) < 0 we say that (A, D(A)) satisfies the positive max-
imum principle.

A linear operator (A4, D(A)), D(A) C Coo(R"), on Coo(R™) that satisfies
the positive maximum principle on D(A) is a dissipative operator. The

fact that the generator (A, D(A)) of a Feller semigroup satisfies the positive
maximum principle leads us to the Hille-Yosida-Ray theorem.

Theorem 1.3.6. A linear operator (A, D(A)), D(A) C C(R"), on Co(R™)
is closable and its closure is the generator of a Feller semigroup if and only
if the following conditions hold:

1. D(A) C C(R™) is dense;
2. (A, D(A)) satisfies the positive mazimum principle;

3. R(A — A) is dense in Coo(R™) for some A > 0.

Compare Theorem 4.5.3 in [20].

We now continue to consider generators of sub-Markovian semigroups.
We cannot use the positive maximum principle here and therefore we cannot
use the Hille-Yosida-Ray theorem since pointwise statements do not make
sense. We do know however, that generators of sub-Markovian semigroups
are Dirichlet operators.

Definition 1.3.7. A closed, densely defined linear operator A : D(A) —
I?(R"), 1 < p < o0, D(A) C LP(R™), is called a Dirichlet operator in
LP(R™) if for all u € D(A)

(Au)((u — 1)*)P"1dz < 0 (1.7)
]Rn
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holds

Definition 1.3.8. Let (A, D(A)), D(A) C LP(R"), be a linear operator
A : D(A) — LP(R"). A is called negative definite in LP(R") if for all
u € D(A)
/ (Au)(signu)|ulP~tdz <0
R»
holds.

We note here that Dirichlet operators are negative definite. Further if
(A, D(A)) is a negative definite oprerator in LP(R"), 1 < p < oo, then it is
dissipative. Therefore it follows

Proposition 1.3.9. Let (A, D(A)) be a Dirichlet operator in LP(R"),
1< p<oo. Then A is dissipative.

Lemma 1.3.10. Let (Ti);>0 be a sub-Markovian semigroup on LP(R™),
1 < p < oo, with generator (A, D(A)). Then for all u € D(A) condition
(1.7) holds, i.e. A is a Dirichlet operator.

Therefore we know that every generator of a sub-Markovian semigroup is
a Dirichlet operator, however in general not every Dirichlet operator is the

generator of a sub-Markovian semigroup. As a converse we have (Theorem
4.6.17 in [20]).

Theorem 1.3.11. Let A be a Dirichlet operator on LP(R™), 1 < p < 00, with
the property that R(\id — A) = LP(R™) for some A > 0. Then A generates a
sub-Markovian semigroup on LP(R™).

1.4 Subordination in the Sense of Bochner of Operator
Semigroups

In the final section of this chapter we will consider subordination in the sense
of Bochner of the semigroups we have dealt with so far.

Let f: (0,00) — R be a Bernstein function and (7;)¢>0 be the associated
convolution semigroup on R supported by [0,00). Further let (T3);>0 be a
strongly continuous contraction semigroup on the Banach space (X, || - ||x)
with generator (A, D(A)).

Definition 1.4.1. Let (Tt):>0 and (n:)t>0 with corresponding Bernstein func-
tion f be as above, then for u € X we define

thu=/ Tsuns(ds).
0
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We can prove this is a strongly continuous contraction semigroup on X. We
call (th )t>o0 the semigroup subordinate to (T});>0 with repesct to (n)i>0 or
with respect to f.

If (T})o is a Feller semigroup on Coo(R™) then (T/).>o is also a Feller
semigroup on Co(R™). Further if (T3)>o is a sub-Markovian semigroup on
LP(R™), 1 < p < o0, then (th )e>0 is also a sub-Markovian semigroup on
LP(R"), 1 <p < 0.

We will conclude by considering subordination on the level of generators for
the translation invariant case.

Example 1.4.2. Let (u:)t>0 be a convolution semigroup associated with the
continuous negative definite function ¢ : R* — C, i.e. jz(€) = (21)"2e W),
Further, let f : (0,00) — R be a Bernstein function with representation
(1.8) and corresponding convolution semigroup (m:)i>0, supp M C [0,00).

A sub-Markovian semigroup (Tt(p )) ~o can be associated with (u;)i>0 on the
. >

space LP(R™), also we can associate with (ut)i>0 a Feller semigroup (Tt(°°)> oo
t>

on the Banach space (Coo(R™), || - |lco), compare section 1.2. On S(R™) we
have for these semigroups

Tu(o) = (2m)F [ et ¥Ou(e)de

or equivalently
(Tru)() = e ©a(e).
The generator of the semigroup is given on S(R™) by

Au(z) = —(2r)"F / eE(€)a(€)de

n

After subordination we have

thu(x) — (2%)—%/ eixfe—tf(vz(ﬁ))a(g)dg

or "
(THME) = e~V @q(¢)

and for its generator Af we get

Alu(z) = —(2n)°3 / £ £ ((€))€) .

n

It is possible to deduce that the generator of the subordinate semigroup (th )t>0
is given by —f(—A). This however requires a more formal definition of
—f(—A) in the sense of a closed operator and some more involved discussions
of domains.
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2 Hoh’s Symbdlic Calculus

The aim of this chapter is to introduce Hoh’s symbolic calculus and then use
this theory to obtain estimates for pseudo-differentail operators. For Hoh’s
symbolic calculus, see W. Hoh [17] or [18], compare also [21]. For the related
estimates we will follow [21].

2.1 Essential Material

This section is dedicated to introducing the key points of Hoh’s symbolic
calculus and defining Sobolev spaces, spaces in which we will now frequently
work.

Definition 2.1.1. An arbitrarily often differentiable continuous negative def-
inite function ¥ : R™ — R belongs to the class A if for all a € Nf it satisfies

182(1 + W (E))] < epog (1 +9(€) 75

where p(k) = kA2 for k € Nj.

, (2.1)

Definition 2.1.2. A. Let m € R and ¥ € A. We then call a C*®-function
¢:R™ x R* — C a symbol in the class S7¥(R") if for all o, B € Nj there
are constants co g > 0 such that

m=p(la])
)2

1020¢q(x, €)| < cap(1 + (€ (2.2)

holds for all x € R™ and £ € R*. We call m € R the order of the symbol

q(, §).
B. Let ¢ € A and suppose that for an arbitrarily often differentiable function
q: R® x R® — C the estimate

16¢02q(z,€)| < Zap(1+1(€))

holds for all o, 3 € Nj and z,£ € R™. In this case we call g a symbol of the
class Sg¥ (R™).

Note that ST¥(R™) C STY(R™). For ¢ € Sy»*(R™), hence also for g €
Sm¥(R"), we can define on S(R") the pseudo-differential operator ¢(z, D)
by

o3

(2.3)

afe, Dyu(o) i= (2m)F [ c"o(a, a(e)de (24

and we denote the classes of these operators by ¥7»¥(R") and Y (R,
respectively.
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Theorem 2.1.3. Let ¢ € S§¥(R™) then g(z, D) maps S(R™) continuously
into itself.

We now introduce anisotropic Sobolev spaces associated with continuous
negative definite functions.

Definition 2.1.4. Let ¥ : R® — R be a fized continuous negative definite
function. For s € R and u € S(R") (or u € S'(R™)) we define the norm

n

Ilullgs = 11(1 + (D)) 2ulls = / (1 +%())"la(€)|*de. (2.5)

The space HY*(R") is defined as
HY*R"™) := {u € S'(R"); ||u||ys < 00}. (2.6)
We call H¥*(R™) an anisotropic Sobolev space.

The scale H¥*(R™), s € R, and more general spaces have been system-
atically investigated in [11] and [12], see also [21]. In particular we know
that if for some p; > 0 and & > 0 the estimate ¥(§) > & |€|* holds for all
£e€R™ |¢| > R, R >0, then the space H¥**(R") is continuously embedded
into Co(R™) provided s > -

The following result is of most importance to us

Theorem 2.1.5. Let ) € A. For ¢, € S7"¥(R") and g2 € S;*¥(R") the

symbol q of the operator q(z, D) := q1(z, D) o go(z, D) is given by

4(7,€) = (2, €) - @a(x, ) + Z 0¢;01(2, &) Dz;q2(T, &) + ¢y (2,€)  (2.7)

7=1
with g, € SgH™~2¥(R").

Remark 2.1.6. An easy calculation yields q; - g2 € S},”l+m2”/’(R"),
O,q1 € S MY(R™) and Dy;q € S>¥(R™). Hence the second term on the
right hand side in (2.7) belongs to Sytm2=1¥(R™).

2.2 Estimates for Pseudo-Differential Operators using
Hoh’s Symbolic Calculus

We will begin this section with the theorem of Calderén and Vaillancourt.
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Theorem 2.2.1. Let g : R® x R® — C be a function such that for all o, G €
5, lal, 18] < 3, the partial derivatives 020¢q(x, €) exist, are continuous and
satisfy the estimates

1050¢(z,6)| < cayp.

Then the pseudo-differential operator q(z, D) which is defined on S(R") ez-
tends to a bounded operator from L*(R™) into itself.

Theorem 2.2.2. Let ¢ € Sy*¥(R") and let q(z, D) be the corresponding
pseudo-differential operator. For all s € R the operator q(xz, D) maps the
space HY™+3(R™) continuously into the space HY*(R"), and for all u €
HY™$(R™) we have the estimate

llg(z, D)ully,s < cflullgms. (2.8)

On S(R™) we may define the bilinear form
B(u,v) := (q(z, D)u,v)s, ¢q€ S,’,"“”(R"). (2.9)
Theorem 2.2.3. Let ¢ € S7"¥(R") be real valued and m > 0. It follows that
1B, 9)| < cllullo, g ollo.g (210)

holds for all u,v € S(R™). Hence the bilinear form B has a continuous
estension onto HY'% (R™). If in addition for all z € R"

g(z,€) = (L + (€)% for ¢ > R (2.11)
with some §g > 0 and R > 0, and
Jim (€) = o0 (212

holds, then we have for all u € HY'% (R") the Gdrding inequality
. 6 '
ReB(u,u) > Lfully g ~ dollully (213)

Furthermore we have

Theorem 2.2.4. If we assume (2.11) and (2.12) then for s > —m we have
5 ,
5°||Ul|¢,m+s < llg(@, D)ully,s + l1ullg mys-2 (2.14)
for g € SP¥(R™) real-valued and all u € H¥**™(R").
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For solving the equation gx(z, D)u = ¢(z, D)u + Au = f we now set
Bz\(u) U) = (Q(:C7 D)“) U)O + A(’U,, U)O'

By Theorem 2.2.3 the bilinear form B, extends to a continuous bilinear form
on HY'%(R") denoted again by B, i.e. we have

|Ba(u, v)| < cllully,z [|v]]y,z.

Important for us is the Lax-Milgram theorem which we have taken from [14],
Theorem 1.14.1

Theorem 2.2.5. Let B be a sesquzlmear form on a complex Hilbert space
(H,(.,.)u). Suppose that

|B(u,v)| < c||ullx|lv]||x
and
|B(u,w)| > vlull%

hold for all u,v € H with some v > 0. In addition, let1: H— C bea
continuous linear functional, i.e. | € H*. Then there exist unique elements
v,w € H such that

l(u) = B(u,v) = B(w,u)
holds for allu € H. "
Definition 2.2.6. We call u € H»% a variational solution to the equation
a(z, D)u = f (2.15)
for all A € R and f € L*(R") if

B/\(ua ¢) = (¢) f)O
holds for all ¢ € CP(R™), or ¢ € H»Z (R™).

Therefore using Theorem 2.2.3 and the Lax-Milgram theorem there exists
for all f € L?*(R™) a unique variational solution u € H%'% to (2.15). For more
regularity we have
Theorem 2.2.7. Let q € S[,”"”(R") be as in Theorem 2.2.4, m > 1. Further
suppose that for f € HY*(R"), s > 0, there exists u € H¥'Z (R") such that

B(u,¢) = (f,¢)r2 (2.16)

holds for all ¢ € H¥Z(R™) (or ¢ € S(R™)). Then u already belongs to the
space HY™$(R™).

So far we have used properties of symbols to establish mapping properties
and estimates for operators. The real power of a symbolic calculus is that it
reduces calculations for operators to calculations for symbols.
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3 Pseudo-Differential Operators with Nega-
tive Definite Symbols ¢ € S2¥(R")

In this chapter we want to deal with pseudo-differential operators with sym-
bols from Hoh'’s class which extend to generators of Feller or L” sub-Markovian
semigroups. Further we will investigate subordination of semigroups con-
structed using this method.

3.1 Pseudo-Differential Operators as Generators of Feller
or [ Sub-Markovian Semigroups.

In this section we will use the estimates considered in the previous chapter in
order to extend certain operators as generators of Feller and certain LP sub-
Markovian semigroups. In particular when considering generators of Feller
semigroups we aim to use the Hille-Yosida-Ray theorem, Theroem 1.3.6.

Recall that the main characteristics of the Hille-Yosida-Ray theorem are
D(A) C Cw(R™), (A, D(A)) satisfies the positive maximum principle and
the range condition; R(A — A) is dense in Coo(R™). In our case we consider
g(z,D) on CP(R™) with negative definite symbol ie. £ — g¢(z,§) is
for z € R™ fixed a continuous negative definite function. Since C§°(R™) is
dense in C(R") the first condition of the theorem is satisfied. Theorem
4.5.6 in [20] shows us that g(z, D) satisfies the positive maximum principle
on C{°(R™), see also [7] . Therefore our problem is reduced to tackling the
range condition, or equivalently to solve for some A > 0 the equation

o (2, D)u = q(z, D)u+ du = f (3.1)

in Co(R™) for f € C§°(R™). This is too difficult to solve on the domain
C§°(R™). To overcome this problem we consider ¢(z, D) on a larger domain
H¥$(R™) where (3.1) is easier to deal with. For the positive maximum prin-
ciple to hold on this larger domain we use

Theorem 3.1.1. Let D(A) C Cx(R"), and suppose that A : D(A) —
Cx(R™) is a linear operator. In addition assume that C(R™) C D(A)
is an operator core of A in the sense that to every u € D(A) there exists a
sequence (Pk)ken, Pk € C§°(R™), such that

i Jlge = oo = Jim [14¢s — Aufls = 0

If A|cse satisfies the positive mazimum principle on C§°(R™), then it satisfies
the positive mazimum principle also on D(A).

25



Comapare Theorem 2.6.1 in [21]. The following results are due to W. Hoh
[17] and [18]. Using the estimates introduced in the last chapter together with
the above theorem we get

Theorem 3.1.2. Let ¢ : R® — R be a continuous negative definite function
in the class A such that %(€) > colé|™, 7o > 0, holds. If q(z,€) € S2¥(R™)
s a negative definite symbol satisfying

q(z,€) 2 6(1 + ¥(¢)) (3.2)

for some § > 0 and all £ € R, €] sufficiently large, then —q(x, D) defined
on C(R™) is closeable in Coo(R™) and its closure is a generator of a Feller
semigroup.

Further for L? sub-Markovian semigroups we have

Theorem 3.1.3. Using the same assumptions as the previous theorem the
operator (—qx(z, D), HY%(R™)), A > Xo as in (2.13), is the generator of an
L?-sub-Markovian semigroup. Hence (—qx(x, D), H¥*(R")) is a Dirichlet
operator.

3.2 Subordination of Semigroups

In this section we will continue to develop the ideas of subordination that we
have already met in section 1.4. However now we will apply subordination
to the semigroups constructed using Hoh’s symbolic calculus.

If we recall the translation invariant case of section 1.4. It was shown
that for a continuous negative definite function ¢ : R® — C

(Tiw)" () = e Oa(¢)

for u € S(R™). Now if f is a Bernstein function with corresponding convo-
lution semigroup (7;):>0 supported on (0,00) the Fourier transform of the
subordinate semigroup is given by

(THMNE) = e ¥ Oq(¢).

On the level of generators we saw that on S(R") the generator of (7});>o is
given by

—p(D)u(z) = —(2r)"% / e €€ )a(€)de.

n

Further the generator of the subordinated semigroup is given by

~¥/(D)ula) = ~(f o V)(D)ule) = ~(2:)° [ = fuieate)as

n
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We also illustrated that if A®) is the generator of (T ))tZO’ then AP =
—f(—A®) is the generator of (Tt(p)’f )t>0, where (Tt(p ))zzo is an LP-sub-
Markovian semigroup for 1 < p < oo and a Feller semigroup for p = oco.
Further (Tt(p)‘f )i>0 is again an LP-sub-Markovian or Feller semigroup respec-
tively

Now considering the pseudo-differential operator g(x, D) with symbol
g : R* x R® — C such that £ — ¢(z,€) is a continuous negative definite
function. Suppose the operator —g(z, D) extends from S(R™) to a generator
of an LP-sub-Markovian semigroup, 1 < p < oo, and a Feller semigroup for
p = 00. We denote the generated semigroup by (73);>0. When subordinating
with respect to a Bernstein function f we no longer get the representation
we had in the translation invariant case, i.e.

(T/u)\€) # e @@O)q¢)

and

At @ [ sl e)ae)ds (3.3)

n

In the following we write — f(q(x, D)) for the right hand side of (3.3). This
should be understood as a shorthand for (f oq)(z, D). We are now interested
when —f(g(z, D)) extends to the generator of a Feller or sub-Markovian
semigroup. We will see that often if ¢ € S;""'b(R") and f is a Bernstein
function, then f o g is also a symbol belonging to Hoh’s class. Further, if
€ — q(z,§) is a continuous negative definite function then so is the function
£ — f(q(z,£)), therefore it is sensible to investigate whether —(f o ¢)(z, D)
extends to the generator of a Feller or sub-Markovian semigroup. Of course,
this procedure is closely linked to subordination in the sense of Bochner. By
modifying the proof to Theorem 2.6.4 in [21] we find

Theorem 3.2.1. Let g € S2¥(R") be a continuous negative definite symbol
satisfying (8.2) such that —q(z, D) generates an LP-sub-Markovian semigroup
(Tt)t>0. Further let f be a Bernstein function with corresponding semigroup
(mt)e>0 supported on [0,00), then —(f oq)(z, D) extends to the generator of a
Feller or sub-Markovian semigroup. We will denote the generated semigroup

by (St)tzO-

Remark 3.2.2. It is important to note that the semigroup generated by —(fo
q)(z, D),(St)t>0 is not, in general equal to the original subordinated semigroup
(T!)s50. However knowing (St)i>o helps us to approzimate (T )¢so.
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4 Subordination of Variable Order - Part 1

This chapter will follow [14] closely in order to consider two important topics
related to subordination of variable order. Formally, subordination of vari-
able order means that we replace a fixed Bernstein function f by a family of
Bernstein functions depending on z. Firstly, we suggest a method to study
“variable order subordination” for more general Bernstein functions than the
example studied by Hoh f,(s) = s, 0 < o < 1. More precisely, we consider
symbols of the form

p(z,€) = f(z,q(z,§)) (4.1)

where ¢ is a suitable symbol from Hoh’s class and f : R" x [0,00) — R
is a smooth function such that for fixed x € R™ the function s — f(z,s)
is a Bernstein function. Our method uses some ideas from the theory of
t-coercive (differential) operators as investigated by 1. S. Louhivaara and C.
Simader [29]-[30] in order to establish the result that —p(z, D) generates a
Feller semigroup. A different view to our approach is to interpret f(z,r) as
a state space dependent (family of) Bernstein functions which is obtained by
making parameters state space dependent i.e. consider a function f(r)gp.c,..
depending on parameters a, b, c, . ... By making these parameters state space
dependent we obtain for a negative definite symbol ¢(z,£) a new negative
definite symbol by fo(z) () .c(z),...(2(Z,§)). More precisely, let f be a Bernstein
function with representation

Fr) = / T = e u(ds) = / TA-emyn(s)ds. (42)

+ 0+

Suppose that 7 depends on parameters a, b, c. .. i.e. M(s) = Mgpe..(S)
Now we may let the parameters depend on z, i.e. we switch to (z,s) —
Ma(z),b(z),c(z)...(8) and consider the family of Bernstein functions

fz,r) = /0 (1 = ™) Mae) bz elz)...(8)ds-
+

Thus we may consider the symbol (z, &) — p(z, q(z,&)) defined by

p(z,q(z,8)) = /0 (1 — €™ ) 1y 0y p()rcte)... (8)dS.
+

More generally, let us consider with a suitable function 7: R* x R, — R

f(z,r) = /000(1 —e Mr(z, s)ds (4.3)

+
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and the associated symbol

(o)

p@,6) = 10, O) = [ (1= Or@meads. (49
o+

The second purpose of this chapter is to enrich the class of examples by
studying the Bernstein function

s s3(1— e %),

4.1 Jusification of the Phrase “Variable Order Subor-
dination”

This section will follow section 2.10 of [21]. Discussing “variable order subor-
dination” is related to the study of pseudo-differential operators with variable
order of differentiation. To illustrate this we consider the example where the
Bernstein function s — f(s) is substituted by (z, s) — s"®) with r : R» —» R
being a continuous function such that 0 < r(z) < 1. We now let s be the
continuous negative definite function |£[2. We know (|¢|?)"®) is also a con-
tinuous negative definite function. This implies that the pseudo-differential
operator

Aulz) = (-AY @ = ~(2n) [ e=(ePrae)as
is a candidate for a genarator of a Feller semigroup. Note that when n =1
and instead of using the symbol |£|? we use i€ and we get the operator
(:Fd%), hence the phrase “operator of variable order of differentiation”.

4.2 The Formal Background of our Proof that
—p(z, D) Generates a Feller Semigroup

The proof that —p(z, D) extends to a generator of a Feller semigroup de-
pends on various estimates which might be different for different operators.
However, once these estimates are established we only need to apply a piece
of “soft” analysis. In this section we discuss this part of the proof, i.e. we
will assume all crucial estimates hold.

Let f: R™ x [0,00) — R be an arbitrarily often differentiable function such
that for y € R™ fixed the function s — f(y, s) is a Bernstein function. More-

- over we assume

yiélﬂfnf(y’ s) > fo(s) for all s € [0, 00) (4.5)
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as well as
sup f(y,s) < fi(s) for all s € [0, c0) (4.6)
yeR?
where fy and f; are Bernstein functions. For a given real-valued negative
definite symbol ¢(z, £) it follows that

p(y;z,€) == f(y,q(z,8)) SN C N
give rise to a further negative definite symbol by defining
p(z,§) = p(z; z,§). (4.8)

In case where ¢(z, €) is comparable with a fixed continuous negative definite
function 1, i.e.

0<c035’(—“2’§5c1, a1, (4.9)
for all z € R" and ¢ € R", we find using Lemma 3.9.34.B in [20]
p(z,8) < f(z,9(2,€)) < crfi(¥(€)) (4.10)
and we define
Y1(€) = erfi(w(§)). (4.11)

Moreover it holds

p(z,§) 2 f(z,q(z,£)) Z o fo(¥(£))

and we set
Yo (€) = cpfo(¥(§))- (4.12)

Clearly, 1o and v, are continuous negative definite functions. Later on we
assume that for |¢| large

P(€) > &lél”, ¢ >0 and py >0 (4.13)
holds as well as
f(yo,8) > Gos™, G >0 and pg > 0. (4.14)
This implies for |¢| large that
Yo(§) = &¢)”, & >0, (4.15)
holds. Since p(§) < ¥1(€) we have
HYY(R™) — HYY(R™). (4.16)
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We add the assumption that there exists 0 < ¢ < £ such that
(1+141)2 € S;7%(R"). (4.17)
This will imply that
| HYom(+9)(RP) y [¥1m(R) (4.18)

holds for m > 0. Further, (4.17) implies that if p;(z,&) is any symbol be-
longing to S7»¥'(R") then it also belongs to S;"(Ha)’%(R”) which follows
from '

1820%p1(2,6)] < cap(l+$1(6) 7
S Ea,ﬁ(l"l"lf)o(f)) m—ploz2 140
< Gap(l +o(€)) T

The pseudo-differential operator g(z, D) has the symbol ¢ € S2¥(R™).
We assume that the pseudo-differential operator p(x, D), defined on S(R")
by

p(z, D)u(z) = (2r)7% / e*¢p(z, €)a(E)de

n

N CORN I Y NG (4.19)

has a symbol p € Sg”l"”l (R™) for some appropriate 73 > 0. This implies
together with (4.17) that the operator p(z, D) is continuous from
HY¥o2+n+2otniots(Rn) to F¥0:3(R™), in particular it is continuous from
H'wo,l(Rn) to Ht/)o,—l—n—2a-—7'1o(Rn).

With p(z, D) we can associate the bilinear form

B(u,v) := (p(z, D)u,v)o, u,v € S(R"). (4.20)
Assuming the estimate
|B(u,v)| < &llullg1l[v]lgr1, & 20, (4.21)

to hold for all u,v € S(R™), we may extend B to a continuous bilinear form
on H¥»!(R"™). This extension is again denoted by B. For u € H¥»1(R") we
assume in addition

Blu,u) 2 llull0s — dollull3, 2o > 0,7 > 0. (4.22)
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Following ideas from I.S. Louhivaara and Chr. Simader, [29] and [30], we
consider an intermediate space. To do this we consider

By, (u,v) := B(u,v) + Ao(u, v)o, (4.23)

where B is the symmetric part of B, i.e.

~ 1

B, (’U,, U) = 5(3)\0(’!1,, U) + Bz\o(v’ u)
on H¥1(R™). We have

|Bxo (ur 0)| < Allulliy a1l

and ~
By, ('u', u) > 'YI ’ul |’f{)0,1'

Since By, (u,v) is a scalar product on H¥"!(R"™) we may consider the comple-
tion of H¥*'1(R") with respect to By, (u,v). We denote this new intermediate
space by HP* (R") . We have

HY'Y(R™) < HP%(R") — H%!(R") (4.24)
in the sense of continuous embeddings.

Lemma 4.2.1. The bilinear form B, is continuous on HP»(R").

Proof. We find by using Corollary 2.4.23 in [21] that

%(p)\o(x’ D) +pio($’ D)) = ';'(p)\o(z’ D) +ﬁ)\o($, D)) + 7‘1(.’1?, D)

= py(z, D) + m1(z, D)

where 7, € S)*™¥1(R") and we used that p(z, ) is real-valued. Consider
|B/\0(u)v)| = I(p/\O (:E, D))u7v)0|

<

N =

|((p«\o($a D) +p§0(x7 D))u’ U)OI + |(7‘1(.’ZI, D)u) ’U)ol
= |E)\0(u,’0)] + |(7'1(93v D)U’U)OI'

We know that B, (u,v) is continuous on HP% (R") therefore our calculations
are reduced to estimating |(r(z, D)u, v)ol.

We know that 7, € SP+1¥1(R") therefore r, € Sptn+otnovo(R™), this im-
plies by Theorem 2.2.3 that

|('r1 (:IJ, D)u, v)ol S CI |U| Iwo, l+'r] +2r7+‘r]cr ”Ul |¢0, 1+'r] +20+‘r1a .
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l

If+0+ 7m0 <1 weget

[l soatntesne < fullyor < effullps,

implying the result by (4.24). O

Now, by the Lax-Milgram theorem, for every g € (HP* (R"))" exists a
unique element u € HP* (R") satisfying

By, (u,v) =< g,v > (4.25)

for all v € HP*(R™). This element we call the variational solution to the
equation p(z, D)u + Aou = g.
From (4.24) we derive

HY~Y(R™) = (H¥'(R™)" — (HP(R"))", (4.26)

hence for ¢ € HY¥o~1(R") there exists a unique u € HP%(R") satisfying
(4.25). We claim now that for every g € H¥>~}(R™) there exists a unique
u € H¥1(R™) such that

p,\o(.'E, D)u =p($, D)u+)‘0u =g (427)

holds. Denote by u € HP*»(R™) the unique solution to (4.25) for g €
H%~1(R") given and take a sequence (uy)ken, ux € S(R™), converging in
HP% (R") to u. It follows from

(Pao(z, D)ug,v)o = Byo(uk,v), v € SR"),

and the continuity of py,(z, D) from H*1(R") into H¥o(~1-20-n—-m10)(Rn)
that for £ — oo

< Pao(z, D)u,v >= B),(u,v) =< g,v >

for all v € S(R™). Thus py,(z, D)u = g in §'(R™). The uniqueness follows of
course once again from (4.22).

In order to get more regularity for variational solutions or equivalently for
solutions to (4.27) we assume that for A > ) the function p3!(z, €) :=

belongs to S, 2+™¥ (R™) for some 7o > 0. In this case we can prove

1
p(z,€)+A

Theorem 4.2.2. Let p(z,€) be given by (4.8) where we assume for q condi-
tion (4.9) and for f we require (4.5), (4.6) to hold. In addition we suppose
that p € Sg+r1,¢1 (R™) C Sg+n+2a+no,wo(Rn) and p;1 c Sp—2+'ro.11)o (R™),

T+ To+ 204+ 70 < 1. Let u € HP(R") C H¥1(R") be the solution to
(4.27) for g € HY*(R™), k > 0. Then it follows that u € H¥o:2+tk—mo(R"),
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Proof. From Theorem 2.1.5 it follows that
Py, (2, D) o pro(z, D) = id + r(z, D) (4.28)

with 7 € Sy 'tmFrot2otnodogn)  Since py,(z, D)u = g we deduce from
(4.28) that

u = pyl(z,D)opr(z,D)u—r(z,D)u
= Py, (z,D)g —r(z, D)u.

Now, p;ol(:v, D)g € H¥ok+2=m(R") and r(x, D)u € H¥»2-n—m0o-20-mio(Rn)
implying that u € HY*(R") for t = (k+2—70) A(2— 11 —To— 20 —T10) > 1.
With a finite number of iterations we arrive at u € H¥0:2+*=70(R"), O

Remark 4.2.3. From 1 + 79 + 20 + 1y0 < 1 the necessary condition o < %
follows.

Corollary 4.2.4. In the situation of Theorem 4.2.2, if 2+ k — 19 > T
compare (4.15), then u € Cyo(R").

Finally we can collect all preparatory material to prove

Theorem 4.2.5. Let f : R"x[0,00) — R be an arbitrarily often differentiable
function such that for y € R™ fized, the function s — f(y,s) is a Bernstein
function. Moreover assume (4.5), (4.6) and (4.14). In addition let ¢ : R™ —
R be a continuous negative definite function in the class A which satisfies in
addition (4.13). For an elliptic symbol q € S2¥(R™) satisfying (4.9) we define
p(z,&) by (4.8). For ¢y and v, defined by (4.11) and (4.12), respectively we
assume (4.18). Suppose that p € S2*™¥(R™) and ]Tl/\ € S;2modo(R). If
T1+T0o+0(2+7) <1, 0 asin (4.18), then —p(z, D) extends to a generator
of a Feller semigroup on Cy(R").

Proof. We want to apply the Hille-Yosida-Ray theorem, Theorem 1.3.6 We
know that p(z, D) maps HY¥o:2tkt2otm+nio(Rn) into HYoF(R™). Hence if
k > 52 the operator (—p(z, D), H Yo,2+k+20+m+m10(RM)) is densely defined
on Coo(R™) with range in Coo(R™). That —p(z, D) satisfies the positive max-
imum principle on H¥0-2+k+20+m+no(Rn) follows from Theorem 3.1.1 Now,
for A > )\ we know that for g € H¥***1(R") we have a unique solu-
tion to py(z, D)u = g belonging to H¥e:2tk+1-m0(R™) But 7, + 79 + 20 +
710 < 1 implies that H¥e:2tk+l-ro(Rn) C HYo2+k+20+ntno(Rn) hence for
g € HYo**1(R™) we always have a (unique) solution

u € H¥o2+k+20+n+mio(Rn) implying the theorem. O
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4.3 Some Concrete Examples

The first part of this section will consider the work W. Hoh has done on
pseudo-differential operators with variable order of differentiation. We will
consider the case where the Bernstein function s — f(s) is substituted by
(z,8) — s™@) with m : R® — R being a smooth function such that 0 <
m(z) < 1 holds. Let ¢ : R®™ x R® — C be a continuous function such that
£ — gq(z,€) is a continuous negative definite function. It then follows that

€ — q(z, &)™ (4.29)

is once again a continuous negative definite function implying that the pseudo-
differential operator

Au(z) == —(2n)"3 / £ 8q(z, £ a(¢)de (4.30)

n

is a candidate for a generator of a Feller semigroup. We now meet Hoh’s
result:

Theorem 4.3.1. Let ¥ : R* — R be a fized continuous negative definite
function such that

Y(€) = col€]”, €| large and r > 0, (4.31)

holds. Let q € S}”’(R”) be a real-valued negative definite symbol which is
elliptic, in the sense that we have

q(z, &) = Go(1 +9(8)). (4.32)
Further let m : R™ — (0, 1] be an element in C°(R™) satisfying

M-pu< % (4.33)
where M :=supm(z) and 0 < p := inf m(x). Consider the symbol
(2,€) = p(z,€) = q(z,)™ (4.34)

which has the property that & — p(x,€) is a continuous negative definite
function. The operator

—p(z, D)u(z) == —(2n)"% / £ p(z, €)1 (€)dé (4.35)

n

maps CP(R™) into Coo(R™), is closeable in Co(R™) and its closure is a gen-
erator of a Feller semigroup.
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For a proof see W. Hoh [19], compare also [18].

We are now going to consider a further example. First note that the
function s — /s(1 — e~%V®) is a Bernstein function. Hence, using Corollary

3.9.36 in [20], it follows that for 0 < o« < 1 the function s — s2 (1 — 6_43%)
is also a Bernstein function. Thus, given a negative definite symbol q €
Sﬁ”"’ (R™) we may consider the new symbol

p(z,€) = (1 + q(z, )5 (1 - e—4(1+q(x.e>)—$l)
for a(-) being an appropriate function.

Lemma 4.3.2. Let ¢ € S*¥(R™) be a real-valued negative definite symbol
which is elliptic in the sense that

q(z,€) = 6o(1 +%(€)), do > 0. ' (4.36)
Also let a(-) : R® — (0,1] be an element in C$°(R™) satisfying

1
m—,u<§

where m = sup-a(—le and p = inf%fl > 0.

Now if we let p(z, &) = (1+q(z, ) (1- 6‘4(“"7(”5))%2), then we have for
all € > 0 the estimates

10282p(2, €)| < ca,pep(z, €) (1 +9(E)

ie. p € Samted(R™),

y=Elgt (4.37)

Proof. We have to estimate

o00p(z,6) = OFOE((L+q(, ) (1 - 0+ )
= 0gOP(e"F osUtalz N (1 — e~41-+a(e) )

Using (2.19) in [20] we get

B8 (¢S onlI+ae0) (1 e-i(Hae) )y

Z Z ( 2’ ) ( g/ ) (6?/6:?/61(;1108(1-%!)(1,5)))

o/'<afB'<p
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(0 55 (1 - e-il+a@e) ) (4.38)

First consider ‘
(0’0 oI5 log(1-+a(=£)))|.

By (2.28) in [20] with | = |&/| + || we get
|(6E°"8£’eﬂzﬂ log(1+q(z,£)))l <

ll

a(z)
e 2 log(1+q(1,£)) Z |c{a'j,ﬂ’j} H Qa’jﬁ’i (fL‘, 5)’, (439)
at+...+a" =a =1
fr4+... +8" =0
I'=0,1,...,1
where

qa’.’i,B'J' (xvf) = a?,jaflj (912:5)- lOg(]. + Q(Z,f)))
lj ] ] 'j J
> (5) (o7 42) oo os +ato ),
pri<pi '
Now, using (2.26) in [20] with k = [7| + |87 > 0 we get

8¢ 8% log(1 + q(x, €)) =

8" 02" (1 + q(z,€))
> Class, B’J}H 1+4(z,8))
=11 4 q
o' +... o
Fra.. 4=
Since we assume that g(z,£) is an elliptic symbol (in the sense of (4.36)) in
S2¥(R™), we get

ag”'af”' log(1 + gq(z, 5))1

k

< g Z [ +wie) ™%
G+ . 4" =q =1
ﬁil . ,B,l’ _ ﬁ/j

< W(Hw(f)H—”" =
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where we used the subadditivity of p.We always have

|log(1 + ¢(z,€))| < cc(1 +9(€))%.
It follows for o € C°(R™) that
—p(a'd)) g
17 3j < 1j Qi (1+¢(£)) 2 » a]?éo .
o075, 6)1 s { (L+9(E)F, =0, (4.40)
Putting (4.39) and (4.40) together we get
cz’l +e
2 .

|(agfa£'eﬂ2ﬂ1og(1+q(z.€)))| < ca/,ﬁ/,eeﬂzﬂ‘°g(1+"(“°'5))(1 + ¢(§))'P (4.41)

For the desired result we need

|8?—0/8£—ﬁ' (1 _ e—4(1+q(m,£))ﬂlﬂ ) |

< coraall — eI )1 ()27,

When a — o/ =0 and 8 — ' = 0 there is nothing to prove.

Otherwise, by (2.28) in [20] with I = |a — &/| + |8 — §'|, we get
|3a—a aﬂ ﬁ’(l — 4(14g(z,€ )—&_2)|

Iy

el S
e 4(14+q(z,£)) I Z C{(a_a/)j’(ﬂ_ﬁ/)j} H Q(a—a’)j (ﬂ_g/)j (51}, &)l, (442)

j=1
where the sum is such that
(@—aV+... +(a—d)2e=(a-d)
B-08)"+ l +( B =(B-0)
=1,....1,

and where .
a —-a' / a(z)
Q(a—ayi(p—p)i (T, &) = 7B (4(1 + q(z,€))°T).

Since ¢(z,£) is a symbol in the class S2¥(R") and satisfies (4.36) we ha.ve
the estimate

|@(a—aryi(g—pni (z,€)| < (1 + ¢(z,&)) forall (a—o'),(8-pF) €N
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where L()) is a suitable polynomial > 0 which might depend on (a — &)
and (8 — B')’. Now returning to (4.42) we get

89881 — e~40+1@N )| < 11 4 g(z, £))e-t0+awe) *F

B Al (S))%ﬂ ) Sk Claak 1€ 5))%22 L1 T -4(14-!1(:10,6))%Ez

1+4(1+q(x,£))ﬁ(2£l 4(1+Q(93 g))&ﬂfl ( +q( ,6))6
x(1+ (€)™ 7 (1 + v (¢
(1 + Q(SC, f)) 3

)

2( a—a’ )

< 1) 2 -
1+4u+qu@»%l( ) °
since
1+4(1+q(z,6) lla=l) 7

4(1 4+ q( g))ﬁﬂ Q+(&) z L1+ q(a;’5))6—4(1+q(a;‘€))—-3—2 <
qlz, )

Now using (2.7) in [20] i.e for all a > 0 and ¢ > 0 the estimate

we get

|3§a—a’)a£ﬁ—ﬂ’) (1 _(,3—4(1+q(av,5))1%z'l )| < eo(1— e—4(1+q(x,£))ﬁgﬂ )(1 +¢(£))-ma5—°lu
(4.43)
Substituting (4.41) and (4.43) into (4.38)

|8gaf(eﬂzﬂ log(1+q(:c,£))(1 _ e—4(l-+-¢1(a:,§))1522 ))l

= Z Z ( ) ( )Ca/ B e€ o 52 log(1+4(z.6))
o'<a B'<pB
el D+e B ) e
XL+ (€)™ T (1 — et (1 4 ()=
< Ca,ﬂ,eeﬂ;llog(l+0(m,§))(1 _ 6“4(1""1(1,&))%@)

x(1+ (€)=

< capep(x,€)(1+9(E)
The proof now follows from the estimate p(z, &) < (1 + ¥ (£))™.

—p(le)te
)T
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Lemma 4.3.3. The functionpy'(z,£) = belongs to the class S, 2+ (R™).

_ 1
p(z,£)+A

Proof. Using (2.27) in [20] we find with [ = |a| + |G| that

1 8¢’ 0% pa(x, €)
6‘“3519‘1 z,€)| < C{oi Bi
atseosly T [T
ﬂ1+...+ﬁl=ﬁ

For any € > 0 we find using (4.37)

o' 07 pa(z, €)

—eg|a1 )t+e
p/\(x’ f) ))

< Cai pi(14+ (€

and the ellipticity assumption of ¢(z, £) together with the subadditivity of p

yields )
10208p5 (2, €)| < Gaype(1 + B(E)) (1 + (€)=

which proves the lemma. , O

Now applying the general framework in section 4.2 to Lemma, 4.3.2 and
Lemma 4.3.3 we get

Theorem 4.3.4. Let g € S2¥(R") be a real-valued negative definite symbol
which is elliptic in the sense that

q(z,€) = do(1 +%(£)), & >0,

where ¥ € A satisfies
$(€) 2 col€]"

Also let a(-) : R™ — (0,1] be an element in C°(R™) satisfying

1
m—,u<§

a(x)

— — (z)
where m = sup %% and p = inf =2 > 0.

Now set p(z,€) = (1 + q(z, €))% (1 — e‘4(1+‘1(”c'5))_5l) which implies that
€ — p(z,€) is a continuous negative definite function since &€ — q(z,€) is a
continuous negative definite function.. For all e > 0 we have p € ng‘“’”’ (R™)
and py(z,€) € S;%#+<¥(R") then the operator —p(z, D) extends to the gen-
erator of a Feller semigroup.
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5 Subordination of Variable Order - Part 11

In this chapter we aim to improve the ideas already met in the previous
chapter. This is achieved by proving the “crucial” estimates that are assumed
in the formal background of the proof described in section 4.2. Let f :
R™ x (0, 00) — R be an arbitrarily often differentiable function such that for
y € R™ fixed the function s — f(y, s) is a Bernstein function. We assume
that with some 0 < r; <1 we have

sup f(y,s) < ¢18™ for s > v (5.1)
yeR™

as well as for some 0 < 7y and 7 > 0 such that 0 < rg — 7 < r it holds

iGan f(y,8) > cys™ for 5 > 7. (5.2)
y n

In our applications we will consider symbols f(z,q(z,£)) where g(z,§) >
Xo(1 + 9(€)) for some real-valued continuous negative definite function .
Thus we can always confine ourselves to the case where 79 > 1. Consider
again the negative definite symbol

p(:c,ﬁ) = f(x,Q(xvg)) (5'3)

where the symbol ¢(z,&) is comparable with a fixed continuous negative
definite function v satisfying limg_o ¥(£) = 0, i.e.

q(z, §)

(E) S Cq, (54)
for all z € R™ and £ € R™. Note that the lower bounds imply ¥(§) > 0.
Since £ — ¥(§) — ¥(0) is also a continuous negative definite function the
lower bound in (5.4) corresponds to an estimate &(1 + ¥(£)) < q(z, &) for ¢
being a continuous negative function which might have a zero. We find using
Lemma 3.9.34.B in [20]

p(z,€) = f(z,q(x,£)) < &(1+9(€)" (5.5)

O<Cg$

and
p(x,€) > &1+ 9(€))°" (5.6)

i.e p(z, &) is bounded above and below by continuous negative definite func-
tions.
The pseudo-differential operator

pl@, Dyu(o) = (2n)8 | %p(a, (e
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= (en)t [ e f(aa(a €)alee 6:7)

has a symbol p € Sf,”“é'“’ (R™). The following section gives a detailed proof
of this result.

5.1 Estimates for p(z,§)

Let f: R™ x (0,00) — R be an arbitrarily often differentiable function such
that for each z € R™ the function f(z,-) : (0, 00) — R is a Bernstein function.
For every Bernstein function h : (0,00) — R the estimates

|h®) (s)| < f—ih(s), $>0 and k€N (5.8)
hold, compare [20], Lemma 3.9.34.D. Hence for f as above we find
|F®)(z,8)| < f—,l f(z,s), s>0, z€R" and k€ Ny, (5.9)
where o & f(z. )
Foz8) = —55—

We assume now in addition:
There exists 7 > 0 and dp > 0 such that for € € (0,7) and for all s > g it
follows that

050 £(@,5)] < Capez (2, 9)5° (5.10)
holds for all z € R™* and s > §p with ¢,k independent of z and s.

Example 5.1.1. Consider f(z,s) = s™® for0<m <m(z) < M <1. It
follows that

ok s™®@ = Pk(m(x));%c-sm(w) (5.11)

where Py(t) is a polynomial of degree less or equal to k. If we assume in
addition that m(-) € C®(R"™) and |0*m(z)| < mq for all o € N} we find
using (5.11) that

030%™ = 02 (Pu(m(z)) 75" )

S
= slk b ( g > 8*~P Py(m(z)) > c(s;y [ ] (8% (m(z) In5))s™ .,
pse Prt--+pfp=p =
ll=1)"' ’l.BI

Thus we arrive at

Ins
0908579)] < o LD e
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provided s > 1 (otherwise, if s > 8o > 0, we need to treat the terms involving
In s a bit differently, for example we may switch to |1In s|) where @ is a suitable
polynomial. Since for € > 0 we find a constant c. such that Q(Ins) < c.s¢
holds we arrive at (5.10).

- mz) s
Example 5.1.2. Consider f(z,s) =s2 (1—e™* * ) wherem: R®* - R
is arbitrarily often differentiable such that 0 < m < m(z) < M < 2 and
|02m(z)| < mq. Now we consider 820 f(z, s) assuming 0 <n < 2— M and
Yo > 1. It follows with the notation used in Example 5.1.1 that

B0k (s ™2 (1 — T

m(z m(z
= o (Z ( ; ) orls ™ al(1 - e-ml))

<k

i (5 (1) e (552) o).

1<k
For 1 # 0 we find further

3§(1 _ e—4sﬂ§ﬂ) - _al

ll mix
S B SR | LTSS P
r1+...+1‘l,=l i=1
I'=0,--1

14 m(z
=] - Z C{r;} H(—4)Prj (mgc)) isﬂzﬂ 6-48_&1.

, 8
iAoy =1 =1
I'=0,---,1

This leads to e
B0k (s™E (1 — )

ll
o 5, 1 me) " 1 me R.c
=3z{ > (Pk—l(m(x))ps : > C{rj}HPrj(m(x))Es"g"')e 4s
O0<i<k ity =1 j=1
I'=o0,---,1
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+15k(m(:c))-sl—ks 2

= 02(S1(z) + Sa(z)).

Consider the terms in Si(x). First we note that the powers of s always add
up to . Next, any derivative of Pe_i(m(z)) or P (m(z)) will result in a

Ln‘m(l — 6—43232)}

function which is bounded in x and independent of s. Each derivative of s=5
will give a term which we can write as

s" R(Ins, m(z), - ,0m(z)) (5.12)

with a suitable multi-index v € Nj and R is a polynomial. The derivatives

mlT

8;’(6_43—5—2) are of the type

e’4s&§gR(ln s,m(z), -+ ,0Im(z)) (5.13)

where R is again a polynomial. Taking into account that s > 1, we find that
for every 6 > 0 there exists a constant such that

1 m(z m(x
0551(2)]| < esps™ P et (5.14)

We split the second term into two terms, the first is the one where we take

no derivatives of (1 — 6—4‘9—&_2). The second term then becomes similar to
the terms already treated and for this term we get an estimate of type (5.14).
The first term leads to terms of type

@ (Pum(@)s ™)1 -

and using previous calculations, for every € > 0 this term is bounded by

1 m(z m(z
&5S—ks"(—‘z)+6 (1- 6“43_2_1).

(5.15)
Assuming s > 1 implies

e—4sﬂ§22 S ( 1 )(1 _e—4sﬂéﬂ)'

et -1

Hence we have proved that for all o« € Nj and k € Ny there exists € > 0,
0 < € < n, such that

mT miz 1 m@)+e miz
050857 (1 - ) < copems™PE e (s10)
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We now return to the general case. It should be noted here that due to
their length calculations may have to be split over many lines. To avoid any
confusion if a calculation is written as

D
<X
)

(2)(X)

Eventually we need various controls on the symbol

(z,8) = f(=,q(x,€))

where ¢(z, £) comes from a certain symbol class which we will introduce later.
For this we use a formula to calculate higher order derivatives of composed
functions which is due to L. E. Fraenkel [13], compare also [20], p15.

it means

and not

Let u: R®" > Candv; : R* = R, 7 = ,m, be smooth functions.
Then for a € Nj it holds W1th v = (vy,... )
8%u(v(z)) = 0%u(vi(z),. .. vm(z)) (5.17)
= Z (@ uzﬁ v(z)) Z Pp(o1,v32) - ... Pym(0m, VUm; T)
1< o] <|af Yty =
o €Ng ¥’ € Ng

where for v € N

PER(7,N)
with '
R(v,N) = {pe Ny [ piB(5) = and |ol =N}, (5.19)
=1
oy = 10€NG| 0< B <) (5.20)
and with |[Nj,| = r an enumeration of Nj, is given by B(1),...,6(r). In

our concrete problem many reductions happen. We consider first f : R™ x
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(0,00) — R artificial as f : R® x R™ x (0,00) — R by setting f(z,s) =

f(z1,...,zn,1,...,1,8). Next we introduce the 2n + 1 functions
vi(z,§) = 1, n+1<j7<2n (5.21)

q(z,€), J=2n+1

In the following multi-indices in N2" will be split as a = (o), a®) where
o acts on the z-variables and a® acts on the ¢ variables. OQur problem is
to estimate

658?f('01(.’l?,§),. o ,’Ugn+1($,£)) = 8£a?f($11 .. 1:1"17.:1’ teey 17Q($1a' .. az’nvflr . 511))

o° f bx,
_ 5 O 1)v(a,6)
1< o] < |af + 4]

= Ng'n+1
x > Pp(01,01;7,€) . - Pant1(0ont1, V2nt1; 7, €) (5.22)
,71+__.+72n+1=w
¥ e Ng®

where w = (8,a). If 4/ = (81, 6}) then
N ={(¢,m) e N* [ G| + 17| > 0and 0 < ¢ < &],0 < 7 < &}
Let an enumeration of Ng"; : n(1) = (¢(1),7(1)),...,n(rs) = ({(r5),7(r))

where 7; = 7;(7?) be given. Then we have with ¢ = (01,...,02n41)

Tj
R(v',0;) ={p € NG |Y_ pm(l) = ¥ and |p| = 05}

=1

={peNy

> ), m(1) = 7 and |p| = 05}
=1

={peNy ZPIC(Z) = 5{,21017'(0 = &) and |p| = 0;}
=1 =1
and
R 85(1)87(1) (z, M ag(Tj)aT(Tj) (z, Pr;
Puloy)= 3 O_J'-( AT ) I T
periioy P\ ST C(ry)ir(ry)!
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where o € NS”“ such that o = (03, 0¢, O2n+1), Oz, 0¢ € N} and ogn41 € No.
When o¢ # 0 then 07 f = 0 therfore

2

1< o] < |a+ 8]
UEN(Z,""'I

2

1 < |og| + 02041 < | + 18]
o e Nt 6. =0

reduces to

Consider P,;(0;,v5,%,§)

i) 1 < j < n implies
1, ¢(k)=¢,7(k)=0

k k
o] Wy (x,€) = BW Wz, = { 0, otherwise

therfore for 1 < j <n

1 (V@) \" (80 ()
P;Yj(a'j,vjyx7§)= Z 0] ( E : o e ,

ey P\ ST ¢(ry)lr(ry)!
_ Z _U_i 35(1)62(1)1)1-((13, £) / o ag(rj)ag(rj)vj(x,g) Pr;
- 2 OOl T Cr)t(ry)!

pe{p’ N’ |12, pj¢()=0; and ¢(1)=€7}
i.e. in this case Py, (0;,v;, T,§) = ¢jo
ii) n+1 < j < 2n implies
85® 87 M;(z,€) = 0 whenever (k) #0 or T(k) # 0, ie. (((k), (k) #0,

ie. forn+1<j5j<2n
s o (aé‘”az‘”v,-(z,s)>"{ '(65""’62""’vj(x,5))””‘ o

Py;(05,v5,2,€) = T\ T ) ¢(rs)ir(r;)!

PER(yI,0;)

iii) Finally let j = 2n + 1 and set r = 5, i.e.

R(72n+1,02n+1) ={peNg

S al¢W, @) = 7, |6l = o2}
=1

then

P72n+1 (02n+17 Von+1, T, f) = P.yzn+1 (02n+1, q(:c, f))
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_ Z Tomp1! 35(1)3§T(1)q(x,§) p1 o 3§(Tj)ag(rj)q(x,§) Pr; |
p! )t (1) Clry)lr(ry)!

PER(Y" 1 020 41)

We observe that
(0°f) (z1,...2n,8) =0 if o¢#0€NG.

Thus we find using the previous calculations and (5.22)

000¢ f(z,a(,€)) = > (&) @atze)
1 < og| +oant1 < |af + 6]
0= (0z,0,00n41) € Ng"“

X Z P,yl (0’1,.’1:1) et P—72n+1 (0'2n+11 q(x,&))
Yt = (B0
¥ € Ng"

~ > (&) @atze)

1 <og| +o2n41 < |0¢|;F 18]
o= (0’2,0,0'2”.{.1) € N0n+l

X Z P(J;,J%)(al,xl) e P(é?n+l'52n+l)(0'2n+1, q(z,&))
6+ 46t =p
5%+_,,_+_5§n+1 =q
6 € Ng

60
_ > (&) @a@o)
1 <|oz| 4+ o2ns1 < |of + 8]
g = (Uz,0»0'2n+1) € N(Z)n+1

X Z P(t;%,sé)(al, 931) L. P(5fn+1,62n+1)(0'2n+1,q(.'II, f))
S+ +op+ot =5
03+ +03+0" =a
§eN3, 6l =0,n+1<j<2n

- > (L) @a@en

1< |0':c| +0oop41 < |a| + |,B|

2n+1
o= (01,0,0'2,-,4.1) S N0n+

X > Pisy,ap(01,81) - Fgant1 sant1y (92041, 9(2,€))
S+ o+ =
6" =
 HeNp L =0,n+1<j<2n
61 e€{0,e},1<j<n, 6=0,1<j<n
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_ 5 (%) @atze)
1< |oz| 4+ o2n41 < |af + B
0 = (05,0,02n41) € N3*1

x > ‘ C(81,--- 187,83, 63) Pgants g (9241, 4(, £))

S+ +op 4+t =5
8 = q
8 eNr 6l =0, n+1<j<2n
5 e{0,e},1<j<n, 8=0,1<j<n

60’
_ 3 (%) @)
1< |oz| 4+ oans1 < |af + |8
0 =(04,0,00n41) € Ng”“

X > C(8,...,8)
O+ 4o+ =5
G ENGH=0,n+1<j<2n
61 €{0,6},1<j<n, 8=0,1<j<n

Oon+1! 35:(1)357(1)‘1(55,5) & aﬁ(’f)ag"f)q(m,g) Pranss
" Z p! ¢()tr (1) R C(rir(r;)!

PER((6¥"+1 :a)v02n+1 )

In order to estimate 9292 f(x, q(z, £)) we assume further

10507 (x, €)] < cer(1+ (£)) =5™ (5.23)

and the ellipticity condition

q(z,€) = (1 +%(£)). (5.24)
Taking (5.10) into account we find for every € > 0 but sufficiently small that

10202 £ (x,q(x, )| < Clpe > Wﬂ% 9z (=, &)*
1 < oz| + 02n+1 < |of +0] ,

0 = (04,0,09n41) € NZt!

x >
o4t =p
S eNg & =0n+1<j<2n
8 e{0,6),1<j<n, 8=0,1<j<n

X > (1+9(€) o (1 +9(€)) T P e

pER((‘s?n-‘-l )a)y‘72n+1)
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1
< C&,ﬁ,e Z T-mf(x,q(x,g))q(x,ﬁ)e
1 < log| + 02n41 < fal + (0] (1 +%(€))

0 = (02,0,02n41) € Ngn+l
x >
S 4+ =1
0 eENGH=0,n+1<j<2n
6l e{0,e}, 1<j<n, 6=0,1<j<n
xS (@)t (14 () (B 25 L)

peR((tS?""—l sa)y02n+] )

Since for p € R((82"1,63"1), 02nt1) it follows that py + -« + pryyy =
Oon+1 We arrive at

Iafagf(xa q(iE, ‘S))l < éa.ﬁ,ef(m» Q(x’ E))Q(xa f)e Z

1 < |og| + 02n41 < laf + 8]
0 = (0z,0,09n41) € Ngn+1

x >
Sl OO =5
5 €N, 8 =0,n+1<j<2n
& e{0,e},1<j<n, &=01<j<n

X > (1 + (€)) 3 (@AT@Ipr+@Ar()or),

PER((62"*1,a),02n+1)

Denote the last sum by Upsent1 sant1) 5, )0 1€
() = =3 (@AT(1))pr+-+(2AT(r))pr)
Unians sy osma) = S (L) HEvm -

PER((VI™ ! 73" ) oan41)

If |a| = 1 we get a contribution from R((62"+!, §2"+1), 1) of the type |7(])| =
1, py = 1, and we have the estimate

-1 .
|U;21f()6§n+1,5§n+1),1)| < (1 + ¢(§)) 2 = (1 + ¥(€)) 3(2Alel).
If |a| = 2 we get at least one contribution from R((afﬂﬂ’ 5gn+1), 2) of the

type |[7(1)| = 2, pp=1or |7(l)] = |7(k)| = 1 and py = pr = 1, | # k, hence
we get that the estimate

|U1(.;€25?n+1,6§n+1),2)l < (1 + ’l,l)(f))_l = (1 + w(&))—%&/\[a])
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holds. Finally, for || > 3 we find the estimate by analysing the possible

: on+l . 2n+l
terms in R((7:", 75" ! )oan41) for ogne1 >3

_lionla
IUI(;?()(S%n+],Jg"+1),k)| S (1 + w(&)) 2(2/\' I)

with £ > 3. Thus we have proved

Theorem 5.1.3. Suppose that f : R® x (0,00) — R is arbitrarily often dif-
ferentiable and that f(z,-) : (0,00) — R is a Bernstein function. Suppose
further that (5.10) holds. Let q : R™® x R™ — R be an arbitrarily often differ-
entiable function satisfying with a fized continuous negative definite function
P : R® = R condition (5.23) and (5.24). Then for every e > 0 sufficiently
small and all o, B € Nf it holds

1080¢ f(z,(z,€))] < Capef(x, a(x,€))a(z, &) (1 + »(£)) 2. (5.25)

This implies together with Theorem 2.5.4 in [21] and (5.1) that p €
S2n+2<¥(R™) and that p(z, D) maps the space HY-?"1+2<t%(R™) to the space
HY*(R") i.e. "

|lp(z, D)ully,s < cflully2r+2ets-
In particular p(z, D) is continuous from H¥*(R") to H¥*~?1~2¢(R") i.e.

|Ip(z, D)ully,s-2r-2¢ < €'[[ully,s-
We now consider the bilinear form
B(u,v) := (p(z, D)u,v)o, u,v € SR").
Since p € S +2¥(R™) We may apply Theorem 2.2.3 to get
|B(u, v)| < &l|ullpritel [Vllprite, (5.26)

for some k > 0 and all u,v € S(R") i.e. B has a continuous extension onto
HY¥™1+¢(R") again denoted by B. Furthermore we have

Proposition 5.1.4. For u € H¥*+2%(R") we have the Gdrding inequality
B(u,u) > 8ulullf -7 — Nl lull3, (5.27)

for some Ao > 0.
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Proof. We have the lower bound

p(z,€) > &1+ (€)™

This implies -
r(z,€) = p(z, &) — &1+ p(£))°"" > 0.
Now Theorem 2.5.5 in [21], which is due to W. Hoh, see [17], gives

(r(z, D)u,u)o > —k||u||22_rlizgﬂ (5.28)

since (r(z, D)u,u)o is real-valued, where

(r(z, D)u,u)o = ReB(u,u) — &||ull},,_s- (5.29)
Putting (5.28) and (5.29) together we get

ReB(u, ) 2 allulf -y — Mol sz
Under the assumption that

P(€) 2 col¢]”
andr1+e—%<r0—ﬁwegetforevery€0>0
L+$(E) 7T <SL+uE)" "+ (w)

which leads to
IIUH@ < eo|[ull3, ro—i + cleo)|ull3

implying the result. O

We are now dealing with the space H¥"~7(R"™) and the space H¥'"1*+¢(R")
which is the smaller of the two. Since our estimates for B are in different
space we seek to introduce an intermediate space.

Firstly, we consider the symmetric part B of B i.e.

~ 1
B/\o(u’v) = §(B)\o(u’ 1)) + Bz\o(vau)
on H¥m1+¢(R"). Then

B,\o(u, v) := B(u,v) + Ao(u, v)o, (5.30)

We have 3
| B (w, v)| < &|ufly1l[v]ly: 1
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and _
By (u, u) = 7||ull3, -

Since B, (u,v) is a scalar product on H ¥rite(R™) we may consider the com-
pletion of H¥"1+¢(R") with respect to By,(u,v). We denote this new inter-
mediate space by HP%(R"™) . Clearly we have

HYMHE(R™) — HPY(R™) — H¥~1(R™) (5.31)
in the sense of continuous embeddings.

Lemma 5.1.5. The bilinear form B, is continuous on HP* (R™).
Proof. We find by using Corollary 2.4.23 in [21] that

5 (P2a(@ D) + B3y 2, D) = 5(p2o(@, D) + (2, D)) + a(z, D)
= p,\o(l', D) + 7‘1(.’11, D)

where r; € S1H2¢"1¥(R") and we used that p(z, ) is real-valued. Consider

|B)‘0(’U., ’U)l = |(p,\0(1', D))u’ U)OI

|((p,\0($, D) + p;o(.’r, D))u) U)Ol + |(7‘1(1L', D)U»U)0|

= |B)\o(u’ U)l + l(rl(xv D)u,’U)ol.

We know that By, (u,v) is continuous on HP* (R™) therefore our calculations
are reduced to estimating |(r;(z, D)u,v)o|.
We know that 7, € SZr1+2<~1¥(R") which implies by Theorem 2.2.3 that

<

N =

I(Tl(m? D)U,U)0| < c”u'|w,r1+e—%|lvl|¢,r1+e—%'
If ry+e€— 3 <ro—17j we get
[l 4et < ltdlwro-s < cllullpa
implying the result by (5.31). O

By the Lax-Milgram theorem, for every g € (HP*)* C S'(R™) there exists
a unique element u € HP* satisfying

By (u,v) =< g,v > (5.32)

for all v € HP». We call u the variational solution to p(z, D)u + Aou = g.
From (5.31) we get

HO=Cv DR = (H¥I(R))* s (HPo(R))'
hence for g € H¥~(o~M(R™) there exists a unique u € HP% (R") satisfying
(5.32).
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Proposition 5.1.6. For every g € HY~(o="(R™) there erists a unique u €
H¥mo=1(R"™) such that

Do (z, D)u = p(z, D)u+ dou = g (5.33)
holds as an equality in S'(R™).

Proof. Denote by u € HP* (R™) the unique solution to (5.33) for g € H¥™~(R")
given and take a sequence (uk)ken, ur € S(R™) converging in HP* (R™) to u.
It follows from

(P20 (%, D)uk, v)o = By (ux,v), v € S(R™)

and the continuity of py,(z, D) from H¥*(R") to H¥*~2"1~2¢(R™) that for
k — oo
< Pao (T, D)u,v >= By, (u,v) =< g,v >

for all v € S(R™). Thus py,(z, D)u = g in S'(R™) and the uniqueness follows
from (5.27). a

In order to get more regularity for variational solutions we have

Theorem 5.1.7. Assume (5.10), (5.23), (5.24) and in addition let 7j = 0 in
(5.2) to give for ¥ > 0 that

Y1+ 9(E)™ < folro(1 +9(£))) (5.34)

holds where

fos) = inf f(z,s). (5.35)

Then for every 7i > 0 sufficiently small the function py'(z,&) belongs to the
class Sy2rot2n¥(R™). -

Proof. Let us assume for simplicity that dg = 7o, compare (5.10). For A > 0
let px(z,&) = A+ f(z,q(z, £)). From (2.27) in [20] we find with | = |a| + |8

1 1 8"’px(x £)
aaaﬂ ‘< od B
‘ pa(z,€)| ~ palz,€) ot Z+a,_a “ 'ﬁ}JHl px(z,€)
ﬁ1+...+ﬁl=ﬁ

8"]8’3’;0)‘(3: £) ‘

1
T2t f(z,q(z, ) 2. ot b7} H (8

al+. - +ad=a 7=1

B+ +p =8
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From the definition of fi(s), (5.35), together with (5.24) we get

anf__ 1 1 ag’aﬁ’p)‘ z,£)
%@ | = A+ 90) 2 - ﬁ”H T @
o'+ +o=a
B4+ =8

0’ 0% (A + f(x,4(x,€))) l

: 1 :
S Cab F e+ 9) 2 H A+ f(z,9(z,€))

o+ +al =
B+ +8 =

o

B

. 1 :
= B (o + () Z H

al+..-+al=a 77!
Bl4---+08' =4
When o = 8 = 0 we find

0’ 08" X + 0 08 f(,q(=,£))
A+ f(z,q(z,€))

a ﬁ_l_ L ‘
O 0, ) I = O (1 + ()

Moreover whenever o = (37 = 0, then
O 07\ + 0707 f(z,a(@,€))| _
A+ f(z,9(2,€))

Therefore we now only have to consider

08— < tap s ﬁ 689 (=, q(a, e))|
.D,\( 1T T A(o(l+¥(E) Wt Tatea 4 A+ f(z,q(2,€))
B+ B =8
ol + 69 >0
Further, using (5.25) we get
wng 1 1
6‘a’px(x,£)’ N ACAERV5)) . 2 .
o+ to=a
Bt -+0 =8
o+ >0

) H Caos s f (2,0(2,))a(z, )(1 + (€)= 2452
A+ f(x,q(x,€))

S — (z,q(z, £))a(z,€)
- il +9(E) a1+,,§a,_a [/\+f(wqw§)))] (Hca’ﬁ“)

it +p=p
ad+3 >0
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x(1+p(€ ))—-(p(la D+:+e(la]))

1 f(z,q(z, €))a(z, &))" ~1p(al)
TS FETIRO) | sy a+ve

+otal =
Bt tf=p
ol + 47 >0
using the sub-additivity of p. Since l%f"’%’i%ﬁ’ < 1 we find
1 c .
5298 ‘ a,B,e , leq —3ela) . (536
NN R CHEETT ) > 9 ). (5.36)
+-ta'=a
ﬁ1+--~+ﬁ‘=ﬂ
o +67>0

Since q(z, &) < co0(1 +9(§)) it follows further that given 7 > 0 we can find
Cap,7 > 0 such that . ‘

! o #-4o(la)
p,\(x,f)‘ = fo((1 + 11)(5)))(1 () ' (5.37)

Taking into account (5.34) we eventually arrive at

o208

o ———

1 ’ 2rg+27—p(lal)

| S GosaLHVE) T (5.38)

Le. py' € §;rot21%(R™) proving the theorem. O
We can now prove

Theorem 5.1.8. Let p(z,£) be given by (5.3) where we assume for q condi-
tion (5.4). For f it is supposed that (5.1) and (5.2) hold. Then we have that
p € SIt2%Y(R) and py' € S, 2rot?1¥(R™) where we assume that ry—ro < 1.

Let u € HPo(R") C H”’ ro= ”(R”) be the solution to (5.38) for g € HV*(R"),

k > 0. Then it follows that u € HVF+2ro=2i(Rn),

Proof. The statements for p and p; ' have already been proved, i.e. Theorem
5.1.3 and Theorem 5.1.7, respectively. From Theorem 2.1.5 it follows that

Py (2, D) o pry(z, D) = id + r(z, D) (5.39)

with r € G2rit2e-2ro+21-L¥ (Rn) - Since py, (x, D)u = g we deduce from (5.39)
that

u = p;ol(a:, D) o py,(z, D)u — r(z, D)u
= p,:ol(xa D)g - T(CL‘, D)'LL
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NOW p)‘ (:IZ D)g c H'(/) 2rg— 2n+k(Rn) and T(:E D)U € H¢3ro—3n 2r1—2e+1(Rn)
implying that u € H¥{(R") for t = (k + 2ro — 27) A (3rg — 37 — 2r; —

2¢ + 1) > ro — 7. With a finite number of iterations we arrive at u €
H¢,k+2r0—2ﬁ(Rn). O

Corollary 5.1.9. If k + 2ro — 27} > 5, compare (4.13) in the situation of
Theorem 5.1.8, then u € Coo(R™).

We finally arrive at

Theorem 5.1.10. Let f : R® x (0,00) — R be an arbitrarily often differen-
tiable function such that for y € R™ fized, the function s — f(y,s) is a Bern-
stein function. Moreover assume (5.1) and (5.2). In addition let ¢ : R® — R
be a continuous negative definite function in the class A which satisfies in ad-
dition (4.18). For an elliptic symbol q € S“’(R”) satzsfymg (5.4) we define
p(z, &) by (5 3). We know that p € 52"+2€‘/’(R") and o5 € STV (R™).
Ifri—rg < — then —p(z, D) extends to a generator of a Feller semigroup on
Coo(R™).

Proof. The statements for p and p;! have already been proved, i.e. Theorem
5.1.3 and Theorem 5.1.7, respectively. We want to apply the Hille-Yosida-
Ray theorem, Theorem 1.3.6 We know that p(z, D) maps H¥?rit+2etk(Rn)
into H¥*(R™). Hence if k > 52- the operator (~p(z, D), H¥*1+2k(R")) is
densely defined on Cx(R") with range in Co(R™). That —p(z, D) satisfies
the positive maximum principle on H¥:?r1+2¢+k(R") follows from Theorem
3.1.1. Now, for A > Ao we know that for g € H¥*+2r1—2ro+2i+2¢(Rn) we have
a unique solution to py(z, D)u = g belonging to H¥*+2r1+2¢(R") implying
the theorem. )
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6 Dirichlet Forms

The purpose of this chapter is to study Dirichlet forms, we will indicate how
Dirichlet forms may lead to a different approach of variable order subordina-
tion.

6.1 Dirichlet Forms: A few Remarks in Relation to
Subordination of Variable Order

Let (T;)¢>0 be a sub-Markovian semigroup in L2(R"), i.e. (T}):>o is a strongly
continuous contraction semigroup on L%(R") and if 0 < u < 1 holds almost
everywhere then 0 < Tiu < 1 holds almost everywhere for u € L%(R").
Denote by A the generator of T;, we know by Lemma 4.6.6 that A satisfies

/ (Au)(u— 1)*dz < 0

for all u € D(A), i.e. A is a Dirichlet operator.

Further, by Definition 1.3.8 a negative definite operator A satisfies on its
domain D(A) C L?(R")

/R (Au)(signu)uldz < 0 6.1)
- / (Au)udz <0

/n(—Au)udx >0

for all w € D(A) C L?(R"). This implies that (—A) is a non-negative definite
operator. If we now let (T3):>0 be a symmetric sub-Markovian semigroup in
L*(R™) then T; = Ty and by Corollary 4.1.46 in [20] it follows that A = A*
as closed operators. Therefore (A, D(A)) is a self-adjoint operator, i.e.

D(A*) = D(A) and (Au,v)o = (u, Av)o.
To summarise, we have a non-negative self-adjoint operator (—A) such that
E(u,v) = ((=A)3u, (~4) i),

is a continuous bilinear form on D(€) = D((—A)?) with respect to the norm
||ul|?2 = ||u||2 + &(u,u). Consider the bilinear form on u € D(A),v € D(€)

E(u,v) = (— Au, v)o = / (— Au)vdz = / (—A)} (= 4)

n

u - vdx

=

n
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= [ (=A)7u(-A)ivdz

Rn
= ((=A)2u, (~A)20)o.
Using the Cauchy-Schwarz inequality we find

|(—Au, v)o| < [|(=A)2ullo]|(~A)Zv]|o

|(—Au, v)o| < ((—Au, u)o)? ((—Av,v)o)?. (6.2)

In the sense of continuous embeddings we have
D(A) — D(€) — L*R").

We also find that X X
|E(u,v)| < (E1(w,v))2(E1(w,v))? (6.3)

where
&1 (u,v) = E(u,v) + (u,v)o.

Theorem 6.1.1. Let (A, D(A)) be a densely defined operator on L*(R™)
satisfying (6.1) and (6.2). Then there exists a closed bilinear form (€, D(E))
on L?(R™) such that D(A) C D(£) C L*(R™). Thus € is densely defined and
foru e D(A), v e D(E) we have E(u,v) = (—Au,v)o. Moreover, £ satisfies
(6.3). |

Compare Theorem 4.7.5 in [20].

It is not assumed that (A, D(A)) is a closed operator, however in the
situation of Theorem 6.1.1 it is closeable, where we denote the closure by A
and the domain of its closure D(A) is a subspace of D(€). Theorem 6.1.1 also
holds for any Dirichlet operator satisfying (6.2). We aim to find a certain
converse to Theorem 6.1.1. Before we can state the main results between
Dirichlet operators and certain types of bilinear forms, i.e. Dirichlet forms,

we have to introduce the following definitions

Definition 6.1.2. A bilinear form (€, D(E)) is a closed form on L%(R")
if (D(E), &™), where EY (u,v) = 3(E1(u,v).+ E1(v,w)), is a Hilbert space

and & is continuous with respect to E;'™, i.e.

1E(u, v)| < (E5™(u, u))2 (E5™ (v, v))?

holds for all u,v € D(E).
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Definition 6.1.3. Let (£, D(E)) be a closed form on L*(R™).
A. We call (€,D(€)) a semi-Dirichlet form if for all u € D(E) it follows
that ut A1 € D(€) and

Eu+ utAl),u—(utA1))>0

holds.
B. The form (£,D(£)) is called a non-symmetric Dirichlet form if for
all u € D(E) it follows that ut A1 € D(E) and

E(u+ (ut Al),u— (ut Al)) >0, (6.4)
E(u—(ut Al),u+ (ut A1) >0. '
C. If (£,D(£)) satisfies (6.4) and also is a symmetric form, then we call
(€,D(€)) a symmetric Dirichlet form.

We are now in a position to give some main results for Dirichlet operators
and Dirichlet forms.

Firstly, if (A, D(A)) is a Dirchlet operator on L?(R™) satisfying (6.2)
and generating a sub-Markovian semigroup (73):>o0 then the bilinear form
(€,D(€)) is a semi-Dirichlet form, Conversely, suppose that (£, D(£)) is a
semi-Dirichlet form on L2(R") then the associated operator (A4, D(A)) is a
Dirichlet operator and the associated semigroup (73):>0 is sub-Markovian on
L2(R™).

Next we consider non-symmetric Dirichlet forms. If (A*, D(A*)) is also a
Dirichlet operator , then (£, D(£)) is a non-symmetric Dirichlet form. Con-
versely, If (£, D(£)) is a non-symmetric Dirichlet form, then (A*, D(A*)) is
a Dirichlet operator and the associated semigroup (7}):>0 is sub-Markovian.

Finally, for symmetric Dirichlet form the following holds. If (A, D(A))
is selfadjoint then (£, D(£)) is a symmetric Dirichlet form. The converse is
also true.

We now consider some examples with the aim of demonstrating how the
Fourier transform and continuous negative definite functions come into play.

Example 6.1.4. Let ¢ : R* — R be a continuous negative definite function

with associated convolution semigroup (ut)i>0. The operator —(D) defined
on C§(R™) by

—(Dyu(z) = —(21)F / e E(€)a(€)de (6.5)

n

extends to a selfadjoint Dirichlet operator (A, H¥?(R")) (recall that the graph
norm ||ullymyo = ||ullo + ||@(D)ullo is equivalent to ||u|ly2). Further for
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u € H¥%(R™) we find

E(uu) = / (= Au) (2)u(z)dz

= | pOuOae)e = | v(©)a)Pd,
which implies that the symmetric Dirichlet form corresponding to (A, H¥2(R™))
has the domain D(E) = H¥}(R") and it is given by

O R G GEGE:

= /R ] [¥(D))2u - [(D))ZvdE, (6.6)

where [@D(D)]%u is given on C(R™) by (6.5) but with w(f)% instead of ().
In particular, since (1 + w(f))% is also a continuous negative definite func-
tion with values only in R, we see that for any continuous negative definite
function ¢ : R® — R the space (H¥}(R"),(.,.)1) is a symmetric Dirichlet
space and therfore u € H¥'(R") implies always that u™ AX and uAX, A >0
belongs to H¥'1(R™) too.

We will now take a different approach, we will consider £(u,v) using a
Lévy- Khinchin representation for the continuous negative definite function
P :R* — R.

Example 6.1.5. The continuous negative definite function v : R® — R has
the following Lévy-Khinchin representation

WO =cta@+ [ (1—coslzO)lde) (67

where ¢ > 0 is a constant, ¢ a symmetric positive semidefinite quadratic form
on R™ and v is a measure on R" integrating x — |z|*A1. Compare Corollary
3.7.9 in [20]. We now substitute (6.7) into (6.6) to get

E¥ (u,v) = /n <c+ i Qk&ib +/

k=1 R\ {0}

(1 —cos(z - E))V(d:t)) (6.8)

X 4(£)D(£)de.




Using Plancherel’s theorem, Corollary 8.1.3 in [20] and the proof of Theorem
3.10.17 in [20] to find

E¥(u,v) = ¢ / _u(@)v(z)dz + /R > q k, 6xk aml)da: (6.9)

" k=1

43 [ [ e+ y) - u@)(+) - o(@)w(dy)da

In the case that q =0 for k,l=1,...n and c = 0 we have

D(€) = {u € LX(R™)

/n Rn(u(x + 1) — u(z))*v(dy)dz < oo}
and (6.9) becomes

o) =3 [ [ (we+y) - u@)o( +1) - o(@)w(dg)ds. (610

Remark 6.1.6. If in the situation of Example 6.1.5 we have ¢ = 0, the
measure v(dy) = 0 and

b = 1, l=k
Qik = 01 = 0, £k
then we have

= Ou Ov
=1

If in the situation of Example 6.1.5 we can set v(dy) = N(y)dy, where
N(y) is a density, then we may rewrite (6.10) as

euv) =3 [ [ (ule+y) - u@)ol+1) - o@)Nw)dyds. (612)

Or equvalently A
ewo) = [ [ (o) - un)(v(e) - v)N (e~ y)dyds.  (613)

We now want to compare our representation for a Dirichet form (6.10)
with the Beurling-Deny representation for symmetric Dirichlet forms.
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Theorem 6.1.7. (Beurling-Deny) If £ is a symmetric, reqular Dirichlet form
on L*(R") then we have the following representation for £

Bu 8
Ewv)= | a:)dx-i—/n Zak, a_g,a_:zcd

k=1

+ - / | (u(e) - u)e@) - v@) I dady)  (61)

where J(dz,dy) s a measure on R™ x R™ — D and D is the diagonal D =
{(z,z),z € R™}. Further, if € has no local part then we have

£t 0) / / o ) —u(y))(v(z) —v(y))J(dz,dy).  (6.15)
Recall that the generator A of Y is given by

Auz) = 2m)F [ e Culn(ede,

Our next step is to use Dirichlet form techniques to study stable-like
processes. We study the following symmetric quadratic form on L%(R")

D(&%) = {u e L*(R) / / 7 _Intif(l) dzdy < oo}

) —u(y))(v(z) — v(y))

where 0 < a; < a(z) < a,.
A further extension is to consider the form

2
D(&?) = {u e L*(R") /n /n |$— |n+a(”) da:dy < oo}

)= [ [ D) vl

|z — y|rFeles)

where 0 < a1 < a(z,y) < ap.

In the case that (€%, D(£%)) is closeable its closure is a Dirichlet form
with some generator (A, D(A)). Considered as a pseudo-differential operator
A will be of variable order, i.e. the “order” of its symbol ¢(z, &) will depend
on z. Hence considering such type of Dirichlet forms will open a further way
to consider variable order subordination. For considerations along these lines
we refer to [37] and [38].
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