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Summery

We study non-abelian T-duality as a supergravity solution technique and
explore its application to holography. We consider well understood geometries
which describe the strong coupling regime of minimally supersymmetric gauge
theories in 3 and 4 dimensions. We then use non-abelian T-duality to generate
new solutions in type-II supergravity and use these to define new gauge theo-
ries with interesting dynamics such as confinement. The work contains exten-
sive field theoretic analysis of these new solutions.

We explore how the supersymmetry of the "seed" solutions is preserved
under T-duality transformations by employing the powerful techniques of G-
structures and generalised geometry. As well as giving a geometric description
of non-abelian T-duality, this also enables us to extend the duality to cases with
calibrated sources. We find that quite generically SU(3)-structures in 6d are
mapped to SU(2)-structures. Further we find an intimate relationship between
dynamic SU(2)-structures and confinement in these new solutions.
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Chapter 1

Introduction

The notion of duality within physics is of course quite old, going back to well-
known examples like the Maxwell equations in vacuum. The true power of
the idea became clear around 1940 with the Kramers-Wannier [1] duality of
the Ising model. In more recent times dualities have continued to be a driver of
theoretical progress with examples including Bosonisation [2], Montonen-Olive
duality [3], S and T-dualities, Seiberg-Witten duality [4], Seiberg duality [5] and
more general String dualities (U dualities). The duality conjectured by Malda-
cena [6], also called AdS/CFT or Gauge-Strings duality or simply holography,
is arguably the most powerful, widely applicable and conceptually deep dual-
ity of all known at present. These dualities present common features: the de-
grees of freedom on both sides of the dual descriptions are in principle quite dif-
ferent; a strongly coupled (highly fluctuating) description of the system is char-
acteristically mapped into a weakly coupled (semiclassical) one, in the same
vein a phenomena that is ‘local’ in one set of variables becomes ‘non-local’ in
the other (as exemplified by order-disorder operators and their typical “uncer-
tainty’ relations), global symmetries are common to both dual descriptions, etc.
In this thesis, we will mostly work with two dualities, the one conjectured by
Maldacena and its extensions (see the papers [7, 8] for a sample of represen-
tative work and reviews) together with what is called ‘non-Abelian T-duality’
[9, 10].

In its original formation [6] the gauge-gravity correspondence was a con-
jecture between type-IIB supergravity on AdSs x S° and strong coupling limit
of N' = 4 super Yang-Mills with gauge group SU(N,). The latter has not only
maximal supersymmetry in 4d, it is also conformal invariant (hence the name
AdS-CFT). Many superconformal field theories are well understood and this is
especially true of ' = 4 SYM. This is principally due to its abundance of sym-
metries which allows a vast array of powerful mathematical tools to be applied
to it. However, many interesting physical processes which had been imper-
vious to analytical study for many years are scale dependent, and of course




supersymmetry has not, as yet, been observed. AdS-CFT provided such an an-
alytical tool, however it clearly needed to be extended to non conformal gauge
theories, with less supersymmetry, if it were to be a viable probe of many phe-
nomenologically interesting strong coupling dynamics, such as confinement in
QCD. These extensions necessitated a rebranding of the correspondence, hence
the names gauge-string and holography.

Since the original work of Maldacena there has been significant progress in
constructing geometries dual to gauge theories with minimal supersymmetry.
Two important early examples are the Maldacena-Nunez [11] and Klebanov-
Strassler solutions [12]. These both provide holographic descriptions of strongly
coupled confining gauge theories that flow in the IR to ' = 1 SYM in 4d. In
the UV, unlike ' = 1 SYM which is asymptotically free, they remain strongly
couple which is a general feature of holography. None the less they have both
shone a bright light on strong coupling dynamics of "realistic" gauge theories.
It is fair to say however that there are in general considerable difficulties in
constructing such supergravity solutions and any help in doing so is extremely
useful.

One method of constructing new holographic duals which has borne much
fruit is to use supergravity solution techniques. Indeed the Maldacena-Nunez
solution itself was derived by lifting a gauged supergravity in 44 [13] to a full
solution of type-IIB supergravity using [14, 15]. Further, it was later shown
in [16] that U-duality could be used to map a deformation of the Maldacena-
Nastase solution [17] to the Baryonic Branch of Klebanov-Strassler [18]. This
is a particularly striking result because the "seed" solution is dual to a QFT
with an irreverent operator insertion dominating the high energy dynamics.
Klebanov-Strassler has no such operator and so U-duality provided a method
of UV completing the original QFT.

Another method of constructing relevant supergravity solutions is to use the
powerful techniques of generalised geometry and G-structures [19]. These pro-
vide a geometric description of the supersymmetry conditions for both back-
grounds and probe branes [20] and originate from work relating to string com-
pactifications (see [21] for a review). They have proved very useful in holog-
raphy in resent years either as an aid to direct construction or as a framework
in which to construct new solution generating techniques. One such technique,
known as G-structure rotation [22], is actually equivalent to U-duality. In fact
rotation/U-duality has lead to the construction of many new supergravity solu-
tions in resent years, see for example [23, 22, 24, 25, 26, 27, 28, 29], and by now
its effects on the gauge theory side is well understood.

The focus of this thesis will be to use non-abelian T-duality as a supergravity
solution generating technique. The aim will be to generate new geometries
dual to gauge theories with minimal supersymmetry in 3 and 4 dimensions.



As "seed" solutions we will consider backgrounds of Type II Supergravity that
have a well understood (strongly coupled) field theory description. This will
lead us to the construction of new solutions of ten-dimensional Supergravity
and, as advocated in [30], we will use these new backgrounds to define new
field theories at strong coupling. We will then study the effect of this generating
technique on the field theory side.

Although the idea of generalising T-duality to non-Abelian isometry groups
has rather old roots [9], it is only recently that it has been studied as full solution
generating symmetry of supergravity [30, 31, 32, 33, 34, 35]. This is in part
due to the fact that it was took some time to appreciated how to perform the
duality in the presence of a non trivial RR sector [31]. Since then, most attention
has been focused on dualising along SU(2) isometries, because they are quite
simple and it has been explicitly shown (for a quite general ansatz) that they
are always a map between SuGra solutions [36]. This has already bore some
quite interesting results, for example a new AdSe solution was generated in
type-1IB [34], which promises to shed some light on CFT’S in 5-d (see also [37]).
Attention has also been focused on performing SU(2) T-dualities on type-IIB
conifold solutions [30, 35].

The minimally supersymmetric solutions considered in this thesis have a
well understood description in terms of G-structures. An important focus of
this thesis will be how these are transformed under non-abelian T-duality. This
will not only furnish us with information about the supersymmetric cycles and
brane embeddings in the geometries the duality generates, but will also allow
us to classify the geometries. We will see that quite generically non-abelian T-
duality provides a map between a background supporting a common structure
such as SU(3) in 6d, to a rather more exotic one, particularly when the "seed"
solution confines.

The outline of the thesis is as follows:

In chapter 2 we review the process of T-dualising a type-II supergravity so-
lution along a isometry group G. Most attention shall be given to the cases
where G = U(1) or SU(2). This is because all the new solutions generated in
this thesis are generated by SU(2) isometry non-abelian T-duality. The abelian
case is explained principally to aid the understanding of T-dualityas second
most simple case, namely SU(2). This chapter reviews established work in the
literature in particular [10, 38, 39, 40, 30]

In chapter 3, based on [41], we show how the techniques of G-structures
and generalised geometry can aid the understanding of non-abelian T-duality.
We give a first example of how G-structures and calibrated sources in 6-d are
transformed under the duality. This enables us to show solutions with smeared
sources transform, which gives hints of how fundamental matter is effected by




the duality.

In chapter 4, based on [42], we generate new solutions in massive type-IIA
supergravity. Analysis indicates that these are dual to 3d Yang-Mills Chern-
Simons like theories and some of their dynamics are studied. This is aided by a
comparison to Gy-structure rotation. In addition we take the first steps toward
extending the results of chapter 3 to G-structures in 7d.

In chapter 5, based on [43], we study the SU(2)-isometry T-dual to the Bary-
onic Branch of Klebanov-Strassler derived in [30]. We show that this this mas-
sive type-IIA solution supports what is called a dynamical SU(2)-structure (see
appendix B), which is intimately tied up with confinement. We also perform a
detailed field theoretic analysis determining how many observables are trans-
formed under non-abelian T-duality.

In chapter 6, based on [44], we extended the ideas of the previous section to
generate new solutions in type-IIB describing confining QFTs in 4d. We once
more find that supersymmetry is preserved in the form of a dynamical SU(2)-
structure and perform an extensive QFT analysis both before and after the du-
ality.

Finally we summarise the results of the previous sections and comment on
some future directions and possible limitations in chapter 7.



Chapter 2

(non-Abelian) T-duality: A

Pedagogical Review

2.1 Abelian T-duality

We will start this chapter with a review of T-duality in the abelian case where
the isometry group on which one dualised is U(1).

T-duality has roots that dates back to the early 1980s [45]. Its most simple
avatar can be explained in terms of the spectrum of mass states of a string prop-
agating in R18 x S1. Let the compact coordinate x” satisfy

x° ~ x° 4+ 27R. (2.1.1)

The momentum of the string in the compact direction must be quantised in
integer units as
p=r nez 2.12)
It is possible for the string to wrap the compact direction with the consequence
that the world sheet coordinate o need not be single valued. This may be stated
as
(1,04 21) ~ x(1,0) +2nRm, mc Z, (2.1.3)

where m is the winding number of the string around x°. It is possible to show
that the mass spectrum of such a string is expressed in terms of n and m as

2 2R2
M? = —;;2 + mT + oscillator part. (2.1.4)

10



Figure 2.1: Strings propagating on a manifold with a compact direction. The
Winding number m is indicated in each case.

This equation is invariant under the exchange

a 2
n <—x»m, R<—>— (2.1.5)

which exchanges momentum and winding modes of the string but also inverts
the radius of the circle. This has the rather striking consequence that a string
moving on a circle of radius R has the same mass spectrum as one moving on a
circle of radius &/ R. This equivalence of the string spectrum extends to string
interactions, modulo some subtleties concerning the dilaton (see below), and
goes by the name T-duality.

2.1.1 Buscher T-duality

There is a path integral derivation of T-duality due to Buscher [46, 47] that en-
ables one to perform the duality on any geometry with a (i(1) isometry. This
implies that the target space metric may be expressed as

ds2 = GIW(x)dxjldxv + 2Gy0(x)dx}id6 + R(x)2d62, (2.1.6)

with an equivalent expressions for the NS two form and dilaton. This method
acts on a sigma model defined in terms of the combination

— G+ BYwr = G"o+ B"Q AN
Bdv = Gev+ B, Em®= R2.

1



The action of the sigma model is given by

S[x,0] = ﬁ / d’o [R28+08_9 + E901x*0_0 + E,0460_x"
(2.1.8)

where 0* = (0+,07), we have set «' = 1 and the Euclidean partition function
is Z = [ D§Dxe=5 [x6], The U(1) isometry manifests itself via an invariance of
this action under the shift 8 — 6 + A. The first step of the Buscher "recipe" is to
gauge the this symmetry by promoting derivatives to covariant ones

0+0 - D10 =040+ A, (2.1.9)

where A+ — At — 9+ A. In general this will change the theory the action de-
scribes, which is not what we want. We wish to describe T-duality, under which
the partition function of the theory should be invariant. However we do not
change the theory, at least locally, if the gauge fields are non dynamical which
is ensured if they are pure gauge. This can be achieved by imposing a flat con-
nection with a Lagrange multiplier term so that the new action reads

S[x,0,0,A] = ﬁ / d*o [R2D+0D_9 + E,90+x*D_0 + Eg,D,.00_x"

3 (2.1.10)
i
+ Ewa.i_x"a_va + E /P,
where F = dA and A = A,do* and the partition function is
7z = / DODxD ADeSIxHFA 2.1.11)

Integrating out § in the path integral leads to F = 0, which on a topologically
trivial worldsheet imposes that A+ is pure gauge. We are then free to set A+ =
0 and arrive back at the theory described by eq (2.1.13).

However a when the worldsheet is not topologically trivial F = 0 does not
necessarily imply that A+ is pure gauge. The gauge fields can have non trivial
holonomy around cycles in the world sheet. These can only be made to be
gauge trivial, but only when 0 < 6 < 27t. In this case we can set Ay = 0 and
the partition functions defined by eq (2.1.13) and eq (2.1.10) coincide.

So what of the T-dual solution? This is actually extracted from eq (2.1.11) in
a surprisingly simple fashion, one simply integrates out @ instead of 8. This can
be achieved gauge fixing § = 0 and after an integration of the multiplier term

12




by parts the action becomes

S[x,0,A] = % / d*o [R2A+A_ + Ep04x*A_ + Eg,AL0_x"
) (2.1.12)
1 ~

Finally we must integrate out the gauge field and we arrive at the T-dual sigma
model

~ 1 1 ~ =~ 1 - 1 ~
S[x,0] = E/dza [ﬁawa_e — ﬁEwaer#a_o + ﬁEg,,aJ,Ga_x”

1 (2.1.13)
+ (Eyy - ﬁEyeEvg)a+x”a_xV ’
form which the dual metric and NS 2-form may be easily extracted as
A 1 4 1 A 1
G = R2’ Gg, = _RzBGW Bgy —ﬁcew
A 1
G}w = GI‘V + R2 (GQFGQV — BQVB(;V) (2.1.14)
1
Byv Byv + R2 (G()y Bgy BGVGBV)

Notice that the inversion of radius has been reproduced.

There is a subtlety that one must take account of if one wishes to embed
this sigma model in type-IIB supergravity. What is described above is not quite
the whole story, the dilaton receives a shift due to an anomaly at 1-loop and is
given in in fact given in the T-dual theory by

e2% = R2.2% (2.1.15)

We will close this subsection with a comment about the period of dual co-
ordinates. It is the requirement that the partition functions associated with eq
(2.1.13) and eq (2.1.10) coincide that enabled the period of the T-dual coordi-
nate 6 to be fixed. Despite many people working on the topic, no one has ever
been able to come up with an equivalent worldsheet criterium for the case of
non-abelian T-duality.

2.1.2 On Generating the RR Sector

It is actually possible to modify the approach of the previous subsection to in-
clude a non trivial RR-sector. This was done using a pure spinor approach in

13



[48]. However it is the indirect method of Hassan [39, 40] which will be describe
here as this is the method we use in the non-abelian T-dual case.

If one expresses the metric of a type-II solution in terms of vielbeins ¢?, then
the T-dual solution has two sets of vielbeins ¢4 given by

& = e"0O4, (2.1.16)

which couple naturally to either left or right movers. The matrices giving rise
to the T-duality transformation of the vielbeins are

(©4) = ( q:ﬁlf ”“ilf(G:FB)Gy ):

0 ! 2.1.17)
1 [ FR* £(GFB)g h
(@) = ( 0 I ) :

As both sets of vielbeins are describe the same T-dual geometry they must be
related by a Lorentz transformation A,

&% = A%e. (2.1.18)

Using the matrics in eq (2.1.17) it is possible to show that
Ay =4y 2 2.1.19
b — Y% - R_z'e 969b. ( .1 )

where detA = —1.
The critical realisation of Hassan was that one could use this Lorentz trans-
formation to define an action on spinors () by demanding that

Q7Ir*Q = A4 (2.1.20)

This condition is solved for
O =10y, - (21.21)

In order to construct the T-dual RR-sector on first needs to construct polyforms
by summing the democratic formalism RR fluxes as

4 5
Fis=)_ But1,  Fua= )Y, P (2.1.22)

n=0 n=0

These are then mapped to bispinors under the Clifford map which relates forms

14



to spinors:
X=Xpa "N NA.. — X=Xuyg I (2.1.23)
The RR sector then transforms as
ePuap ;4 = ePuBp Q071 (2.1.24)

Notice that eq (2.1.21) contains a single gamma matrix I%. This means that a
component of an n-form with a leg in @ will get sent to an (n — 1)-form. A
component with no leg in 6 will be sent to an (n + 1)-form. This is just one
of many way that one can see that T-duality must map between Type-IIA and
Type-IIB.

We will now proceed to give some general details of T-duality for non-
abelian isometries.

2.2 Some Generalities of non-Abelian T-duality

In this section we present some useful details of non-Abelian T-duality (this is
based on the review sections of [41, 42]), a comprehensive treatment may be
found in [30] and further details, pertinent to the SU(2) isometry case, in the
following section.

The three step Buscher procedure of gauging a U(1) isometry, enforcing a
flat connection for the corresponding gauge field with a Lagrange multiplier,
and integrating out these Lagrange multipliers provides a powerful way to con-
struct a T-dual o-model. This approach can be readily generalised to the case of
non-Abelian isometries and provides a putative non-Abelian T-duality trans-
formation. Unlike its Abelian counter part, this non-Abelian T-duality typically
destroys the isometries dualised (though they may be recovered as non-local
symmetries of the string o-model). Due to global complications, it is thought
that this non-Abelian dualisation is not a full symmetry of string (genus) per-
turbation theory however it remains valid as a solution generating symmetry
of supergravity. In this regard its status is rather similar to fermionic T-duality
[49], which has proven to be very useful in the context of the AdS-CFT cor-
respondence in providing an explanation of the scattering amplitude/Wilson
loop connection at strong coupling [50].

Let us first consider a bosonic string o-model in a NS background. We will
assume that this background admits some isometry group G and that back-
ground fields can be expressed in terms of left-invariant Maurer-Cartan forms,
Li = —iTr(g~'dg), for this group. That is to say the target space metric has a
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decomposition

ds? = Gy (x)dxtdx" + 2Gy;(x)dx" L' + g;j(x)L'L/
. o (2.2.1)
B = Byy(x)dx¥ Adx¥ + By;(x)dx¥ AL' + %b,-j(x)L’ AL

with corresponding expressions for the dilaton ®. The non-linear c-model is
S = [ d(0Quds o x’ + Quar Ll + QuLid_w* + E4LiLL), (222)
where
Qu =Gu+ By, Qui=Gui+By, Ej=gij+b;, (2.2.3)

and L}, are the left-invariant forms pulled back to the world sheet. To obtain
the dual o-model one first gauges the isometry by making the replacement

0+8 =+ Dig=0+9— Arg, (2.2.4)

in the Maurer—Cartan forms. Also, the addition of a Lagrange multiplier term
—iTr(vF;-) enforces a flat connection, where v is a vector with dimG compo-
nents.

After the multiplier term is integrated by parts the gauge fields can be solved
for which gives the T-dual sigma model. At this point there are actually twice
as many coordinates needed as both the Euler angles and Lagrange multipli-
ers are present, namely (6, ¢, ¥, .., v1,v2,v3,..) in total, the redundancy must be
eliminated by choosing a gauge. This may be parametrised by the matrix [30]

DT = Tr(tigtig™?) (2.2.5)
where where ¢; are the generators of G. The T-dual coordinates are then given

by
%= DTy (2.2.6)

where half of the 2dimG combination of angles and multipliers must be fixed
such that dimG independent coordinates remain in @.

We then obtain the Lagrangian,
L= Qwa+xf‘8_x"+ (04v; + a+xl‘QW.) (Mij)_l (a_vj _ ija_x") , (2.2.7)

where
M;; = Ej +f,']~k‘5k. (2.2.8)
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The Buscher rules defining the dual NS sector may be read off from this as

Q;w = Q;w - QyiMiglgjw Eij = Mi;II

. 3 (2.2.9)
- -1
Qui = QVijil' Qip = —Mij Qjur

from which the dual metric and NS 2-form may be extracted as symmetric and
anti symmetric components. As with Abelian T-duality the dilaton receives a
shift from performing the above manipulations in a path integral given by

b(x,0) = D(x) — %ln(detM) (22.10)

Using the equations of motion, one can ascertain the following transformation
rules for the world sheet derivatives

Li = —(M™1);i (349) + Quo+x*) ,
Ll_ — M;l(a_z’)] _ Q].Fa_xy) , (2211)

d+x* = invariant .

These relations provide a classical canonical equivalence between the two T-
dual o-models [51].

The consequence of this is that left and right movers couple to different sets
of vielbeins for the T-dual geometry. Suppose that we define frame fields for
the initial metric eq (2.2.1) by

dim G ‘
ds? = napeteP + Y e, ef =efdxt, & =xfL+A%dxF. (22.12)
i=1

Then by making use of the transformation rules in eq (2.2.11) one finds that
after T-dualisation left and right movers couple to the vielbeins

& = —KM“T(dv + Qde) + Adx, éﬁ e
& =xM (dv— Qdx) +Adx, é4=¢A.

(2.2.13)

Both these frames fields define the T-dual target space metric obtained from eq

(2.2.7) given by
- dim G dim G
ds” =napete® + Y 64858, = napeteP + Y Gu6nél . (2.2.14)
i=1 i=1

Since these frame fields define the same metric they must be related by a Lorentz
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transformation and indeed
6y =ANe_, A=—-xMTMc. (2.2.15)

We note that det A = (—1)4™C, which implies that the dualisation of an odd
dimensional isometry group maps between type IIA and IIB theories whereas
the an even dimensional isometry group preserves the chirality. This Lorentz
transformation induces an action on spinors defined by the invariance property

of gamma matrices 1;

O Ir°0 = A%I?. (2.2.16)

We are particularly interested in performing this duality in supergravity
backgrounds of relevance to the AdS/CFT correspondence which are typically
supported by RR fluxes. Then one ought to, in principle, reconsider the above
derivation in a formalism suitable of including RR fluxes. In the case of Abelian
and Fermonic T-duality this has explicitly been done in the pure spinor ap-
proach [48, 52] and and a simple extrapolation of these results to this non-
Abelian context leads to the following conclusion which can also be motivated
from the considerations of [39, 40]. The dual RR fluxes are obtained by right
multiplication by the above matrix (2 on the RR bispinor (this can be viewed
equivalently as a Clifford multiplication on the RR poly form/pure spinor). Ex-
plicitly, the T-dual fluxes are given by

R =201, 2.2.17)

where the RR poly forms are defined by

5
Boutt, HA: F=)_ By, (2.2.18)
n=0 n=0

4
IIB: F=
and the slashed notation in eq (2.2.17) indicates that we have converted these
polyforms to bispinors by contraction with gamma matrices. Here we are work-

ing in the democratic formalism in which all ranks of fluxes are considered as
independent and Hodge duality implemented by hand afterwards?.

For many applications knowledge of the transformation laws for the gauge
invariant field strengths is sufficient. However, in some applications we will
also be interested on how the RR potentials themselves transform. We define

1Unfortunately, the existing notation in the literature means we have the same symbol Q) for
the spinorial transformation matrix and for the SU(3)-structure three-form. We trust the reader
will infer from the context which is meant.

2See the appendices for details of the conventions used.
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potentials as

4 4
IB: C=)Y Cpu. TA:C=) Coy1. (2.2.19)

n=0 n=0

related to the field strengths by
IIB: F=(d—HA)C. TIA: F=(d—HA)C+me?, (2.2.20)

in which m is the Romans mass parameter of type IIA. Actually we will need to
be a bit more general than this when we consider the addition of sources, see
appendix D.

The potentials so defined have a straightforward transformation rule:
¢ = e®¢. 01, (2.2.21)

We should comment briefly about a subtlety; the potentials in the equation
above have to be chosen in such a way that the non-Abelian duality can be
performed. This applies also in the case of usual Abelian T-duality, one must
choose the potentials C, so that they respect the same isometries as the fields
Fy+1. In other words, the choice of potentials C, should be compatible with the
isometries. A less judicious choice of potentials would require composing the
above transformation law with an appropriate gauge transformation that first
brings the potential into the desired form (this is well explained in [53] for the
NS two-form potential which need not have a vanishing Lie derivative under
the isometry dualised but instead obey Lib = d().

We conclude this section by remarking the status of supersymmetry un-
der non-Abelian T-duality. Supersymmetry need not be preserved by T-duality
(Abelian or not).> Whether (and how much) supersymmetry is preserved de-
pends on how the Killing vectors about which we dualise act on the supersym-
metry. The action of a vector on a spinor, which is only well defined when the
vector is Killing, is given by [54, 55]

Lye =k'Dye + %Vﬂkw’“’e . (2.2.22)

If, when acting on the Killing spinor of the initial geometry, this vanishes au-
tomatically for all the Killing vectors that generate the action of G then we an-
ticipate supersymmetry to be preserved in its entirety. If on the other hand this
vanishes only for some projected subset of Killing spinors then we expect only
a corresponding projected amount of supersymmetry to be preserved in the T-

3In principle, supersymmetry can even be enhanced by T-duality but given that non-Abelian
T-duality destroys isometry this seems rather unlikely in this case.
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dual* In this thesis we will consider the case of A" = 1 supersymmetry which
is invariant under the above action of G so that the non-Abelian duality should
preserve supersymmetry. Suppose we start with ten-dimensional MW Killing
spinors €! and €?, then the Killing spinors in the T-dual will be given by

el=¢l, 2=0-¢. (2.2.23)

2.3 Details in the SU(2) Isometry Case

In this section, which essentially reviews some salient results from [30], we will
specialise to the T-duality transformations on G = SU(2) isometries. It is this
type of T-duality that will be considered in this thesis and so it is here that we
fix the duality conventions used throughout.

Group Theory Conventions

We define the SU(2) generators as

f = ET,-, (2.3.1)

where 7; Pauli matrices which are given by

T1=((;é), Tz=(?;i), ng((l)(il). (2.3.2)

One can show that the generators then obey the relations
Tr(Et) = 67, [¥, 8] = if |t = iv2e;d*. (2.3.3)
An arbitrary element of SU(2) may be defined in terms of Euler angles as
g =20 /W0 /WG <9<, 0<p<2n, 0<Pp<2m. (23.4)
Finally the left invariant 1-forms are defined by

Li = —iTr(t'g~1dg), (2.3.5)

4In all examples so far considered this holds but an explicit detailed proof has not yet been
given.
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such that 1
dLi = 5 fill A Lk, (2.3.6)

It is the the g in eq (2.3.5) in which the gauge fixing procedure is performed.
Specifically in these conventions the left invariant one forms are given by

Ly = % (—sinypdf + cos Psinbdg),
Ly = % (cospdB + sinysindg), (2.3.7)
Ly = (dlp + cosfdg) .

%I

Explicit Form of the RR Transformation Matrix

We will now proceed to give some details necessary for an explicit calculation
of the spinor transformation () which is used to derive the dual RR sector. Since
our isometry group is 3 dimensional we can define a vector

1
bi = ieijkbk]' (238)

so the the transformation matrix M in eq (2.2.8) my be expressed as
Mij = gij + €ijk, Yi = bi +0;. (2.3.9)
To derive (2 we must construct the explicit form of the Lorentz transformation

of eq (2.2.15) which requires that we invert M. To this end we define an anti-
symmetric density and vector on the group manifold as

, i i
€ijk = \/detge,'jk, z' = Y . . (2.3.10)

A /detg detx

Indices of z' can be raised and with gij and M can be written as
M;; = gij + é,-jkzk. (2.3.11)
The inverse can now easily be shown to be

(MY = (i +dd - ), 2=dy. Qs
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We are now in a position to compute A which we remind the reader takes the

form
A=—xMTMx 1= -« TMM~TkT. (2.3.13)

At this point it is convenient to introduce the flat coordinate
7* = «%Z, (2.3.14)

this will play an important role through out the thesis as well as here. First note
that ‘
(k" TMKr™Y) 0 = 8ap + €anclC. (2.3.15)

Inverting this expression leads to
_ 1
(xkM~1T)% = ng((s“b + %0 — €apel°). (2.3.16)

It is now possible to calculate (2 by demanding that eq (2.2.16) is satisfied,
this leads to
—T'123 + oI

Vieac

Notice that this is rather more complicated than in the abelian case. It consists
of a part with product of 3 gamma matrices and a part which is a sum of sin-
gle matrices. This means that a form with 7 legs can be mapped to forms with
(n£3) legs and (n £ 1), with £+ depending on whether the component in ques-
tion is parallel or orthogonal to the directions being dualised. Clearly, as with
the abelian case this is consistent with a map between type-IIA and type-IIB.
However, unlike the abelian case the duality will generically turn on a many
fluxes.

0 =r (2.3.17)

Gauge fixing

In this thesis we will work with the gauge fixing § = ¢ = v; = 0. This implies
that
cosp sinyp O

D=] —siny cosy 0O (2.3.18)
0 0 1

with the immediate consequence that
0 = (— sin vy, cos Puvy, v3). (2.3.19)

This is the same gauge fixing convention used in [30] and is motivated by the
fact that it leaves the U(1) R-symmetry of the 4-d gauge theories untouched,
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as this is parametrised by the ¢ in the conifold solutions in type-IIB. It is less
well motivated for the geometries dualised in chapters 4 and 6, where the R-
symmetries have been less studied. However this this gauge fixing none the
less aids in writing solutions compactly.

One could of course choose different gauge fixings, however these will all
be locally diffeomorphic to the choice made here.

One should realise that the method laid out in this chapter is not the only
one that may be used to generate the NS and RR sectors of a non-abelian T-dual
solution. An alternative is to use a consistent truncation to 7-d and match the
original solutions there [33]. Another interesting method is given by [56] where
topological defects that generate the duality are constructed. This later method
guarantees the Bianchi identities, but has not yet been shown to match the other
methods in all cases. Finally this section has only discussed the dualising along
SU(2) isometries acting without isotropy, for more general isometries the inter-
ested reader is referred to [32].
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Chapter 3

G-structures and a Geometric
Description of non-Abelian
T-duality

3.1 Introduction

This chapter, based on work done in collaboration with Barranco, Gaillard,
Ntifiez and Thompson [41], presents the first time the techniques of G-structures
and generalised geometry where used to gain a geometric view of non-abelian
T-duality. It answers two questions important for better understanding how
non-abelian T-duality is transforming the field theory the original geometry
describes. How G-structures/pure spinors transform and how fundamental
quarks transform.

The recent work of Itsios et al. [35, 30] considered the application of an
SU(2) non-abelian T-duality transformation in IIB supergravity backgrounds
preserving N’ = 1 supersymmetry. For instance applying an SU(2) non-Abelian
T-duality to the internal space of the Klebanov-Witten background (AdS° x
TU1) results in a solution of type IIA which retains the AdSs factor and has
a lift to M-theory which corresponds to the geometries obtained in [57] from
wrapping M5 branes on an S2. In [30] similar dualisations were applied to non-
conformal geometries (Klebanov-Tsetylin, Klebanov-Strassler and wrapped D5
models) resulting in a new class of smooth solutions of massive type IIA super-
gravity. The field theory interpretation of these massive IIA solutions is, as yet,
undetermined however an analysis of the gravity solution indicates they retain
rich RG dynamics displaying signatures of Seiberg duality, domain walls and
confinement in the IR.

A common feature of the geometries obtained in [30] is that they retain four
dimensional Poincaré invariance and it was argued that they should also retain
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N = 1 supersymmetry. The conditions for a solution of type II supergravity
to possess these symmetries can be very elegantly stated using the language of
G-structures [19]. The existence of a single four dimensional conserved spinor
implies that on the six dimensional internal manifold M we have two spinors 7’
and 72. If these spinors are proportional, the structure group of TM is reduced
to SU(3) and can be characterised by an invariant real two-form | and complex
three-form Q with JAQ = 0and iQAQ = % J3. If on the other hand the two
spinors are nowhere parallel they each define a separate SU(3)-structure and
together equip M with an SU(2)-structure consisting of a complex nowhere
vanishing vector field v + iw, a real two-form j and a complex two-form w.

These conditions can also be restated using the language of generalised
complex geometry in which we consider the bundle TM @ T*M. The alge-
braic conditions of supersymmetry imply that there exist two pure spinors
@, = 5lt @ 73" Using the Clifford map these pure spinors can be described as
a formal sum of forms, for instance in the case of SU(3)-structure we identify
®, = ¢/ and ®_ = Q. The differential conditions of supersymmetry can
be succinctly expressed in this language (as closure conditions for the annihila-
tor space of these pure spinors under the H-twisted Courant bracket) and are
schematically given by

dyd, =0, dg®, = Frr, (3.1.1)

where dy = d + HA, Frr denotes the RR fields and &, are related to the pure
spinors @+ depending on the type of supergravity in question.

This approach also makes clear the transformation rules under T-duality;
these pure spinors essentially transform in the same way as Ramond fields.
Indeed, in the case where M is Calabi-Yau, mirror symmetry serves to inter-
change the pure spinors e/ < ). The extension of this, & Iz Strominger, Yau
and Zaslow, to general SU(3)-structures has been developed in [58].

The first purpose of this chapter is to study the effects of non-Abelian T-
duality on these G-structures and thereby giving credence to the conjecture
made in [30] that in general the result of the dualisation will be to take an SU(3)-
structure background to one with SU(2)-structure. An heuristic reason for this
can be found by looking at the abelian case following [53]. After T-duality, left
and right movers couple to different set of frame fields for the same geometry
call them ¢, and & . In the simplest case we can understand the effect of T-
duality as a reflection on right movers so that in directions dualised &, = —é' .
The J and Q of the starting SU(3)-structure gives rise, after dualisation, to a |
and () which may expressed in terms of either the left or right moving frame
fields giving a corresponding f+ and €);. Suppose that the expression for | is

fer=L A& +ENE +E NS (3.1.2)
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Consider the case where the dualised directions are 1 and 2, then f, = f_ and in
this case the T-dual also has SU(3)-structure. Now consider the dualisation of
two directions that are not paired by the complex structure, say 1 and 3, in this
case f1 # f_ and type changing has occurred; the SU(3)-structure gives rise to
a T-dual SU(2)-structure. Since the non-Abelian T-dualisations performed in
[30] involve three directions they can necessarily not respect the paring of the
complex structure and so we anticipate them to be type changing. One goal of
this chapter is to make this reasoning precise and to provide explicit examples
where the T-dual SU(2)-structure can be obtained.

The second part of this chapter concerns a topic which at first sight might
seem rather disconnected from the above discussion, namely the application of
non-Abelian T-duality in the construction of new ‘flavoured’ solutions of su-
pergravity. The string dual view on the addition of fundamental matter to the
field theories has a rich history. Starting from the study of the ‘quenched’ dy-
namics of fundamental fields, equivalent to the addition of probe branes in the
string backgrounds to the case in which flavour branes (sources) backreact and
change the original geometries, various technical problems have been resolved.
For reviews see [59], [60, 61].

In the case of backgrounds preserving some amount of SUSY, the first tech-
nical point to be addressed is to find SUSY embeddings for these sources or
flavour branes. The embedding were initially found solving differential equa-
tions associated with the kappa-symmetry matrix. A more refined and efficient
way of expressing the same conditions relies on G-structures and calibration
forms. Indeed, the findings of papers like [17, 62, 28, 63, 29] among many oth-
ers can be thought as examples of the generic formalism developed in [20], [64]
and more explicitly laid-out in [65], [22].

A generic feature about these solutions encoding the dynamics of N fields
transforming in the fundamental representation of the SU(N;) gauge group is
that the string backgrounds should in principle represent sources localised on
those SUSY-preserving submanifolds. The complications associated with the
non-linear and coupled partial differential equations this problem requires, lead
to the consideration of ‘smeared” sources. The field theoretical effect of such
simplification is the explicit breaking of SU(Ny) — U(1)Nf. The SUSY preserv-
ing way of implementing this smearing is also described by the G-structures
classifying the original (unflavored) background, see [65], [22] for details.

Hence, there is a rich interplay between G-structures and the dynamics of
SUSY sources in Supergravity. This is one of the themes of this chapter. Using
the results established in the first part of this chapter we will be able to construct
the non-Abelian T-dual of a flavoured background.

In section 3.2 we provide some more details on SU(3) and SU(2)-structures
and their transformation rules under non-Abelian T-duality. In section 3.3 we
look at examples of the T-dual of the un-flavoured Klebanov-Witten model
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studied in [35, 30] and explicitly construct its SU(2)-structure. In section 3.4
we present the flavoured Klebanov-Witten model and its T-dual. Finally the
chapter closes with some concluding remarks in section 3.5.

3.2 G-structures and their transformations

We now give a brief summary of the important details concerning G-structures.
We follow the conventions of [20] except where indicated otherwise. We con-
sider ten dimensional backgrounds consisting of a warped product of four di-
mensional Minkowski space and a six dimensional internal manifold M:

dsiy = e*4ds? 5 + ds* (M) . (3.2.1)

Since we require N = 1 supersymmetry there should exist a single four-dimensional
conserved spinor. The ten-dimensional MW spinors of type II supergravity are
decomposed as

=, +i-on!,
=00k +-0ni,
2

(3.2.2)

where the upper sign in €“ corresponds to IIA and the lower to IIB— here +
denotes both four and six dimensional chiralities and we choose a basis such
that (y4+)* = n—. From the internal spinors we define two Cliff(6,6) pure
spinors (or polyforms):

o, =1k o Hi)" (3.2.3)

We define the norms of the internal spinors ||7!||> = |a|? and ||#?%||2 = |b|>. The
dilatino and gravitino equations can be recast succinctly, for the type IIA case,
as
e 24+® (7 4 HA) [eZA-% ] CAAND + iehag F
-|1= -T3 6 L11A/ (3.2.4)
(d+HA) [eZA—%+] =0,

The RR fluxes entering on the right hand side of this equation are defined for
the type IIA case as,

Fiia=FRh+FK+F+F. (3.2.5)

Similar expressions hold in the case of Type IIB after exchanging & «+ ®_ and
Fi14 < Fip, see [20, 66] or appendix B for details.

Two important extreme cases are when the internal spinors are always par-
allel (corresponding to SU(3)-structure) and when they are nowhere parallel
(that corresponds with SU(2)-structure). In the first case there is a single spinor
of unit norm such that 71 = an, 2 = by, for |a|> = |b|*> = eA. The spinor
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bilinears then define a two form and a complex three form with components

i i
o = — ¥ Ynnl s Qo = =51 gy (326)

These are normalised such that J? = %Q A Q) and obey J A Q = 0. The corre-
sponding pure spinors are
ab* —iJ iab

SU(3) structure: &4 = 5 d_ = —?Q. (3.2.7)

The second case when the spinors are nowhere parallel we have a non-
vanish complex vector field defined by 7} = a4, 72 = b(v' + iw')ym—. In
this case one can show that the corresponding pure spinors have the form

SU(2) structure: &, = —e AW, D_ = %be‘ﬁ A(v+iw). (3.2.8)

8
We can express the forms v, w, w and j directly in terms of the spinors (see for
example [67]):

, 1
Um — 1Wm = _E’ﬁ*’)’m’ﬁ- ’

1
Wmn = Wﬂfvmnnl, (3.2.9)
. i ;
jn = Wﬁ*vmnﬂi - Wﬂ?'rmnni-

To ascertain the non-Abelian T-dual of these structures one can work explic-
itly with the T-dual Killing spinors defined in eq (2.2.23) and construct from first
principles the pure-spinors @+ defined above. Alternatively, for the spinor-
phobic one can circumvent this by using the following transformation rules on
the polyforms

gSUD _ gSUCGI-1 | §SUR) _ ySUBG)n-1 (32.10)

The D-brane generalised calibrations, follows from this as shown in appendix
C.

Let us just remark at this stage that the condition of supersymmetry being
preserved as detailed in eq (2.2.22) simply translates (using the Liebniz deriva-
tion property obeyed the Lorentz-Lie derivative [54, 55]) into the invariance of
the pure-spinors under the regular Lie derivative acting on forms:

Lie=0= LD =0. (3.2.11)
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For the case of the abelian T-duality one can show that this criteria does indeed
ensure that supersymmetry is preserved after T-duality [53]. The essence of the
proof is that up to terms proportional to this Lie derivative, the twisted differ-
ential dy commutes with the Clifford multiplication rule (c.f. eq (3.2.10)) used
to extract the T-dual pure spinors. Using this, one can infer that supersymmetry
is preserved by the dualisation. Although we have not verified the details the
situation here appears to be exactly analogous, indeed as we shall shortly see
one can find a basis in which the non-Abelian T-duality essentially mimics the
Abelian case.

In the following sections, we will consider two examples that will make
clear various points discussed above. The first case-study will be the non-
Abelian T-dual of the Klebanov-Witten system as presented in [35, 30]. We
will explicitly show the SU(2)-structure of the solution (and hence its SUSY
preservation). We will then consider the background obtained by adding fun-
damental fields (quarks) to the Klebanov-Witten field theory [68] (conversely,
we will consider the addition of source-branes to the Klebanov-Witten back-
ground). With the essential help of the SU(2)-structure formalism described
above, we will find the non-Abelian T-dual of this configuration.

3.3 Example 1: Un-flavoured Klebanov-Witten and
its T-Dual

In this section we shall examine the T-dual of the Klebanov-Witten geometry
and explicitly demonstrate its SU(2)-structure.

The theory living on D3 branes placed at the tip of the conifold was studied
by Klebanov and Witten in [69]. The gauge theory describing the low energy
dynamics of the branes is an N/ = 1 superconformal field theory with product
gauge group SU(N) x SU(N). It can be described by a two node quiver and
has two sets of bi-fundamental matter fields A; in the (N, N) representation of
the gauge group and B™ in the (N, N). The indices i and m correspond to two
sets of SU(2) global symmetries. The super potential for the matter fields is
given by

W= %eifemnTr (A;B™A;B") . (3.3.1)

This gauge theory is dual to string theory on AdS®> x T('1) with N units of
RR flux supporting the geometry:

2 1 L? 2 4.2(7(1,1)
a5 = ppdyts + L drt + L2as(T0), .
_ 4 _ 15 (1,1) o
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We will work with the following frame fields for this geometry

L
=Lyt o =Zdr, e = Aysinfde, ¢ = Ado,
A r ! ¥ ! (3.3.3)

el = Moy, =My, € =A(03+cosbdy),

in which A? = %2 and A? = %2 and we have introduced SU(2) left invariant
one-forms parametrised by Euler angles:

01 = (—sinpdf + cos P sin §d@) ,
( l’li 4 . ?) B (3.34)
0y = (cospdf +sinPsinbdp), o3 = (cosOdg +dy) .

For reference we state the ten-dimensional spinors of KW in this basis are given
by

€ = \/§(€+®n++g_ ®r]_), € = \/g(i§+®17+ —ig_®;7_) . (3.3.5)

The chiralities in these expressions are defined with respect to four and six-
dimensional chirality matrices

Yoy = iV, oy =~ (3.3.6)

such that under the ten-dimensional chirality operator is I'j9) = 7Y(4) ® Y(6)
both €; and ¢, are positive. In addition the spinor 7. is constant and normalised
such that 7} 74 = 1. Supersymmetry imposes the following projections on the
spinor (as above 774 = (7-)*),

10+ = 7204 =104 = —iny . (337)

Using this expressions, we can determine the SU(3)-structure of KW in this

basis to be
]:ee¢_elz+63r’

3.3.8
Q= (P +iel)A (P +ie?)A(S+ie). (338

The non-Abelian T-dual of this geometry with respect to the SU(2) global sym-
metry defined by the o; was constructed in [35, 30]. The resultis an N =1
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supersymmetric solution of type IIA whose NS sector is given by!

ds* =ds; 22(d6? + sin® 0dg?) + M1 225
§° =dspgs; + A(d0° + sin” 6dg”) + A X103
+ 1 (x2 4+ A2A%)dx? + (x5 + AD)dxd + 2x1x0dxdxy )
A (33.9)
2 3.

B=— AX [xledxl + (X% + Alll)dxz] NO3,

od 8
e ZCD:—ZA,
S

where 03 = dip + cos 8d¢p and
A= A3+ A% (x5 + AY) . (3.3.10)

The metric evidently has an SU(2) x U(1) isometry and for a fixed value of
(%1, x2) the remaining directions give a squashed three sphere. This geometry
is supported by two and four form RR fluxes which may be computed using
eq (2.2.17) and whose explicit form can be found in [30] or eq (3.4.17) once the
limits of footnote 9 are taken. We remark in passing that the lift of this geometry
to eleven dimensions has an interpretation in terms of recently discovered N' =
1 SCFT’s obtained from wrapping M5 branes on a Riemann surface (of genus
zero in this case) [57].

One can establish the left and right moving T-dual frames for this geome-
try along the lines of eq (2.2.13). The frames in the AdS direction are unaltered
as are ¢’ and e?. In the directions dualised we find new frame fields &, for
i =1...3. The plus and minus T-dual frames are related by a Lorentz transfor-
mation which, as described in chapter 2, induces a transformation on spinors
given by 2,

T
Q= % ( — A2AT' 4 AixycospT! + Agxg sinp T2 + /\x2T3) . (33.11)

This defines the Killing spinors of the T-dual to be
é1=¢€1, é&=0-6. (3.3.12)

Implementing the four-six decomposition one finds from eq (3.3.5) using eq

1We have set L = 1 which may be restored by appropriate rescaling.
2The careful reader will not confuse this matrix Q and its inverse Q! with the complex
three-form defining an SU(3)-structure, that appears for example in eq (3.3.8).
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(3.3.7) that

. r
61:\/£(€+®77++€—®17—)/
(3.3.13)
A r A A
€2=\E<€+®'72—+C—®’71)1
where
2 = — L (AZAq" + Aqxpcos Pyl + Aqxg sin 2 + Axpy3 )74,
7 \—/Z’( AY +Mxpcosppy 1X1singy 2Y )’7+ (3.3.14)

It is clear that in this basis, the T-dual Killing spinors depend not only on the
radial coordinate but also on the T-dual coordinates xj, x;. It is helpful work
in a different basis in which this new spinor can be expressed as simply as
possible. In addition, we would like the new vielbein basis to preserve the ge-
ometric structure defined by 7., because €; is invariant under the non-Abelian
T-duality. To do so we perform a rotation to a new basis & = Ré (ordered as
r,9,0,1,2,3) with the rotation matrix

( 1 0 0 gl CZ €3 \
0 VI+iZ 0 0 0 o0
_ 1 1o 0 1¥¢Z 0 0 0
R= Niezed Be o 0 L P (3.3.15)
—? 0 0 2 1 -
\-® 0 o -2 1)
Awith, " iy
1 __ X1CO0s 2 X1sSIn 3_ X2
C__A)T’ C—T/\l—, é’-/\%. (3.3.16)

Notice that these parameters are reflecting the structure of the spinor transfor-
mation matrix (). The rotated vielbeins are given, in coordinate frame, by:

_ AM3dr — r(xadxy + x0dx)

g , €% = A;sinfdo,
VA ! v
&= A rA(x1 sinyos — cospdxy) — x1 cos 1[)[11" & — A,do, (3.3.17)
rvVA
2 A rA(x1 cos o3 + sinpdxy) + x1 sin pdr A Axodr + A2rdx;
= —MN = — .

VA T VA

Then in this new basis (in which the gamma matrices are of course also
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rotated 4 = Rvy), we can easily show that,

élz\/%(a@nwc_@n_),
€ = \/%(Q@’ﬁ*‘g—@’ﬁ) ,

2=~y . (3.3.19)

(3.3.18)

with 72 = (72)* and,

Note that, as required for type IIA supergravity, the new spinors have opposite
chirality. With this simple relation between 72 and 7, we clearly see that they
are never parallel, hence we have an SU(2)-structure. Because we were careful
about the definition of our new vielbein basis, the projections on 7, are not

modified,
| ¥4 = 7200 = 994 = —in, (3.3.20)

but the projections obeyed by 72 are different

— P52 = ¥R = 4952 = —if> . (3.3.21)

The Killing spinors define two different SU(3)-structures

]1=é‘9‘l’+é'21_é'3’,

Ql = (@i )A (@ +ie?) A (-8 +id),

3.3.22
O = (@ +ie)A (@ +ie?) N (-8 —id),
whose intersection is the SU(2)-structure given by
v+iw=—&+ie",
j=2e7 4+, (3.3.23)
w= @ +ie)A (@ +ie?).

An explicit check shows that these do indeed satisfy the dilatino and gravitino
equations that follow from eq (3.2.4).

Note that it makes sense to mix ¢” with ¢!, ¢? and ¢*> when performing the
rotation of eq (3.3.15) because the geometric structure links e and € in the pro-
jection v3%7+ = —in+. Actually the choice of this rotation appears clearer when
considering that, because of the geometric structure, the transformation of the
spinor €, can be written very easily as Qe; = —T"ey. It is in this new basis that
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the transformation closely resembles the T-duality of the abelian case.

3.4 Example 2: Flavoured Klebanov Witten and its
T-Dual.

An important step if one is to try and use the AdS/CFT paradigm to under-
stand QCD-like dynamics is to incorporate fundamental flavours (quarks) into
the gauge theory and corresponding gravity descriptions. A first step in this
direction is to add a finite number N¢ of fundamental flavours which in the
IIB set-up is typically achieved by the inclusion of a finite number of flavour
D7 branes. This is the probe or quenched limit; the colour D3 branes gener-
ate the geometry but the flavour branes do not back-react and only minimise
their world volume (DBI) action without deforming the geometry. Remarkably
one can even work beyond this quenched approximation by allowing a large
number of flavour branes (Ny ~ N) in which case the D7 branes deform the
geometry, see [60, 61] for reviews.

In the case at hand we will consider adding Ny D7 branes to the KW geome-
try in such a way that supersymmetry is preserved. We first describe the gauge
theory engineered from the D3-D7 system in the conifold. We consider D7
branes parallel to the D3 stack in the Minkowski direction with the remaining
four direction embedded holomorphically and non-compactly in the conifold.
The strings that run between the D7 and the D3 give rise to massless flavours.
To avoid gauge anomalies on the field theory side of the description and super-
gravity tadpoles on the string side of it, one must include two branches of D7
branes giving rise to fundamental chiral superfields for each gauge group (g, §
in the (N,1) and (N, 1) and Q, Q in the (1, N) and (1, N)). The super potential
for this theory is given by [68],

W= %eijemnTT (AleA]B") + hlqulQa + hZQaBIQa ) (341)

Notice that the SU(2) global symmetries are explicitly broken by the embed-
ding of the D7 branes - this symmetry will be recovered by smearing the sources,
when we go beyond the probe limit. The addition of flavours implies that the
theory looses conformality; a positive beta function is generated and a priori one
expects a Landau pole in the UV.

We now turn to the gravity description. By considering the x-symmetry pro-
jectors one can determine that the supersymmetric embeddings of D7 branes in
the KW background to lie along two branches (the y# denote the Minkowski
directions) [68],

&=y, &=y 5 (3.4.2)
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where S? and 52 are the 2-spheres parametrised by 8, ¢ and 8, @ respectively. To
avoid the D7 charge tadpole we must include Ny branes on both branches. One
can write an action for the whole system consisting of supergravity together
with DBI and WZ terms of the D7 branes (in string frame)

Sppr = —Tpy E/dsae |P[g]] — prz/dsae |P[g]],
Swz = T7Z/P Csl,

(3.4.3)

where P indicates the pull back to the appropriate cycle, sometimes also de-

noted below as g| . We do not activate the gauge field on the brane itself and

since there is no NS two-form in this geometry the WZ-term is simple. Now
we consider the case where the number of flavour branes goes to infinity in
which case they can be smeared. In other words we consider that each stack is
distributed homogeneously across the two sphere it does not wrap.? In a field
theory perspective the U(Ny) flavours symmetries are broken to their maximal
torus. The supergravity effect can be encoded by introducing a smearing form:

N o
Hy = — 4—7{ (sin6d6 A de + sin0d6 A d) . (3.4.4)

The smearing procedure essentially boils down to replacing the DBI and WZ
contributions of eq (3.4.3) with

Sppr — —TD7Z/d10xe_q’ (siné |P[g]| +Sir19\/ |P[g]|) ’
Nf

(3.4.5)
Swz — T7E/EZ/\C8-
N

Once consequence of this smearing is that the Bianchi identities are modified
dF) = &y, dFs=0. (3.4.6)

The D7 brane back-reaction is accommodated by the following ansatz (as above

3This smearing procedure overcomes the bound on the number of D7 branes that comes
form looking the deficit angle of the D7 solution so Ny may indeed be taken large.
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we work in string frame)

[}
ez @ .
ds? = 7Edy%,?, +e7vh (dr2 + A2e%8 (sin? 0dg? + d6%)+

A3e%8 (02 + 0%) + A% (03 + cos 0d(p)2> ,  (347)

N
F = L—é—((fg + cosfdg) , Es = (14 %)dt Adx! Adx®> Adx® AKdr,
where the warp factors f, g, h and the dilaton ® are functions of the radial
variable r and A? = A2 = 1/6, A2 = 1/9 and as a consequence of the Bianchi-
identities Kh2e*8+f = 277tN,. 4 The 0;’s are SU(2) left invariant 1-forms defined
in eq (3.3.4). A convenient basis of vielbeins is given by:

Y =Y fdy# e = ™ ndr

e? = M8t h 4 sinfdg , ef = MeSTin4ag

el = /\1ég+¢/4h1/40'1 ’ e2 = /\1€g+¢/4h1/40'2 P (348)
3 = AnY*ef**/*(03 + cos 0d ) .

Like the unflavoured version, this solution supports an SU(3)-structure:
4revh o (1
= — (B 4e? 12} = Yo7 [ ZeXE, + fdr AE
J (e +e" +e ) 3Nf e (ze 2 +eldr A 1) (3.4.9)

Q = (e +ie') A (€% +ie?) A (2 +ie").

With these and the structure conditions for SU(3) it is possible to derive a set
of first order BPS equations for the various functions introduced thus far:

fl=e F(3 — 24 %) %gb—f I — of~28
AN ' (3.4.10)
N 4.
W =—-27nNe /=%, & %e‘b—f

The RR potentials can be expressed in terms of these the SU(3)-structure forms

4The unflavoured Klebanov-Witten can be recovered with the following:

L4
gsrt’

4f3g5 )

62f=823=r2, K=T, e” =gs.

1
y"_—)ﬁyyl Nf=0, h=
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as:

1 —® e¢’ —® eq)
Cg = —Ee 70014 ANJNT, Cys=e 700[4 . (3.4.11)

where Fg = xF;. The reason why we did not cancel both factors of the dilaton
is just for comparison with formulas below.

Finally for the brane embedding to be supersymmetric it must obey the cal-
ibration condition:

e®

,/—ggdsf,: —% ( 7 vol4> ANJA]T

(34.12)

¢

where §: is the induced metric on ¢ whilst

indicates the pull back onto (,

_ 4
and similarly for ¢. This allows the DBI and WZ actions of the smeared brane

embedding to be expressed as:

D
Sppr = 1/ e ® (e—vol4> ANJANTNE, Swz = / Cs ANEy, (3.4.13)
2 J My h Mio

from which it is immediate that Spg; + Swz = 0, as required by SUSY. As the
sources are calibrated the dilaton equation of motion, Einstein’s equations and
the flux equation for H are all satisfied once the Bianchi identities are imposed.
This is proved for any SU(3) x SU(3)-structure background in [64].

We will now find the non-Abelian T-dual of this system involving metric,
fluxes and sources. The interest of this problem is two-fold. On the one hand,
it teaches us the effect of the non-Abelian duality on the Born-Infeld-Wess-
Zumino Action. On the other hand, it will tell us how to find the new smearing
forms. Both these points give clues to a generic procedure.

3.4.1 The T-dual

We perform the non-Abelian T-duality along the SU(2) directions as before.
To compactly display the results it is convenient to perform a supplementary
rotation as detailed in equation (3.21) of [30]. We find the frame fields for the
T-dual metric to be,
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el = —%eg+%hl/4 ((/\%/\Zhezjurz‘“<I> + x3)dxy + x1x2(dxy + A2\/ﬁ€2f+%a3)) ,

2 = %eﬁ%‘bhf‘“ (/\2x2e2fdx1 —A%xlezs(dx2+/\2\/ﬁe2f+%3)) . (34.14)

8 = ——g—ef +Ep/ (xlxzdxl + (Athe®8T® 4 x2)dxy — A%\/ﬁx%eZng%&g) :
where we recall 03 = cos 0d¢ + dip and
A = Vhe? (A‘ll)\zheszgN’ + A2x26%8 4+ A2x2¢f ) . (3.4.15)
The T-dual NS sector is then given by

432 = ()2 + (€)% + (e?)? + ()% + ()% + (8%)% + (8%)?,
B /\ef‘gxzéLo, + AMjef+e+3 \/ﬁéz_a,

A1x X1 (3.4.16)
H =48,
e2® =8pne 2?2,

This geometry is supported by RR fluxes, obtained using the general formula
eq (2.2.17),

Ny
B=—Lx,
0 o 2
By MO NIRRT | pp N g2
e G e? + AMNye : (3.4.17)

@
— xlee’fe‘B)

Ey = —2v/2e~®hKe?? A (/\xzef e + /\1x1e3é23) .

Although there is an Fy, it is possible that one should not regard this as a so-
lution of Massive IIA — the would-be mass parameter is neither constant nor
quantised— but rather, as we shall discuss, this should be thought of as a solu-
tion to Type IIA in the presence of D8 sources. Now since the original Bianchi
identities were not satisfied (due to D7 source) one would not expect these new
fluxes in eq (3.4.17), to obey standard Bianchi identities after the non-Abelian
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T-duality. Indeed, one finds T-dual smearing forms enter the game
dFy =&
db, —FpH =E; AB + &3 (3.4.18)

1
dP4—H/\F2=§:1/\B/\B+B/\E3

We find a rather nice result, the T-dual smearing forms which can be calculated
directly as

5= M (Rt = g,
\/i?'[/\lhl/'1 \/ETE
Ne 71 1 (3.4.19)
Gy =——1—¢% A (\/gxlegé + \/ixzefe“g) o
Tth'/

N
=/ sing (2140 Adp N dxq + x2d0 Nde A dxy)
V2m

These may be obtained equally using a transformation rule much like that of
the RR fields

27,071 = 225 (3.4.20)
where &g = B A (81 + E3). The active smearing forms indicate sources for
both D6 and D8 branes.

3.4.2 A Nice Subtlety

There is a subtlety here. A naive reasoning would lead us to believe that when
the non-Abelian T-dual is applied to D7 sources, it will generate charge for
D8, D6, D4 branes, whilst in eq (3.4.19) we only have D8, D6 charges, since Es,
the smearing form for D4 charges is absent in eq (3.4.18). Below, we will solve
this apparent contradiction.

If we consider the Bianchi identity of the RR polyform
dF —HAF=8A¢€B, (3.4.21)

it is clear that since the LHS of this equation is gauge invariant the RHS must
also be. Throughout this note we have set to zero gauge fields on the world vol-
ume however one should remember that they occur in conjunction with the NS
two from in the gauge invariant combination F = B + 27ta’d A. Then the most
conservative view is that performing a gauge transformation on the NS B-field
simply activates appropriate compensating world volume gauge field. There is
however another point of view which is to keep the world volume gauge fields
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turned off and instead compensate for a B-field transformation with an appro-
priate redefinition of the smearing form &. This is best not thought of as a gauge
transformation but rather as a mapping. In this picture the transformation of
the NS potential, B — B + AB, mediates a redistribution of source charge be-
tween the D4 and D6 branes. The reason to prefer this second viewpoint is that
turning on a one form gauge field on the brane would break either the SU(Nfy)
or the U(1)Nf symmetry.

To explain this second viewpoint, we consider the transformation B — B’ =
B + AB. Such a transformation must be supplemented by a transformation of
the smearing polyform & — E’ so that the Bianchi identity of the RR polyform
is unchanged. This requires that

BAeB =8AeB. (3.4.22)

As an example consider a transformation for which E; A AB = 0 then we still
have
dRpy =&, dh—HFRy=E3+BAE;. (3.4.23)

The final Bianchi identity of the RR sector then becomes:
dF4—H/\P2=:5+B/\E3+%B/\B/\El (3.4.24)

where E5 = AB A E3. So we generate an explicit source for D4 branes under
such a transformation. Clearly there are always source D8 branes but wether
we have explicit source D6’s or source D6 and D4’s is a gauge dependent state-
ment. We do not believe it is possible to find a gauge in which we only have
explicit D8 sources. This appears to be related to the fact that the original type
IIB D7 brane embedding has two branches. This may seem rather mysterious,
however one should understand that the total DBI and WZ actions of the source
branes depend only on the sources through the gauge invariant quantity & A 2.
The higher potentials in the WZ action, Cs, C7 and Co, are gauge invariant as
consequence of the SU(2) SUSY conditions (see appendix C for details on this).
So, it is only the “portion” of the sources that are viewed as being explicit rather
than induced that changes, the equations of motion, the Bianchi identities and
the total Maxwell charge are all invariants.

In summary, we advocated a picture in which gauge transformations medi-
ate a redistribution of the source charge between the D4 and D6 branes. This
could be thought of as an ‘inverse’ of the Myers effect.

To emphasize these points above, we can consider their Page charges [70]
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defined as
page / (PZ - POB)

1 (3.4.25)

Qbe, = / (Fs~ BAE+ 5FoB AB)
the Maxwell charges are invariant under a shift in the B-field described above.
While the shift of the Page charges is given by:

QLo = / FyAB

. (3.4.26)
AQDE, = /M (—AB A (Fs — FoB) + 5FoAB A AB)
4

As these these integrals are defined over compact manifolds these quantities
are invariant for small gauge transformations. The integrands are exacts so the
integrals are zero. It is of course a generic feature of Page charges that they are
only defined up to quantised shifts under large gauge transformations®. This
is generally interpreted in the literature as a Seiberg duality in the dual gauge
theory as in [68].

3.4.3 Potentials, SU(2)-structure and Calibration.

We may use the formula for the T-dual RR potential eq (2.2.21) to find the RR
potentials. These are given in coordinate frame by (for alternative expressions

see below),
. Y AA2ef Y28+ P iy (x1dxy+x0dx7)
Cs =e (—h—vol4> A ( —1 A ,
o[ e A2e28+ P sin 0AONd QA (Aef xodr+A2e8dx,)
C; =e (—h—vol4> A ( 1 N/ 1 +

3@ 3
A2y e/ YBT3

72 [A%e23 (x1dr Adxy + Aefdxy Adxo) —

)
A2e2f xodr A dxljl A ?73) ,  (34.27)

Co =e® (%?vol;;) A (/\)\‘}ef+43+%x1h% sinfdf Adg A ?73) A

( (hA2A2e2f 428+ 4 x2) dr Adaxy +x1 Xpdr Adxy +Aef xpdxy Ndxy )
A3/2

This background is again of SU(2)-structure where the defining forms v +
iw, j,w are the same as in the un-flavoured case —see eqs (3.3.23)— the only

5Large gauge transformations are topological in nature and always induce quantised shifts.
ge gaug polog y q
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difference being that the parameters entering the rotation matrix used in eq
(3.3.15) become

) i . 202
1 e /8 Zxjcosp _ e /=8 Zx;siny e 8" Tx,

wvE ST T e NVh

This rotation leads to the following simple vielbeins for the dual geometry

3= (3.4.28)

_ hAAZef+28dr — (x1dx1 + x2dx7)
= 7 ,
&9 = hid1e87 % sinbdg, & = hire8T5d0),

A — Jires 0223108 Y dr — S Mcos pdn — i siny 03)

~

VA r (3.4.29)
2 = —VhAest®2X sin pdr + e/ A(siny dx; + x; cos P 73)
VA ’

Vet Aefxpdr + A2¢28dx;
VA '

This whole background is indeed a solution to the combined (massive)-I1A
supergravity plus DBI plus WZ action (the details are explicit in appendix D).

53

S = SMassive 1A + SDBI + Swz - (3.4.30)

In the gauge in which the B-field is given by eq (3.4.16) and there are no explicit
D4 sources, the appropriate WZ terms are given by,

Swz = SL& + SB¢,

5D6=/ (C —B/\C)/\E
wz = [, (& 5) AEs (3.4.31)
sﬁ}‘z:—/ (cg—B/\c7+115/\3/\c5>/\E:1

Myo 2

whilst the DBI action, expressed in terms of the D8 and D6 calibrations —.f. eq
(3.4.13)-is given by,

D6

Sper = SDpr+SBaL
& (e
Sbar = - / e~ (—0014) A (vl Ajp —wy A B) A s, (3.4.32)
Mg h
D8 [ e (€® 1 - . 1 _
Sper = —/ e —volg | AN zwi AfaAjo+v1 A2 AB— w1 ABAB | AE;.
My h 2 2
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Operating with the SU(2) structure we can recast the RR potentials as

®
&€
Cs=e <i’(71—12014) A wq
& e® .
Cr=e" (—}70014) Aja Aoy (3.4.33)
@
Cy = —%e‘d’(%voh) Aja A ja Awy.

This makes it clear that on shell, as is required by sypersymmetry, Spp; +
Swz = 0. This reflects the fact that the branes are calibrated, a fact that we
now discuss in some detail.

3.4.4 Analysis of the dualised geometry

One is often interested, particularly in the context of the AdS/CFT correspon-
dence, in the possibility that D-branes may wrap certain sub-manifolds of the
geometry in a way the preserves supersymmetry. One approach to check whether
a brane embedding is supersymmetric is to look carefully at the x-symmetry
projectors. An alternative approach is the use of calibrations. We recall that a
calibration @ is a closed I-form that bounds the volume of any oriented ! di-
mensional submanifold X by,

dloy/detgly > ol . (3.4.34)

A submanifold is said to calibrated when this bound is saturated and it follows
that such a calibrated cycle will have the minimal volume within its homology
class. Of course in the geometries described above we have both NS and RR
fluxes and this simple calibration is not enough to establish supersymmetric D-
brane confirguations. For this one needs a generalised calibration, @ which is a
dy = d + HA closed polyform such that for any D-brane with world volume
field strength F = B|y, + 27ta’d A wrapping an internal cycle X, one has

E>awlgne’, (3.4.35)

where £ is the energy density of the D-brane. When this bound is saturated
the D-brane minimises its energy and is supersymmetric. SU(3) x SU(3) back-
grounds admit a rich structure of supersymmetric cycles and the poly forms &,
(or rather the appropriate imaginary parts) serve as generalised calibrations as
detailed by Martucci and Smyth in [20].

For the case of SU(2)-structure backgrounds with non-trivial NS 3 form the
calibrations for odd cycles are given by (and here we assume no gauge field on
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the brane world volumes )®
¥ eal oad = —8hie TIm(®_) Aeb, (3.4.36)

while those for the even cycles by,

¥ Cal even = —Shie" FIm(d4) Aeb, (3.4.37)
(0]
where the pure spinors are given by eq (3.2.8) for |ab| = e4 = £L. Specifically
h1
this gives:
C1=—w
C, = —Re(wz)
C3=v1Ajp—w1 AB
Cs=—v1 AW A Im(wz) —BA Re(wz) (3.4.38)

C5=%wl/\jz/\j2+01/\j2/\B—%wl/\B/\B

Ce = —v1 Awy AIm(wy) AB — %Re(wz) A BAB.
A cycle in the internal space is SUSY if it satisfies the calibration condition

V8i+Bd'¢ =C;. (3.4.39)

One can explicitly check that spacetime filling D4, D6 and D8 branes wrap-
ping the following cycles are indeed supersymmetric:
Yps=(y¥,r) with x;=x=0
Ype = (y*,7,,x1) with x2 4 x2 = const. (3.4.40)
ZDS = (yy/ t, 1/’; 6/ o, xl)-

some further SUSY cycles can be found in section 5.5, however an exhaustive
list is left for future work.

®Here we calibrations for cycles defined on in internal space, an additional warp factor is
required if the sub manifold under consideration includes the space time directions as in eq
(C14)
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3.5 Discussion and Conclusions

In this chapter we have clarified the action of non-Abelian T-duality in the con-
text of backgrounds possessing SU(3) x SU(3) structure and N’ = 1 supersym-
metry.

We saw that rather generically the effect of performing a dualisation along
an SU(2) isometry group is to map an SU(3) structure background to an SU(2)
structure background. Such geometries remain an interesting sector of com-
pactifications which are much less well explored than their type-IIB SU(3) struc-
ture cousins. This work then opens the door to constructing a rich class of such
geometries. Indeed although we have illustrated this with the Klebanov Wit-
ten geometry everything we have said holds true for the wide variety of N = 1
backgrounds presented in [30] (details and extensions of this appear in chapters
5and 6 ). A particularly noteworthy direction is to consider the dualisation of
more general toric Calabi-Yau geometries [71].

One feature of the geometries presented above was that they possess static
SU(2) structure (that is the pure spinors are of type (2,1) everywhere). An in-
teresting question from the point of view of generalised complex geometry is
whether backgrounds with a dynamic SU(2) structure can be found using these
techniques.
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Chapter 4

Dualising a 3-d QFT and a
Comparison to Gp-Structure

Rotation

4,1 Introduction

This chapter is based on [42] which I completed alone. The purpose of the
original work was two fold. First to perform a SU(2)-isometry dualisation on
a geometry that gives a holographic description of a confining gauge theory in
3-d. Secondly to compare the solution generated by non-abelian T-duality to
that generated by U-duality, which is better understood. The starting point in
both cases is (a deformation of) the Maldacena-Nastase solution [72].

The Maldacena-Nastase solution consists of wrapped D5-branes wrapping
a 3-cycle in a manifold that supports a G;-structure. The field theory living on
the world volume of these branes is only effectively 3-d in the IR and so the
geometry is only a good description of the low energy dynamics of SYM in
3-d. A UV completion is provided by another solution generating technique,
Go-structure rotation [24], which is analogous to U-duality. This acts on the S-
dual of a deformation of the Maldacena-Nastase solution [73] and maps it to a
geometry supporting D2 and fractional D2 branes that asymptotes to AdSs x Y
in the UV and is the G, analogue of the Baryonic Branch [18] of Klebanov-
Strassler [12]. The compact metric Y has finite volume in the UV and so the
fractional branes which wrap cycles in Y remain effectively 3-d in the whole
geometry. A gauge theory analysis of the G;-structure rotated solution was
performed in [29] which suggested that the dual QFT was likely a confining 2
node quiver with a Chern-Simons term that dominates the IR dynamics and a
conformal fixed point in the UV. This clearly presents an improvement on the
UV behaviour of the geometry and coupled with the possibility of a duality
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cascade by analogy with Klebanov-Strassler, indicates that the dual field theory
is potentially very interesting.

In this chapter a new type-IIA SuGra solution, dual to a confining gauge
theory in 3-d, is generated by performing a T-duality along one of the SU(2)
isometries of the deformed Maldacena-Nastase solution [73]. This new solu-
tion preserves N' = 1 SUSY in the form of a dynamic SU(3)-structure in 7-d
[74, 75]. Some details of the Gy-structure rotation [24] are also given so that
the two solutions may be compared. This also includes a new proposal for the
Chern-Simons term of the G;-structure rotation in term of a probe D8 brane
with the level given by the D6 Page charge. Such a proposal was absent from
the literature until [42]. The gauge theory dual to the T-dual geometry is anal-
ysed and compared to that of the original wrapped D5 brane and G,-structure
rotated solutions. A more specific outline is as follows:

In section 4.2 the deformation of the Maldacena-Nastase solution is briefly
reviewed. Details of the metric and RR sector ansatz and Gj-structure SUSY
equations are all presented. SUSY preserving semi-analytic solutions of the
ansatz are given that are characterised by either a UV constant or UV linear
dilaton. And finally some cycles and charges that will be of relevance to the
field theoretic description are introduced.

Section 4.3 gives some details of the solution generating technique G,-structure
rotation and presents the result of applying this to the deformed Maldacena-
Nastase solution. Some details of the rotated G,-structure SUSY conditions are
given and cycles and Page charges, that will be of interest in penultimate sec-
tion, are introduced.

Section 4.4 is where the new results begin, the reader familiar with the
salient features of the Maldacena-Nastase solution and its G;-structure rotation
may wish to start here. The section begins with a brief review of non-abelian
T-duality on SU(2)-isometries before the dual geometry is presented in as con-
cise way as possible. After this attention is turned to the generalised geometric
description of the dual solution. It is shown that the dual structure is dynamic
SU(3) in 7-d which is characterised by a non-constant angle between the two
10-d MW Killing spinors of type-IIA. Finally some cycles and Page charges are
introduced that will be important in the field theory analysis.

Section 4.5 contains a field theory analysis of each of the solutions presented
in the previous sections. The analysis of the deformed Maldacena-Nastase and
its Gp-structure rotation is mostly a review of what can be found in [72, 29, 73,
63] although additional clarifications are made. In particular further details of a
Seiberg like duality in the G;-structure rotated solution are given and how this
effects the Chern-Simons level, the proposal for which is new. The analysis of
the T-dual geometry suggests that it is dual to a confining Chern-Simons like
gauge theory that is potentially a 3-node quiver.

The chapter is finally closed with concluding remarks and an outlook in
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section 4.6

4.2 Wrapped D5 Branes on *°

The Maldacena-Nastase solution [72] is a solution of type-IIB (first presented in
[76]) that consists of D5 branes wrapping a 3-cycle in a Ga-structure manifold
and is dual in the IR to ' = 1 SYM in 3-d. The purpose of this section is
to review its deformation due to Canoura, Merlatti and Ramallo [73], as this

constitutes more general ansatz to a set of wrapped D5 brane solutions [73, 24,

63, 29, 77] which contain the Maldacena-Nastase solution as a special case 1

The string frame metric is given by
ds?, = e (dxiz + ds%) , (4.2.1)

where the internal part of the metric, ds2, describes a manifold supporting a
G,-structure and is given by
2 2972, € 2, €8, i 1 2
dss = N, [e 8dr” + T((Tl) + T(w’ — 5(1 + w)o?) J, (4.2.2)

The functions g, h, w and the dilaton ¢ all depend on the holographic coordinate
r only. o' and w' are 2 sets of SU(2) left invariant 1-forms which satisfy the
following differential relations:

do’ = _%eijko'j AoF,  dw' = _%eijkwj Ak, (4.2.3)

These can be represented by introducing 3 angles for ¢?, (1, ¢1,;) and a fur-
ther 3 for w’, (62, ¢2, ¥2) such that:

ol = cosypdO; + sinyp; sin01d¢s,
02 = —sinyydf; + cos; sin 61d¢y, (4.2.4)
03 = di; + cosbidgy,

and similarly for w'. The angles are defined over the ranges: 0 < 6y, < 7,

! Actually further modification of the RR 3-form is required to include sources, which is the
main focus of the majority of these references.

48



0 < ¢12 <2mand 0 < ;5 < 4. The solution has a non-trivial RR 3-form:

F= % ((71/\(72/\03—wlszAw3)+%’drA(Ti/\wi+

o o (4.2.5)
Yeix (A+7) P AT Ak —(147) W Al AG¥) |,
which satisfies the simple Bianchi identity
dF; = 0. (4.2.6)

This solution preserves N' = 1 SUSY in 3-d, which is 2 real supercharges. This
can be expressed in terms of the following differential constraints on an asso-
ciative 3-form ®s:

d(249) = 0,

O3 ANdd3 =0,

d(eZA_(P *7 @3) =0,

d(e‘?’A—‘pq)g) + ¢34 *x7F =0,

(4.2.7)

where A = ¢/2. Generically the 3-form ®3 may be expressed in terms of an
auxiliary SU(3)-structure as [78]:

D3 = ANJ+ ReQYy,, *yP3 = %] AN+ ImQye Ae. (4.2.8)

A convenient set of vielbeins for the metric are given by

eh = e#/2x;, & = /Nee/2*8dr, ¢ = \/N25 o,

R P IV , 4.2.9)
¢ = VN5 (W' — 3(1 4 w)o?)
with respect to which the auxiliary SU(3)-structure of the deformed Maldacena-
Nastase solution can be expressed as [79, 24]

J=elNel +e2 A+ AeS,
. A (4.2.10)
OQpor = ie""(el + iel) AN (eﬁ + ie2) A (63 + ie3,)

where a depends on r. Plugging eq (4.2.10) into eq (4.2.7) gives rise to a set of
first order differential equations that are presented, for example, in appendix A
of [29]%. The solution of these equations is only known semi-analytically in the
IR and UV, but it is possible to numerically interpolate between these two sets

2There a flavour brane profile P(r) is also considered which should be set to zero when there
are no sources.
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of series solutions.
In the IR where r ~ 0 the solution is regular and is given by

2 _ (80 —1)(980 +5) » 4
392 —4g0+4
2h _ 2 980 " *80 T2 4 6
w=1-8"22, o(r*), 4.2.11)
3g0

ry=1- %rz +0(rh),

— 7 2
¢ = ¢ + 24&2)1’ .

Notice that gy = 1 seems to be special, the solution to e* truncates and v = w,
indeed this persists to all orders in r. This is the Maldacena-Nastase solution, its
UV expansion about r ~ oo is characterised by an asymptotically linear dilaton

8 =1,
1 1-—2h
M _ 1 0 -3
e —2r+h0+8r+ 3572 +0(r™),
1 5 - 4h0 -3
S 4212
W=t + O(r™), ( )
Y=,
_ 3 3’10 -2
®=¢o+r —8-logr——1—6—r+0(r )
where the constant needs to be fine tuned to the value hy = —% so that the IR

and UV numerically matched.

When gp > 1 the solution is a deformation of Maldacena-Nastase charac-
terised by an asymptotically constant dilaton

33

eZg — Ce4r/3 —14+ _4:_8—41'/3 + O(e—8r/3)’
c
3c 9 77
2h __ O~ Ar/3 7 77 ,—4r/3 —8r/3
e 1€ + 1 16ce +O(e ),
w= %e—‘*r/?’ +0(e7¥73), (4.2.13)

1
r)/ = 5 + O(e—sr/s),

¢ = oo + c%e‘s’/ 3+0(e?).
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At higher orders polynomial terms also appear and a sub expansion in odd
powers of e~%"/3 has been set to zero [29]. The UV constant ¢ must be tuned
for specific choices of the IR constant gp such that the series solutions may be
smoothly connected numerically.

It is possible to show that the flux equation of motion
dxF3=0 (4.2.14)

is satisfied once eq (4.2.7) is imposed and likewise are Einstein’s equations and
the dilaton equation of motion. The last line of eq (4.2.7) gives a definition of
the potential Cg such that dCg = F7:

Ce = e4Vol3 A ®3 (4.2.15)

There are several important 3-cycles in the geometry which are related to
gauge theory observables that shall be discussed at length in section 4.5 , these
are:

P ={rlw' =0}, P={o|c'=0}, x*={c=0u'). (4.2.16)

The induced metrics on S® and $? are non-vanishing in the whole geometry
and are thus suitable for defining flux quantisation. The integrals of F; on these
cycles give respectively

[ B=- /§3 E = 2%, Ts .. (4.2.17)

once one sets 2x%, = (271)” and T, = (_2?er The pullback of F; onto X2 is zero,
while the induced metric

¢ 2g .
dsZs = e% [eZh + eT(w — 1)2] (0)? (4.2.18)

vanishes in the IR and blows up in the UV. This is the 3-cycle on which the D5
branes are wrapped, their world volume becomes 3-dimensional in the IR as
the cycle shrinks to zero but the background remains non-singular because F3
vanishes on X3.
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4.3 Solution Generating Technique I: G,-Structure

Rotation

In [24] a solution generating technique was found by Gaillard and Martelli that
maps any unwarped type-IIA Gy-structure solution with asymptotically con-
stant dilaton and NS 3-form flux H to a more exotic G,-structure solution with
a non-trivial RR sector. This method of solution generating is referred to as Ro-
tation, as it acts on the space of Killing spinors thus, but can also be viewed as
a U-duality>.

If one dimensionally reduces the M-theory solution of [75] one is left with a
Ga-structure solution in type-IIA. Its string frame metric is:

ds?, = 28203 (a2, 4 ds?), (4.3.1)

where ¢ is the dilaton and d83 is any G,-structure manifold. The condition
that ' = 1 SUSY is preserved can be expressed as the following differential
relations between the fluxes, the 3-form &3 and a phase {

b3 A dd; =0,

d(ef? x; &3) =0,

d(ezA+2<i>/3 cos) =0,

247 — ¢34 cos {d(e** sin ) = 0, (4.3.2)
ke 058 17 d( 6 cos ) =

cos?

Vols Ad(e¥*sin ) — %S‘Q%e_gﬁd(eé“ cos{®3) = Fy.

The central observation of Gaillard and Martelli was that if one sets { = 0 eq
(4.3.2) truncates to the S-dual of eq (4.2.7), that is:

o0 naod =,
d(e 2 %, @) =0, 4.3.3)

ez¢(0)d(e_2¢(0)q)§0)) +*7H3 = 0,

3for closely related work on SU(3)-structure rotations in IIB see, for example, [22, 26, 27, 28]
and for U-duality [16, 25]
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and the metric is simply

ds2y = dad 5 + dsy°. (4.3.4)
Any solution of this simplified system will also be a solution of eq (4.3.2) when
the following identifications are made:

3 »
2 f(cos (0) 2¢ _ cosl 240
(DB—(Tlé) @3, e‘P—-Tlge‘P,

) , (4.3.5)

where x; and «; are integration constants and ¢(®) must be bounded to satisfy
the last equation.

It is possible to perform a rotation of the deformed Maldacena-Nastase so-
lution, detailed in the last section, once an S-duality has been performed on it.
This sends

F3— Hs, ¢—¢"=—¢, dsi, — e ?%ds2, (4.3.6)

so that the resulting metric is unwarped. Specifically it is the solution with UV
given by eq (4.2.13) that is suitable for this as the dilaton is bounded. The 3-
form, CDgo) is still given by eq (4.2.8) but with the auxiliary SU(3)-structure of
eq (4.2.10) with no dilaton factor

&% = e 9/2¢", (4.3.7)

As the solution is now in the common type-II NS sector it can be viewed as a
type-IIA theory, as required by the rotation. The interested reader is referred to
[24] for further details of the solution generating algorithm.

The rotated solution has a warped metric and modified dilaton, which after
fixing the integration constants and rescaling the field theory coordinates may
be expressed as:

ds%, = ﬁdxiz + VHds?,
ez‘i’ = c\/[_{-ez(‘P(o)_‘PW), (438)
H =1-¢299-¢x)

where ¢ is the new dilaton, ¢ is the UV value of ¢(0) and c is a constant which
appears in the UV series solutions to the BPS equations [29], but which will not
play an important role here. The metric in string frame tends in the UV towards
AdS4 X Y where Y is the metric at the base of a G-cone, however the dilaton
is not constant, ¢ ~ ¢~87/3, and so the solution does not enjoy full conformal
symmetry.
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The NS 3-form is unchanged but an RR 4-form has been generated:

Hy= (crl/\02/\03—wlszAw3)+77’dr/\0i/\wi+

Yeix (1+7) 0 Aod Ak = (1+7) ' Al AGF) |, (4.3.9)
Fy = —ElfVolg, ANdH 1+ _\/TFC]?eZ(qu—:p(o)) *7 Hj,

These obey the Bianchi identities
dH3 =0, dF;=0, (4.3.10)
and flux equations of motion

dxFy+ H3 AFy =0,
A (4.3.11)
d(e=? x H3) — JFs AEy = 0.

One can use eq (4.3.2) to define a canonical potential C3 such that dC; = F;4

1 -1 1 2(Poo— (0) (O)
Cs = Vol AdH +7Ee (=90 3" (4.3.12)

In [29] some cycles of interest were identified. Those that give flux quanti-
sation are:

B =33= {0 =u'}, £%={0!,0% 5w, u? ). (4.3.13)

The Maxwell and Page charges [70] coincide for the NS5 brane (as they did for
the D5 brane in the previous section). However the flux equation of motion for
F4 implies that this is not so for the D2 brane and it is only the Page charge that
is quantised for this object. Define Fg = — % F4, then the following charges are
quantised.

1
Qnss = T ./5'3 H3; =N,

] (4.3.14)
Qp = _W/zé (Fs -+ Hz A C3) = 0 mod N..

Actually substituting eq (4.3.12) into the definition of Qp; gives zero, but Cs is
not a gauge invariant quantity and this gives rise to non-zero integers under
the large gauge transformation. Let Qp, = M, then consider the large gauge
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transformation C3 — C3 + AC3 where
Acgz—% ANPAR+ W AP AP, (4.3.15)

This will shift the Page charge as Qp, - M¢ — N..
Another cycle with interesting properties is the 2-cycle at constant r

32 = {61 = 62, 91 = @2|¢1 = P = constant}. (4.3.16)

On this cycle F; vanish and the induced metric

28
A5 = SEVE(E + T (0~ 1)%) (463 +dgd), 4317)

has vanishing volume in the IR and constant volume in the UV.

4.4 Solution Generating Technique II: non-Abelian
T-duality

The purpose of this section is to present the first non-abelian T-dual of a back-
ground with minimal SUSY in 3-d, specifically a dual of deformed Maldacena-
Nastase along an SU(2) isometry.

44.1 non-Abelian T-dual of wrapped D5 branes on X3

In this section a non-abelian T-duality transformation is performed on the wrapped

D5 brane solution of section 4.2. It acts along the SU(2) isometry parametrised
by ' and gauge fixing is imposed such that:

11 =6, =¢=0. (4.4.1)
The dual NS sector is by,

e ?® = det Me %9,
1.3 6g+3¢ 25+¢,2 +9, 2 (4.4.2)
detM = che 819 + Nee€ %v; + N.e% v3,
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for the dual dilaton P,

_ (w+1)N.e2+9 (N2e*8+20 4 803) (0 A dvp — dvs A 0?)

2 16v2 detM
0y (w + 1) Nee89 (0361 A dvg — v3dv, A o) N
2v2detM
v (w + 1)N2e0%8 3952 A dipy
16v/2det M - @43)
(v2 — v3) (v2 + v3) (W + 1) Ne28+951 A do, 4
2v/2detM
vaceZg+¢ (Uzd‘03 Adpy — v3dvy A dlpz) _
Vv2det M
(w + 1)2N3e%8+3 (0,62 A 02 + v301 A 62)
32v/2detM ’

for the NS two-form potential and

a8 = of|a} +e23dr2+£(((‘71)2+(02)2+(03)2)]-I—
1,2 4

1
4det M
N2g+2¢ (dv% + dv%) + 8 (vpdvy + v3d03)2) +
(w + 1)N2e*+2262 (v3dvy — vodvs) + (4.4.4)

1 2
vsNZe*$ 129 (dl,bz — 5w+ 1)03) +

[vzva(w + 1) N2t 1201 (lez - %(w + 1)(73> +

%vg(w +1)2N2e48+20(p1)2 4

1
= (v% + v%) (w+ 1)2NC2643+24’(62)2] ,

4
for the dual metric. The new hatted 1-forms are simply a rotation in o’!,0%:
0! = cos oot —sinypo?, 6% = siniPro’ + cosProy, (4.4.5)

that enables compact expressions.
The RR sector of the solution is rich including a quantised Fy meaning that
the solution is massive type-IIA. In order to express them compactly it is helpful
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to introduce the following basis of spectator vielbeins

i

eX = e?/2dxt, ¢" = \/N.e/2t284dr, 446)
/2+h /2+h 4.
el2 — \/Vcez‘” 012 o3 = x/ﬁce; o3

with dual vielbeins given by

A N3/263g+§; n
I _1C6—det_M_ [4 (02 (U% + v%) (w+1) +2(v3dvp — Uzdvs)) -

V2N, e281¢ (6’103(70 +1) + 20, (dtpz - %(w + 1)(73)> ],

5 /N, o n
et = m — 2v/2N?2e8+29 (0203(10 +1) + dvz) — 16V/20; (vadv; + v3dvs) —

43N e2819 ({7103(10 +1)+ 20, (dtpg — %(w + 1)(73)) ], (4.4.7)

A /N eg+§ R
e = m \/§N§e43+24’ ((Tzvz(w +1)— 2dv3) — 16\/5’03 (’Uzdvz + v3dv3) +

4v, N e?81% ((‘Tlvg(w +1)+ 20, (dlllz — %(w + 1)US>> ],

which is a rotation of the rather complicated vielbeins generated by the duality
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procedure. The fluxes are then:

N

\/EI

b = —%e‘2(3+h)_4’ [\/5 ( B2y ) N (w — 7)e8h+e —
8e2" ( vze23) 228U (e vy + el 03) +

De8th (')/ (03673 + Uzerl) +2(w — ) (US (el2 - eZi) — 02 (632 + 323) )) ]’

3g—3h
o= W DVERTNe ey (44.8)

8v2
1 ~ an
[1 V(w—1)( 363 — v26%2) — glle‘z”“” (\/chelieng“” — 4vzel3) ] Ael? +
1
8

Ue 29 [\/— Neel3e28+e 4 gpnel? 1 403e23] Aeld +
%e—(g+h+¢) e A [403(e1i3 n tg223) + 4028112 _ el _
V2N( o123 _ 218 _ esii) eZg+¢] + _é_ue—zh—cpezsﬁ ( V262 N,e28+9 _ 41y 3) +
e (&40 (zy — ) (6102 4 e3v3) i3
where the functions
V=4+uw?-3wy+w-3y, U=1+w?-2wy, (4.4.9)
were introduced for convenience. Its interesting to see that F4 has legs on the
field theory directions. This tells us that, like the non-abelian T-dual of wrapped

D5 branes on S? [30], the RR sector contains magnetic fluxes of D8, D6 and D4
branes, but here there is also an electric flux of D2 branes.

It is simple to check that the RR fluxes automatically satisfy the Bianchi iden-
tities
dFy =dF, —FH =dF, — H3 AF, = 0. (4.4.10)

The flux equations of motion
dxF+H3 ANxFy =dxFy+H3 ANFy =0, (4.4.11)

as well as Einsteins equations and the dilaton equation of motion all follow
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once eq (4.2.7) is imposed. One may also confirm that NS flux obeys

: 1
d(e7® x H3) = Fox F, + K, AxFy + SEs A Fy. (4.4.12)

4.4.2 Supersymmetry

In this section the issue of how much SUSY the non-abelian T-dual background
preserves is addressed. There is a simple criterium which determines this,
which is detailed in [31, 30]. One needs to consider the Kosmann derivative
along each of the Killing vectors k associated with the isometry on which one
wishes to dualise. This acts on the Killing spinors of the initial solution € and is
given by

D, is the spinor covariant derivative, while V, is the ordinary covariant deriva-
tive of the geometry. The Kosmann derivative should vanish along the isometry
of the dualisation. Each additional projective constraints that needed to be im-
posed to ensure this reduces the SUSY of the non-abelian T-dual by half. If no
new constraints are required then all the SUSY of the original background is
preserved.

The Killing vectors associated with the relevant SU(2) isometry of the met-
ric eq (4.2.1) are,

kD = — cos p29p, + cot by sin 29y, — csc B sin P2y,
k? = _sin @209, — cot B2 cos P20y, + csc b cos P20y, (44.14)
K3 — _3 .

and it is possible to show (using Mathematica) that
ﬁk(1)€ = Ek(z)e = ‘C’k(3)€ = 0, (4.4.15)

where € only depends on r (appendix B of [73] provides further details). Thus
one expects the non-abelian T-dual of wrapped D5 branes on X3 to preserve
N =1SUSY.

A more explicit check that SUSY is preserved was provided by [41], which
shows how non-abelian T-duality acts on the g-structure of the original geom-
etry. The original geometry supports a Gy-structure, which is characterised by
parallel €; and €; in € = (€7, €;)T. The SUSY conditions of the G, may be written
in terms 2 real 7-d bispinors [78]

DL =1—syd;, O = D3+ Voly, (4.4.16)
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that obey the conditions [79, 80]

<Y, F>=0,
(d — HaN) (#479D4) =0, (4.4.17)
(d — H3N)(¥47903) + 34 7 A(F) = 0,

where the upper signs are taken in type-IIB and lower in type-IIA. These are the
conditions for N = 1 for a generic G, X G, structure manifold, where 24 is the
warp factor of the Minkowski directions, A(X,) = (—1)P‘("]2__1)X,,J and < X, Y >
is the Mukai pairing which selects the 7-d part of X A A(Y). As the original
solution is in type-IIB one should identify ¥;, = ¥, —, with the opposite iden-
tification made in type-IIA. The relevant observation of [41] is that non-abelian
T-duality acts on the bispinors of the geometry as

5 _yg o (44.18)
- — + .

It is possible to show (in Mathematica) that eq (4.4.17) is satisfied with ¥;, =
¥_ 1 and F and Hj given by eq (4.4.8) and eq (4.4.3) respectively, which shows
that ' = 1 SUSY is preserved. The action of non-abelian T-dual on the 10-d
MW Killing spinors is:

é1=¢€1, & =Q.e, (4.4.19)

which is a rotation. Since the G,-structure of the original geometry requires that
the spinors are parallel, the dual structure must be something more exotic. To
identify the structure of the dual geometry it is sufficient to calculate how the (2
matrix transforms the G,-structure spinors. There exists a basis? such that the
projections the original killing spinor obeys are given by

[55€ =€, Tj5€ =Tpe =Tze. (4.4.20)

One may decompose the 10-d geometry into a 3+7 split using an auxiliary 2-d
space so that the gamma matrices are given by

I,=7®0:381,
ra == ]I ® 01 ® ’Ya, (4.4.21)
10— 190l

“This is a rotation of the basis of eq (4.2.9) such thate! — cosae! —sin ael and el — cos el +

sin ae! with all other vielbeins unchanged.
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where u = 0,1,3 and 2 = 1,2,3,1,2,3. The killing spinor may be decomposed
such that they have positive chirality as

€12 =0 ® ( _11, ) ® X, (4.4.22)

where ¢ and x are spinors in 3-d and 7-d respectively. In such conventions the
3 form associated to G; is then given by ®,;,. = —iXYpcXx- It is possible to show
that in this decomposition the T-dual Killing spinors are given by

—1

1 1
61=C®( .)@;Zl, €2=C®(i)®7€2, (4.4.23)

which have the correct chirality for type-IIA. Using the projections of eq (4.4.20)
the 7-d spinors may be massaged into the form

3 3 sina [costa+ (2 |
=¥, = 4 =2y, 4.4.24
X1=x X T gzx 112 X ( )

where % = {,{* ans {, is given by eq (2.3.14). As the notation suggests %, is a
sum of parts which are parallel and orthogonal to §;. The orthogonal comple-
ment to x is

_ cosayr + g1cosayj + 025 + 373 + 1 sinayj

\/cos2a + 2 '

where K defines the 1-form associated with an SU(3)-structure in 7-d when
contracted with the vielbeins of eq (4.4.7) °. Specifically the structure is what
should be called dynamical SU(3), by analogy to dynamical SU(2)-structures
in 6-d [81]. This is because the coefficients of x and x* are not constant through
out the space, in fact sinae — 0 as r — oo so the structure becomes orthogo-
nal SU(3) in the UV, but through out the whole space the coefficients change.
The details of this calculation and presentation of all the forms associated with
SU(3) shall be left for forthcoming work.

x— =iKy, 4.
L =iKy, K (4.4.25)

4.4.3 Cycles and Charges

The T-dual geometry supports many fluxes and so contains several different
branes. Since the internal space is 7-d, the possible quantised charges are given

SThe contraction should be performed once the vielbeins have been rotated to the canonical
frame of footnote 4.
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by

1
Qpe = / E — RyBy,
F
QD4 = 8—5/ Fs—BANF+ —032 A By, (4.4.26)

Qp2 = — / Fge— By NFy+ Bz/\Bz/\Fz——ng/\Bz/\Bz.

327'(5

Sensible cycles over which to define these quantities are

52 = {01, ¢1|v2 =v3 =9 = P =0},
£t = {6y, 91,91, v2|v3 = 0,9, = constant}, (4.4.27)

26 = {91, P1, lI)lr V2,03, IPZ}

Actually ¥2 shrinks to zero in the IR, but as F, and B; vanish on this cycle this
will not cause a singularity in the geometry as a non-zero Page charge must be
pure gauge in origin. On these cycles eq (4.4.26) takes the simple form:

Qpe = 0up to large gauge transformations,
1
QD4 87'[3 54 \/—

Qp2 = —W /if' T‘Uz sin 01d6; A dgy A dvy Advy A dips.

——v; 5in 6140 A dgy A dipy A dv,, (4.4.28)

to make further progress one needs to fix the periods of the dual coordinates
v, v3. A rigorous prescription for doing this is absent form the literature, but
it is at least reasonable to assume that they are compact. Here the periodicities
shall be chosen such that

/ vdvy = T, / dus = V2, (4.4.29)
with these choices the D2 and D4 Page charges coincide with the Romans mass,
Qps=Qm=Fk = Ne (4.4.30)

D4 p2 =0 =7 4.

Since these charges contain explicit B, terms in their definitions they can expe-
rience quantised shifts under large gauge transformations B, — B, 4 AB,. For
example

AB; = —g- sin0df, Adgy, AQpe = n%, AQps = AQpy =0.  (44.31)
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Finally there are 2-cycles on which the induced metric takes a particularly
simple form. On £2 the induced metric is given by

) e2h+¢ 9 )
dsg, = NCT(de1 +de3), (4.4.32)

this cycle vanishes in the IR, blows up in the UV and F, and B, vanish on it.
The second is the 3-sphere S® = (81, @1, 1) on which the metric is

2h+¢
4

(4

ds2, = N, (407 + d@? + 2 cos O1derdipy + dy?l), (4.4.33)

which has the same asymptotic behaviour as the previous cycle.

4.5 Probe Analysis and Comparison of the Gauge

Theories

In this section some field theory observables shall be studied via a probe brane
analysis. To begin, the results of [73] and [29] shall be reviewed to study the
field theories dual to the wrapped D5-brane solution and its G,-structure rota-
tion respectively. A new proposal for the Chern-Simons level of G,-structure
rotated solution will be made before the non-abelian T-dual solution is consid-
ered.

The analysis of this section will rely on two important observations. They

give a prescription for defining gauge couplings and Chern-Simons levels from
probe branes.

Gauge Coupling

A gauge coupling may be defined in terms of the DBI action of a probe Dp brane
wrapping an n-cycle, where the embedding of this brane is & = (t,x!,x2, ).
In the following it shall be assumed that the induced metric can be expressed
as

dsh, = e*4dx] , + ds3a, (4.5.1)

where its components Gy y are decomposed as M = (y,a) for y = 0,1,2 and

a =1,...,p — 2. In addition the only non-zero part of the world volume gauge
field F and pull back of B, will be

A

Fu, B, (4.5.2)

63



and the dilaton shall be ¢. The DBI action of this probe Dp brane may be fac-
torised into R and £7~2 parts

Sggl =—Tpp /M +1dp+1§e—¢\/ — det (Gmn + Bym + 2ma’ Fyn) (4.5.3)
P

— _Tp, /R P/ det(Gy + 270 F) /2 b Vdet(Cap + Bay)-

One may then expand the R!? determinant for small values of &/, which leads
to

\/— det(G +27a'F) = e3A\ﬁdet(I + 2’ G-1F)

_ aap, (2ma')?
=41 —

(4.5.4)
e tr(n~ P F) + O(oc’)4],

where indices have been suppressed. tr(y~1Fy~1F) = F,, F* is the standard
object appearing the in YM action

1 3
S = 2 [ @xEu e (455)

and so one may relate the a/2 term in the expansion of eq (4.5.3) to this coupling
which leads to the identification

1 p— p— —_ A A
= =Top /Z A zee A Jdet(Cop + Bay), (4.5.6)

A second way one can define a gauge coupling is with a Euclidean Dp brane.
The DBI action of such a brane will wrap a compact (p+1)-cycle ZP*! in the
internal space and is given by

D _ A ~

This can be identified with the action of an instanton

8r2

e Sinst —¢ & (4.5.8)

Thus for a Euclidean Dp brane can give a gauge coupling

872 _ -
=T, 4PV, [det (Gop + Bay)- (4.5.9)



In 4-d one would also include the WZ term to define a ® angle. However the
ideas behind this do not necessarily extend to 3-d so this term will be ignored
here.

Chern-Simons level

A Chern-Simons level can be be extracted from the WZ action of a Dp brane
with embedding ¢ = (¢, x!, x2,£") in a similar fashion. The exact prescription
is dependent on what conventions are being used. For instance in conventions
such that the RR ployform may be expressed as

Fyoy = dC — H3 A C + Fye™ (4.5.10)

where C is the sum over the potentials of type-IIA or type-IIB (additionally Fy
should be taken to be zero in this case). Define also the Page charge of D(10-p)
brane on a (p — 2)-cycle Z(P~2) to be

D(10-p) _ _ 5(10-p) ~B
QPO = OB [ (Epy e R), s

where —Fy ensures that the D8 brane Page charge, which is really the Romans
mass is not included. The orientation of the cycle is parametrised by s5(3_,) =
+1. Finally the WZ action of a Dp-brane shall be given by

Spp =Ty [ etz (45.12)
p+1

where the action is allowed to come with an overall positive or negative sign,

ie. s;, = £1. A Chern-Simons term in a gauge theory is given by the action

LA _ k3 2
Scs = Z7?/”&;5_ E/dxtr(dA/\AJrgA/\A/\A) (4.5.13)

where A is a gauge field with field strength F = dA+ AN A and so dlcg =
F AF. The order F A F term in eq (4.5.12) may be manipulated by adding an
exact to give a Chern-Simons term,

d[CAe B2 ALes] 2CAe BEAFAF = (dC—HsAC) Ae B2 A L

B (4.5.14)
= (Ppoly Ne "2 — Po) A Lcs.
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where the 4/ — sign is for IIA /IIB. The Chern-Simons term is then given by

27ta’)? _
5c3=5;( ) Tp/ _, (Fpory e BZ—FO)/ Lcs
2 £ RI2 (4.5.15)
QD(10-p) ’ =
B P— /R e
where s;,slo_p = —1and ZK%OTPTIO—P = (271)73 have been used. This shows

quite generally that the WZ action of a Dp brane contains a Chern-Simons cou-
pling of level Qj9_,. Actually this is not the whole story as the true Chern-
Simons level can experience an additional shift when all the p-dimensional KK
modes are integrated out. Extra care must be taken when different conventions
are used, indeed this is the case in the G;-structure rotated solution, where fur-
ther details will be given.

4.5.1 Wrapped D5 Branes and N' = 1 SYM with Gauge Group
5 U(NC)L;;

The solution of wrapped D5 Branes on X2 is dual in the IR to A/ = 1 SYM in 3
dimensions. It contains N color branes as can be seen from the flux quantisa-
tion condition

1
-1 /S B=N (4.5.16)

so the gauge group is SU(N;). The geometry only gives a good holographic
description of a field theory in 3-d in the IR where r ~ 0. This is because %3
vanishes in the IR and the QFT living on the wrapped D5 branes is effectively 3
dimensional there, however in the UV the cycle blows up and the world volume
is explicitly 6 dimensional.

A suitable definition of the gauge coupling is given by a probe D5-brane
extended along Minkowski and wrapping Z3. Once a gauge field F with legs
in the Minkowski directions is turned on, the action of such a brane is given by

Sprove = Ts [, _ 2 ?/— det(Gina + 20’ F), (45.17)

there is no WZ contribution as F3 = 0 on X3. At this stage it will be instructive
to reintroduce gs and &’ so that the induced metric is given by

'o.N., 28 .
g = ety + LIRS - 1) (45.18)

This and the fact that (277)2a'3g;Ts = 1 gives the following &’ expansion of the
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DBI action,

VNN 5y, o € n3/2 [ B 10 2 2
Sprate ~ oy e (% + S (w - 1)%) / Px[2n2e W E,, FF'y'?] (45.19)

where indices are contracted with the Minkowski metric. One can then identify
F? term with the Yang-Mills action and make the identification

2 28
8% = VBN (2 + o (w-1)" (4.5.20)
C

which gives a coupling of mass dimension 1, as it should have in 3-d. The RHS
of eq (4.5.20) blows up in the UV and vanishes in the UV, which is consistent
with the asymptotic freedom and confinement on expects of SYM in 3-d. The
second of these is further supported by a Wilson loop calculation as in [73, 63],

which gives an area law with string tension ¢ = 51e.

One can also calculate the Chern-Simons level from a probe brane. Consider
a D5-brane extended along Minkowski and wrapping S3, the WZ action of such
a brane is

— n2
Swz = Ts /]R 2. o (Co+ @) ’CLAF AF), (4.5.21)

where F is once more a world volume gauge field with legs in the field theory
directions. Integrating the second term in this action by parts gives the Chern-
Simons action [72]

1

-3 /S B / Pxtr(dA + %A NANA) = _:_761 / BxLes,  (45.22)

where kg = N.. There is no g or &’ factors because they cancel with those in F3
once they are reimposed. The k¢ here is to distinguish this object from the true
CS level k which gets an extra contribution when one integrates out all the 6-d
Kaluza Klein modes® . The Chern-Simons level is then

N:. N

which is half integer as one expects due to the parity anomaly in 3-d.
The wrapped D5-brane solution has two distinct UV solutions characterised
by an asymptotically linear and constant dilaton, i.e. eq (4.2.12) and eq (4.2.13).

The field theoretic interpretation for this is that the constant dilaton solutions
have an irrelevant operator insertion in their Lagrangian.

6Specifically this it is integrating the massive fermions that generates the shift [72].
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4.5.2 The Gj-structure Rotation and a 2-node Quiver Chern-

Simons Theory

In [29] much of the gauge theory analysis of the G,-structure rotated solution
was performed. It was concluded that the gauge group was that of a 2 node
quiver of the form SU(r;) x SU(rs), where r; > r;, by analogy with the Bary-
onic Branch of Klebanov-Strassler. The objects that must give rise to the ranks
of this product group are the Page charges of the D2 and NS5 branes. As ex-
plained at length in [62], under a Seiberg duality the ranks of the gauge groups
transform as 7} = rs and r; = 2r5 — r;. It is possible to see this manifestly in the
supergravity solution if one defines

Onss=11—1s, Qp2=Ts. (4.5.24)

The Page charges on the LHS of these equalities transform under the large
gauge transformation of eq (4.3.15) in precisely the same way as the ranks on the
RHS do under a Seiberg duality. Thus large gauge transformations are equiva-
lent to Seiberg duality. This along with the fact that there is a running integral
of C3 at infinity [29] is very suggestive of a duality cascade, once more by anal-
ogy with Klebanov-Strassler. It is reasonable then to propose that in the UV,
where Qpy = M, the gauge group is SU(N; + M;) x SU(M,) and this then
cascades down in ranks as one flow towards the IR terminating at SU(N;) as
Klebanov-Strassler does.

It is possible to define two couplings for this quiver’, g1 and g, in the same
spirit as in the previous section. A probe D4 brane with (¢, x, x2,£2), with £2
as in eq (4.3.16) defines a coupling

2
T Vet VH( + 8 (w - 1)2). (4.5.25)
81Ne 4

while a probe D2 brane extended in Minkowski can be used to define the cou-

pling
1 \/07 e¢w_¢o

$ &
where both of these couplings have mass dimension 1 as they should. The LHS
of eq (4.5.25) vanishes at r ~ 0 and becomes constant as r — oco. This indi-
cates that the coupling g1 is consistent with confinement in the IR and dilation
invariance in the UV. On the other hand the LHS of eq (4.5.26) interpolates be-
tween a smaller and larger constant between the IR and the UV respectively.
In [29] the difference in the IR behaviour of g, was interpreted as a signal of

(4.5.26)

7In [29] a third coupling is also proposed in terms of a D2 instanton, however this is probably
not a good definition because the the WZ term is not quantised.
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a confining Chern-Simons term dominating the gauge theory dynamics there.
This can be understood because in a YM-CS like theory the level k induces an
effective mass for the gauge field, g2,,/k|, which causes the Yang-Mills cou-
pling to freeze at a constant value in the IR. Further evidence of confinement
is given by Wilson loop calculations which obey an area law with string ten-
sion o = (cy/1 — e2(#=—90))~1, However a proposal for the Chern-Simons term
which is claimed to be dominating the dynamics in the IR has been absent from
the literature until now, the expression is provided below.

Indeed consider a probe D8 brane with embedding (¢, x!, x2,%¢) on which
a world volume gauge field is turned on with support in the Minkowski direc-
tion, the order F A F term of the WZ action of such a brane is

(2710(’)2T8

Scs = —
CS )

/]R e (Gs+BaAC) AFAF. (4.5.27)
2%

The integrand can be manipulated by adding an exact
(C5 +ByAC3) AFAF+d [(Cs + By AC3) A ,Ccs] = (F6 + H3 AC3) A Lcs, (4.5.28)

where Fy = dCs + By A Fy, Fy = dC3 and F A F = dL¢s have been used. Plug-
ging this back into eq (4.5.27) and taking note of the definition of the D2 Page
charge in eq (4.3.14) gives

_ _fm /
Ses =5 |, £cs (4.5.29)

thus if one takes into account the definitions of the ranks in eq (4.5.24), a Chern-
Simons level can be defined which is equal to the rank of smaller group

k=r.. (4.5.30)

Of course it is possible that the level will experience a shift when one integrates
out the 8-d KK modes, therefore this result should be viewed as correct up to
the possible effect of this subtlety. Clearly k is not a fixed number from the
perspective of supergravity, it shifts under large gauge transformations of Cs,
however it is always quantised as a Chern-Simons level must be. In eq (4.5.29)
only the positive orientation of 3 is considered, indeed it is possible to define
another with the negative orientation, ie k; = —k; = k. This is what happens
in the ABJM [82] where the AdSy x S7/Z; geometry in M-theory is dual to the
2 node quiver SU(N)_j x SU(N)y. This suggests that the quiver of the rotated
solution could be SU(r;)—,, x SU(rs),, by analogy with ABJM. If this is correct
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the effect of the Seiberg-like duality of eq (4.5.24) on the field theory is such that
G = SU(N;+M.)_p x SUMc); , k=M, (4.5.31)

becomes
G =SU(Mc— Ne)_p x SUM,)y , K =M:—N, (4.5.32)

and so clearly any cascade in the ranks of the groups must be associated with a
corresponding cascade in the Chern-Simons levels.

The G»-structure rotation acts on the SuGra solution that is dual to a QFT
with an irrelevant operator that dominates the UV. The rotation induces addi-
tional warping on the metric by the function H which makes the new metric
asymptotically AdSy, this means that the rotated solution no longer contains
this operator. These warp factors also pre-multiply the internal space ds2 and
ensure that in the UV this remains finite. The field theory lives on the world vol-
ume of D2 and fractional D2 branes which do not unwrap like the D5 branes
of the original solution, so the rotated solution gives a good holographic de-
scription of a 3-d gauge theory throughout the whole space. In this sense the
rotation procedure can be seen as providing a UV completion to the original
QFT dual to the wrapped D5 solution with asymptotically constant dilaton.

4.5.3 The non-Abelian T-dual: Probe Analysis

The geometry of the non-abelian T-dual of the wrapped D5 solution supports
all possible fluxes. This fact and comparison to the rotated solution suggest that
the field theory is a type of quiver. As discussed in section 4.4.3, it is possible
to define several quantised charges once the periods of the dual coordinates
vp and v3 are fixed. Note however that the charges defined in eq (4.4.30) have
a common /2 factor. This is an artefact of the conventions used in the dual-
isation procedure, it has no deep meaning and so it makes sense to make the

redefinition
N,

V2

where N should now be thought of as integer valued. The Page charges sup-
ported by the dual geometry are then

N, = (4.5.33)

Qpe =0mod N;,  Qps = Qp2 = N.. (4.5.34)
This is enough charges to potentially define a 3 node quiver, but the identifica-

tion of this quiver will not be pursued here, instead this section will focus only
on probing the dynamics of the dual gauge theory. These probe calculation in
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the T-dual solution will be more complicated than the previous examples, for
that reason the units as well as multiplicative constants in the couplings will be
suppressed.

Like the rotated solution it is possible to define a coupling via a D2 brane
parallel to the field theory coordinates. The dilaton, which is expressed in eq
(4.4.2), depends on the dual coordinates that shall be set to constant values on
the world volume of the brane. The simplest choice is that v, = v3 = 0 for
which the coupling is given by

1, g?’/2 r~0
18— (&) (4.5.35)
81 (1, c3/2e) r— 00

where the brackets correspond to asymptotically (Linear, Constant) dilaton so-
lutions. The coupling is constant for the linear dilaton solution however this is
clearly not a sign of conformal invariance as the non-compact dual metric is not
AdS, and the dilaton is not constant. The coupling for solutions with constant
dilaton in the UV are more interesting, asymptotically it is free and increases as
one flows towards the IR finally freezing at a constant at » = 0.

Another way to define a gauge coupling is a probe D4 brane with embed-
ding (¢, x!,x2,%2), where the induced metric is given by eq (4.4.32). B; as de-
fined in eq (4.4.3) vanishes on this cycle, however non-vanishing contributions
can be induced by large gauge transformations as in eq (4.4.31). Generically the
F? contribution to the DBI action gives a coupling of the form

1 i —
7 = Tou /Z €712, [det (Gyy + Bay)
e [m = .
~— /0 d6y\/ e +20 N2 + 212 sin? 6 (4.5.36)
_ 2Ne 30ion1g —n
=— e>8 E(e4h+24’NC2)

where B = n/2sin6;d0; A dg;, to include the effect of large gauge transfor-
mations. The function E is a complete elliptic integral, which as a statement
is not very illuminating. When n = 0 there is no gauge transformation and
E(0) = 7t/2 so the coupling is simply

{ (etor?, go/2et0r?) r~0

(2etr, 32T 10r/3) r— o

1 Bstnte _

(4.5.37)
82

where the brackets correspond to asymptotically (Linear, Constant) dilaton so-
lutions. This coupling is consistent with confinement in the IR and asymptotic
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Figure 4.1: Plot of the coupling g2- Blue shows n = [ where the coupling freezes
in the IR, whilst red shows » — 0 where the coupling blows up in the IR.

freedom in the UV, in fact it is much like the coupling of the original back-
ground in eq (4.5.20). For non-zero values of n the UV behaviour is unchanged
because e4ht2(Pbecomes large and the elliptic integral is well approximated by

w ~nl \ n Cam-2~ 2
(gih+tyfii) ~ » + < ft?2

where the second term vanishes as » — 0o. The IR behaviour changes quite
dramatically under large gauge transformations because for » ~ o,

J eM2<pN 2 + 2n2sin26i ~ s/2Ncnsin 6\ and so the coupling tends to

2'72|dM0 (4.5.39)
<72 0 71

so the effect of the large gauge transformation is to freeze the coupling in the IR
making n = 0 a special case. The coupling g2 is plotted in the whole space in
figure 4.5.3

A third coupling may be defined in terms of Euclidean D2 on S3. Bz van-
ishes on this cycle up to the same large gauge transformations as before and the
induced metric is given by eq (4.4.33) which leads to the coupling

(e2&a3 Nety®(gor)3) r~ 0, n=20
~ 2n2+e*ht2*N? ~ < (exfor3/2 ' c3chr) ¥y —¥ 00 (4.5.40)
#oM VA~ r ~o,n " 0

this coupling is consistent with a strong coupling in the UV and asymptotic
freedom in the IR. The effect of the large gauge transformation is less pro-



nounced than it was for & the behaviour in the IR is modified such that the
power law changes, but the RHS of eq (4.5.40) still tends to zero in the IR.

The confining behaviour of the §3 coupling should come as no surprise, the
field theory and holographic directions are the same in both the original and
dual geometries and so the conclusion of confinement from the Wilson loop
studies of [73, 63] transfer to this solution also. That all the coupling exhibit
asymptotic freedom is tied up with the fact that the bad UV behaviour of the
original geometry, fractional branes unwrapping in the UV, is not being fixed
by the T-duality, the irrelevant operator of the asymptotically constant dilaton
solution will also still be present. As the original wrapped D5 brane solution is
dual to a gauge theory with a Chern-Simons term it is reasonable to expect that
the non-abelian T-dual geometry will be dual to a theory that also contains this
type of term. That the couplings §; and (after a large gauge transformation) §
freeze out in the IR is certainly suggestive of a Chern-Simons term (or terms)
that dominate the physics there.

At the beginning of this section it was shown that it is possible to define a
Chern-Simons level for each Page charge in the geometry. For the non-abelian
T-dual solution this gives 3 possible definitions

e Probe D8 brane on (¢, x!, x?,¥¢) gives k1 = Qpy = N,

e Probe D6 brane on (¢, x!,x2,%,) gives ko = Qps = N,

e Probe D4 brane on (¢, x!,x%,%,) gives k3 = Qpg = nN,

up to possible shifts from integrating out all the massive KK modes. The 7 in
the definition of k3 comes from the large gauge transformation.

The Chern-Simons level defined in the wrapped D5-brane solution is calcu-
lated on the 3-cycle $3 = (¢, ¢?,03). This cycle is orthogonal to the directions
on which the dualisation is performed and so must be mapped to a 4-cycle and
6-cycle. This accounts for kj and k; and suggests that the D8 and D6 branes
may be probing the same gauge theory object. k3 is unambiguously distinct, it
is zero when B, is defined as in eq (4.4.3) but is shifted by large gauge trans-
formation which is analogous to the Chern-Simons level of the G-structure
rotated solution. It is interesting to see that when k3 = 0 the couplings §, and
g3 behave quite differently than when it is not. Most pronounced is the effect
on g, that exhibits typical confining behaviour when n = 0 but freezes in the IR
becoming constant otherwise. This can be interpreted as a clear example of the
effect a non-zero Chern-Simons term can have on a Yang-Mills coupling, see
the discussion below eq (4.5.26).
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Comments on Large Gauge Transformations and the Range of v, v3

Although we have discussed the possibility of performing large gauge trans-
formations on B, of the form ABy = —n/2sin 61d6; A dg,, it should be pointed
out that n cannot take arbitrary values. String theory requires that

1
by = — /S By [01] (4.5.41)

which restricts the value 7 can take. On S? = 52 (see eq (4.4.27)), after perform-
ing n large gauge transformations one has

e8+2P N2 rro3(1 + w)?
N+ 8 + )|

1
bo= 15 [Znn + (4.5.42)

In the UV it is possible to show that by < 1 + J- where the upper bounds of
v, v3 in eq (4.4.29) have been assumed so that

v, € 0,71], v3 € [0,v2n] (4.5.43)

and we take ¢%12¢ > 8(0% + v%) This implies thatn = 0,1,3, 48 are allowed,
indeed a numerical study shows that up to go < 4 eq (4.5.41) is satisfied for all
r. However as g increases it is possible to perform less gauge transformations
and still satisfy eq (4.5.42) until go < 12 where it is impossible to perform any
such transformations.

As further evidence of the range of dual coordinates taken in eq (4.5.43)
consider the following. For gy 2 4, by takes its maximum value at 7 = 0, in
the IR. When one considers n = 0 and plots the relationship between g and
biR one finds that when (2, v3) take the upper bounds in eq (4.5.43), by — las
go increases. Taking an upper bound greater than eq (4.5.43) causes by to fall
outside the bound of eq (4.5.42) for large g, see figure 4.5.3. This indicates that
vp, v3 need to be finitely bounded for the solution to remain sensible and that
the maximum range they may take is precisely as in eq (4.5.43)

4.6 Concluding Remarks

In this chapter the results of applying two solution generating techniques to the
wrapped D5 solution of Maldacena and Nastase [72] (and its deformation [73])
were studied, with the aim of better understanding the dual gauge theories that
are generated.

8We are excluding the possibility of negative n as we do not wish to encounter negative
ranks for the gauge groups.
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Figure 4.2: Graphs of'the IR value of ho as a function of go >4 for V2 = mrr, v3 =
\Zlmn and n = 0. Purple is m = 1/2, blue m — 1 and green m = 2. Notice that
each graph asymptotes to m as go increases.

The first technique, G2-structure rotation [24], which is equivalent to U-
duality, has an action on the field theories that is already quite well understood,
partially due to explicit calculation [24, 29, 63, 77] and partially by analogy to
its 6-d S1/(3)-structure equivalent [22, 26, 27, 28, 16, 25]. The rotation acts on
the wrapped D5 solution with asymptotically constant dilaton which is dual to
aM = 1SYM-CS in 3-d with an irrelevant operator insertion. After the rotation
this operator is removed and the metric is asymptotically 4dS™ x Y, where Y
has finite volume. It was shown in [24, 29] that the rotated geometry is dual
to a 2-node quiver that very likely exhibits a duality cascade like the Baryonic
Branch [18] of Klebanov-Strassler [12], due to similarities between the two so-
lutions. One way in which the solutions differ is that the G2~structure rotated,
being a holographic description of a 3-d QFT, can contain a Chern-Simons term.
Evidence for this was given in [29] where, through a probe brane calculation, a
YM coupling was shown to freeze in the IR. This was interpreted as a signal of
a Chern-Simons term that was dominating the IR, but no proposal for the level
of this theory was given. This is resolved in section 4.5.2 where it is shown that
a probe D8 brane wrapping the whole compact part of the rotated G2-manifold,
gives rise to a Chern-Simons level which is equal to the D2 Page charge. Thus
the putative duality cascade must be accompanied by a cascade in the Chern-
Simons level, which is very interesting and deserves further study. This will
be left for future study as the main purpose of introducing the rotated solution
was to aid, by comparison, the understanding of the main focus of this chapter.

A non-abelian T-duality [9, 31, 32, 33] was performed on the SU(2) isome-
try parametrised by the left invariant 1-forms col/of the deformed Maldacena-
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Nastase solution. The result of this is a rather complicated solution in massive
type-IIA with all possible RR forms turned on. As the duality does not change
the directions orthogonal to the isometry, it does not improve the asymptotic
behaviour of the field theory directions and holographic coordinate as the rota-
tion does, this of course was to be expected. It was possible to explicitly show
that under the T-duality the Gy-structure of the original solution is mapped
to a dynamic SU(3)-structure in 7-d [74, 75]. This is the analogue of result of
[41] where it was shown that the 6-d SU(3)-structure of Klebanov-Witten [69]
is mapped to a static SU(2)-structure for the T-dual solution [35, 30]. Indeed
the structure of the dual geometry considered here becomes static SU(3) in a
limit in which, like Klebanov-Witten, there is no rotation in the projections of
the original background (see appendix A of [73] for details of the projections).

A rigorous prescription for fixing the periodicities of the dual coordinates is
lacking. The view taken in this chapter was that the coordinates were at least
likely to be compact. If this were not the case it would only be possible to define
a D6 brane Page charge and this seems strange given the rich variety of fluxes.
Periods were chosen for the dual coordinates such that Page charges for D2
and D4 branes could also be defined and such that these charges were equal.
It is important to realise however that it should be possible to fix the periods
of the dual coordinates by some requirement on the global properties of the
dual manifold and that such a prescription may not match the choice made
here. At any rate, it is unlikely that the specific choice would drastically change
the salient features of the manifold so a probe analysis of the geometry was
performed with periodicity thus fixed to gain some insight into the possible
dual QFT.

That it is possible to define 3 Page charges suggests, by analogy with the
rotated solution, that the dual gauge theory may be a 3 node quiver. How-
ever, unlike the rotated solution, it is possible in this case to define as many
Chern-Simons terms as there are charges. The most interesting of these is the
Chern-Simons term with level that coincided with the D6 Page charge k3. This
experiences shifts under large gauge transformations of B, in much the same
way as is true for the level in the rotated solution (albeit with that shift medi-
ated by large gauge transformations of C3). A new feature in the T-dual solution
is that the large gauge transformation actually changes the IR behaviour of two
of the couplings that can be defined, this is most pronounced for the coupling
§2. When k3 = 0 the coupling exhibits typical confining behaviour, it tends
to infinity as when flows towards the IR. However when k3 # 0 the coupling
freezes in the IR, a sign that a confining Chern-Simons term is now dominating
the dynamics this coupling is sensitive to. This constitutes a very clean exam-
ple of such behaviour, and it is nice to see a familiar dynamical effect in this
complicated SuGra solution. It is probable that this solution also experiences
some shift in the ranks of gauge groups of the QFT and that it can perhaps
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be identified with a Seiberg/level-rank like duality, this will be left for future
work.
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Chapter 5

On the Dual of the Baryonic Branch
of Klebanov-Strassler

5.1 Introduction

This chapter is based on collaborative work done with Gaillard, Nufiez and
Thompson [43]. The system on which this work was focused is the Baryonic
Branch of the Klebanov-Strassler field theory [12], [83], [18]. This is perhaps,
among the minimally SUSY examples known at the moment, the one that bet-
ter passed test of the correspondence between geometry and (strongly coupled)
field theoretical aspects. Besides, the Baryonic Branch field theory and geome-
try unifies the original Klebanov-Strassler system and the system of five branes
wrapping a two cycle inside the resolved conifold [11, 84]. Field theoretically,
this unification can be thought as a Higgs-like mechanism and a particular limit
where an accidental symmetry appears. See the papers [16, 25, 26] for different
geometric and physical aspects of this connection.

In this Chapter, we will perform an SU(2) non-Abelian T-duality on the
Baryonic Branch geometry. This is a geometry described by an SU(3)-structure.
All features of the geometry are characterised by a couple of forms J,, ()3 that
also encode many aspects of the strongly coupled dual field theory. Using non-
abelian T-duality, we will obtain a new background in Massive Type IIA Super-
gravity. The G-structure will change to what is called SU(2)-structure, charac-
terised by forms j, wy, v, wy. The SU(2)-structure will transition from being
static in the large radius region of the geometry, corresponding to high energies
in the dual field theory, to being dynamical once the small radius region of the
geometry is considered. Hence, the phenomena of confinement and symmetry
breaking are given a geometric description by the change in SU(2)-structure
from static to dynamical.

The action of non-Abelian T-duality on the G-structures has been studied in
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many backgrounds which we take the opportunity to summarise in the table
below.!

Seed Solution Seed Structure Dual Structure
Klebanov-Witten SU(3) Orthogonal SU(2)
Klebanov-Tseytlin SU(3) Orthogonal SU(2)
YA SUu(3) Orthogonal SU(2)
Klebanov-Strassler SU(3) Dynamical SU(2)
KS Baryonic Branch SUu(3) Dynamical SU(2)
Wrapped D5’s on S? SU(3) Dynamical SU(2)
Wrapped D6’s on S3 SUu(3) Dynamical SU(2)
Wrapped D5’s on S2 G2 Dynamical SU(3)

The contents of this chapter are organised as follows. In section 5.2 we
will briefly summarise the original background and field theory correspond-
ing to the Baryonic Branch of the Klebanov-Strassler. This is the seed back-
ground/field theory pair on which we will apply an SU(2) isometry T-duality.
In section 5.3 the new solution is presented explicitly.

In section 5.4, we will organise all the previous information using the lan-
guage of G-structures. This will lead to a compact way of writing things, that
can be very useful for other studies. We will study how the dynamical or static
character of the G-structure depends on the field theoretic low energy dynam-
ics captured by the original solution. In section 5.5, we will discuss different
aspects of the field theory dual to our new backgrounds. We close the chapter
with a list of possible future problems and conclusions.

5.2 Generalities on the Baryonic Branch

The Klebanov-Strassler field theory is a two-group quiver with bifundamental
matter, charged under a global symmetry of the form SU(2) x SU(2) x U(1)g X
U(1)p. The ranks of the gauge groups are (N, N + M) and the bifundamental
matter A1, Ay, By, B self-interact via a superpotential of the form W ~ ABAB.
For a very clear explanation of many of the details of this quantum field theory,
see [85], [86]. One detail that will be crucial to our present work is the fact
that the so called ‘duality cascade’, a succesion of Seiberg dualities, ends in a
situation where the quantum field theory may choose to develop VEVs for the
Baryon and anti-Baryon operators.

The details of the case of YP are to appear in [71] and a detailed study of the D6 branes on
S3 appears in chapter 6 in [44].

79



In the last step of the duality cascade the gauge group is SU(M) x SU(2M).
This theory has mesons M = ( Aa);-"(Bb);3 and also baryonic operators [83]

B= €apan (A} (A1) (A (A3 521)
X (A2) " (A2)9M*2 X . (A2) 12MTH (A) M o
and similar for B made out of (B;) fields. One can see that both baryons and
anti-baryons are neutral under SU(2) x SU(2) transformations.

The moduli space consists of two branches - the mesonic and the baryonic
[86]. On the mesonic branch the baryons are zero (B = B = 0) and the mesons
satisfy det M = A*M. The non-perturbative contribution to the superpoten-
tial means that the associated moduli space can be identified with a symmetric
product of the deformed conifold. On the Baryonic Branch the mesons are zero
(M = 0) but the baryons acquire expectation values,

B=ifAM, B= éAZM ) (5.2.2)

where A is the strong coupling scale of the group SU(2M). Notice that both
VEVs are equal only if { = 1. This corresponds to a Z,-symmetric point, repre-
sented by the exact solution in [12].

On this Baryonic Branch the U(1)p symmetry is spontaneously broken and
the associated massless (pseudo-scalar) Goldstone mode corresponds to the
phase of {. By supersymmetry this Goldstone lives in a chiral multiplet and
comes along with scalar partner, the saxion, which corresponds to changing the
modulus of {. As discussed in [86], the VEV of the operator,

U = Tr[A;A] - B;B]], (5.2.3)

which contains the U(1)p current [, as its 60#6 component, encodes the motion
along the Baryonic Branch (the different values of {) according to

(U) ~ MA?In |¢| . (5.2.4)

Let us focus on the situation where the field theory chooses to move to the
purely Baryonic branch. In this case, there is a smooth solution of the equations
of motion of type-IIB supergravity, that describes the strong dynamics of this
field theory, including the spontaneous breaking of the U(1)p symmetry [83],
[18]. In the notation that we will adopt in this work, such background can be
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written compactly by introducing the (string frame) vielbein basis,

e = eThTidx, of = e%”‘fz%dp, ¢ = eFthhidg, o = eTHMpI sinfdg,
el = %e%ﬂ’ﬁ%(d)l +adb), e = %e%rgﬁ%(a”)z —asinfdg), (5.2.5)
e = —;-e%“ﬁ%(d)e, + cosfdg),

where @; are the left invariant forms of SU(2). The metric, RR and NSNS fields
are

E== [f16123+fzee¢3+f3(eezs+e<p13)+f4(ep10+ep¢2)] )

By =« = [ 3 — cosa(e?® + e!?) — sina(e® + eq”l)] ,

e7®
7374
2P

Cy = —x deo Adxl Adx® Adx3,

H3=—K

[_flet?cpp _ f28p12 —f3(€92p + e(plp) +f4(ele3 + etp23)] ,

29
E = Ke_gq’—kﬁ%ap (%) [e9<p123 _ ex°x1x2x3p] . (5.2.6)
We have defined
_cosh(2p)—a . 2eM8 p_ 2 20
cosa—m—)—, sina = Sinh(20)’ h=1-—x«%", (5.2.7)

where « is a constant that we will choose to be ¥ = ¢~ ®(®), The functions are,

fi=—2Ne %, fa= %e"k_z"(a2 —2ab+1),

N (5.2.8)

fs=Ne*"8a—-b), f1= ?Ce_k_h_gb’.
The system has a radial coordinate p, on which (a,b, ®, g, h, k) depend, and we
have set a’g; = 1. The background is then determined by solving the equa-
tions of motion for the functions (a,b, ®, g, h, k). A system of BPS equations is
derived. These non-linear and coupled first-order equations can be arranged in
a convenient form, by rewriting the functions of the background in terms of a
combination of them, that decouples the equations (as explained in [87]-[88]).
We will not go over these in this thesis. Enough will be for us to state that
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the whole dynamics of the string background is controlled by a single function
P(p), subject to a second order non-linear and ordinary differential equation.
This function P(p) can be determined numerically and has IR and UV behav-
iors

uv: P=¢e¥3c,+...], p— oo,

(5.2.9)
IR: P=hp+0(p®), p—0.

There is only one independent parameter, c. > 0 (the constant h; is determined
by c+) and it is this parameter that can be identified with the Baryonic expecta-
tion value

Un~—. (5.2.10)

C+

It is convenient to define a dimensionless quantity A = 2%/3¢, e~%/3 where €
may be identified with the conifold deformation. See the paper [28] for a good
account of the logic and technical details.

5.2.1 SU(3) structure of the Baryonic Branch

The Supergravity background above is characterised by what is called an SU(3)
structure. That is, there exists a couple of forms J> and ()3, in terms of which the
BPS equations, the fluxes and various other quantities characterising the space
can be written.

The observation of [22], is that the forms , Q, describing the full Baryonic
Branch can be obtained from the simpler ones describing a set of D5 branes
wrapping the two cycle of the resolved conifold. We will not repeat the details
of the derivation here, but we quote the results to the extent that we will find
useful.

In general, an SU(3) structure solution can be described by the following
pure spinors in type-IIB [20],

oA A
¥, — i) %e—’f, ¥_ = —i%—nho,, (5.2.11)

where €24 is the warp factor of the metric. Let us define
et = C +is (5.2.12)

where C% + 82 = 1. It is possible to show that for zero axion field, that is F; =
0, SUSY requires the following equalities to hold (these are the BPS equations
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previously mentioned)

d(e”®S) =0, d(e*4~%C) =0,

) . (5.2.13)
d(@AP0e) =0, d(e***fAf) =0.

The fluxes are determined as

S 1

BZZEfI ﬁ

d(e*A]) = e xgF3, d(e*708) = - xgF5.  (5:2.14)

The system of N, D5 branes wrapped on the resolved conifold is supported
by just F3 flux and is a solution to these equations when S = 0. The (string-
frame) frame fields that describe this geometry can be obtained from those of
eq (5.2.5) by setting i = 1. In terms of these, the J», Q3 ( denoted without hats
to distinguish them from those of the Baryonic branch) are given by

J = €™ + (cosae? + sinwe?) A e + (cos ae® — sinae?) A el (5.2.15)

Qo = (¢ +i€®) A ((cosae? + sinae?) +ie?) A ((— sinae? + cosae?) +ie'),

which obey the relations JA Qe = 0, JAJAT] = %Qhol A Qo1 The BPS
equations for the functions k, g,k, a,b, ® and the RR three-form flux, are

dJAT) =0, d(e®?Qyy) =0

(5.2.16)
d(e®]) +e?® x F3 = 0.
Then the results of [22] show that the f, () of the full Baryonic Branch solution

are obtained by introducing a non-zero phase or rotation parameter? {(r) into
(5.2.11) and defining;:

e®
S =% %

%/ ’

where €24 is the warp factor of the Baryonic Branch solution. For further details
on the geometry and physics implied by this ‘scaling of forms’, we refer the
reader to the original papers [16, 22, 25, 26].

f: CJ, ﬂhol = CS/ZQholi eZA = (5.2.17)

2This parameter can also be understood in terms of the boost parameter that enters in the
duality chain that relates the wrapped brane geometries to the Baryonic Branch [16, 25, 26].
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5.2.2 A useful gauge transformation

Let us comment on a small subtlety that will be important in what follows. The
above rotation argument makes it quite clear that by sending ¢ — 0, the geom-
etry becomes that of the wrapped D5 branes. On the other hand taking { — 7
accompanied with A — 0, the geometry becomes that given by Klebanov and
Strassler i.e. the Z, point of the Baryonic branch. Taking this limit is slightly
delicate. One finds that sin{ — 1 and cos { — }lih ks where hgg is the Klebanov-
Strassler warp factor. Expanding the functions (a,b, ®, g, h, k) in the large A
limit and rescaling Minkowski coordinates x; — x;A~! one finds that leading
term of the metric is independent of A and reproduces the KS geometry. The
limit applied on the NS two form is less trivial, in fact its expansion in inverse
powers of A is

€2 sinh(2p)
B, = A= RD)
2\/§KP1 \/IJZ

However the form of P; (the leading contribution of P(p) in this expansion) en-
sures that the pre-factor on the first term in this expression reduces to a constant
and one recovers the Klebanov-Strassler NS two form modulo a pure gauge term.
In fact it is going to suit our purposes to perform a similar gauge transfor-
mation across the whole Baryonic Branch eq (5.2.6). We do this by defining

d(Py (@3 + cos0de) — Bxs + O(A71). (5.2.18)

By = By +d(Z(C)(@s +cosbdg)), Z = _%/Op N+ s (0" dp' (5.2.19)

In the KS limit this reduces to exactly the gauge transformation required in
(6.2.18) and it has the effect of removing certain mixing between the angular di-
rections and the radial direction in the NS two-form.3 This will greatly simplify
matters upon performing a duality transformation.

5.3 Non-Abelian duality on the Baryonic Branch

In this section, we will present the result for the non-Abelian T-duality when
applied to one of the SU(2) isometries of the Baryonic Branch background in
eq (5.2.5)-(5.2.6). We extend the results of [30] in which the NS sector was es-
tablished but full details of the RR sector were not provided.* We will perform

3This transformation leaves unchanged the gauge coupling defined through the integral of
B, however it is non-vanishing at infinity and so one should exercise appropriate caution.

4The results of [30] lead at first sight to a geometry that has a mixing between angular and
radial directions. This is however a gauge artifact as will be made clear in appendix F. By mak-
ing the gauge transformation eq (5.2.19) to the seed geometry, as we do here, one removes this
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the transformation described in [30] to the coordinates (8, @, ), present in the
left-invariant forms of SU(2), @;,i = 1,2, 3 of eq (5.2.5). We will choose a gauge
where the new coordinates after the duality will be (v, v3, ). We present the
results here and refer the reader to the appendix F for details.

We will start by specifying the vielbeins. The components

-

e = eTh~idxi, ef =eZtkh dp (5.3.2)
do not change. The vielbeins in the (6, ) directions are also unchanged by the
duality however we find it useful to introduce a rotation in (e, e?) such that
the dual solution has no explicit ¢ dependence.

& = \Ceh /2, ¢ = \/Cet T2y, (5.3.3)

where we have introduced left invariant SU(2) forms for the angles {6, ¢, ¢ }.
The vielbeins in the directions 1,2,3 and NS 2-form potential can be compactly
written in terms of the quantities defined as,

2203+ 4Z + 287 ®S cosa
H = ’
2\/§
I N L STV (5.3.4)
z2=—; /0 Se®+gy

1 = aeScosa + 2e"sinw .

The function Z was introduced as a gauge transformation to the seed solution

mixing. Alternatively one can perform the following coordinate transformation to the solution
presented in [30] to obtain the solution presented here:

véhere _> vlgere +2Z2, (5.3.1)
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already in eq (5.2.19). With these, we have

A g+P/2
d = 8W Ve [4€2k+‘I’CH(a’Hw1 — vyws) — V2eX 8O C2 (do, + atwy)
—Sﬁvg(vzdvg + Hdvs) +
%ylseg*'q’(&)%wz + 220 (20w, — 2\/§Hw1))] ,
. g-+30/2+8
2 =L ° W c3/? l4eng2(dvg, — avyw,) — 4He* (dvy + aHws) (5.3.5)
—V2CAE () — vpws) +
%y18e3+2k+¢(623+‘1’(3w1 + 2\/§Hw2)} ,
k+®/2
S =¢ S Ve [4Cvze4g+¢(vzw3 — atwy) — V2C*(dvs — voaw,)

—8V2H (vdvy + Hdvs) + 8T v:8(V/2Ce%8 P w; + 4Hw2)] .

We will then have a metric that in terms of these vielbeins reads, ds? = Z}gl ()2
In terms of these vielbeins, the NS two-form B, reads,

~ 1 " 2 -
By = — ¢ (Ze_ha(egvzee1 + eFHeP) — 487161 + \/:'Z_Ce3+k+q’e23> +
2

S [Hek o 13 b 68 e8+k+®—h 2
S (2e78e! —ae7he®) + ——C(u1e® — 2e"eP) - (5.3.6
5| )+ S - 636
Y S NG P P B
5 (2e 5 T2¢"cosa aed sina)e 5 (ae8e”" + u1e°9)|.

The dual dilaton is given by

o~

S=0— %mw , W= g(e48+2k+3‘1’02 + 8628+ %12 4 8e2k+¢’?{2) . (5637)
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And the RR sector is given by,

Ne
\/Ql

=

_®d . »
F=-2_N, [Ze_zh(l +a? — 2ab)He"? + e=87"kC (s — b) (\/§e28+k+¢’ (1 —e?

4C

4¢k (eé2 —e?) — 4vzege¢3) — 8e 28 9el2 _ 88 kp,e?3 _ 2e‘h'kvze’é

A

2)+

\/‘;_Ce:;_a (Ncb + a(e®8 cos? x — N;) + e8" sin Za) O (5.3.8)
o—8—h—k—2 N . B
F = ——SC———NC [C(l +a? — 2ab)e’? A (\/Eezfg’J“k+‘I’“he1j + 46287 e3)
cr'ed A (4ek7-teié — \/§e23+k+¢e§§) — 8e8vy(a — b) (9123
e A (4e8 vpel? — plek (\/562g+¢ei§’ 4B ))} —
%ﬁf (a (eZg cos®a — N;) + (Ncb + €8 thgin Za)) (’)—l«zkeé“ﬁ2 + vpe8 eé‘f’ﬁ) )

Warning on potentially confusing nomenclature: The N, appearing in the
above originated as the number of D5 branes wrapping the resolved conifold
which was then rotated to give the Baryonic Branch and then T-dualised to
this solution. Prior to T-duality, N corresponds to the D5 charge which is also
commonly denoted by M (which we will also use in section 5.5 when we spe-
cialised to the Klebanov-Tseytlin geometry). We hope the reader will not get
overly confused by this point.

5.3.1 UV asymptotic behaviour

Using the semi-analytic UV expansions that can be found, for example, in [28] it
is possible to calculate the UV behaviour of the dual metric. The dual vielbeins
at leading order in the UV are given by

~20/3 _13)1/4 3/431/4
+€ (24p - 3) w1, P 2773 dvs. (5.3.9)
23/4\/Nc(1 - 2p) ’ Vv Nc(8p — 1)1/4
Thus the dual 3-manifold shrinks as one flows towards the UV, in line with
our expectations from abelian T-duality, where big circles are mapped to small
circles.

i5 c
61’2 — (_)1,2

One may worry that this vanishing manifold is a signal of a singularity in
the UV, however, an explicit check shows that the curvature invariants: Ricci
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scalar, R,y R* and RWA,(R"‘”\" are finite. In other words, both the gs and the
' expansions are under control and the background is trustable in the far UV.
Notice that there is a one-cycle, labelled by the coordinate ¢ in wj, that shrinks
to zero size in the large-p regime. This implies that strings wrapping this cycle
will become light and will enter the spectrum of the dual QFT at high energies.

The dual dilaton is defined as 2% = i‘; where

W = 3¢y Ney /120 — geBP/?’ (5.3.10)

asymptotically, and so the dilaton is UV vanishing.

5.3.2 IR asymptotic behaviour

Let us now study the small radius regime of the metric, corresponding with the
low energy regime of the dual QFT. Things are a bit less-simple. At leading
order, terms in the metric depend explicitly of the original IR-parameters of
the Baryonic Branch solution, but they also depend on the values of the vy, v3
coordinates. The dual vielbeins in the IR tend to

1 32e%0/2/Fnd/? 1
| - 1 v3(dvy + v9w3) + 0 (vowy — ——dvs3) — v3(wq — )
G (3( 2 + Vaw3) + V2 (vaws Wi 3) — v3(wy — wy)

5 _2NVER
N g

( V203 Fe®0w; — V2v, FePows +

16h1 (vadvy — vadvs + (V3 + vg)wz)) (5.3.11)

2¢—®0/2, [k
3 — __QL; (\/5}‘232‘1’0(21%(103 — vowy) — 16y F (vaws — v3wr)+

V2128h3v3(vodvy + vsdvs))

where we have defined
F2 = 4(2)% 21}/ — 2v/2¢%0hy), G = 20 F? 4 12802 (03 4 03). (53.12)
for convenience. The function W tends to

Fe® (5 20 2, .2
5T2h, (]-" e?®0 1 128(v3 +v3)) (5.3.13)

Here again, it happens that the dilaton is bounded and the Ricci scalar and
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Ricci and Riemann tensors squared are finite. This was expected, as we are per-
forming a duality transformation on a space that in the small-p regime was of
finite size (the S in the deformed conifold). Dualities typically invert ‘sizes’ (or
couplings). This example is not an exception. One may start with a background
solution where Supergravity is a good approximation and obtain that in the far
IR the new generated solution is still a supergravity background we can trust.

A point that we want to emphasize again is that in the far IR, the param-
eter that was labelling the different “positions” on the Baryonic branch (that is
the different baryonic VEVs) still appears in the small-radius expansion above.
There is a still a one-parameter family of solutions. Indeed, notice the depen-
dence on the integration constants e®() and h; as defined in [22], both related
to the number parametrising the Baryonic branch.

54 SU(2) Structure of the background

We will now study the associated G-structure with this solution. Again, we will
postpone details to the appendix F. The geometry supports two pure spinors
given by

A
e . s e .
d, = ge’e’fe A (kye™ — ik w) ,

8 (5.4.1)
O_ = e (0 +iw) A (ke + ikjw) -
In the case at hand we find
o
24 _ €
7T
9+ =0, 6-= g(l’)
sin cos?a + (.0
o ki =[S0 2H 0L 5.4.2
I=Vire TV T 642
z=w—iv= 1 (\/ZE3+Czsmaé6+i(\/Zép+§2sinzxé"”))

veosZa+ 7.0
j=e®+e 4+ —vaw

w = i (VA@® +ie) — Lo sina(e +id)) A (& +iéh).

Veos2a+ (.

Here the frames € are obtained by a rotation, given by eq (E.19), of those in
eq (5.3.5) and the parameters A, {; which enter into this rotation are specified
by eq (F.15).

There are various immediate things to observe. If we move to the large ra-
dius region of the geometry, the functions sina(p) ~ a(p) ~ b(p) — 0. The
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formulas simplify and we obtain, among other things that k — 0. This implies
that, as happens in chapter 3, the two pure spinors are ‘perpendicular’ in the
large radius regime of the solution and the SU(2)-structure is static. Similar be-
haviour was found in [42], where a dynamical SU(3)- structure in 7-d becomes
orthogonal in the UV. This changes as we evolve to the small radius regime
of the background, the SU(2)-structure is said to become dynamical. In section
5.5, we will discuss the physical effects that are associated with a change in the
SU(2)-structure, from static in the far UV to dynamic in the IR.

5.5 Correspondence with Field Theory

In this section, we will connect our previous geometrical studies with aspects
of the quantum field theory that our background is dual to. As it was antici-
pated in the paper [30], we believe that the field theory dual to our massive IIA
background should be a non-conformal version of the Sicilian gauge theories
presented in [89, 57] or the linear quiver field theories studied in [90]. There
are certain things that can be inferred immediately, like for example the con-
fining character of the QFT. This follows from the fact that the calculation of
the Wilson loop will proceed exactly as in the case of the Baryonic Branch field
theory. Indeed, the R x p part of the geometry is unchanged, hence, the Wil-
son loop will give the same result as before the non-Abelian T-duality. Never-
theless, many calculations done with the Klebanov-Strassler/Baryonic Branch
background involved the ‘internal’ five dimensional space. The purpose of this
section will be to learn how some of those calculations for field theory observ-
ables change (or not) for the new geometries in massive IIA.

The idea that will guide us is that for a given correlation function or related
QFT observable, that in the original background was calculated in a way that
is ‘independent’ of the SU(2) isometry used to perform the non-Abelian du-
ality, will give the same result in the transformed background. We can think
about those operators or correlators as ‘uncharged” under the SU(2) symme-
try in question. Ideas of this sort already worked in other solution generating
techniques, like T-s-T dualities. Similar ideas also appeared in large N, (planar)
equivalences between parent-daughter theories. The physics of the common or
‘uncharged’ sector goes through to the new field theory. The rest of the chapter
deals with observables that are, in principle ‘charged’ under the SU(2) symme-
try.

In the paper [30] it was shown that the cascade of Seiberg dualities—defined
geometrically as a large gauge transformation of the NS two form and its ef-
fect on Page charges, persisted in the massive IIA background. In chapter 3,
we started to geometrise some of the field theory effects corresponding to the
Klebanov-Witten non-Abelian T-dual. In the rest of this section, we will focus
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our attention on the relation between the dynamical character of the SU(2)-
structure and the field theoretical phenomena of confinement and discrete R-
symmetry breaking. We will show how the presence of domain Walls with an
induced Chern-Simons dynamics on their world-volume follows as a conse-
quence of the confinement and the dynamical character of the SU(2)-structure.
Then, we will make clear that the symmetry associated with changes in the -
direction is related with an anomalous U(1)g R-symmetry in the field theory.
We will define an instantonic object using an euclidean D0 brane; this will lead
us to a possible definition for a ®-angle and gauge coupling. We will find that
this coupling has a non-conventional running in the far UV. We will then move
into studying different aspects of the ‘baryonic branch’, also present in our new
backgrounds. We will find that a given fluctuation of the RR background fields
can be put in correspondence with a global continuous symmetry that the IR
dynamics breaks spontaneously. We will find the associated Goldstone boson
and an expression for the conformal dimension of such a baryonic operator.

5.5.1 Dynamic SU(2): A pathway to confinement

In this section, we will make more concrete the relation between the QFT phe-
nomena of confinement and the dynamical character of the SU(2)-structure.
The first observation is that the ‘parallel projection” between both spinors, rep-
resented by k| in eq (F.3), is proportional to the quantity sina. This quantity
is related to the background functions as can be read from appendix B of the
paper [17],

dgel—8

/2 +202(4621-28) + (46225 1-1)?

sina(p) = (5.5.1)

This is compatible with the expression in eq (5.2.7) after following the algebra
in appendix B of the paper [17].

The presence of the functions a(p), b(p) in the Baryonic Branch solution—see
eqgs (5.2.5)-(5.2.8)—are responsible for the de-singularisation of the space (the
appearance of a finite size 5*) and the IR minimization of the dilaton and warp
factor. These have as a consequence the linear law, Egg = oLgq for large
distance separations between the quark-antiquark pair. In other words, the
functions a(p), b(p) and their effects on the warp factor and dilaton ‘produce’
confinement. In the same vein, at the level of the metric, the presence of a(p)
implies the breaking of the symmetry ¢ — ¢ + € into ¢ — ¢ + 2. This is the
remaining Z, symmetry after the spontaneous discrete R-symmetry breaking.
So, we see clearly that confinement and spontaneous R-symmetry breaking go
hand-in-hand with the function a(p). Hence, these phenomena in the dual QFT
are closely related to the presence of k|, which as we made clear is related to
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the dynamical character of the SU(2)-structure. In the papers [91, 92], the point
was made that the functions a(p), b(p) were directly related with the gaugino
condensate. This suggests that in our massive IIA picture, there exists a relation
of the form < AA >~ k.

5.5.2 A comment on domain walls

It was proposed in [30], that domain wall objects were realised in the Non-
Abelian T-dual of the geometries we are considering, as D2 branes that extend
on R12. Indeed, the induced metric, action and tension of a (2 + 1)-dimensional
object are,

ds? ; = e®h™V2(—df? + dx? + dx3),

Spr =T / Bxe® i34, Ty = Tppe®2h™%/4| .

If we also turn on a gauge field in the world-volume of this D2 brane, a Chern-

Simons-Ma; ~ " -t oMk e 23 e te - die o —odeao )l o1 this D-brane,
Spiwz = — Tpa [ d®1xe®/2h~3/4, /1 — &/ F, FHY
+ Tps / d2+le0A1 A B. Fw
(5.5.2)
+ Tpy / d2+1xF0A1 AF.

We have used that a new WZ-like term appears in Massive IIA as explained in
[93]. The Chern-Simons term is quantised, being proportional to Tpy N.>

In the type-IIB Baryonic Branch solution(s), domain walls were realised by
D5-branes extended on R'2 and the three-sphere 53 = [0, @, ¢]. Once a gauge
field is turned on, a Chern-Simons terms was induced, proportional to Tps 53 Fs.
Naively, we can think that both objects are ‘connected’ by the non-abelian T-
duality, under which the directions on $* disappear and we are left with a D2
brane as described above.

Supersymmetry gives support to this. Indeed, around eq.(6.19) of the paper
[20], we are presented with the calibration form for a domain-wall like object,
which is given by the real part of the pure spinor ¥. Using that |a|?> = ¢4 =
e®/21~1/4, we obtain that the BI action equals the calibration form. Notice also
that this selects the k| component of the pure spinor.

As it was shown in the paper [30], once the R-symmetry is broken in the
type-IIB set-up, the non-abelian T-duality maps these backgrounds to their part-
ners in Massive ITA. In a minimally SUSY quantum field theory, the presence of

SNote that it is the presence of an Fy that allows D2 branes to be interpreted in this way, by
way of comparison in [94] the relevant branes with Chern-Simons dynamics are D4 branes with
a bulk F, turned on.
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domain walls is tied up with confinement and the spontaneous breaking of the
Zyn.-symmetry. As we emphasized, these phenomena are related to the ‘dy-
namical’ character of the SU(2)-structure, hence to the presence of the k|| part
of the pure spinor.

5.5.3 The fate of the U(1)g anomaly

In the backgrounds presented in [30] and those of this chapter it is somewhat
natural to expect that the coordinate 1 is singled out as being related to an
R-symmetry of any putative field theory dual. That this is true is by no means
obvious, after all in the technical process of dualisation the fact that we retained
the coordinate { was purely a result of a judicious gauge choice. Here we pro-
vide evidence that this is indeed the correct identification and furthermore that
this U(1) is afflicted with an anomaly, breaking it down to a discrete subgroup.

A robust understanding of how dy plays the role of the R-symmetry in
the holographic dual was given in [95] with several important details of the
supergravity solution clarified in [96]. The essential point of [95] is to intro-
duce a bulk 5d gauge field that gauges this U(1), by making the replacement
dp — x = dip — 2A in the metric. This must be supplemented with an ap-
propriate ansatz for the fluxes. In the case of the Klebanov-Witten background
one finds that the resultant gauge field is massless and is the dual fluctuation
to the global U(1) of the gauge theory. However, in the non-conformal cases,
the correct ansatz for the fluxes actually yields a massive gauge field (the mass
here comes from a Stiickelberg rather than Brout-Englert-Higgs mechanism).

Let us begin our discussion with the non-abelian T-dual of the Klebanov-
Witten backgound. The NS sector of the geometry is given by
2 2 1., 603 ,
dS = dSAdS5 —+ "6—dSSz + T(Tg‘l'
6 2\ 7,2 3 2\ 5.2
K (1 + 277)2)(17]2 + 54027)3d7)2d'03 + Z (A — 5402) dv3 P
18v/2 (A — 5403)
A

V2A

-1
¢2® = 81A~1 = 81 (2 + 5403 + 36v§) ,

B, =

VU305 A dup + o3 ANdvus,

where 03 = dip + cos0d¢. This metric is supported by RR two and four form
fluxes. The U(1) acting as dy can be gauged by making the replacement oy —
X = 03 — 2A in the NS sector above. The potentials corresponding to the correct
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modification of the RR forms that support this fluctuation are given by

2V2
C] = —‘7 (COS ed(f) + A) ’ (5.53)

2 - 2
C3 = —ﬁvgx AN (w2 - dA) + §Z)3 *5dA ,

where we introduce the volume form on the S%, @, = sin8dfd¢ and x5 is
the Hodge dual in the AdSs directions. This solves the linearised equations

of motions, linearised Einstein equations and Bianchi identities provided that

the gauge field obeys the equation d x5 dA. This, together with the fact that
the Killing spinors of the geometry are charged under U(1)y identifies this as
the dual to the R-symmetry. Upon substitution of this ansatz into the action one
finds all the gauge field dependance gives a field strength squared contribution,

85 = f (v, v3) Fuy F* (5.5.4)

for some function f(v;,v3) of the internal coordinates that will be integrated
over in a reduction to a five-dimensional theory.

Now we turn to the non-conformal geometry obtained by transformation
of the Klebanov-Tseytlin geometry (since we are only interested in the UV be-
haviour we will not need the full Klebanov-Strassler or Baryonic branch). The
NS sector, with the U(1)y gauged, is given by

2% 6r hv2
dSz = h%drz + h_%dS%{l';; + erS§2 + rsz)—CQ
+ % [(r4h + 2703)dv3 + 540, Vsdvydvs + % (% - 540%) dv%]
; roh? (5.5.5)
18\/_ (A — 54r2h1v3 ) 5K/ ()
B v V3 ANduy + ANdvs + ——>@
2 = 2V3X 2 /oA X TV

-1
® = 81a71 = 81 (2r*h + 5403 + 3613)
) g . _ K (r)
Here h(r) is the usual Klebanov-Tseytlin warp factor and V3 = v3 + TAM

Without the gauging this is a solution of massive IIA with Romans mass pro-
portional to M. By examining how the non-abelian T-duality transformation
acts on the ansatz given by Krasnitz in [96], we can determine a suitable ansatz
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for the fluxes:

C, = _%03 cos 9d4) + MldeS — 2\/5[(1 — \/§Co (VBdU3 + UZdUZ)

C3 =2V3K3 — M(]lwz A (Uzdvz -+ v3dv3) (5.5.6)

22
+ T/I_\/_f (r)Cowa A (v2dvy + Vadvs) — 2v3§ A dKy — 4vz@n A Ky + O3

The remaining term in the three-form potential is given implicitly by®

40, = %Mh% X5 (Codr + %rW) + %dr AK;. (5.5.7)
Here W is a gauge invariant 1-form that combines the gauge field A with a
Stiickelberg scalar scalar W = A — dA though for practical purposes we follow
[96] and chose a gauge in which W = A. This is a solution to the linearised
flux equations and Bianchi identities provided the fields introduced obey the
constraints on the ansatz required in [96]:

K3 = _'il‘*SdKl ,

rhi
dKs = 32:‘% (5.5.8)
r
1 _ r 1 _ 36
0= 33 (W) + S+ 53, (h71Co) — = ((Ka)r + F()Wr)
1. s r3h M2 3MP
0= gar (7’ arCo) + a—a,a,co — EW, - 4:_hTC0 .

Here xs is the Hodge dual with respect to the metric dsZ = hidr? + h~ fdsR13
In [96] it was shown how these egs (5.5.8) can be diagonalised by defining

54
~ 13

27
Ki, W?=W+ ki (5.5.9)

wl=w
The mode W! corresponds to a massive gauge field whose mass as a result of
the spontaneous (anomalous) breaking of R-symmetry. The mass of this mode
is given by [96]:
2
mt— 4 (&M (5.5.10)
a/(37)2 (AN)2
The interpretation is identical here and we conclude therefore that the U(1)g
symmetry is anomalously broken.

6The exterior derivative of right hand side of this expression vanishes on the egs (5.5.8).
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Dependence on ¢ in the potentials and D0 brane instantons

To understand this breaking as an anomaly it is informative to look at the forms
of the RR potentials. For the non-Abelian T-dual of the Klebanov-Witten we
have following potentials

C = M cosfd¢,
V2 (5.5.11)

Cs = —N72w3 sin0do Adg Ady .

For the dual of the Klebanov-Tseytlin (which has Romans mass proportional to
M) we have

C = %03 cosfd¢ — %1[)(1’03 ,

"M
8

Note how the dependence on ¢ in C; is quite different in the potentials in the
conformal and non-conformal cases.

Let us now consider D0 branes. These D0 branes will move in the v3 direc-
tion, leaving all other coordinates fixed, in particular we will choose v, = 0. We
can then calculate using eq (5.5.5) the induced metric for this D0 brane, relevant
gauge potential and its BIWZ action, that will read

(5.5.12)
Cs =

(3 +o3) sin0do A dp A dyp .

9 M
dslznd = gv3v3d'0§ = de%, C] = —‘E‘lpdve,,

Spiwz = —Tpo / dvse_cp\/gu3v3 + (5.5.13)
r2h1/2 22 M
TD()/Cl = TD()/dvg\/ 9 + r2h13/2 — TDOTlp/dv:g.

We use now that Tpy = ——. Also, we call Ve'L,. = [ dvs, the dimensionless
gs\/07 3

length of the v3 direction.

We will equate the BIWZ action of this euclidean DO brane with the gauge
coupling and the © angle imposing that Spiwz = 8—;23 + i©. In other words, we
consider this D0 brane to be an instanton in the dual gauge theory.

Analysing the WZ term, we have that (like above, we choose g; = 1),

M
Swz = 71[)Lv3 = 0. (5.5.14)
Using that the theta angle should be periodic, we can impose that the allowed
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changes in the angle 1 get selected to be

M
?(1/; + AY)Ly, = O + 2k7t (5.5.15)
which implies that
4kt
Ayp = MLy, (5.5.16)

So, we see that there is a breaking of the global continuous symmetry into a
discrete one. The residual discrete symmetry is determined by the domain of
the coordinate v3. In the case in which we would like to impose this discrete symmetry
to be the same as before the non-Abelian duality we should impose that L,, = 2. In-
deed, one of the major challenges with understanding non-abelian T-duality is
to identify the periodicities of the coordinates of the T-dual geometry. Here we
see a direct link between a field theory property (the anomaly) and the global
properties of the geometry.

Let us look at the BI term. We have that the gauge coupling associated to
this is

8712 1/2

— =Tp /dv3 [r2h1/2+ 2 (03+—r—5L)2] (5.5.17)
g2 0 P2[172 27/2M : "~

We can perform the integral explicitly, but it is perhaps more illuminating to
look at the large radius limit of the expression above. After all, we are doing
this calculation in the non-Abelian dual of the Klebanov-Tseytlin solution, we
should only trust the result in the far UV. We have then, considering the leading
term in the large-r expansion,

1
2" (logr)%/? (5.5.18)

this reproduces a result obtained by other means in [30].

5.5.4 The fate of U(1)p

The Klebanov-Witten SU(N) x SU(N) conformal field theory coming from D3
branes at the tip of the conifold has a U(1) baryonic number symmetry acting
as A; — e A;, B; — e_i"‘B]-. In the gravity dual this number current gives rise
to a massless AdSs gauge field

6Ci=wsA A, (5.5.19)
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where wj is the usual closed three form on T!1. The non-abelian T-dual of the
AdSs x T!"! geometry was obtained in [35]. In the T-dual geometry, this U(1)p
mode translates into a perturbation, which solves the linearised supergravity
equations of motion, given by

5C =5 A,
1 5 (5.5.20)
G =WoAA+ §udu/\]-“+ Tudvg/\»qf.

The final two terms in §C3 come from the a contribution from §C¢ under the
T-duality transformation’. Although the two-form W, has a simple form

U3 \/_2'7}26243
W2 = 9 d(73 + 81

03 A (2usdvy — 3v,dv;) (5.5.21)

it can not easily be written in terms of the invariant tensors that define the
SU(2) structure of the geometry.

The existence of this mode is suggestive that the field theory duals corre-
sponding to the conformal geometries constructed in [35] have a global U(1)
symmetry in addition to the preserved U(1)g. In fact, the geometry T-dual to
the Klebanov Witten is closely related to those proposed in [57] as the grav-
ity duals to N = 1 SCFT’s formed by wrapping M5 branes on Riemann sur-
faces (which in this case is genus zero giving rise to many subtleties). These
SCFT’s do indeed have U(1)r x U(1)r Abelian global symmetries which are
seen geometrically as isometries of the corresponding eleven-dimensional su-
pergravity solution. Upon reduction to ten-dimension one of these U(1)’s gets
de-geometrised corresponding to the above gauge field 6C; = A.

In this paper our main focus has been the cascading field theory where at the
last step of the cascade when the gauge group is SU(M) x SU(2M) the baryons
acquire expectation values,

B=ifA?M, B = éAZM : (5.5.22)

On this Baryonic Branch the U(1)p symmetry is spontaneously broken. To see
this from the gravity perspective it is sufficient to work with the Klebanov-
Strassler geometry corresponding to the field theory at the Z; symmetric point
of the Baryonic branch. As shown in [83], there is a massless glue ball corre-
sponding to a Goldstone mode associated with changing the phase of { which

“For the AdSs x T'! we use ds? ;s = du? + e (ﬂijdxidxf )
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is given by®

SH=0,
OF3 = fixada—d(fo(T)da A g%),

4

(5.5.23)
E=f (*4da 6K2( )h(r)da/\d'r/\g ) ABjy.

The linearised supergravity equations are solved when the pseudo-scalar is a
harmonic function in R*! and the function f,(7) obeys a second order differen-
tial equation admitting a normalisable solution.

The non-abelian T-dual geometries considered also admits a similar mode,
which can be obtained simply by performing a T-dualisation of the ansatz for
the scalar modes in the seed IIB solutions. The T-dual of the Klebanov-Strassler
geometry was obtained explicitly in [30]. Performing a dualisation of the ansatz
eq (5.5.23) gives rise to a perturbation éF; and §F;. This perturbation solves the
supergravity equations of motion when f, obeys the same differential equation
as for the ansatz eq (5.5.23). The expressions for F, and Fj are not particularly
enlightening though for completeness let us provide a few details. Here we
display the results in the UV regime where the geometry is given by eq (5.5.5).
The corresponding deformations to the potentials are given by

0C1 = (2usfa(r) + f3(r))da
6C3 = {f4(r) \j;li (vz + (v3 — —\7_1\;—7;2)2)] %4 da— (5.5.24)

iz—da/\o;.;/\d(v%+v§)— f3 “=da A 03 Advz + da A\ sin0d0 A d¢ (f —

U3 f )
—=J3
V2 V2 V2
The extra functions introduced above are completely determined by f; and f,

according to

fi=0, 2% = —6r’fs +16r2fo + 27M2f logr /10,

fi = 1( 3v2rfih(r )logr/rO—ZT(r)fé) , fi= irfz, (5.5.25)

fs= 1(1)8 ( 2\/_r5f1h(r) = 18Mrf1h(r)T(r) logr/r0—3\/§T(r)2fé) ,

where T(r) = - —sMlogr/rgand h(r) = 7 (3M? + 8N + 12M?logr/1).

The ex15tence of this mode suggests a spontaneously broken global U(1) in

8Here and elsewhere we use the standard notation for the deformed conifold and Klebanov
Strassler geometry which can be found e.g. in appendix of [83]. For the KS we stick with the
notation T as the radial coordinate but will use r elsewhere.
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the field theories dual to the geometries obtained in section 5.3. In the con-
formal case, the unbroken U(1) becomes geometrised upon lifting to M-theory
whereas these non-conformal backgrounds are solutions of massive IIA and so
can not be lifted. This further underlines the expectation that a U(1) is broken.

In the same multiplet as the pseudo-scalar Goldstone is a scalar perturba-
tion corresponding to changing the magnitude of ¢. In the same vein as above,
one could deduce the fate of this scalar perturbation under the T-duality trans-
formation; it will give a similar, albeit complicated, perturbation in the dual
ITA background. Since the full Baryonic Branch geometry found in [18] can be
thought of as exponentiating such transformations to give arbitrary values of
the Baryonic VEV, implicitly in the geometries presented in section 5.3 we have
already done just that.

5.5.5 The fate of the baryon condensate

In Klebanov-Witten theory the closest analogy to a baryon vertex - the object
to which N external quarks can attach [97] - would be a D5 brane wrapping
the T1! space with world volume coordinates {xo, 01, 1,02, ¢2, %} [98]. The
primary reason for this identification follows the argument made in [97]; since
we have

BN, (5.5.26)

the WZ term induces a charge to the world volume U(1) gauge field A via the

coupling
/ ANEs . (5.5.27)
RxT(11)

This introduces N units of charge which must be canceled by some other source
to give zero net charge in a closed universe. This cancelation is achieved by N
elementary strings stretching from the boundary to the brane whose end points
are external quarks. A perhaps naive approach would be to suggest in the IIA
geometry dual to the Klebanov-Witten theory a similar role could be played by
a D2 brane wrapping the S? with world volume coordinates {xo, 6, ¢}. Indeed,
since in the case of T-dual to Klebanov-Witten we have C; « cos0d¢ the WZ
coupling F A C; produces a charge contribution for the gauge field that could
be cancelled with external quarks just as in the Klebanov-Witten scenario. It
would be of some interest to study the baryon vertex in the massive IIA back-
grounds.’

This baryon vertex should however be distinguished from the configuration
representing the actual baryon condensate - which should be supersymmetric,

9Before duality in the cascading theories this is a D3 brane and it seems quite possible that
DO branes might play this role of the baryon vertex in the cascading massive IIA geometries.
We thank O. Aharony and J. Sonnenschein for this suggestion.
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gauge invariant and not require Blon spikes. The configuration that describes
the baryon condensate is a Euclidean D5 brane wrapping the T'! and the radial
directions [98]. This D5 has D3 branes dissolved within [99] which are traded
for a world volume gauge field. Following the logic applied to the baryon ver-
tex one might anticipate that in the IIA geometries presented here, the role of
the condensate is played by a wrapped Euclidean D2 brane on the S? x R with
a world volume gauge field.

To determine the existence of such a configuration, rather than calculate
the kappa symmetry projectors, we will harness the power of the G-structure
and the calibration techniques of [20]. The condition for a supersymmetric Eu-
clidean p brane on a cycle X is essentially the same as that of a Lorentzian p + 4
brane that is spacetime filling in the Minkowski directions. This condition is
given by

e~/ det(g]z + F) dPo = 864~ Imd A e 7| (5.5.28)

where the world volume field strength is 7 = Bly + 2ma’d A and the pure
spinor entering the calibration form is given & = ¥, for IIB and & = ¥Y_ for
ITA.

Before looking at this question in the context of the full Baryonic Branch let
us address it in the conformal case in which we would still anticipate a super-
symmetric configuration to exist. In the Klebanov-Witten theory the E5 config-
uration of a brane extended along ¥ = {7, 61, ¢1, 02, 2, P} with a world volume
gauge field

A= %C (r) (dy + cos 61d¢y + cos Brdes) , (5.5.29)

obeys the calibration condition eq (5.5.28) provided that

77 = % -z, (5.5.30)

which of course can be readily integrated.

In the IIA non-Abelian T-dual of the Klebanov-Witten geometry we find an
E2 configuration extended along £ = {r,0,¢} at the point v; = 0 but with a
non-trivial embedding v3 = f(r). We search for a supersymmetric configura-

tion solving the calibration condition eq (5.5.28) when supported by a gauge
field

1

A= —a(r)cosfd¢ . 5.5.31
T5r) cosody (55.31)
From the calibration condition one finds firstly that the embedding f(r) and
the gauge field should differ only by a constant cy. The gauge field should then
obey an equation

i 1—18con — 1842
“ (7’) B 9(0() + 20()

101

(5.532) -



which can also be readily solved and one notices that when ¢y = 0, this equation
has the same form as eq (5.5.30) governing the configuration in IIB.

Let us move on to the KT geometry working in the exact logarithmic solu-
tion0. First we recapitulate the calculation for the baryon condensate in the
IIB background. Using the calibration technique one readily finds the E5 con-
figuration is the same but with the gauge field equation of motion eq (5.5.30)
modified to be

7'(r) = 2rth(r) + T(r)* — 8¢(r)?
8rg(r) '
where T(r) = %Mlog r/ro and h(r) = % (3M2 + 8N7 + 12M?logr/19).
This equation may be integrated to yield

(5.5.33)

9M
() =g7%

where c is a constant of integration which we now set to zero since its contribu-
tions are in any case sub-leading. Inserting this into to the DBI action one finds,
changing variables to ¢t = log,

1
(c + 3% — 4r% log(r) + 872 log(r)z) 7, (5.5.34)

= 1500l (T!) / dtm(l +22 +83)(3—4t+82)2.  (55.35)

In [98], e~5E5 was identified with the bulk field dual to the baryonic condensate.
Using the standard asymptotic expansion the field theory scaling dimension
can be extracted (at least in the large t regime) as

N dSgs . 27 3 9
Alr) = dlogr g2 M (log7)* + O(logr) , (5.5.36)

reproducing exactly the result of [98] notable for the scaling dimension depen-
dence on the energy scale of the baryons as anticipated from the field theory.

In the non-abelian T-dual the situation is already rather involved. We search
for an E2 configuration extended along £ = {r,0,¢} at the point v, = 0 and
now with v3 = x(r) and an ansatz for the gauge field

A= —\%5 (r) cos6d¢ . (5.5.37)

We take the square of the calibration equation eq (5.5.28) and first consider

10This is considerably simpler than the deformed conifold of the KS and reproduces all the
main features of the calculation in [98] with the conformal dimension of the condensate agree-
ing to leading order. Using the calibration technique we checked that the resultant gauge field
equation of motion agrees exactly with that of [98].
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terms proportional to cos? §. From these one finds a first equation relating the
gauge field and the embedding in vs:

J'(r)=x(r). (5.5.38)

We let ¢g be the additive constant between { and x. Then from the remaining
terms in eq (5.5.28) one finds a differential equation for the gauge field

10 (r) = (2r*h(r) — 6coT + T2 — 360l — 36{%) . (5.539)

18(co +27)

Changing variable to t = log r one can solve this equation on the exact logarith-
mic solution:

-3/2

Z(r) = - %0 4+ 5 [647c + 13 (163 + 3M(8v/2c + IM—

4(4v2co + 3M) log r + 24Mlog r?))] 2

(5.5.40)

here c is an integration constant giving sub-leading contributions that we hence

ignore.
Using eq (5.5.39) we find that the DBI action is given by

dr 1 2r*h+ (T +60)*
r 648 Co + 25

Spal = K (2r*h+(T—6(co+0))?) . (554D)

If we expand out asymptotically we find that

tuv  27MB3t2 9M?t N 0
SDBINK/ dt W +5 (3\/§M—4c0+8\/§M7t) + 0%, (5.542)
which suggests an operator with a scaling dimension

27k M3
A= logr)? 5.5.43
sz 1087) (5.5.43)

where k = Tpyvol(S?) = ilg It would be interesting to pursue this line of rea-
soning further by extracting the value of the condensate across the Baryonic
branch. This is technically rather involved and we do not pursue this here.
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5.6 Conclusions and Future Directions

In this chapter we have examined a new family of solutions of massive IIA
supergravity. These new backgrounds were obtained by performing a non-
abelian T-duality on the geometry that describes the non-perturbative physics
of the baryonic-branch of the Klebanov-Strassler field theory. We have explored
the transition from SU(3) structure, characterising the ‘seed’ backgrounds to
the dynamical SU(2)-structure that describes the resulting massive IIA solu-
tions. We made clear-at least for the type of backgrounds studied here- that
the dynamical character of the SU(2)-structure is directly related to the phe-
nomena of confinement and symmetry breaking. We believe that all these new
features have not been discussed in previous literature, in a context as clear and
unifying as the one presented here.

The new backgrounds discussed in this chapter display a host of interesting
non-perturbative phenomena that ‘define’ the dual field theory. Some of these
are,

e The non-conformality of the geometry is enabled by a non-zero Romans’
mass.

e Whilst the UV geometries proposed in [30] are characterized by static
SU(2) structure [41] the full IR complete geometry of this chapter has
dynamic SU(2) structure.

e The transition to dynamic SU(2) structure gives a geometric realization of
confinement and permits supersymmetric D2 branes that act as domain
walls in the IR. This realises geometrically the relation between confine-
ment, the spontaneous breaking of a discrete R-symmetry and the pres-
ence of domain walls.

¢ The U(1)g symmetry is realized by the vector dy and the corresponding
fluctuation, which is a massless gauge field in the conformal case, acquires
a mass indicating an anomalous breaking.

¢ Euclidean ‘instantonic’ branes reproduce this anomaly of the R-symmetry
and at the same time suggest a non-conventional running for a suitably
defined gauge coupling.

e A further U(1) (baryonic) symmetry is broken. In the conformal case of
[30] this symmetry is unbroken and is realized geometrically by the M-
theory circle. In our backgrounds, once conformality is broken by the
addition of fractional branes, the symmetry is no longer geometrical as
we are now in a massive IIA context. The U(1)p symmetry is sponta-
neously broken and we identified a corresponding massless glueball (the
associated Goldstone boson).
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o We give evidence that this U(1)p may be thought of as baryonic and that
a baryonic condensate is given by a Euclidean D2 brane wrapping a two-
cycle in the geometry.

Although we do not yet have a complete understanding of the field theory dual
to this new geometry, the results of this chapter together with those in [30]
suggest that it may be a non-conformal and cascading version of the Sicilian
theories of [89, 57] or the linear quivers of [90].

We would like to close this chapter on a forward looking note. We suggest
that the features mentioned above may be prototypical of a wider class of holo-
graphic duals. The theories in [89, 57] and also the IIA linear quivers of [90],
present a wide new class of interesting examples of N' = 1 SCFTs. We an-
ticipate that by a modification of these theories (this chapter suggests that the
modification will involve adding D8 branes in IIA) one can obtain a variety of
non-conformal gauge theories. Some of the non-perturbative features of these
new field theories should be the ones we are describing in this chapter.

Aside from this and on a more geometrical note, we believe the backgrounds
presented in this chapter may serve as a prototype for new dynamical SU(2)
solutions of massive IIA supergravity that will be the corresponding string du-
als to the new field theories described above. This is, of course, in the same
vein as the route from the conformal geometry of Klebanov-Witten to the non-
conformal geometry of Klebanov-Strassler.
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Chapter 6

Generating new type-11B solutions

6.1 Introduction

This chapter is based on work performed in collaboration with Caceres and
Nufiez [44]. It broadens the scope of the previous chapters by generating, via
non-abelian T-duality, a new type-IIB solution dual to a 4-d QFT with minimal
supersymmetry.

To begin we will consider the case in which D6 branes wrap a calibrated
three-cycle inside the deformed conifold. Extensions of this case to different
numbers of dimensions, a different number of preserved supercharges, etc;
have been studied. In particular, if these configurations in type-IIA string the-
ory are lifted to eleven dimensions, the configurations become purely geomet-
ric, leading to the associated seven-dimensional spaces possessing G, holon-
omy. This line of research [100, 101, 102, 103, 104, 105, 106], was quite fertile,
especially on the mathematical side where it lead to the construction of new
metrics with G, holonomy. However, it did not give as many physically inter-
esting result as its type-IIB counterparts [107, 12, 11]. In this work we present a
family of those ‘old” G, metrics, reduce the system to type-IIA and study some
of its physical implications, making clear the reasons for which they failed to
capture some of the phenomena their type-IIB counterpart were able to calcu-
late.

It was in parallel with these ‘physically motivated’ discoveries that the pow-
erful line of research involving G-structures began to grow [74, 66]. In particu-
lar, in these four dimensional and SUSY preserving examples, it is possible to
encode all the information about the background (BPS equations, metric, fluxes,
calibrated sub-manifolds, etc), in a set of forms defined on the space ‘external’
to the Minkowski coordinates. Furthermore, the SU(2) and SU(3) structures
typical of these backgrounds, their associated pure spinors and forms encode
in subtle ways quite common operations in QFT [16, 22, 25, 108, 27, 26, 28].
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In this chapter we complement the above mentioned study of the type-IIA
backgrounds associated with the wrapped D6 branes and their precise descrip-
tion in terms of G-structures.

We also perform an SU(2) non-Abelian T-duality isometry on the geometry.
We generate new type-IIB solutions that preserve four supercharges; hence it is
dual to a minimally SUSY 4-d QFT . We describe the result of the non-Abelian T-
duality in terms of the generated G-structure. We believe, ours is one of the first
few examples of dynamical SU(2)-structure in type-IIB. We will use the word
“dynamical’ to denote the fact that the quantities k| , k| defined in eq (6.3.20), are
point dependent, changing value through out the internal manifold. We will
propose a relation between the ‘dynamical’ character of the SU(2)-structure
and the phenomena of confinement in the dual QFT.

The structure of this chapter is the following. In section 6.2—that contains
a fair amount of review but also various original pieces, we will summarise
the eleven-dimensional and type-IIA supergravity solutions that will act as the
‘seed backgrounds’ for our non-Abelian T-duality generating technique. Their
G-structure will be carefully discussed. We will also present the explicit nu-
merical solutions to the BPS equations and clarify their asymptotics. In section
6.3, the action of non-Abelian T-duality on the type-IIA backgrounds, the new
generated solutions in type-IIB and a discussion of their G-structure will be
spelled-out in detail. Different dual field theory aspects of the original and of
the generated solution will be described in section 6.4. Finally, we close the
paper in section 6.5 with some global remarks and propose topics to be inves-
tigated. In appendix G gives details of the delicate numerical study performed
on this solution and complements the presentation.

6.2 Presentation of the Background.

We will start with the pure metric configuration in eleven-dimensions found in
[104], [102]. We consider the family called D;. The notation we will adopt is
that of [102]. We will have two sets of left invariant forms of SU(2),

01 = cos Py dO +sinpy sinfdp,  X; = cosypdf + siny, sinHd
0y = —sin d0 + cos Py sinfdp, o = —sin,df + cosy, sinfd (6.2.1)
03 = d; +cos0dg, Y3 = dip + cos 4 diy

which satisfy the SU(2) algebras

doy = —0p Aoz +cyclic perms., d¥; = —Xp; AX3 +cyclic perms.  (6.2.2)
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The eleven dimensional metric is of the form ds%l = dxi3 + ds%, with

ds% =dr? + 42 (g + g01)2 + (X2 + goz)z]

6.2.3
+ % (07 +02) + (X3 + g3 03)* + f203, 6239

where 4, b, ¢, f, g and g3 are functions only of the radial variable r. The six
functions are not all independent, the relations

g(r) = ‘“((’))f((’)) gs(r) = -1+ 2g(r)2. 62.4)

are necessary for the BPS system

252 20,2 _ 2.2\ f2
z‘z:——+ a’f ho_C a“(a= —3c%) f

8b4c3’ - 2b 8b3c3 ’
. C2 C2 3a2f2 a4f3
¢ = _1+2_a§+ﬁ__§y4_l f.: _W, (6.2.5)

to satisfy the equations of motion. We have checked that these equations imply
that the eleven dimensional metric satisfies R, = 0.

6.2.1 The Type-IIA Version

For our purposes, we need the type-IIA version of the configuration presented
above and we need to pick a U(1) isometry to reduce on. The relevant U(1)
isometry is generated by the Killing vector dy,dy,. Having this in mind we
rewrite the metric in a way which makes the isometry manifest,

ds%l = dxi:, + dr? + b? [(0‘1)2 + (0’2)2] + a2 [(21 + g0'1)2 + (Zz + 30'2)2]

pé 2
T grE @)

+1 [P+ 0+

2(1-g3)

o by
stSt B T A )

2
(o3 — Z'3)] (6.2.6)

Note that in this metric nothing depends on the combination (¢, + ;). Now
Kaluza-Klein reduction simply amounts to dropping the last line in eq (6.2.6)
which has been written as a complete square for that purpose. In particular we
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can now read off the dilaton and the RR one-form gauge field,

3/4
e =273/2 [fz +(1+ gg)zcz] ,

6.2.7)
_fA-0-g) - (
Ay —fz ¥ (1+ g3)2c2 (03 — X3) + cos0d¢ + cos 0d¢ .

The ten-dimensional metric in string frame is given by

1
ds%m = E{dxig + b2 [(01)2 + (02)2] + a2 [(21 + g01)2 + (X + gcrz)z]

2.2
iy ({ ‘(l:‘ P 2a) +dr?} x [ f2 4 (1+ )¢’ V628

Notice that the metric depends explicitly on i = 1, — 11 and not on the coordi-
nate on which we reduced, ¥+ = ¥, + ;. It is then advantageous to introduce
a third set of one-forms:

@, =cospdf +siny sinddp, @, = —sinypdh + cosy sinfdp,

_ (6.2.9)
@3 = dip + cos 0d .

Upon rescaling the Minkowski part of the space by a constant y and reinstating
the factors of &/, g;, the full metric, dilaton and RR field strength are v

ds? . . = o' g, N4 | P dx? . + dr? + b2(d6? + sin? 0d¢?) + (6.2.10)
1A,st 8 2'gN 13 @

2 (@' + gd)? + a®(@* + gsin8dg)? + h (& — cos Bdg)?

B2 — f? oA/3¢ — cf? oA — EZE
f2+c2(1+ g3)% 4(gsN)2/3h2’ 4h2
\/_1,:2 N —(14+K)sin0dd Adp + (K —1)@' A @* — K'dr A (@&® — cos 8d ).
o'gs
where

_ fA-cA(1-g3)
0= it gy

1One can send ds2 — Aydsi, F, — AxF, e7*/3 — A3e~%9/3 and still have a solution of
IIA supergravity, preserving N' = 1 SUSY provided A2A3 = A}. We choose A; = «/g;sN,

A, = /a'gsN and Az = (gsN)2/3, so that the dilaton is independent of a’. The parameter y is
just a scaling the R!” coordinates.
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Note that F, contains two components with no ‘legs’ on the radial coordinate r:

K

- —Ngs\/07[(K +1)sin0d0 A dg — (K — 1) sin §d6 A d(p] . (62.11)
r=ro
Thus, we only have flux quantisation on cycles for which the K(r) parts mutu-

ally cancel. For example on £, = [§ = 6, $§ = @], ¥ =constant, which is a SUSY
cycle in the IR, we have

= —2¢,NV«/sin0d6 A dg. (6.2.12)
%))

F

As we will see below, under the non-abelian T-duality, these two terms in F,
will not be mapped to the same dual flux. We require that the flux on X5 is
quantised in the usual fashion

_ / E, = 2x10TsN. (6.2.13)

To achieve this we use,
1

Tp=——" 23, =4(27)"a’*¢2. (6.2.14)
P (Zﬂ)pa’b{_lgs 10 ( ) gﬁ

So that we may associate the charge of the D6 branes N with an SU(N) gauge
group in the dual QFT.

6.2.2 G-Structures: from G, to SU(3)

We derive the G-structures and SUSY conditions at each step going from M-
theory to type-IIA. For clarity in presentation, in this section gs =&’ = N = 1.

As is shown in [102], the M-theory background obeys the condition of G
holonomy. Hence, following [102], but in notation suggestive of dimensional
reduction, we introduce a set of vielbeins for the 7d internal space as defined in
eq (6.2.6),

& =dr, & =boy, 69 =boy, & =eX/3(dz+ A;)
(6.2.15)
&l =a(Z)+g01), &€ =a(Z2+gn), & =h(Z;—o03).

Here we have used the definitions introduced in previous sections (the reason
for the cluttered by tildes definition will become clear shortly). The following
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three-form can be constructed from the projections on the SUSY spinor, needed
to derive the BPS system [102],

By =& A\ (819 + 89 4 &) + (B2 — 89) A (a8 + BE°)

A ) (6.2.16)
+ (612 — %) A (ad® — B&)
where
a8 b 2, g2
a(r) = —=——, )= —m————, a“+p =1 6.2.1
It is then simple to show that the three-form obeys
AdP; =0, dxy 3 =0, (6.2.18)

once the BPS egs (6.2.5) are imposed. We would now like to dimensionally
reduce the G, SUSY conditions to find the corresponding conditions in type-
ITA. Fortunately, this was done in full generality in [109] and in a rather similar
scenario in [110]. The corresponding conditions are those of an SU(3)-structure.
All one needs is to convert eq (6.2.16) to Scherk-Schwarz gauge then follow the
prescription of [109]. This is achieved through a rotation in both the &%, 8% and
¢, é! planes such that:

&% = cospé® — sin Pé? = bdo

89 =siné® + cosPé? = bsinOde

. 6.2.19
&' = cosyé! —sinyé? = a(w' + gdo) ( )
& =sinypé! + cos Pé? = a(w? + gsin de).

The corresponding three-form, ®; is the same as eq (6.2.16) with & — é and is

obviously still both closed and co-closed. The vielbeins of the new 6-d internal
space can be neatly expressed as

e =e?3dr, ¢ =e?/3bdh, e? = e?/3bsinbdg (6.2.20)
el = e?3a(@' + gdf), € = e?3a(@® + gsinbdg), € = e?/3h(@> — cosbdp),

while the 11-D vielbeins are of the form 84 = (e?,&?). The SU(3) structure is
then given in terms of the 3-form by:

]ab = (Dabzr (Qhol)abc = (Dabc - i(*6¢')abc- (6-2'21)
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which amounts in this case to

] = —e% + (xe? + Be?) N e + el A (—ae? + Be?)
(6.2.22)
Opor = (—e +ie") A ((ae? + Be?) +ief) A (el +i(—ae? + Be?)).
These can be used to construct two pure-spinors,
ed _; el
Y, =—¢, ¥_=2_0,, (6.2.23)
8 8
that can be shown to satisfy the pure spinors SUSY conditions
d(e4?¥,) =0
) (6.2.24)
A(A~9Y_) = 2A9dANY_ +i% x6 Fa,
which, collecting forms of equal size, gives
=0
d(e*4-9) =0
(6.2.25)

d(EZA_‘PRthol) =0

d(e4A‘4’ImQh01) —et4 *x I =0

these relations are all satisfied once eqs (6.2.5) are taken into account. We will
choose 3A = ¢. Also, notice that F; = 0 for backgrounds of SU(3)-structure.

Potential and Calibrations.

It is useful to derive an expression for the seven form Cy that acts as a potential
for Fg, i.e. Fg = xF, = dC5. One finds,

Cy = e*4~%voly A ImQyy). (6.2.26)
The calibration form of space-time filling D branes is given by [66],

Yo = -840 (Im¥_) = —e*A =0 ImOy,,;. (6.2.27)
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Clearly we have voly A ¥, + C7 = 0 so any space-time filling D6 brane wrap-
ping a 3-cycle X3 such that the calibration condition

A0, [detGys = A7 ImQy, (6.2.28)
y3

is satisfied will be SUSY?. The same condition must be satisfied for any odd
cycle and so the only non vanishing odd cycles are 3-cycles (if B, were turned
on we could also have 5-cycles). A similar calculation shows that potential even
SUSY cycles are 2, £6 such that (these are calibrated by Im¥ ),

VAetGy, = ]| , ,/detczz=—é]/\ INT| . (6.2.29)
¥6

¥2

All the information above, only relies on the backgrounds in eq (6.2.3), (6.2.10)
and their BPS equations (6.2.5). We will now describe some solutions to this
system of first order, ordinary and non-linear equations.

6.2.3 Explicit Solutions

Let us first describe a couple of known exact solutions. There is a simple solu-
tion to eqgs (6.2.5) given by,

a(r) = c(r) = —g, b(r) = f(r) = % (6.2.30)

This solution corresponds to a R x M3 space with metric eq (6.2.3),

r2 1 1
dsty =dx}s +dr + 5 [(T1 = 501)° + (T2 = 500)7]
9 2 2
2 2 . 2 (6.2.31)
D —_— —_— — 2 —_—
+ 12(021 +03) + 5 (Z3—503)" + 7 73.

When reduced to ten dimensions the resulting ITA dilaton behaves as ¢%¢/3 ~
r2. This solution present a singularity at r = 0 and the need to lift this back-
ground to M-theory for large values of the radial coordinate, to avoid strong
coupling in IIA. This solution is the “unresolved’ version of the one written
in—for example- egs.(3.16)-(3.17) of [111]. In that case, we will have

2 2
b bl aa B S
P

2We work in conventions where the DBI and WZ actions have a relative sign difference
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This solution avoids the singularity by ending the space at p = a. Still, the be-
haviour of the dilaton is such that it the type-IIA description is strongly coupled
for large values of the radial coordinate r. To avoid this last issue and to have
a background fully contained in type-IIA, we will describe new solutions that
are both non-singular and with bounded dilaton. These new solutions, turn
out to not be known in exact form, but semi-analytically, that is as series expan-
sions for large and small values of r, complemented with a careful numerical
interpolation. We will study them below.

6.24 Semi-analytical solutions.

Since our goal is to work with backgrounds in type-IIA in which we can trust a
holographic description, we will be mostly interested in solutions with bounded
dilaton and everywhere finite Ricci and Riemann invariants. The asymptotic
large radius r — oo, form of these solutions is,

a(r) = Y3Ri | 21V3R® | 63V3nRy
V6 V2 V2 167 V2 1672
9v/3 (672912 +221) Ry* ~ 814/3g1 (2244, + 221) Ry®

V2 5123 V2 512r
/3 (2048h; + 1377 (76841* + 1632912 + 137) R°) N
V2 819275

b(r) = — V3nR  3V3RE  9vV3qiR}
V6 V2 4./2r 4 /212
9v/3(37 + 9643)R1*  81v/34:1(37 +3243)R}

128 /213 128 /2 r4 (6:2.33)
V3(512hy — 81(133 + 192042 + 9604} RS) N
20482 5
r 9R? 27g:R3
cofr) =— 3t 0k - 8r1 - grlz 1_
9(17 +3643)R?  8141(17 +12¢3)R} Iy
32r3 B 32r4 tE T
F(r) =Ry - 27R®  81g:1Ry* 243R.° (1292 +1)
8r2 4r3 32r4
729R:° (49:% + 1)
8r° +

where g1, R; and h; are constants.
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Close to * — 0 one has

r @+ (-74-29g3+31g9)r°

a(r) = 3 288R2 69120R% L
2—2)r2 (13 — 2143 + 11g5)r*
b(r) = Ro— (g —2)r* (13 1q0+3 D |
16R, 1152R3
r_ (545 —=8)r _ (23235345 + 157qp)r°
C(r) S 2 2 B 4 +,
2 288R3 34560R4
3,2 3 o\
qor* . q9o(—14+11g8)r
- o 6.2.34
f(r) qoRo + 7o e ( |
_ q0 P,
g(r) = 5+ 2T Py
2 2/ 2
_ 9%6—2 q@@@—1)
S 1287 e

Note that a(r) and c(r) collapse in the IR and the other two functions do not.
The constants go and Ry determine the IR behaviour. Similarly, g1, R; and hy
are the UV parameters. Not for every set of go, Ro, 91, R1, 1 there will exist a
solution that interpolates between eqs (6.2.33) and (6.2.34). For example, as
seen in Figure 6.1, if we numerically integrate forward from the IR, not every
value of Ry, 4o leads to a stabilized dilaton. Similarly if we integrate back from
the UV using eq (6.2.33) as boundary conditions we do not necessarily get to
an IR like that in eq (6.2.34). Nevertheless, it is possible to show numerically
that solutions interpolating between the behaviour of eqs (6.2.33) and (6.2.34)
do exist.

In Figure 6.2 we present representatives of such solutions. To obtain these
numerical solutions we shoot from the IR and minimize the mismatch between
this forward integrated solution and the required UV behaviour. This mini-
mization procedure determines the UV parameters (see appendix G for more
details). Also, we have defined some other functions in terms of the above,
their expansions read, for r — oo

e4A — (gsN)3/Ze4¢/3

4
44 _ R} _ 9K

et = 7 gzt

= é —2r(;1R1) +3 22 +1) R3 + ... .
K= %i+... (6.2.35)
g= Wy, TGS
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and for r — 0, we have

4 2 4
4A _ 1.0p2 ., 3 .42, 96(3745—40)r
(4 = ZqORO + a—qor + —2—3072R0

2_ 2 (1)
40-742)r4
K= 1- ﬁ% + 5761[7{%) + (6.2.36)
2 2 4 2 4

g0, qo(a3-1)? | q0(9198—17943+88)r

§= 727+ 24R2 + 13824R} + ..
= 1(g2 _ ‘70(‘70—1)7'2 q0(115q0—227q0+112)r

g3 o 2 (qo 2) + lZR% + 6912R6 + ...

The numerical solutions presented in Figures 6.2 satisfy Rogo = 2. This cor-
responds to choosing the normalization of the dilaton such that (g;N)3/2¢%0/3 =
1, where ¢y is the value of the dilaton at r = 0. Also, since we want solutions
with monotonically increasing dilaton, we require comparing eq (6.2.35) with
eq (6.2.36), that R? > g3R2.

Asymptotic behaviour

After reducing to ten dimensions the simple exact solution mentioned above
leads to a background with metric easily obtained from eq (6.2.31), dilaton e¥ =
W and F, = —/a'gsN(sin0d6 A dg + @' A @?). Notice that the space is

not asymptotically T'! for the exact solutions. On the other hand, the numerical
solutions with stabilized dilaton behave in the UV as,

R dx?
A2 p g = zx'gsN?l [Zﬁ +dr’+ (6.2.37)
E)
2 1 2 s 2 2 ~1\2 ~2\2 1 ~3 2
r (g(de +sin“ 0d¢” + (@) + (&) )+§(w — cosBdg) >+
with
R? 9R* 2741R?
2/3,%8 _ ™1 _ 7% 4Ny
(gsN)™"e 4 82 a4’
, 81R? ,
81R? 81R?
(1+8721+...)cbl/\cbz—(T:,,l—l—...)dr/\(d)s—cosGd(p)]

~ —ValgsN(sin 0d0 A dg + @' A @&?)
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Figure 6.1: e 3 for different values of dpand RQ We keep qoRo = 2 fixed which
amounts to fixing the normalization of the dilaton in the IR.

In the UV the five dimensional internal space is T1,1. Thus, the space is asymp-

totically R™* * ¢4 with a constant dilaton and constant F2. This 'flat space'

asymptotics is characteristic of duals to QFTs whose UV behaviour is controlled
by an irrelevant operator—this will come back when dealing with the QFT anal-
ysis. Somehow the field theory is taken out of the 'decoupling limit'. On the
other hand, in the IR the metric, dilaton and RR form asymptote to,

Rooc'gsNr i
dszllA,str — 4OR00CES 123 Fdr2F RAO2+ sin2 6dcp2) + *dO3

dCl3 = (&1 + d6)2+ (coz + sin 6d(p)2+ (6)3 —cos Odep)2,

{gsN)2/3eil/3 = "~ 2 + + ..

P

—2\/x"'gsN sinffdd Adcp + ... (6.2.39)

The material discussed in this section is not all original; we have rewritten
some of it to ease the analysis of the next section. Ffowever, we should point
out that the semi-analytic solutions with stabilized dilaton and no singularities
(though have been discussed in [104] and [102]) are found explicitly. The ex-
plicit delicate numerics are delt with here with further details in appendix G .
These solutions will play an important role in the next sections.

6.3 Non-Abelian T-duality.

In this section, we will present completely original material. We will construct a
new solution in type-1IB supergravity preserving four supercharges. Imposing
smoothness on this new solution will restrict the range of the new coordinates.
This background will have SU(2)-dynamical structure. We believe this type of
solution is new in the literature. The technique we will use to construct this
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Figure 6.2: A numerical solution for a(7),b(r),c(r) and f(r) obtained by forward in-
tegration of the BPS equations with eq (6.2.34) as boundary conditions, Ro = 10, and
go = 1/5. After the minimization procedure explained in the appendix G we find that
for the UV parameters gl = 1.31946, R\ = —2.03087, A\ = 1.9733 this solution has the
required UV behaviour eq (6.2.33). We also plot 4(7)2 and e*®3 defined in eq (6.2.10)
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new background is once more non-Abelian T-duality, detailed in chapter 2

We will straightforwardly present the new background in type-IIB super-
gravity. Following the conventions of Section 2 of the paper [30] and starting
from the background in eq (6.2.10) we perform a non-Abelian T-duality trans-
formation on the SU(2) isometry parametrised by (6, ¢, 1) and gauge fix such
that 6 = ¢ = v; = 0, so that the solution generated still depends on the angles
(6, #, ) and on the new coordinates (v;,v3). We remind the reader that &',

@1 = cospdf +siny sinfd@, @, = —sinpdf +cosy sinfdgp, 631)
@3 = d + cos 0d . o

In the process of doing this non-Abelian T-duality, we generate an entirely new
NS and RR sector and type-IIB metric. The T-dual metric is given by (we take

gszalzyzl)

ds? g o =€*4 dx} 5 + Ndr* + Na*(d0 + sin? 0d¢*) | +
ﬁﬁ |:2(v3d02+03dv3)2+ 4NZ%e*4h (Bz(dvg + tva@n)?+  (6.3.2)
W2 (E*03@% + (dvy — Ev3@2)?) + 28vav3@1 @3 + U%‘%))]
where

det M = 4¢*AN (2e4AN2134h2 + 522 + hzvg) ) (6.3.3)
which also appears in the definition of the dual dilaton
e 2% = det Me™%?, (6.3.4)

and we have introduced the following functions for convenience of presenta-
tion

. ab R . a’g
a= m, b= b2 +a2g2, c = m—z‘. (6.3.5)

The many and complicated forms that this background supports can be ex-
pressed in a relatively compact manner through a judicious choice of dual viel-
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bein basis %, namely

u A
e =eldxt, " =eAVNdx#, el =ety Naw; »

a AA ;
el = %e_ﬁ%b [ — V205 (v2dv7 + v3dv3) — 2V 2 N26?H? (dvy — Cusdy) +

2¢*A Nh?v3 (vt + vzcag)]

SANSB/2H T .
ei = ‘liietLMb [vzbz(dv;; + 6026)2) + hz(évg(f)z - ’03d02)_ (6.3.6)
2v2e2ANK?D? (Gvs @y + 026723)]
A
e = zile\t/l\fh [ — V20 (v2dvy + vadus) — 2v2e*AN?b* (dvs + Eva) —

262AN92’02(5’0367)1 + '02(473)] .

With respect to this basis the NS two-form is given by 3

1 A ~ - a
By = [ahvze13 — behvuse'® — B2 (évpe' + \/EeZANaheﬁ?’)] 6.3.7)
avoy
The RR sector is given by,
—A r R
F = 2e \/ANB(K +1) E(@vgez + \/EeZANﬁhes) - o‘wzeﬁ} —2e=4y/NK'vse,
a L
-A r L ih
E = 2(K+ l)Ae VN 1726026112 + béhos (2 — 123y _
ab? |
V2e2ANB3e (elié’ + em’) + ﬁhvgem] + (6.3.8)
2¢—A 7 K o s . 2¢—4A . -
¢ [\/ieZAthe’lﬁ + vze”é] + eT\/WLI [bvzem + hv3e123] ,
F = ZﬁeANB/Z?’hu[ txlx?x® 12123]
5 — ﬁz ‘ e 4 ’

3Note that the procedure of [30] actually gives the NS two from up to an exact Byeg63.7) =
BynaTD + Vlfdlp A dvs. The choice we make is merely more simple in vielbein basis.
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where
U=¢K+1)—(K-1), (6.3.9)

has been defined for convenience. We also note that the potential such that
Fy = dCyis actually very simple, namely Co = —2N(K + 1)v3. We have checked
using Mathematica that this background solves the Einstein, dilaton, Maxwell
and Bianchi equations of type-IIB, once the eqs (6.2.5) are imposed.

Notice, that like in the paper [112], our background’s warp factors and dila-
ton depend on more than one coordinate— (r, v2, v3)- in our case.

6.3.1 Asymptotics

In the IR the new 3 manifold that is generated has induced metric

1

d?s3 = —————
7 2NgoR32

(2v§dv§ + 4vov3dvadus + (N3RS + 203)dv3) + ... (6.3.10)

The form of this metric suggests that v, = 0 produces a singularity and indeed
calculating the curvature invariants in the IR are all inversely proportional to
some power of v,. For instance

q3(2N2R§ — 15v;) + 403 N

R=
2NqoR3v5

(6.3.11)

because of this we choose to restrict the range of the coordinate v, > 0 to ensure
our solution is non singular. This is a physical requisite on a coordinate, that the
process of non-Abelian duality gives no information on. It should be interesting
to determine if there is any geometrical obstruction to such restriction.

The appearance of this possible-singular behaviour at v, = 0 is due to the
fact that we are T-dualising on a manifold (6, ¢, ) with a shrinking fibre 1. See
eq (6.2.10) together with eq (6.2.36). Since the non-Abelian T-duality (at least
at the supergravity level as we are doing it) does not restrict the range of the
coordinates, we have chosen this restriction v, > 0. Recent developments on
the sigma model side of the formalism [113] may illuminate these issues, but
still more work on the topic is needed. It may be that the restriction v; > 0
is not feasible and/or generates a manifold with a boundary. In that case, our
solution would present a singularity at v, = 0. Physical observables would be
trustable as long as they do not "sit’ on the point v, = 0.

In the UV the 3 manifold has induced metric

3
NerZ

d*s3 = (2dv§ 4 3dv3 4 205 (dy + cos ¢d§)2> + ... (6.3.12)
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Although this is vanishing, in line with our expectations from dualising a man-
ifold which blows up, all the curvature invariants remain finite. Related to
this is the fact that, whilst the induced metric g3 vanishes, the string volume
e~®,/det g3 is finite.

Finally, let us quote the asymptotics of the dilaton of type-IIB. For small
values of 7, we have

o g0 (90 (N*95R§+2 (v — (45— 1) v3)))

— 6.3.13
° T INo, 64 (NR223) * (63.13)
while the dual dilaton for r — oo is,
2434/24%R?
22 Blak V2qiR} o (6.3.14)

V2N2r3  \/2N2r4 N2r5

6.3.2 G-structure.

The seed type-IIA solution of section 6.2.1 exhibits confinement and supports
an SU(3) structure as discussed in section 6.2.2. The results of [43] suggest that
the T-dual solution should support a dynamical SU(2)-structure, defined by
a point dependent rotation between the two 6-d internal killing spinors. This
is indeed the case, we will present the structure here and refer the reader to
appendix D of [43] for the details of the calculation* To express the structure
succinctly it is useful to introduce a new set of vielbeins, which are a rotation of

% Actually it is the isometry defined by (f, @, 1) that is dualised in appendix D of [43], but this
calculation is completely analogous to our’s. Our result is non-singular in the radial coordinate
r.
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eq (6.3.6),

e =eAV/Ndr, & =eAVNadf, PBe? + e = eV Nasinfdp,

T “detM [ — 2v/2e* A N?B?h? ( cos Ydv, — Eva(sin Yy + cos Pa,) — va sin Pavs)

— V20, cos P(vadvy + v3dus) + 264N ( — b?vy sin (dv + Evp@3)
+ hus ( sin Ydv, + Evs(cos Y@y — sin Pa,) + v, cos 1[1(713) ) ]

! A b ~
xe? — Be* = %f—ietig—b [ — 2v2e*A N2 H? (cos Pdvy

— Cus(sin Y@y + cos Pa,) — v, sin tpd)3>
— V20, cos P(vodvy + vadus) + 224N ( — b*v, sin P(dvs + Evwz)

+ h2v4 (sin gdv, + évs(cos Py — sin P@;) + vy cos PW3) ) }

= W — \/ivg(vzdvz + 03d03) - 2\/§€4AN254(d'03 + 6’02(]}2)

— 2e2ANB?vy (bvsan + vzwg)] : (6.3.15)

One then takes these vielbeins ordered as (r¢1'2'3") and rotates to define an-
other basis of vielbeins as
&=Re. (6.3.16)

The matrix with which this rotation is performed is

(B 0 0 O 0P )
0 vA 0 0 0 0
1 0 0 VA 0 0 0
R=—— 6.3.17
VAl -G 0 0 B 03 0B ( )
B 0 0 03 B O
\ ¢z 0 0 2?8 ' B ]
where
A=+ +05p2+ 05 (6.3.18)
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and

~2A —2A

e~ 24y, cos P e~ 24p, sin v3

(4
=&  cosy S bl 4 =2 6.3.19
o Vangn vanen 2T e P

Let us now express the forms of the geometric structure, following the con-
ventions of [114] we have

Y N 4 142
1
=w—iv = ————= (VAT + [p0? — i(VAS + [rad®
SN2 (VAZ 44, ( C202)) (6.3.20)
j=2+e 4+ —vAw
—1
W = ———= (VA& +i&®) — [ (¢’ +i?)) A (& +ie").
F+iL )
In terms of those forms, we can define two 6-d pure spinors as:
ie? _onw —iji
Dy =—e (k”e ] — sz_w)
-8A (6.3.21)

ie . i
d_= —é—(v—{—zw) A (kpe™ +ikyw)

Notice that because k| is point dependent we have a dynamical SU(2)-structure.
To have a good idea of the dynamical character of the SU(2)-structure, we can
expand the quantities k||, k ;. For the solution in eq (6.2.32), we have for p — oo,

V3 V/3a3 1 348

While for p — a we have,

AN2) (p — g)2 2N —
k=1 EN) =g o NG (6303
1728v5 12 ( \/6'02>
On the other hand for the semi-analytic solutions we have,
k —1—9R%+ k= —2R (6.3.24)
_L = —8-;2— csey " —_— 2r con oJe
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Figure 6.3: Solid line: a(r) for the numerical solution with Ry = 10, g9 = 1/5.
Dashed line: (r) for the exact solution of eq (6.2.30), &exact(r) = 1

for the large radius expansion and

)

— 0+, ki = — r? (q%Ro)
25605

= ———i+.. 6.3.25
I 3 ( \/ivp_) ( )
for the case of r — 0. These expansions make clear the dynamical character of
the structure. Also very descriptive is the quantity «(r) shown in Figure 6.3.2.

It is interesting to notice that for the non-Abelian T-dual of the exact and
singular solution in eq (6.2.30), the SU(2)-structure is not dynamical. It is pre-
cisely the deformation of the space, displayed by the non-singular solution or
the semi-analytical ones that makes the structure dynamical. This may be re-
lated with the phenomena of ‘confinement’ and ‘symmetry breaking’ that occur
in the dual field theory.

The calibration forms of SUSY cycles in the 6-d internal space are defined by

¥, = -8 ®Im (‘I’i> Ae B2 (6.3.26)

n

where on the left hand side it should be understood that we restrict to the part
with n-legs and the even/odd calibrations are given by ¥ respectively. In the
bibliography, one can find examples of SuGra solutions with SU(2)-dynamical
structure [115, 116, 117], however these remain rare.

6.3.3 SUSY Cycles

Here we present a list of supersymmetric sub-manifolds, that while not exhaus-
tive, gives at least some indication of the types of SUSY cycles this type-IIB
solution supports. Attention shall be restricted to cycles with no legs in the
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r-direction.

One-cycles

These may be defined by imposing v, (v3) with all other coordinates constant.
The DBI action is given by

S%)BI ZTI/dvg,CDBI

— (6.3.27)
=Ty /dvge_¢ \/2e4AN2(b4 + b2h2vh) + (v3 + 105 )?
and the behaviour of the integrand in the IR and and UV is
2R6 /
. 4\/ N("Zq"RO;I; §§;;3+”2”2)2) +.. asr—0
EDBI = 070 (6.3.28)

3
%\/g\/N—(%trzz’,ﬁrz—l—... as v — o0

A one-cycle is SUSY when E}) g4v3 = Y1 on that cycle. This may be used to fix
v2(v3). The calibration 1-form on {v3|v, = v2(v3)} is given by

2 3/2
4e5A-P N B2 Mﬁ\%—z‘—))—dvg + ... asr—0

"Yl = ——T—;ﬁ— U3 = NR. )32 (6329)
4b* + yz%r (—6\1/)7—r2d03 + ... as r — oo

It is a simple matter to show that a 1-cycle which is SUSY in the UV is given by

1 /3
vy = Z\@ /R — 1603+ C (6.3.30)

where C is any real constant and a real solution requires |R;| > 2 which is
consistent with the numerical solutions presented in Section 6.2.4. Whilst there
is a one cycle which is SUSY in the IR whenever

v3 = 211. (Nqug, [2Rq4 — 3203 — 4v5 + 4c2) (6.3.31)

where C is a different real constant. Notice that this simplifies to v3 + v = C?
when Rogo = 2 and then the cycle defines a circle, a similar cycle was defined
for a flavour D6 brane in [41].
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Two-cycles

There are some cycles which preserve SUSY for large values of r. One of them

is given by (#,v3) such that y = 0 and v, = Rﬁ—‘_/i,)vg >. For this cycle the DBI
1

action is obtained by integrating

e ®\/g+By| =Byv2+C (6.3.32)

X
where )
B = eA_‘P%\/ZN(aZ + b2¢2)
1
c — 2644 N2(RE—16) 52 (2452 2H2+ 22 (R4 —16) 2+ 24h2)) (6.3.33)
- (e i)
One can integrate this to get the volume of the cycle to behave as
N2R2Av
_1_31’3 + veey r — o0
[ s VE+ s VeVie (63.34)
= (.F(?):;a) - ]:(031,))1‘ + ..., r—0
where
N (R§+8) (v3/03 + A+ Alog (/o3 + A +13))
‘F(U?m) = 1 )
V2q0Ro (R - 16) (6.3.35)
A N2¢3R8 (R} — 16) 2
2(RE+8)2

The behaviour is similar for the exact solution, although that is not SUSY on
this cycle. In all cases the cycle blows up in the UV and contracts to zero in the
IR.

We do not report about calibrated three-cycles or higher.

6.4 Comments on the Quantum Field Theory.

In this section, we will study some aspects of the four dimensional QFTs dual
to the background we presented in eq (6.2.10). Comparisons with a suitable
analysis for the solution after the non-abelian T-duality written in eqs (6.3.2)-
(6.3.8), will be made when possible.

We emphasize that the field theory dual to the type-IIA backgrounds is char-

2v/6

°Or equivalently (¢,v3) such that§ = ¢ = 71/2,v; = X2
1

U3
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acteristically non-local or ‘higher-dimensional’. This should not come as a sur-
prise, as it was already observed in [7], full decoupling of the gravity modes
is not achieved for the case of flat D6 branes. We will make this point via the
study of some observables that will be sensitive to the high energy properties
of the QFT. We will analyse Wilson loops, with emphasis on its UV behaviour.
We will then study the entanglement entropy and central charge. Both observ-
ables will present signs of non-locality. We will also discuss the behaviour of
Wilson, 't Hooft loops, domain walls and gauge couplings, when studied as
IR effects. These observables are well-behaved for the solutions presented in
this work. In other words, the dual QFT to our background in eq (6.2.10) or
our new background in eqgs (6.3.2)-(6.3.8)—together with the solutions in sec-
tion 6.2.3, behave as QFTs that at low energies show signs of the expected four
dimensional behaviour, like confinement and symmetry breaking, but need to
be defined with a UV-cut off, or need a UV-completion.

Various properties are ‘inherited’ (in a sense that will become clear) by the
new type-IIB solution that we have constructed. We will finally calculate the
Page charges of this new solution. We will propose a possible quiver suggested
by these charges.

It will be clear by analysing the backgrounds that the initial QFT, corre-
sponding to the compactified D6 branes has global symmetries given by SU(2) x
SU(2), while the QFT dual to the type-IIB background will only have SU(2).
This reduction of global symmetries (isometries, for the dual backgrounds) is
characteristic of non-Abelian T-duality.

6.4.1 Some useful sub-manifolds

It will be useful for the analysis below, to define some sub-manifolds of the
metric in eq (6.2.10). We can define then

Y3=[0,0¢], Z3=1[0,§9], La=[0=0,¢=4¢1y] (6.4.1)
The volume element of each of these cycles is,
\/detgs, = 16m2(a'gsN)% 2e?h(b? + a*g?),
\/detgs. = 167 (a'gsN)* %e?ha?, (6.4.2)
\/detgs, = 1672 (a'gsN)3/2e?h (b2 + a®(g + 1)).

We can see using the IR expansions that each of these cycles vanish at r — 0
and diverge as r — oo for the explicit solutions presented in section 6.2.1.

If we consider the three-cycles after the non-Abelian T-duality, we have the
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submanifold defined by the coordinates (8, @, v,). This cycle is not calibrated.

6.4.2 Wilson and 't Hooft loops.

The type-IIA background in eq (6.2.10), ends in a smooth way, with finite values
for the combinations F2 = gy1¢yy, G? = gigxx. This might suggest that the sys-
tem confines as usual. But there are some subtleties. Indeed, when calculating
the Wilson loop with the prescription of hanging a fundamental string from a
brane very far away in the UV of the geometry, we are assuming that this string
will end on the D-brane satisfying the boundary condition of ending ‘perpen-
dicularly’ to the brane. This is discussed, for example in [118]. Following the

formalism in [118], the boundary condition boils to defining Vs = é, /F2 — Fg
and imposing that for large values of the radial coordinate V¢ diverges. In our
present case, F2 = G? = (a'gsN )2e§4’ (we choose y = 1). The value of

Vess ~ Ve¥/? — elo/3a/gN

is a finite constant for the semi-analytic solutions. This suggests, that the QFT
needs to be UV-completed or be supplemented by a hard UV-cutoff which in
turn suggests that the QFT is afflicted by the presence of an irrelevant operator.
Conversely, one can consider the case in which the dilaton diverges at infinity,
as described by eq (6.2.32). In that case, the UV-boundary conditions are satis-
fied, but one will find that there is a minimal length-separation for the quark-
antiquark pair. For r, close to the boundary Log(r«) is finite, instead of van-
ishing. This indicates the presence of a minimal length in the dual QFT. Hence,
some form of non-locality. In summary, regardless the solution we choose, the
high energy behaviour of the dual field theory seems to be not the expected one
for a 4-dimensional QFT.

Once assumed a UV-cutoff, the Wilson loop can be calculated. The QCD
string tension is finite (suggesting confinement) and given by,

VIR = 5?1 = (JoR0)

27! 47te!

g =
27!

The components of the metric that enter this particular Wilson loop calcula-
tion are g, gxx,grr- These components are not changed by the non-Abelian
T-duality. We should then expect that the comments above should be valid also
for the QFT dual to the background in eq (6.3.2).

In contact with the discussion on the dynamical character of the SU(2)-
structure, notice that this is a consequence of the deformation of the space as-

sociated with the confining behavior. Relations of this kind have been reported
in [43].

129



‘t Hooft loops.

In a very similar way as described above, we could wrap a D4 brane on any of
the three-cycles in eq (6.4.1) and extend the brane on [t, x1], to form a magnetic
string-like object. We propose that this object computes the "t Hooft loop in the
QFT. On the type-IIA side, let us consider the different three-manifolds in eq
(6.4.1), we will have that the effective tension of the 't Hooft string-like object is

Teff,E 5A— ) 2
16n2TD4(a'gssN)3/2 = A h(b* + a’g?) 0.
Lest, = 4 Pha?|
16712 Tpy(a'gsN)3/2 r=0-
Lefy 2 5A—$y (12 | 2
T2 Tps (g2 = ¢ h(E +a (82 +1))lr=o.

Notice that all these present a vanishing tension-hence screening- of the monopole-
antimonopole pair. Again, the behavior of this low energy observable is in line
with the expected.

We can define a screened magnetic string in the type-IIB picture. To do so,
we will use the two cycle described below eq (6.3.32) and wrap a D3 brane on it,
also extending the brane on the two directions (t, x1). For the effective tension

we will get,
T,
R / d6dpy/det[g + Bls, |—o. (6.4.3)
D3

We observe using the asymptotics associated with this cycle a tensionless mag-
netic string or conversely, a ‘screened’ force between a pair of monopoles, as
expected. Let us move to study another IR-observable.

6.4.3 Domain Walls
In our type-IIA geometry of eq (6.2.10), there is a natural two-cycle defined by
S2=[0=0,0= 9l

for some fixed value of the angle ¥ = g, which is SUSY in the IR.

The objects of potential interest to represent domain Walls, are D4 branes
that wrap the two-cycle above and that extend on the Minkowski directions
(t,x1,x2). If this object has finite tension, then it may act as a domain Wall,
separating different vacua. Let us study the object in more detail.

The induced metric (for constant radial coordinate and constant angle )
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is,

2 __2A 2
dsind,st =€ [ydxl,Z"_

(6.4.4)
a'gsN (b2 +a%(g* + 1+ 2gcos 1p0)) (d6? + sin? 9d<p2)] .
So, the action of the object (choosing y = 1) is,
S=— / dx,
/! (6.4.5)

Torf =164 79 (/g5 N) Ty (b2 +a?(g® + 1+ 2gcos lPo)) |r=0-

We can use the IR expansions of eq (6.2.34), to check that this object has a con-
stant tension in the far IR of the geometry. If we follow the logic presented in
[94] and add a gauge field (a1, with curvature f, = da;) on the Minkowski part
of the world volume of the brane This will create a Wess-Zumino term of the
form

Swz = TD4/C1 /\f2 Afr= —TD4/d9d(PF2/d3xf2 Aaj. (6.4.6)

Using that on the particular cycle F, = —2Nsin8d0 A dg, we have induced a
Chern-Simons term. These domain walls, should separate vacua coming from
the breaking of some global (discrete) symmetry, see [119].

After the non-Abelian T-duality, we can define domain Walls by using the
calibrated one-cycle defined around eq (6.3.28) and extend a D3 brane on the
(t,x1, x2) directions, also wrapping the one-cycle parametrised by v;. We will
have a simple induced metric

dspy = €24 (—dt* + dx] + dxg) + dXi. (6:4.7)

The Action and effective tension of this object will be given by,

Sps = —Tp3e®4~%, /detgs, /dv3/d2+1x,
Tetf = Tps / dv3e*4 =%, [det gy, |r=o. (6.4.8)

Notice that imposing that the domain Wall has a finite tension implies a finite
range of values (or periodicity) for the coordinate v3. Here again, like when we
restricted the range of v to avoid singularities— see around eq (6.3.11), we find
that a "physical’ requirement implies conditions on the range of coordinates.
These conditions are not imposed by non-Abelian T-duality when thought as a
solution generating technique in supergravity.
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We can also turn on a gauge field .A with curvature 7, on the R12 directions.
The Wess-Zumino term will read

Swz = (TD3,/0 Fl|r=0) /d2+1xA1 /\./_"2 = K/d2+1x.A1 /\]:2. (6.4.9)
3

Using that the Ramond form Cy = 2N (K + 1)v3—see below eq (6.3.9)— implies
that the ‘charge’ of the domain Wall (or the coefficient of the Chern-Simons term
induced on it) is

x = 2N(K(0) + 1)}[ dvs. K(0) = 1 (6.4.10)

Let us move now to the definition of a gauge coupling.

6.44 A gauge coupling

We can define the gauge coupling of the QFT, by wrapping a D6 brane on any
of the three-cycles in eq (6.4.1). We turn on a gauge field on the brane (for the
argument, it is enough to turn on just Fiy,), and we also turn on a pure gauge
Cs-field of the form

ko oaa

we will have, for the cycle £3 in eq (6.4.1) 6 that the induced metric and Born-
Infeld-Wess-Zumino-action are,

ds%3 — ¢29/3 [ydxi:,; +a'gN (az(w% + wd) + hzwg)] ,
Spiwz = —Tpe / e ? \/ —det(gap + 2’ Fpp] +

TD6/C7+C3/\P2/\F2.

1
Seiwz ~ —Tpe(a'gsNec)*/*167 / e%fyzhaz(l - ﬂz—e—‘l"’/ 34m?aF,, F*)
+Tpek / EANF +Tpe / Gy, (6.4.11)

where the last contraction F,,, F¥" is in Minkowski space and we have expanded
for small field strengths (equivalently for small values of «’). This leaves us with
a gauge coupling of the form,

1 a’h
= (¢sN)V/2_—
gzW Ne (gsN) 274

(6.4.12)

6We found that this cycle fails to be calibrated, in far UV, by a factor of 1/2.
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with asymptotic behaviour as 7 — oo,

1 (gsN)1/2 7'3
g%MNc > 18 + (6.4.13)
andasr — 0
1/2 /7,3
1 &N (’_ 4o ) (6.4.14)
SymNe 27 8

Notice that there is no effect of the rescaling by u. This is expected, because this
defines a a four-dimensional gauge coupling, that should be classically invari-
ant under dilations.

We can run this calculation for the other three-cycles defined in eq (6.4.1)
and get analogous expressions. All these expressions present a divergent gauge
coupling in the IR—in the solution of eq (6.2.32) it diverges at p = a— while
vanishing in the far UV. This should not be taken as a sign that the QFT is
weakly coupled in the far UV. Indeed, these QFTs contain also superpotential
couplings that make the whole system strongly interacting. This is in agreement
with the dual spacetimes being weakly curved and trustable in the far UV.

After the non-Abelian T-duality, we can define a gauge coupling in the type-
IIB dual by using D5 branes; extend them on R!? and wrapping the calibrated
two cycle defined below eq (6.3.32). We should also turn on a gauge field on
the R directions and also consider the projection of the NS B, field on the
two-cycle. We find that this gauge coupling reads,

é = 4720’ Tpse® / \/det[gs, + B2 (6.4.15)

Using the asymptotics associated with the cycle above, we see that this gauge
coupling ‘confines’ in the IR and vanishes in the far UV. The Wess-Zumino term
for this D5 brane should define the ®-angle.

In summary, we see that these observables, behave in the far IR as expected
for a confining four dimensional QFT. Nevertheless, the Wilson loop indicates
the need for a UV-completion. Below, we will briefly discuss another observ-
able showing the same need for UV-completion.

6.4.5 Central Charge and Entanglement Entropy

A couple of quantities that characterise nicely the QFT dual to a geometry are
the central charge and entanglement entropy of the QFT. These quantities have
been studied in many different papers. Let us quote a couple of original refer-
ences [120], [121].
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We will follow the systematic treatment summarised in [122]. Consider a
metric of the form,

dsgt = ocﬁdrz + txdxid + gijdyidyj, (6.4.16)

we can compute the following quantities in our generic background of eq (6.2.10)

a=pue*t, B= ”%SN—, d =3, (6.4.17)
H=e*V2,a% = (47)°1°p a*h?(a/ gsN)el04 4,
dsi =x[dxiz+dr’], «*=H

This implies that the central charge is given by,

H7/2
(H')*

¢ ~ 27N3/2 (6.4.18)

The UV and IR behaviour of the central charge for the solution with stabilized
dilaton is

log(c) ~ —8log(1/r)+---, r — 00
log(c) ~ 6log(r) +---, r—0 (6.4.19)

For comparison, we note that the central charge of the exact solution is, in the
UV, log(cexact) ~ log( 3 488 \/-) In Figure 6.4.5 we plot the central charge for a
numerical solution with stabilized dilaton and for the exact solution with linear
dilaton. If we calculate the central charge after the non-abelian T-duality using
the background of eq (6.3.2), we follow [122] and write the relevant quantities
are,

/
a=ey, B= gc_g;_l\f_c’ V= / d()d(pdtpdvldvze—ﬁ’ Qint- (6.4.20)
and the we will have
o3 H7/2
H=V*a , Cr~ (—HT)S-

Following the algebra, one gets

Cnew = ﬂ:NCold,
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Figure 6.4: The central charge for a numerical solution with stabilized dilaton
(red dashed curve) and for the exact solution with linear dilaton (green curve).

where J\f is an radius (energy) independent factor. Then, the central charges
of the original and T-dual solutions differ by a constant with no much dynam-
ical content. This can be traced to the invariance under NATD of the quantity
v/Sinitiale~"initial, being equal, up to a Fadeev-Popov like factor to the same quan-
tity in the dual background. This is explained in [30]. The Fadeev-Popov factor
is associated with the scale independent number J|f'above. This central charge
and the entanglement entropy described below are two observables whose be-
havior is 'inherited' by the non-Abelian T-dualised background QFT pair.

Entanglement Entropy.

We now turn to the entanglement entropy. Consider a boundary region R~_1 x
Xi where Xi is a line segment of length L. We calculate the entanglement en-
tropy following [122] and obtain,

L(r,) = 2yJH(r,)N £ dr (6.4.21)
v'H(r)-H (r*)'

/ arut U S drfH (6422)

Evaluating eq (6.4.21) using the numerical solutions with stabilized dilaton
found in Section 6.2.3 we can show that L(r*) grows indefinitely and has not
a maximum value. The non-existence of a maximum and hence the absence of
double-valuedness for L(p*), suggests the absence of a first order phase transi-
tion in the entanglement entropy. This falls within the description of [123] for
the entanglement entropy of non-local QFTs. Same behaviour will present the
background of eq (6.3.2).

A tricky point that should not confuse the diligent reader is that if a UV
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cutoff is imposed on the geometry, numerically a double valuedness of L(r.) is
obtained and correspondingly, a first order transition in the entanglement en-
tropy will be observed. But a more detailed analysis will show that changing
the position of the cutoff, moves also the position of the maximum of the sep-
aration L(r.) and the maximum of the phase transition. Hence, this is.a cutoff
effect and should perhaps be taken as non-physical. The resolution is that a
cutoff in the radial direction is needed to solve some stability problems in the
configurations that compute the Entanglement Entropy. At the same time a
Volume-law for the divergent part of the Entanglement Entropy will take place.
A more detailed analysis of these issues appears in [124].

6.4.6 Page Charges

Finally, we will study some global quantities in the QFT that are defined using
the background of eqgs ((6.3.2))-((6.3.9)). Following [70] we write some given
currents at constant radial position,

jPage =d F,
*T e8¢ =d(Fs— By AFy) (6.4.23)
jPage =d(Fs—ByAF+ %Bz A By A Fy).
In terms of these we can define three Page charges,

Qpage

_ / Page page _ / Page
2K10TD7 1] Jor 2K10TD5 Vi Jps” - (6.4.24)

Qpage Page.

2K10 Tps /Vé

where Vy_, is the transverse space of the corresponding Dp brane. Using Stokes
theorem these may be expressed as integrals over three compact spaces. Notice
that we demand that v, and v3 are compact to have these charges well-defined.
Let us propose the following cycles at constant radius,

-~

X = (03), X3 = (g, P, 02 = ’03), Y5 = (9 Uy, U3, lp) (6.4.25)

Then the Page charges in our conversions are expressed as,

1
QD7=Z/P1r Qps = 162/F3—32AF1

1 1
QD3—64—7_[4/1:5—32/\1:3—532/\32/\1:1.
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We then get that the relevant quantities are,

F, = —2N(K + 1)dv;
F; — By AF; = V2N(K — 1) sin 6 (vodv; + vadvs) AdO A d (6.4.26)

Fs—ByAFs+ 3By AByAF =0.
Performing explicitly the integrals, we get
Qp7 = —NA(K+1), Qps =N(K—-1)B, Qps=0. (6.4.27)

Importantly, we have imposed that the range of the coordinates v,, v3 is finite.
We have defined them as periodic with periodicity of the coordinate v3 being A
and that for v, being B, according to,

A== /dv, B=—— /vdv 6.4.28
3 \/_71 2dvy ( )

The integrals are performed over the range of those variables vy,v3. We can
form the combination,

Qint = —(Qp7 + Qps) (6.4.29)

If we impose that the periods A, B are equal and integer, we have defined a
quantised quantity Q;,;. This together with Qpgs, suggest a situation reminis-
cent of the Klebanov-Strassler QFT, with two gauge groups and one of the Page
charges (that associated with D3 branes), vanishing.

This suggests that we are dealing with a two-node quiver, plus some bifun-
damental matter. It is certainly not the KS-field theory. We leave for future
studies to describe the precise matter content and interactions of the bifunda-
mental matter.

6.5 Conclusion

Let us start by briefly summarising what we have done in this chapter. We
started with backgrounds in M-theory, reduced them to type-IIA, wrote the
conditions for these backgrounds to preserve minimal SUSY in four dimensions
(this was material already present in the bibliography). The first piece of new
material consisted in explicitly solving the differential equations with a careful
numerical integration that used as boundary conditions the asymptotic solu-
tions, obtained analytically by solving (asymptotically) the BPS system. This is
why we called our solutions 'semi-analytical’. We then studied the transition
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between G; structure (in eleven dimensions) to SU(3) structure in type-IIA. We
constructed explicit expressions for the potential and calibration forms.

Then, we performed a non-Abelian T-duality transformation on this type-
ITA background. We obtained a family of backgrounds in type-IIB with all Ra-
mond and Neveu-Schwarz forms turned on. This is a new family of solutions.
We established its SU(2)-dynamical structure, pure spinors, calibration forms
and found some calibrated cycles. Restrictions on the range of the T-dual coor-
dinates were imposed, by requiring the smoothness of the generated space and
the good behaviour of field theoretical observables.

After that, we moved into the study of the correspondence between the fam-
ily of type-IIA solutions and its dual QFT, also extending the study of vari-
ous observables to the QFT’s dual to the new family of IIB backgrounds. In
this line, we made clear that the QFTs are non-local and in the need of a UV-
completion (this is especially clear from the behaviour of the Wilson loop and
central charges at high energies). On the other hand, observables relevant to
the IR dynamics show the expected four-dimensional behaviour. Finally, based
on global charges, we loosely proposed a possible two-nodes quiver describ-
ing the QFT dual to the new type-IIB background. Notice that in the logic we
are advocating, the background is defining the QFT via its observables at strong
coupling.

A couple of points emerged as especially interesting from the previous study.
If we impose that some physical observables of the QFT dual to our new back-
ground behave as expected, this in turn imposes constraints on the new co-
ordinates ‘after the duality’. We also restricted the range of one of the dual
coordinates v, in order to avoid singularities. This is not free of ambiguities,
unlike the restriction imposed on v3 to be periodic, such that the domain wall
charge is quantised.

These new coordinates originally play the role of Lagrange multipliers in
the sigma model Action. Working at the genus-zero level in the sigma model
gives no information on the periodicity (or possible non-compact nature), of
such new coordinates. It is quite nice to find some conditions imposing the
good-behaviour of the dual QFT.

It is also quite interesting to have found an SU(2)-dynamical structure in
type-1IB for a solution preserving four supercharges. It is our understanding
that such backgrounds are not easy to come by. The technique presented here
provides a way of generating these and other backgrounds with similar fea-
tures.
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Chapter 7

Concluding Remarks

Let us now summarise the results of this thesis. We used non-abelian T-duality
as a supergravity solution generating technique. Or goal was to construct new
type-II solutions that describe the strong coupling regime of minimally super-
symmetric gauge theories. Our starting point was existing solutions with well
understood gauge theory descriptions that exhibit interesting dynamics such as
confinement, duality cascades and chiral symmetry breaking. The geometries
of each of the solutions considered has an SU(2) isometry. We performed a non-
abelian T-duality transformation on this isometry and generated new type-II
solutions which we used to define new strongly coupled gauge theories.

In chapter 3 we considered a solution originally generated in [30] by act-
ing on Klebanov-Witten with non-abelian T-duality. We used this as a test-
ing ground in which to implement, for the first time, the powerful techniques
of generalised geometry and G-structures within the context of non-abelian T-
duality. We found that the 6d SU(3) structure of Klebanov-Witten was mapped
to an (orthogonal) SU(2)-structure, in a way that indicated a general rule map-
ping SU(3)-structures. Equipped with geometrical information about how SUSY
is preserved it was possible to ascertain how calibrated sources transform under
non-abelian T-duality. We used this information to generate a new flavoured so-
lution in massive type-IIA, which indicated how the SU(2) isometry T-duality
acts on fundamental quarks in the field theoretic description.

Chapter 4 considered how non-abelian T-duality acted on the holographic
dual of N = 1 SYM-CS in 3d and its deformations. As an aid to this we com-
pared this new solution to that generated when G,-structure rotation is applied
to the same "seed" solution. We found, rather stinkingly, that both generated
solutions described field theory’s containing Chern-Simons levels that could be
shifted by large gauge transformations of B,. Both were also confining in such
a way that it was evident that a Chern-Simons term was determining (at least
some of) the IR dynamics. This pointed evidenced by the fact that certain cou-
plings began to "freeze" as one flowed towards the IR, tending to a constant.
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However, despite some "cosmetic" similarities the solution of G-structure ro-
tation and non-abelian T-duality describe quite different gauge theories. The
most sticking difference being that the AdS4 asymptotics of the former provides
a UV completion of the seed solution, while the latter does not.

Chapters 5 and 6 dealt with the dualisation of confining conifold solutions
in type-IIB and type-IIA respectively. We found in both cases that the structure
of the T-dual solutions supported a dynamical SU(2). The dynamical structure
seems to be closely related to the confining behaviour of the gauge theories. In
particular, the angle between internal spinors only changes noticeably in the
confining regime. The structures tend quickly to static SU(2) as one flows to-
wards the UV. In addition to this we performed an extensive field theoretic anal-
ysis of the gauge theories generated by the T-duality transformation. We ascer-
tain how many field theoretic observables are transformed, giving credence to
the proposal that field theory observables not charged under the global SU(2)
on which the duality is performed should remain present in the T-dual solution.

Extending our results on the transformation of G-structures to other dimen-
sions seems like a fruitful avenue of further research. We make the first steps
towards this for the case of 7d structures in chapter 4 where we show that G,
is mapped to dynamical SU(3) in the case considered there. This needs to be
fleshed out though and other examples considered. It would be particularly
interesting to know to what extent the interplay between confinement and dy-
namical structures persist across diverse dimensions and examples. We have
shown in the thesis that non-abelian T-duality provides a prescriptive method
of generating solutions with G-structures that are quite rare. One may hope to
learn from this something about the general construction of such solutions.

The general outlook for non-abelian T-duality as a SuGra solution generat-
ing technique with applications to holography seems good. This thesis con-
tains concrete examples where interesting dynamics are generated by the dual-
ity. Given the wide range of backgrounds that have an SU(2)-isometry, there
must be much more of interest that can be generated in a similar way to what
is shown here. It would however be desirable to have greater general under-
standing of the effect on the gauge theories before one actually performs the du-
alisation, like one does for G-structure rotation. It would be interesting to add
flavours to the dual background considered in chapters 4, 5 and 6 in the spirit of
chapter 3, where it is shown that one may flavour the dual solution by simply
dualising the original solution with smeared flavours added. This would surely
work and it would be particularly interesting to see the effect this had on the
Chern-Simons levels of chapter 4. Flavour is added to the Maldacena-Nastase
solution in [63, 73]. It would also be interesting to dualise the G;-structure ro-
tated solution.

The main confusing aspect of non-abelian T-duality is whether the dual co-
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ordinates v; are compact or not. We cannot rely on a direct worldsheet method
to determine this as is possible in the abelian case. There imposing that holon-
omy’s on non trivial topologies are gauge trivial fixes the period of the dual
coordinate when the original coordinate is compact. In this thesis we have used
arguments motivated by holography to fix the periods of the dual coordinates.
We required that Page charges are quantised which leads to a restricted range
for dual coordinates. As further evidence for finite limits on the dual coordi-
nates we find in chapter 3 that the flux of B, over S? is only constrained to lie
within [0,1] up to a finite upper bound on the the dual coordinates. This is-
plies that out side this region our supergravity solutions are not well defined
globally.

At this point we should make some comments about something that was
largely sidestepped in this thesis. What does restricting the range of v; actually
mean? First off we could assume that v; € R however this raises some prob-
lems motivated by AdS-CFT considerations. Firstly if our T-dual geometry has
an AdS factor we expect it to describe a strongly coupled CFT. However, as
pointed out in [37], v; € R would lead to a CFT containing operators with di-
mension proportional to a continuous parameter. If we restrict to v; € [v,, Vp;]
the T-dual geometries do indeed have discrete spectrum of fluctuations that
may be identified with a discrete spectrum of conformal dimensions, but this re-
striction raises some question on the supergravity side. Requiring v € [0, Umax|
say, means that the geometry is terminating at at at a regular point v;5x. This
indicates that we should have localised delta function sources to satisfy the
equations of motion at Upy.

So what are we to make of this? One attractive explanation is that there
exists a regular and well defined solution which the non-abelian T-dual is ap-
proximating within some range of the coordinates v; [125]. Recently this idea
was given support by [113] where non-abelian T-dual sigma models arise as
the end point of a whole line of integrable deformations of exact CFTs. There
a WZW model is added to the "seed" sigma model and a continuous param-
eter interpolates between this and the T-dual solution . For generic values of
this parameter all coordinates remain compact. But when it comes infinitely
large one can effectively rescale the compact coordinates and zoom into the
manifold. Thus the apparent non-compactness of non-abelian T-dual variables
would appear to be much the same as if we were to use planer coordinates to
describe a sphere, which only works locally. If one can embed such a construc-
tion in type-II supergravity, the problem of the range of the dual coordinates
is resolved. Finding such an embedding is clearly the most urgent avenue of
future research.
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Chapter 8

Appendices

A Supergravity Conventions without Sources

We work in string where the action of type-IIB in the absence of sources is given
by The action of type-IIB without sources is given in string frame by

H? 1 F2 1F2
_ —20 2 _ = 2 3 , =15

—%(C4/\H/\dC2).

While the equivalent action in massive type-IIA is

- H>\ 1 F P}
SMassllA = /M\/(?[e 20 (R +4(a(1))2 — E) 3 (Fg + ?2 + 4—%) :l
10 :
(A2)

_ Y acndconB+ Bac, nps 4 Fops
2 | B Es 373 20 |-

The 10-d hodge dual is defined such that
F, = (_l)int[n/z] * F10—n- (A-S)

where F, are the RR fluxes of either type-IIA or type-IIB supergravity. The
fluxes may be used to define a polyform F such that

F— { Fh+Eh+F+F+FE+F for type-IIA (A4)

F+EB+FE+F+FK for type-IIB .
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In terms of the polyform the Bianchi identities may be expressed as
(d—HA)F=0, dH=0. (A.5)
It is easy to show this is satisfied with the definition
F = (d — HA\)C + Foe™ (A.6)
where C is a polyform constructed from the RR potentials in the same fashion

as above and Fy should be taken to be zero in type-IIB. The flux equations of
motion are expressed as

(d+HA)*F=0, d(e®®xH)=:Y FyAFy (A7)
n

N =

where the sum needs to me taken over the appropriate RR fluxes of type-
ITA /1IIB.

The dilaton must obey the equation of motion

d*d<1>+*§——dd>/\*dcb—%H/\*H=O, (A.8)

while Einstein’s equations are in type-IIA by

1.2
Ry = —2DuDy® + 7 Hyyt

2|1 2 1 2 1 2 11:2 1 2 (A9)
e 5( z)yv+ﬁ( 4);41/—18141/( 0"‘5 2+;1‘!‘ 1) |
with the equation in type-IIB given by
R,, = —2D,Dy® + LH?
w — T eHuv +Z yv+
(A.10)

1 1 1 1 1
2P 2 2
0| E )+ 3B+ e (B~ g8mlE+ 7|

In section D, we will give expressions for the fluxes and their Bianchi identities
in the presence of sources.

B Pure Spinors

Here we follow the conventions of [117] except for a difference in the self dual-
ity condition of the RR section which leads to a few sign differences. We work
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in string frame and consider solution with metrics that can be expressed as
ds* = ez“‘dxgl1 + ds? (B.1)

and preserve N' = 1 SUSY in 4-d with non trivial RR sector. This means that
the internal space, with metric dsZ, must support an SU(3) x SU(3)-structure
[20]. We decompose the 10-d MW spinors into a 4 4 6 split as

=@t +é @, €=k +i i (B.2)

where in €; the upper/lower signs should be taken in type-IIA/B, the * indi-
cates chirality of both 4-d and internal 6-d spinors and we choose a basis for the
internal spinors such that (74+)* = n—. It is possible to define two Clif f(6,6)
pure spinors on the internal space as

@1 =13 (1) (B.3)

which may be identified with polyforms under the Clifford map. The internal
spinors are decomposed as

0 +6_ 04 —6_
ny=ete =Ty, 7h = eAe_'iT_(k||’7+ +kix+) (B4)

where k|2| + k2l =1, 17L17+ = XLX+ = 1and xlm, = 0. The N’ = 1 SUSY condi-
tions for such a SU(3) x SU(3)-structure solution are given by the differential
conditions

(d — HA) (24 ?D4) =0 55
(d — HA)(4-905) = 24-04A A&, F 1634 x4 iA(F) '

where A(A,) = (—1)&2__12An and F is the internal part of RR polyform in type-
ITA /B where the RR forms are each decomposed such that

F, = Fn F 64A7)Ol4 AN A(*6F1()_n). (B.6)

As before upper/lower signs correspond to type-IIA/B

Clearly in general 73 is composed of a parts that is parallel and a part that is
orthogonal to 71. The SU(3) x SU(3)-structure can categorised into 3 distinct
cases depending on the values of the coefficients k| and kj;:
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SU(3)-structure

When k; = 0 the internal spinors are parallel and the pure spinors define an
SU(3)-structure in 6-d such that

eA

o, = — 0+ ?e_”,
o (B.7)
d_ = —ie"’—gn,w,

where | and (), are the two and holomorphic three forms associated with
SU(3), they are defined as in terms of the 6-d gamma matrices as

hol . )
Qng(c)) = _mT—’Yab577+/ Jap = _ml')’ab77+r (B.8)
and satisfy
3i _
JAQu =0, JAJA] = Z‘Qhol A Opor.- (B.9)

Orthogonal SU(2)-structure

When k|| = 0 the internal spinors are 6rthogona1 and the pure spinors define
an orthogonal SU(2)-structure in 6-d such that

O, = —ie'%+ %—e‘”“" Aw,
(B.10)

where the SU(2)-structure one forms v, w and two forms j, w are defined as

Wy — iU = 771')’117(+/ Jab = _i’7l7ab77+ + iXirg-')’ubX-i—r Wap = 771:')’41177(—- (B.11)

and obey the relations

JAw=wAw =14 i) (W) =tw-iw)(j) =0
B (B.12)
JN] = Ew/\w.

Intermediate and Dynamical SU(2)-structure

For intermediate SU(2)-structure k| and k; are non zero constants, this and the
previous example are also referred to as static SU(2)-structure. For dynamical
SU(2)-structure k|| and k| are point dependent. For both these cases the pure
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spinors are given by

A : .
b, = %e’9+e‘w’\w (kye™ — ik w)
2 , (B.13)
d_ = %eie" (v+iw) A (kle*ij + ik”w)
where eq (B.12) and eq (B.11) still hold.

In these conventions the SUSY conditions (here we consider type-IIA, details
of type-IIB are given in appendix E) may be split up as follows:

[egA_(i)k”] =0

d
d[e3A_d’ (k”(] +ovAw)+ kJ_(JJ))] — iesA_ci)k“H =0
(A2 (L +vAw) + kv AwAw)] - (814

ieSA~PH A (ky(j+vAw) +k w) =0

where the second of these gives a definition for H which can be combined with
the first to give a definition of the NS potential, namely

By = —’;(—llmw (B.15)
[

this is not the same as the NS potential generated by non-abelian T-duality but
must match it up to an exact.

The rest of the SUSY conditions are

*6 Fg =0

d [e4A_®klw_] = —e* s

A% w,] = (B.16)
d e4A_d)(k”w_ Aw—kjwi Av+kiwy Aj)] + A% HAaw_ = —e*A s B

[

[

242 (kyws Aw +kyw- Av—k w_ Af)] +ki A PHAw, =0

[ e4A_d)kJ_j/\j/\w_] — e4A_¢H/\ (k“w_ ANw— k”w+ ANv+k wy /\])
[

APk jAjAwy] — A PH A (kjws Aw+kjw- Av—kiw_ Aj)
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where

w4 =sinf_v+cosf_w, w_ =sinf_ —cosO_v,

(B.17)
wy =sinf_Rew + cos_Imw, w-_ =sinf_Imw — cosf_Rew
from which it is possible to define thé higher forms of the RR sector as:
Fe =4dGCs
FgE =dC;—HAGs (B.18)

Fiop =dCy— HAGCy

where we assume B A By A By = 0 as required by N = 1 SUSY. The RR poten-
tials are given by

Cs = e*4~%voly Ak (sinf_w — cos6_v)
Cy = —e4A_‘i’vol4 A [k (sinf_Imw — cos 6_Rew) A w— (B.19)
k)| (sin6_Rew + cos0_Imw) A v +k, (sinf_v + cos6_w) A j
Co = %e‘m"d’vol,; Ak1jAjA (cosB_v—sinf_w)
The calibration is given by
¥, = —84 P Imd_e~B (B.20)

where + depends on our conventions in the WZ action. That Spp; + Swz = 0
is trivial because we have:

Cs + Cy + Co = —8voly A A~ Imd_ (B.21)

C On static SU(2)-Structures in 6-d

In this section, we give further details regarding the SU(2) structure that are
used through out the main body of this text. We sketch the derivation of the
conditions that the SU(2)-structure must satisfy for N’ = 1 SUSY in type-IIA.
We will also use these to define potentials for the space-time filling RR-fluxes
and the calibrations for space-time filling D4, D6 and D8 branes. We assume a

147



string frame metric of the form:
ds? = Ady? 5 + ds? (C.1)

with a dilaton ® and a NS three form H = dB. We further assume that ®(z), A(z)
with z any coordinate in ds2. Expanding out the SU(2) pure spinors in eq (3.2.8)
gives:

|ab| . 1
D, =—[wz—zwz/\vl/\wl——wz/\vl/\wl/\vl/\wl].

8 2

ab P D .
O_ = L8—|(1 —if2 = 5f2 A j2) A (01 + i) (C2)
= ab . . ) 1. . .
d_ = %[vl —iwy + jo A (w1 +ivq) — 2 A2 A (01— ’wl)]-

Supersymmetry requires that |a| = |b|, we define:
|ab] = |a]* = e# (C.3)

Plugging eq (C.2) into eq (3.2.4), equating forms with equal number of legs and
separating real and imaginary parts gives,

d [e“_‘pwz} =0

(C4)
d [e3A_¢w2 Av1 A wl] + 4" PH A w, = 0.
For two forms,
d [e3A_¢vl] — 4 "P4A A = 0.
(C.5)
d [e3A‘<pw1] + A PJANw = —4 %6 Fy.
For four forms,
—d [e3A‘q’j2 A wl] —SAPHAv + 34 PAA N Awy =0, |
(Cé6

d [e“‘A—“’jz A 01] — A PH A w4+ A PAANy Avy = A x B,
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while for the six-form,

— —1-d [63A_¢j2 Aja A U]] +

2
1 .
SAPH A j Awy + Eef"““"dA AjaAja Aoy =0. -
1.l a4ce. .. '
Ed [e3A i Aja A wl] +

. 1 S
A" PH A j2 Avy + §e3A_¢dA ANjpAfa Awy = 4 x4 B

Finally, we have for the zero-form
*6 Fg =0 (C.8)

where the fluxes Fy, F, and F4 are understood to have legs in the 6-d internal
space only. These equations can be further simplified as follows:

d [e3A‘q’w2] =0

wy A [d(v1 /\wl) +iH] =0

d -eZA‘q’Ul] =0

d -e4A_q’w1] = —e* % Ey

d[e24-2j, A wl] F A PH Ay =0 (C.9)
d -e4A_<Dj2 A vl] — M PHAw =e* x B

1 . .

Ed [eZA_‘D]z Aja2 A vl] — A~ PH A j2Aw; =0
1 .

Ed [e4A_¢j2 Aja A wl] +e*4-%H ANjpaANvy = e* x¢ By
*6 P(, =0.

We clearly now have a definition of the Minkowski space-time filling RR-sector
in terms of the SU(2)-structure:

Fe=d [€4A_¢UOZ4 A wl]
FE=d [€4A_¢UOZ4 Aja A '01] —e*A"PH A voly \ wq (C.10)

1 . :
Fio = —Ed[e‘m_q’vou Nja Aja A wl] + e 4" PH Avolg A ja Ay,

149



where the remaining fluxes can be obtained from the duality condition F, =
(—)" * Fo—2n. With these fluxes it is possible to derive expressions for the po-
tentials associated with these fluxes. They take the most compact form when
the space time filling part of the RR flux ployform is expressed as!,

Fymink = dCwuink — H A Cppink- (C11)

We must have —H A C3 + %1—"033 = 0 for N = 1 SUSY, otherwise the final line
in eq (C.9) cannot hold. This allows the derivation of canonical potentials in
terms of the SU(2)-structure,

Cs = €4A_¢’()Ol4 A un

Cr = e**Pvoly Ajo Aoy (C.12)

Cy = —%e‘m_q’vou Aja2 A jo Aws.
The calibration for type-IIA space time filling D branes is defined as
Yo = —83472(Im¥_) A éb, (C.13)
expanding this out and extracting the terms with an equal number of legs gives:

y() _ _ ey,

‘PSI) — 440 (vl Ajo—wy A B) (C.14)

1 . 1
oo =64A‘q’<5w1 Aj2Aja+01Aj2 AB = swr /\B/\B).

Which makes it clear that an SU(2)-structure in 6-d can potentially support
Minkowski space time filling D4, D6 and D8 branes wrapping one, three, and
five-cycles respectively.

D Some Details of the Flavoured SU(3) and SU(2)-

structure solutions

We will start analysing the case of the addition of flavors to the Klebanov-
Witten field theory [68]. This will be explicitly dealt with using the language
of SU(3)-structures. Then, we will extend the analysis to the background gen-
erated in section 3.4. This will require the full SU(2)-structure formalism, de-

!We are assuming B is defined only on the internal space so that B* = 0.
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veloped above.

We consider the addition of Minkowski space time filling sources to an
SU(3)-structure background in type-IIB. The action of type-IIB in string frame
is modified as:

S = Sus+ Spar + Swz. (D.1)

With pure spinors defined as in eq (3.2.7) the calibration condition is given by:

Yea g = —86347° (ImCD ) "‘D( : ) (1 — % JA ]> (D.2)

is compatible with source D3 and D7 branes We are assuming, as it is true for
the Klebanov-Witten model with massless flavours, that H = 0. The combined
DBI action of such a system will be given by:

Sper = SB3; + SBa

<I>
D3 __ -
SDBI = Myg e ( 7 >'U014 AE el (D3)

SDar = 2/ _(D( )0014/\]/\1/\u2
10

While the WZ terms will be given by:

SWZ — SWZ + Swz,

SWZ — / C4 /\ H6l (D.4)
10

10

The fluxes, in the presence of sources for the case of B = 0, should be defined
as,
H=dB, FF=dCy, F =dC,, F =dC, (D.5)

and the Bianchi identities are modified as follows:

dH=0, df;j =5, dF—HAF =0,

(D.6)
dFs — H A F = Eg.
where which of the E;’s are non zero is determined by the specific source brane
content. The dual fluxes, related by the expression F,+1 = (—)" % Fg_py, are
defined as:
*Fs = F5, Fy = dC6, F9 = ng (D7)
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and the fluxes have the following equations of motion:
dxFi =0, d«FB=0 (D.8)

for Klebanov-Witten with massless flavours we should set E¢ = 0 and then the
equation of motion of the dilaton and Einstein’s equations can be shown to be
satisfied also as in [60, 61].

D.1 Analysis of the Solution Generated

In chapter 3 we generated a flavoured type-IIA solution which supports an
SU(2)-structure and non closed B. The action of (massive) type-IIA in string
frame, is now modified,

S = SMassive 1A + SpBI + Swz (D.9)

As shown around eq (C.14), an SU(2)-structure can in general support smeared
source D4, D6 and D8 branes that extend in the Minkowski directions. The
combined DBI and WZ actions of this system are given by:

Sper =SB+ SDar + SD31

[ 2 M- / e—‘i> (—vol ) Awy N Es, D.10
DBI ™ 7, U0k 1N\ &5 ( )
Sy =—/ _d’(—vol> (v/\'—wAB)/\E,

DBI ™ 7 U0k 1\ ]2 1 3

_e (€ 1 o . 1 -

SDBI = -—_/Mli 70014 A §w1/\]z/\]2+vl/\]2/\B—Ewl/\B/\B A
and

SWZ — S +S 'l"Swz,

o / Cs A Es,
Mo

sDs, = / (C7—B/\C5> A s, (D.11)
Mo
sP8, = —/ (cg—B/\c7+1B/\B/\c5) NE
My 2
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In the presence of such sources we should define the RR-potentials as:
F, FH=dCi+ KB, F,L=dC3+BAdC;+ %O-B A B; (D.12)

this ensures that we have no ill defined potential terms appearing explicitly. We
note that source D8 branes imply that Fy will no longer be quantised. In general
the Bianchi identities are given by,

dFp = &2,, dF, — FgH = E3+ B A Ey;
(D.13)

1
dF4—H/\F2=E5+B/\E3+§B/\B/\El

The dual fluxes, related by the expression F,, = (—)" * Fjg_pn, are defined as:

Fe=dCs, Fg =dC;— HACs,

(D.14)
Fio=dCo — HAGCs.

Here, we did not write the terms that are zero due to the SU(2) SUSY conditions
in 6-d. The flux equations of motion for the RR sector are given by:

dxF+HAxF, =0, d«F,+HAF;=0, (D.15)

while for the NS sector we find:

d (e—2<i’ * H) = FyxF+EBAxE + %R; AEy — (D.16)
-
e
7

[UOI4/\(ZU1/\B-Ul Ajz)/\El+UOI4Aw1 NEz],

A careful calculation shows that the potentials do not enter into this equation
explicitly [64]. We can express the variation of the dilaton as an integral for
compactness,

SpBI = — / 8e-2‘f’(d*dci>+*§ —dd A *dd — %H/\*H) (D.17)

It is useful at this stage to introduce the following notation,

1
Vp)Ap) = @ Ay (D-18)
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where the following identity is helpful,

/W(p) /\/\(IO—p) = - / \/—_g)\_l(*w). (D.19)

Then Einstein equations can be expressed in a gauge invariant fashion as:

. 1
Ry =—2D,D,d + H3,+

4 M
1 1 1 1 1
e2® [E(Fzz);w + E(Pf);w - Z&W(Fg + Epzz + EFZ)] +
ecp+<i) 1 —~ - 1 — o1...04
7 E(‘:G +E3AB+ §B A B A Z1)yay...un * (v0lg Awr)y
1, - .
1_ . .
— 751 * (volg Awy Ao A o)y
1 1
— Zgw, ((35 +E3AB+ EB A B A Eq)ax (voly Awy)

— (33 +BA El)J* (0014 N1 /\jz)

E1ax (volg Awy A jp /\]2))]

N =

The eqs (D.13)-(D.20) are solved by the metric, fluxes and sources of section 3.4
once the BPS egs (3.4.10) are imposed.

E Details of the non-Abelian T-duality on the D5

branes solution.

The purpose of this section is to give some details of the SU(2) isometry T-dual
of Wrapped D5 branes on S2. This was first derived in [30], but in slightly dif-
ferent conventions and the G-structure was not found. Thisisthe C =1, S =0
limit of the full Baryonic Branch dual solution, and as the procedure for find the
the G-structure is the same in both case we hope that this more simple example
will be instructive.

Solution of wrapped D5 branes on S? [17] has string frame metric given by

ds* =e® (dxis +e*dp + e (d6? + sin? 0d¢?) +
(E.1)

e28 ek
T((a")l + ad6)? + (@, — asin0dgp)?) + T(d}g + cos d(p)2>
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where the functions a4,b, g, h,k and the dilaton @ only depend on the holo-
graphic coordinate r. The @; are SU(2) left invariant 1-forms which can be
parametrised as

@1 = cos Pdf + sin P sind,
@y = —sinpdd + cos Psinfd¢,. (E.2)
@3 = dp+cos0de.

A convenient set of vielbeins is given by

® @ ® @ )
=e2dx’, e =eztkdp, ¥ =e27Mdh, e? =e7tsinbdg,

e
el = %e%ﬂ(a)l +ade), €2 = %e%fg(a”;z —asinfdg),
e = %e%*'k(wg, + cos0dg). (E.3)

with respect to which the non trivial RR flux F3 may be expressed as
E = g~ 3% [f1e123 + £269%8 1 f3(e97 + e#13) + f4(e"19 + e”"’z)] (E.4)

where the f; are given by eq (5.2.8). In these conventions the projections the
10-d Killing spinor € obeys are

[pe = Tope, Trinze = (cosa +sinalyp)e, ie* =€, (E.5)

with respect to the 4 + 6 split we can define components of € to be equal with
positive chirality as

e1=e=e" (1 QO+ +5-®1-) (E.6)

where 24 = ®. Once the usual decomposition of gamma matrices,
Tui=4 81 T,=187 (E7)
is performed it is a simple matter to derive the SU(3)-structure forms of eq

(5.2.15) using eq (B.8), where we have chosen i,941237+ = #+. To do this it is
helpful to perform a rotation in e?, 2 which will also be useful later

é? = cos ae? + sin ae?
&2 = —sinae?® + cosae’ (E.8)
¢" =e’ fora # ¢,2.
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The rotated 6-d projections are then simply

Footl+ = Y3+ = Faan+ =in4 (E.9)

and the SU(3)-structure becomes canonical.

We want to T-dualise this wrapped D5-brane solution along the SU(2) isom-
etry parametrised by ;. Section 2 and appendix B of [30] give all the details of
the algorithm one must follow to do this and so we direct the interested reader
there for details of the NS sector. For the RR sector we only give details that
will be relevant for later calculations.

The duality will drastically change the vielbeins that contain the SU(2) left
invariant 1-forms ¢!, €2, 3 and leave the others untouched. For the dual of the
wrapped D5 brane solution gauge fixed such that the remaining dual coordi-
nates are vz, v3 and ¢, the canonical vielbeins given by the procedure of [30]
are

3 eg"'%

1 b
© = 3w

[eZkM’ ( — V/2e28+® (cos (awpvs + dvy) + sin P(aw v3 — wavy))—
4vs sinp(awyvz + dvy) + 4v3 cos P(awqvs — w3vg)) -

4v,6%8%® sin Y (awyv; — duz) — 8v/20; cos P(vadus + U3dv3)} (E.10)

© = 3w

[ezk““b (\/Eezg“p(cos PY(w3vy — awqv3) + awovz sin P + dvy sin ) —
4v3(cos P(awyvz + dvy) + sin p(awqvs — wgvz))> —

4026287® cos 1 (awyvy — dvs) + 8v/2v; sin P(vadvy + vgdvg)]

3/ ek+%)’
8w

8\/5’03 (’Uzdvz + ’U3dl)3)

(4

[\/§€4g+2¢(aw2‘02 —dvs) + 4’()2828+¢(W3712 — awv3)—

with the remaining vielbeins still given by eq (E.3), that is e? = ¢ fora #1,2,3.
The w; are defined as in eq (E.2) but with § — 8, § — ¢. It is possible to re-
move all the explicit angular dependence from the dual solution by performing
a rotation in the 6, ¢ directions such that

6 _ ht®/2,, _ 0 | o ?
e =e wi = cosyYe” +sin e
! 4 4 (E.11)

e? = e"+®/2¢y, = —sine? + cos pe?,
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and an additional rotation in 1’,2’,3’ directions such that

A

el = cos zpell — sin 1pe2'

e? = sin el + cos pe? (E.12)
S =é.

Theses rotation make the expressions for the vielbeins and fluxes a lot more sim-
ple than they otherwise would be, they are given for the dual of the wrapped
D5 solution as in section 5.3 but with S = 0, C = 1. However, it is the ¢* viel-

beins rather than the ¢? ones that are more suited to calculating the G-structure
of the dual solution.

It was shown explicitly in [41] that the 10-d MW Killing spinors transform
under an SU(2) isometry T-duality as

él = €1, é’z = QEz. (E13)

where (1 is given by
—T123 + Yoy Gal®

O =10 (E.14)
V1+2?
and for the wrapped D5 background we have
7l = 22787 K%y, cos W, 2= —2v/2¢787 %99, sin P, (E15)

CB = 2\/5_6_2g—¢'03.

Starting from eq (E.10) we first rotate the vielbeins as in eq (E.8) so that the
projections are canonical. The () matrix then becomes

_ cosaf1? +sinaf1?3 4 7311 + 75 cos al? + 7o sinal'® 4 751

0 (E.16)
Vv1+0.0

where we have used 1?3, = in_. The new spinor &, is:

& =¥ @2 +7-0f7) (E.17)
where
72 = cos &g’ + 14! + fo cos ad? + (34> + {o sirwc”y‘i”7 N
- = +
V1+3.0
, (E.18)
;_sina .
1+2.0"
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Itis clear here that, as long as sina # 0, we are in the dynamical SU(2)-structure
case, because « = a(r). In order to simplify the expressions we perform another
transformation of the vielbein basis:

/ cosa 0 0 {1 {2cosu (3 \
0 VA 0 0 0 0
e L 0 0 vA 0 0 0 (E19)
VA -0 0 0 cosa (3 —{pcosu
—{fycosa 0 0 -3 cos« {1
\ —{3 0 Z%cosa -t cos )
where
A =cos’a+ 2+ 3cos’a+ 3 (E.20)
We define a new basis:
é=R.¢é (E.21)
where the order is r0¢123. In terms of this new basis, the spinor is:
2 _ [ VAY +psinat? _ sina
c = + i E.22
! ( Vies e KA Ex a4 -
And the projections in this basis are still:
Yoo+ = Vr3ll+ = Y2+ = in4 (E.23)

Let us now express the forms of the geometric structure, following the conven-
tions of appendix ?2.
P2A — @

9+:0 9_:0

__ sina _ [cos?a+{.g
Ky = = M=Vt (E.24)
z=w—iv= L (\/Ze”3+Czsinocé0+i(\/Z€’+Czsinaé"’))

Veos?a+.°

j=t e+ —vaw

i (VA(@E? +id®) — {psina (& +ie®)) A (% +iel)

Veos?a + .

which is a dynamical SU(2)-structure.

w =
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F Details of the non-Abelian T-duality on the Bary-

onic Branch solution

In this section we give some details of the SU(2) isometry T-dual of the Bary-
onic Branch of Klebanov-Strassler. This was originally derived in [30] with
gauge fixing such that v; = ¢ = 0 = 0. The previous derivation indicated
a departure in the T-dual from the log corrected AdSs asymptotics of the Bary-
onic branch. Let as begin by giving some details of original calculation in our
current conventions

F1 Dual of the Baryonic Branch without the shift in B;

Once more we will start by specifying the dual vielbeins. The components
e =eTh™idx', ef =eTtfidp (F1)
do not change. The vielbeins in the 6, ¢ are also unchanged by the duality

however we find it useful to introduce a rotation in €%, e? such that the dual
solution has no explicit ¢ dependence.

& = VCet® 2y, P = CetP 2y, (E2)

The vielbeins in the directions 1,2,3 can be compactly written in terms of the
quantities defined as,

28+
V3 =v3+ 2\/§8cosa,
o2k
A=dVs;+ 273 SN, (ezg 4-2e%" — ge8 (bes — 2¢" c:otzx)) dp, (E3)

#1 = aeS cos + 2¢" sina
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With these, we have

;. e81TP/2
el =
16W

Ve [e2k+¢ (8V3(aV3w1 — vyws) — 2v/2¢2872C(dvy + aVawy)
—2v2e8T SV wy + e33+2¢(38y1w2>

+ 8v; (eg+¢028;41w2 — 2\/§(V3A + Uzdvg))] ,

5 ST 20+
e = A% ——7C [ ( — 2\/56 8+ C(aVswy — vaws) — 8Vs(dvy + aVsw,)
+ X3122CSu Wy + 2\/§eg+¢SV3y1w2) (F4)
— 8eX8vy(—A + avzwz)] ,
3 ekt /2 @ 2¢+®
€ =55 \/E[ngr vz(\/ie 8tPC(ae8Cwsy + Spywy)

—4e8C(aVawy — 1aws) + 4S8 nglwz)

— V2A(e*8+22C2 1 8V2) — 8\/502V3d02]

where the rotation of eq (E.12) has been performed 2. We will then have a metric
that in terms of these vielbeins reads, ds?, = Y12, (¢)2. Notice that the quantity
A in eq (5.3.4) will, when squared to construct the metric with the vielbeins
above, imply the existence of crossed terms g,», and also the change of the
asymptotic behaviour of gy, away from log corrected AdSs.

In terms of these vielbeins, the NS two-form B, reads,

- 1 A
B, = i (Ze az(egvzeé’1 TPV ) — 4ek=8Veld + \/ECeg*‘k"“I’eig) +
2
STy ek _ s eg+k+<l>—h
rd [ 232 (ae~"e® — 2¢72') + WC (2¢2"e? + ey~ (E5)

et B aing)d? 1 o3 €
T(Ze cosa — ae8 sina)e’? + e — 5 Her |

2 Actually this differs from [30] in orientation which can be compensated for via 1 «+ 2.
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The dual dilaton is given by
=P %mw , W=¢C (%e43+2k+3¢c2 4 2872 4 e2k+¢v§> . (E6)

And the RR sector is given by,

N
Fp=—%,
T2
—® R "
E = _¢ 1 N.C [2(3'2"(1 +a? — 2ab) V3e%? + e~87hkC(a - b) (\/iezg+k+¢ (e - e¢2)+
465V, (eéﬁ — e‘ﬁ) — 4vzege¢§) —8e %8 V;:,eii — Se_g_kvzeié’ — 2e’h_kvze’é —
Ses " 28 2 g+h 0o
—\/m Ncb + a(e cos™ & — Nc) + e sin2« |e ’ (F7)
e §~hk-® 2 6 2g+ktd—h i3 | 4.2¢—h 13
E = _—SC——NC[C(1+a — 2ab)e®? A (VVwe8 THTP-hel2 4 ge28hel3)

Cbleré A (4ekv3ei3 _ ﬁ82g+k+®e§§) _ 863'02 (a _ b) eéiﬁg
e’? A (4egvzeiﬁ — ek (V26281013 4 4V3e23))] —

2S¢~ 8 h—k-®

CZsing (“ (€% cos® @ — N;) + (Ncb + €8 sin th)) (V3ekeé¢iﬁ + vzegeérﬁié) _

We will now proceed to show that the bad asymptotic behaviour and off diag-
onal p terms of the metric are actually a gauge artefact.

E2 The dual of the Baryonic Branch with the shift in B,
The NS 2-from of the original solution contains the term

By = — —;-eZkJrq’S (@3 + cos Bdg) Adp. (E8)

It is this term, when dualised, that gives rise to the undesirable behaviour as
this will contribute to the dual metric in both g, and gyy3 via the dual vielbeins
¢/ which will have legs in p. This happens because of the dp A @; term in B,
which is not a spectator under the duality transformation®. However, one is
always free to add an exact to the NS potential as this will not change the fluxes

3See section 2 of [30] for details of how the initial B, enters into the definition of the dual
vielbeins.
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or metric of the original solution. Consider adding a closed form to the initial
B,
By — By +d(Z(r)(ws + cos 8dg)) (F.9)

This precisely cancels the effect of B; in the dual solution when 2’ = —1SeZ+®
because

By +d(Z(r)w3) = —Z(@1 A @ +sin0dO A de)
(E10)
4—%(&:2’““<I> +22")dp A (@3 + cos 0dg).

As there is no longer a dp A @; term in the NS 2 form before dualisation, the dual
vielbeins will have no legs in p and so there will no longer be a modification to
8pp and gpy,. The trade off is that the function Z will now enter into the dual
solution.

We now once more follow the procedure of [30] with gauge fixing, as before,
such that v; = ¢ = 8 = 0. We are lead to the dual vielbeins

®

T W

Ve [e2k+¢( — V2Ce%+® (cos y(awrH + dvy) + sin p(awH — wsvs))—

4H sinp(awr, H + dvy) + 4H cos Pp(awH — w302)> -
4v,Ce*87® sin P(awovy — dvz) — 8v/20; cos P(vadvy + Hdvs)+

%yls St (80% cos Ypwy + Ce* P (cos Y(CeX+Pwy — 2v2Hw, )+

sin (Ce*8TPw; + Zﬁsz)))] (E11)
y es*% k-+d 2g+®
= W\/E[ez +ec (\/ECe 812 (cos P(wsvz — awH) + awrH sin + dvp sin ) —
4H (cos Y(awr M + dvy) + sin P (aw H — w3vz))> -
49,Ce*81® cos P(awyvy — dus) + 8v/2v, sin P(vadvy + Hdvs)+
%ylseg”’ ( — 8v; sin Yw, + Ce* P ((Ce?$Pw; + 2v2Hws) cos P—
(Ce%+Pw, — 2v/2Hw;) sin 1p))]
1 ek+%
= S vC [\/Ecze4g+2¢(awzvz — dv3) + 4v2Ce® 1 (w3vy — aw M) —

8\/§H(02d'02 + Hdvz) + y1028e3+¢ (4Hwy + \/ECeZg+<I>w2)
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which upon rotating according to eq (E.12) give the vielbeins of eq (5.3.5).

A valid question at this point is whether there is a local diffeomorphism
which maps us from the Baryonic Branch dual solution as defined in section
E1 to the solution defined as in section 5.3. The answer is yes, and it may be
most easily found by comparing the dilaton as defined in eq (5.3.7) and eq (F.6)
. Examining these makes it clear that one needs to transform V3 such that it is
mapped to H. This may be achieved with a transformation in v3 only

v3 = v3+ V22 (E12)

under this which
V3 > H, A—dus (E.13)

and so vielbeins of eq (F.4) are mapped to those of eq (5.3.5). The map on the
RR sector also follows trivially whilst the NS 2-form of eq (5.3.6) is mapped to
that of eq (E.5) up to an exact.

So it is clear that one may “cure” the bad asymptotics and gy, mixing of
section E.1 either by a gauge transformation in the NS 2-from before dualisa-
tion, or by a local diffeomorphism on the dual coordinate v3 after the duality
procedure is performed.

E3 Details of the Dual Baryonic Branch Structure

All that remains to compete the elucidation of the baryonic dual is to give sup-
plementary details to section 5.4 on the dynamical SU(2) structure. Actually,
the derivation of the structure is essentially the same as that of the dual of the
wrapped D5 solution in section E, so we will only focus on the differences here.
The 10-d MW Killing spinors of Baryonic Branch obey the same projection
as the wrapped D5 spinors (see eq (E.5)). However, whilst the internal spinors
are still parallel, they now differ by a point dependent phase (") = C +iS

e1= e (§+ ® (¥ ) + 5 ® (70 2)),

. . (F.14)
e2=e(Er @ (€40 2 ) + 2@ (402 )),

where the Minkowski warp factor is now ¢4 = 9;. We now follow the steps
illustrated between egs (E.7) and (E.9) such that the SU(3)-structure of the Bary-
onic Branch takes canonical form.

The dual 10-d Killing spinors are given as in eqs (E.13),(E.14), however the
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{* entering into their definition are now given by

7= 2v/2e787 k%9, cos 72 = _2\/56"3""_4’02 siny
ve ve (E15)
_ 2/2e7 %8¢

3
T
The new spinor &, is:

A e(I)/Z —il(r A~ il(r A
& = \—/—E(§+ ® (67422 1 7 @ (¢60/252 ) (E.16)

where 72 is still given by eq (E.18).
The dynamic SU(2)-structure supported by the dual Baryonic Branch solu-
tion may be expressed as

A 3
o, = %e‘"”\w (k”e—” — ikJ_CU) ;
s (F17)
d_ = Eg—eig(’)(v +iw) A (kre™ +ikjw).
The forms and functions entering into these expressions are given by
@
24 _ €
7T
et = ¢ +iS
sin & cos?a+ (.0
ki = k = - 2 F.18
UV = & A 1442 (F18)
1
Z=w—iv= (\/Zé?’+Czsinué9+i(\/Zé'p+Czsinae"‘P))

Veos?a+ .0

j= e 1 —pAw

i (VA@® +ié®) — {psina(e +id®)) A (& +idh),

VeosZa+ .

with {? defined by eq (F.15). Specifically the vielbeins & that the structure is ex-
pressed in terms of a rotation of those in eq (F.11). First one preforms a rotation
by «

w =

A - ’
¢? = cos ae?® + sin ae?

& = _sinae? + cos xe? (E.19)

¢* = e fora # 9,2,
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and then rotates these vielbeins to get &€ = Ré, where the matrix R is given by
eq (E.19) with {” by eq (E.15).

G On the Numerics for Chapter 6

Our goal is to numerically find some particular solutions of the equations

, c af? - ¢ a*(a*-3c%)f?
4= —Z+8b4c3' b——%— 8b3¢3 !
2 2 32f a4 f3
A — —_ —_— = —— 1
c=-ltontop i ST s G

In general this system will have four integration constants. We can find series
solutions of these equations as r — 0 and choose the the zeroth order term
in each expansion to be the independent parameter. Thus, generally the IR
expansions will have the form,

a(r) ~ ag + a1(ao, bo, co, fo)r + a2(ao, bo, co, fo)r* + - - - (G.2)

and similar expressions for all the other functions. However, we are interested
in solutions dual to a 4 dimensional field theory, thus we want the 3-cycle that
the D6 brane wraps to shrink to zero as r — 0. From the ITA metric (6.2.10) we
see that this requirement fixes a0 = 0, ¢ = 0 and we are left with only two
independent parameters in the IR, by and f; that we label Ry and goRp respec-
tively. Similarly, in the UV generically we have 4 independent parameters but
since we want solutions with a stabilized dilaton, we set the coefficient of the
linear term in the dilaton expansion to zero and are left with three independent
parameters Ry, 41, hp in terms of which a UV solution to arbitrary order can be
found.

To find numerical solutions we have the choice of starting in the IR and in-
tegrate forward or start in the UV and integrate backwards. We choose to solve
the equations of motion starting from the IR, using the IR expansions as bound-
ary conditions. Our motivations for doing so are two-fold. First, the parameter
space in the IR is smaller, {Ro, 4o}, than the one in the UV, {Ry, g1, h1 }, this facil-
itates the search of a solution with the required behaviour. Second, the expan-
sion of the equations of motion around 7 = 0 is less computationally-intensive
than the one around r — oo allowing us to use very high order expansions as
boundary conditions. More precisely, in our code we use IR expansions of the
functions a(r), b(r), c(r), f(r) up to order O(r¥) as boundary conditions. By
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way of illustration, we present here the IR expansions up to order O(r!3),

r (2+4g3)r* (7442943 — 3143)r°
a(r) = 5~ 5 1 +
(288R2) (69120R%)
(—7274 + 54643 + 504343 — 2473457’ N

(34836480R$)
(—2767396 + 206664443 + 132663943 — 226784045 + 76196948 )r° N

(60197437440R3)

Prg(q0)r™! _ Pr2(qo)r™
(158921234841600R10)  (297500551623475200R?)

Pyo(g0) = —1732820552 + 266149229243 — 71467416244 — 161645016745+

149446852445 — 38807838743°
P12(q0) = 809180302184 — 193661947131643+

16869294850984¢ + 1367818807745
— 104663625664245 + 69413957740543° — 1481479071584 (G.3)

(=2+45)r* (13 — 2143 + 1145)r*

b(r) = Ro —
(r) = Ro = 2 76) (1152R3)
(3268 — 886642 + 914944 — 320945)r
(1658880R3)
Pbg(q0)r° Pb1o(40)r" Pbi(go)r"
(3814109636198400R11)

+ (557383680R%) ~ (1203948748800RY)
Pb12(g0) = —96075595496 + 55597738133643 —

139371167804845 + 1890154422552
— 145115485014548 + 5960138420743 — 102144488257447

Pbyo(qo) = 120346756 — 57643542643 + 116508614645 — 119619410848+

6175933654 — 12780497644
Pbg(qo) = —235082 + 88586843 — 135552645 + 93821045 — 24462145 (G.4)

166




r (8—543)r (232 —353q5 + 15745)r°

cr)=—3+ (288R2) (34560R3)
(31168 — 7644043 + 6863745 — 2128648)r”
(17418240R$)
Pc1g(q0)7" Pcg(qo)r° Pcia(q0)r"

(39730308710400R1%) ' (15049359360R?) + (74375137905868800R12)

Peyg(go) = 5716032512 — 2471775040043 + 4486351774443 —
4176136691645 + 1975303795645 — 377945528345°
Peg(qo) = —7527424 + 2550707243 — 3457032045 + 2145129148 — 508061548
Pcyp(qo) = —3137711476736 + 1650042466867243—
375560847105604¢ + 4660954689253048 —

330234637484374% + 1261242968532641° — 202327229020744?
(G.5)

qor*  qa(—14+11g3)r*  ¢3(2152 — 347343 + 149243)r"
Ro16 (1152R3) (829440R3)

Pfg(go)r"°
(1203948748800R8)

Pfe(go0)r + Pfi0(qo)r!?
(557383680RY) ' (238381852262400R1))

Pfg(go) = 3(170283008 — 56870067243 + 74497911645 —
44606443445 + 10209473945
Pfs(go) = ga(—329536 + 81328843 — 70525244 + 21034948)
Pf1o(q0) = qa(—8376443008 4 3538304729643 — 6215171890045 +
5598105527545 — 2566263083945 - 476787980243°) (G.6)

f(r) = qoRo +

+ +

Using 40-digit WorkingPrecision in NDSolve, Mathematica 8, we gener-
ate, using the IR expansions as boundary conditions, solutions that extend in
the UV. We observe that not for all values of {Ry, 40} we get solutions with sta-
bilized dilaton. Thus, the behavior of the dilaton serves as a first indication of
a potential solution with the required UV behavior. We use UV expansions up
to order O(1/7%) for all the functions. We show here, as an example, the UV
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expansion for a(r).

_r _V3pRy | 21v/3R* | 63v3qiR°
V6 V2 V2 167 V2 1612
9v3 (672912 +221) Ry*  81/3q; (224912 + 221) Ry®

V2 51273 V/2512r4
/3 (2048h; + 1377 (76891* + 1632412 + 137) R;°) N
V2 8192¢5
. 3y/31R1(10240h; + 81(11645 + 6800043 + 222724%)RS)
819276

(27\@1{%(8192111 (27 + 56043) + 27(583399 + 1776595242+

a(r)

1
+ 367001677
6837657641 -+ 202997764%)RS))

1 3 3 )
+ W (27\/;‘]1 Rl (8192h1 (81 + 56()571 ) +

81(583399 + 733203247 + 2012160047 + 58490884%)RS))

9v/3R}
%Qf{;wpag"’(ql,&,hl) 4. (G.7)

where,

PalV(q1, Ry, 1) = (4096h1 (3941 + 9331243 + 32256047)
+ 243(3297681 + 12916384047 (G.8)
+ 91297536047 + 18512609284 + 5284823044%)RS)
(G.9)

We then have to analyse if this candidate solution obtained by forward inte-
gration has indeed a UV where the functions are given by eq (6.2.33) or not. To
this end, we define a mismatch function,

m = Z (log (Iﬁnumeriml(rmatch)l) —log (|f;3xpansion(r)|> )2, (G.10)

where f; € {a, b, ¢, f}, frmerical refers to the solution obtained by forward

integration and ff PATSION refers to the UV expansion. We then minimize m using
NMinimize and AccuracyGoal = 20 . If the minimization procedure yields
a small value (m < 10‘4) this setup determines the UV parameters R, 41, 71
for which our numerical solution has the required UV behavior. Some sample
solutions obtained with this procedure are presented in Figure 6.2. Note that
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we choose to normalize the dilaton such that
(8sN)¥420/3 =1 (G.11)

where ¢ = ¢(r = 0).

A natural question to ask is to what extent integrating back with the param-
eters found through the minimization procedure will reproduce the integrated
forward solution. Since the IR expansions are of very high order (O(r%)) while
the UV expansions are only of order O(1/r°) we expect that the UV solution
will not be very accurate in the IR. We present plots comparing the backward
and forward integrated solutions in Figure G.1. In order to verify that the small
discrepancies in the IR are due to accumulated numerical error we evaluate the
residual. Namely, we define a function res; that evaluates the equation of mo-
tion for k(r) using the numerical solution. If the solution were exact res; should
be identically zero. Since it is a numerical solution there will always be certain
deviation form zero.

Cnum a;, 2

- num.) num

resa(r) = ’anum + — i 3 |/
Zanum 8bnumcnum

. Coum  Boum(@aum — 3C5um) fiaum
resp(r) = |bpum + +
b( ) | num anum Sb%umC%um I/
2 2 2 2
c c 3a
resc(r) = Iénum +1-— num___ “num + num) num |,
2a%um 2b121um Sb;llum
( a;llum r?um
resy(r) = Vo + g5 -l (G.12)
numcnum

In Figure G.2 we see that the integrated forward solution is more accurate for
all values of r. Also note, (Figure G.2 a, b and d ) that the integrated back
solution fails considerably close to the IR (resa(rjr) ~ 1072) and this explains
the differences in figure G.1.
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Figure G.I: The blue curves are the result of forward integration with RQ =
10, go = 1/5. After the minimization procedure we obtain the UV parameters
Al = 131946, R\ — —2.03087, h\ — —1.9733 and plot (dashed red lines) the result
of integrating back with these parameters to show that it coincides with the forward
integration. The small discrepancies in the IR are due to accumulated numerical er-

ror. The mismatch function for this solution is m < 10~4. We also plot 4(r)2 and c4/3
defined in eq (6.2.10)
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Figure G.2: logl0plot of the residuals defined in eq (G.12). The solid blue line is for
the solution obtained by integrating forward (IR to UV), dashed line is for the solution
obtained by integrating from the UV back to the IR.
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