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Introduction

The purpose of this thesis is to investigate weighted actions of the circle group U(1)
on known quantum spaces. By introducing suitable weights we are able to construct new
unexplored quantum spaces which contain the known quantum spaces in the unweighted
case. Once we are able to describe the algebraic structure of these new quantum spaces
we investigate their quantum geometry.

This thesis is split into two main parts with an outlook of open problems attached; the
first consists of introductory material, motivation and an overview of quantum groups and
their non-commutative geometry. The second part contains the results from research into
quantum weighted projective spaces, in particular describes quantum weighted projective
spaces, quantum weighted real projective spaces and quantum weighted Heegaard spaces;
see [5], [6] and [7]. Finally, some open problems are discussed, firstly the existence of a
differential calculus over the quantum weighted projective spaces. Secondly, the descrip-
tion of higher dimensional quantum weighted projective spaces. One possible approach
for interpreting these spaces on the C*-algebra level is by graph algebra theory; the ideas
are discussed briefly in the appendices of this thesis. An outline of each chapter is given
as follows.

Part I An overview of quantum groups and non-commutative geometry.

Chapter 1 Essentially quantum groups are non-commutative (Hopf) algebraic struc-
tures, hence the purpose of this chapter to describe algebraic structures with an emphasis
on the theory used to developed quantum groups in later chapters. The main focus is on
comodule algebras over Hopf algebras and C*-algebras over C and their K-theory.

Chapter 2 Motivation for quantum groups and non-commutative geometry are de-
scribed and well known examples are given, namely, both even and odd dimensional
quantum spheres and Podle$ quantum 2-spheres. Next our attention is turned to non-
commutative geometry, motivated by classical geometry, definitions for non-commutative
principal and associated bundles are set out. Non-commutative principal bundles are iden-
tified with principal comodule algebras and the geometrical importance of Hopf-Galois
extensions in made. The constructions of Fredholm modules and the Chern character
over an algebra are described. The differential calculi for an algebra are mentioned. Fi-
nally, the definition of a connection is given and it is shown that a strong connection is
equivalent to the principality of a comodule algebra, providing a highly useful tool when
performing calculations.

Part IT The main results of the research into weighted circle actions on quantum algebras.

Chapter 3 Firstly, quantum weighted projective spaces O(WIP,(lo, ..., 1)) are intro-
duced, for coprime weights l, ..., l,, as the subalgebra of coinvariant elements of quantum
spheres via a suitable U(1) action, or equivalently a O(U(1))-coaction. We concentrate on
the quantum weighted projective lines, i.e. on the case n = 1. For a pair of coprime posi-
tive integers ly = k, l; = [, we give the presentation of O(WP,(k,[)) in terms of generators
and relations and classify all irreducible representations of O(WP,(k,)) (up to unitary
equivalence). We prove that all infinite dimensional irreducible representations are faith-
ful. We then proceed to analyse the structure of O(WP,(k, 1)) as coinvariant subalgebras.




We prove that O(S?) is a Hopf-Galois Clu, u*]-extension of O(WP,(k,1)) or O(S3) is a
principal Clu, u*]-comodule algebra with coaction gy, if and only if k = { = 1. This is in
perfect agreement with the classical situation where it is known that the teardrop man-
ifolds are not global quotients of the 3-sphere by a free action. On the other hand, we
prove that in the case k = 1, O(WP,(1,!)) is a coinvariant subalgebra (or a base) of a
principal Clu,u*]-comodule algebra that can be identified with the coordinate algebra of
the quantum lens space O(Ly(1;1,1)). We explicitly construct a suitable strong connec-
tion on O(Lg(1;1,1)) and show that O(Lg(l; 1,1)) is not a cleft principal C[u, u*]-comodule
algebra. Quantum weighted projectives spaces are classified as generalised Weyl algebras
and it is shown that their global dimension is one when k£ = 1 and infinite otherwise,
reinforcing the importance of this special case.

Next construction of Fredholm modules and associated cyclic cycles or Chern charac-
ters 7, on O(WP,(k, 1)) are presented. Using the explicit description of strong connections
in O(Ly(l; 1,1)) we calculate a part of the Chern-Galois character. Finally we evaluate 7, at
the computed part of the Chern-Galois character and show that the results are different
from zero. From this we conclude that the finitely generated projective O(WPy(1,1))-
module £[1] (associated to O(L,(l; 1,1))) is not free, thus the principal C[u, u*]-comodule
algebra O(Ly(l;1,1)) is not cleft.

Finally, we construct C*-algebras C'(WP,(k,[)) of continuous functions on the quan-
tum weighted projective lines and identify them as direct sums of compact operators on
(separable) Hilbert spaces with adjoined identity. Through this identification we imme-
diately deduce the K-groups of C(WP,(k,1)).

Chapter 4 The ideas used in the teardrop case are extended to prolonged quantum
spheres O(X3). In this case we get quantum real weighted projective spaces; the results
here differ significantly from the teardrop case. Quantum real projective spaces split into
two unidentical cases, depending on whether [ is a even positive integer, O(RP,(l; —)), or [
an odd positive integer, O(RP,(l; +)), each analysed in detail. The algebras O(RP,(l; £))
are identified in [10] as fixed points of weighted circle actions on the coordinate algebra
O(X3) of a non-orientable quantum Seifert manifold described in [12] . As in the quan-
tum weighted projectives case, we fully describe the algebraic structures of O(RP,(l; %))
and classify all infinite dimensional representations. Furthermore, we construct quantum
U(1)-principal bundles over the corresponding quantum spaces O(RP,(/; &)) and describe
associated line bundles. We show that the principal comodule algebra over O(RP,(l; —))
is non-trivial while over O(RP,(l;+)) turns out to be trivial (this means that all asso-
ciated bundles are trivial, hence we do not mention them in the text). We also prove
O(RP,(l;4)) can be also understood as quotients of O(X3) by almost free S'-actions.
Next we classify O(RP2(l;+)) as a generalised Weyl algebra and comment that the neg-
ative case do not appear to fit this picture. Finally, we construct Fredholm modules and
associated Chern characters.

Chapter 5 In this chapter quantum Heegaard spaces are considered from a weight-
ing perspective. Like quantum real weighted projective spaces the quantum weighted
Heegaard spaces split into two cases, however there are similiarities when considering
quantum principal bundles. Firstly, we equip the coordinate algebra of the Heegaard

3-sphere (9(:qu9) with Z-gradings determined for a pair of coprime integers k,{, by set-



ting deg(a) = k, deg(b) = [, where a and b are generators of the x-algebra (’)(qug), or,
equivalently, with the weighted coaction of O(U(1)), and study the zero degree algebras
O(Spq(k,1)). These split into two cases, one in which both & and [ are positive, and one
in which k is positive and [ is negative. We use the notation O(Sp,(k, (%)) to distinguish
these cases. We list bounded irreducible *-representations of these algebras and identify
O(Spq(k,1*)) as the generalised Weyl algebras.

The subalgebras of O(S3,) which admit principal O(U(1))-coactions that fix O(Syq(k, I*))
are identified. In the case k = |I| = 1 these coincide with O(S} ;). Furthermore it is shown
that these principal comodule algebras are non-trivial and strong connections on them are
constructed. It is shown that O(S,,(k, %)) are generalised Weyl algebras. Next we deal
with the noncommutative geometric aspects of O(Sy,(k,!*)). More concretely, we con-
struct Fredholm modules over O(Sp,(k, !*)) and calculate Chern numbers of line bundles
associated to principal comodule algebras constructed. Finally, we study algebras of con-
tinuous functions on quantum weighted Heegaard spheres, identify them with pullbacks
of Toeplitz algebras and calculate their K-groups.

Outlook

Chapter 6 An approach for describing a covariant differential calculus over the quan-
tum teardrop space O(WP,(k,!)) is described. It is not clear yet whether such a space
exists due to the singularity in the classical case. However, we noted moving into the
quantum setting the singularity is resolved in the case k = 1. The approach taken
here involves restricting the well known covariant calculus on O(S?) to the generators of
O(WP,(k,1)) C O(Sg’).

Chapter 7 Higher dimensional quantum weighted projective spaces are briefly con-
sidered along with the inherent problem of managing these spaces given the large number
of generators on the algebraic level. One possible approach for understanding these spaces
on the C*-algebra level is through graph algebras; the details are described in the next
appendix.

Chapter 8 The central ideas in relation to graph C*-algebras are introduced and basic
examples described. The graph C*-algebras of the continous functions on the quantum
spheres and lens spaces are described in detail since these are the key spaces used in
the analysis though this thesis. Finally, a possible connection between higher dimension
quantum weighted projective spaces and graph algebras is made.
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Chapter 1

Preliminaries

The aim of this chapter is to set out the relevant theory associated to algebraic structures.
The content contained here will be the algebraic framework in which we work throughout.
Firstly the concept of an algebra over a field is defined by introducing a concept of
multiplication over a vector space satisfying certain properties. This developes to the
notion of a coalgebra and next a Hopf algebra. Actions and coactions are then discussed
giving rise to module and comodule algebras. Next C*-algebras and basic properties are
set-out and this leads nicely into algebraic K-theory. Basic examples are introduced to
clarify these ideas. The material contained in this section can be found in; [33], [9], [17],
[39].

1.1 Types of algebraic structures with basic proper-
ties

The most basic types of structures are algebras over a field and their dual coalgebras.

1.1.1 Algebra and coalgebra structures

Definition 1.1.1. (An algebra) Given a vector space A over a field k, then we say A is
an algebra if there exists a map ms : A® A — A given by ma(a; ® az) = a1a, and an
element 14 € A such that

(1) A is associative, i.e., ai(asa3) = (ajaz)as for all a;, ay, a3 € A, and
(ii) A is unital, i.e. 1ga =alg =a for all a € A.

Since multiplication and the unit can be thought of as maps, an algebraic structure
can be expressed in terms of commutative diagrams. Let 14 : K — A be the k-linear map
defined by 14(a) = ala, now 14(1)a = als(1) = a which implies 14(1) is the unit element
in A. Now the associativity and unital conditions are equivalent to the commutativity of
the following diagrams,

13



14 CHAPTER 1. PRELIMINARIES

ARARA—LM , AQA AYkRANAQE—2%4 . 404 (1.1)
mA®’idl JmA 1A®id,4l ida lmA
A®A—— A, A®A ~ A,

and reversing the direction of each of the arrows leads to the definition of the dual concept.

Definition 1.1.2. (Coalgebra) Given a vector space C over a field &, then we say that C is
a coalgebra if there exists maps A¢ : C — C®C and ¢¢ : C — k, called comultiplication
and counit rendering the following commutative diagrams

C i C®C c—2e LcecC (1.2)
Acl lAc@n’dc Acl e lidc®ec

The commutativity of the diagram on the left, namely (A¢®idc) o A = (ide ® Ag) o
Ac is known as the coassociativity property and on the right, namely (ec ® idg) 0 Ag =
(ide ® €¢) 0 A¢ = idc, the counital property.

Notation In order to assist in performing calculations with the comultiplication map
we need some notation. We use the Heyneman and Sweedler shorthand notation, for
¢ € C we write

n
Ace) =Dy ®clyy = Y ey ® ey = ¢y ® Cea),

i=1

hence omit summation and indices.

1.1.2 Hopf algebras

A Hopf algebra over a field k£ contains an algebra and a coalgebra structure which are
compatible with each other, furthermore there exist a map called the antipode which
behaves in a similar way to the inverse function for a group. Firstly bialgebras are
defined.

Definition 1.1.3. (Bialgebra) A vector space H is called a bialgebra if

(i) H is an algebra with multiplication my and unit 1y,

(ii) H is a coalgebra with comultiplication Ay and counit ey, and

(iii) Ay and ey and algebra maps, i.e., Ag(ab) = Ap(a)An(b) = aq)bu) ® a)b) where

H®H is viewed as an algebra with multiplication given by (h1 ®h2)(g1®92) = h1g1 @ hage
and ey (ab) = ey (a)ey(b) and ey (1) = 1.
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Within the bialgebra set-up the compatibility of the algebra and coalgebra structure
is contained in the sense that the comultiplication map Ay and the counit map ey are
algebra maps. In fact, this property is equivalent to my and 1y being coalgebra maps.

Definition 1.1.4. (Hopf algebra) A Hopf algebra H is a bialgebra with amap S : H — H
called the antipode, satisfying

myo(id®S) o (Ag(h)) =mpyo (S®id)o (Ar(h)) =ex(h)ly.

The antipode can be expressed using the Sweedler notation as h(1)S(h()) = S(h@))h@e) =
ex (h)1y, hence we can see that the map S behaves in a similar way to an inverse function
on H. The properties of H are summarised in the following proposition.

Proposition 1.1.5. Let H be a Hopf algebra with antipode S : H — H. The following
properties hold:

S(gh) = S(h)S(g) for each g,h € H and S(1g) = 1, and (1.3a)
Ap(S(h)) = S(h2) ® S(h() for each h € H and ey (S(h)) = en(h). (1.3b)

Equation (1.3a) tells us the antipode is an anti-algebra map, and Equation (1.3b) tells
us the antipode is an anti-coalgebra map.

Definition 1.1.6. A Hopf algebra is commautative if it is commutative as an algebra. It
is cocommutative if it cocommutative as a coalgebra, i.e. if To A = A (the arrow-reversal
version of commutativity), where 7 is the map which flips the tensor product.

The most simple types of Hopf algebras are as follows.

Group Hopf Algebra

Let G be a group. The group Hopf algebra H = kG (k any field) is the vector space with
basis G with the following Hopf algebra structure on basis elements,

multiplication: mg(g1 ® g2) = 9192 (group product), unit: 1y = eg (group identity),

comultiplication: Ag(g) = g ® g, counit: €x(g) = 1g, antipode: Sy(g) = g7%,

and extended to the whole of H = kG in a linear way. Multiplication in H is derived
from the group hence associativity and the unit property follows. Coassociativity follows
for the whole of kG since it follows trivially for the basis elements, similarly for the counit
property. The maps Ay and ey are multiplication maps since:

Ap(gh) = gh® gh = (g ®g)(h®h) = Au(9)An(h),

and
en(gh) = 1= en(g)en(h).

Note that if G is non-commutative then so is kG and that kG is always cocommutative
using this structure.
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1.2 Module and comodule algebras

The next type of algebraic structures that we are interested in are module algebras and
their dual comodule algebras. These play important roles in non-commutative geometry
when constructing algebraic objects equivalent to topological bundles. Firstly we consider
actions of algebras on vector spaces then go on to identify their dual coactions by reversing
the direction of the arrows in the commutative diagrams describing the algebraic proper-
ties of actions. We then built on this concept by incorporating the algebraic structures
identified in the previous section, to describe actions of Hopf algebras on algebras. Again
the dual concepts within this setting are considered.

1.2.1 Actions and coactions of algebras on vector spaces

Definition 1.2.1. (Left action) Let V be a vector space and A an algebra. A left A
action on V is a linear map >: A ® V — V which satisfies the following properties

(i) associativity, (ajaz) > v = ay > (ap > v) for all ay,a; € A,v € V, and

(ii) identity, lapv=wvfor allve V.

These properties can be written as commutative diagrams as,

ARARV —EN , gV ViV -4EY L AgV (1.4)
z‘dA®\>l 1» idv lb
AQV v, V.

>

Using the arrow-reversing notion it is clear that a coaction is defined in the following way.

Definition 1.2.2. (Right coaction) Let W be a vector space and C a coalgebra with
comultiplication A¢ and counit ec. A right C coaction is a linear map p: W - W Q C
which satisfies the following properties

(i) coassociativity, (idw ® Ag) o p = (p ® ide) o p, and

(ii) coidentity, (idw ® €c) o p = idw.

These properties can be expressed as commutative diagrams in the following form,

w £ wWeC 14 L ~W®C (1.5)
Pl lp@idc idw lidw@ec

Right actions and left coactions are defined in a similar way. Since we are using a coalgebra
structure we require notation that is consistent with the Sweedler notation for the coaction
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to assist when performing calculations. We use the shorthand p(w) = w()®w(), where the
summation and index are implicit, this is consistent with the Sweedler notation discussed
above.

1.2.2 Comodule algebras over Hopf algebras

We have seen how an algebra acts on a vector space, next we extend this idea to a Hopf
algebra acting on an algebra.

Definition 1.2.3. (Left H-module algebra) Let A be an algebra and H a Hopf algebra.
A is said to be a left H-module algebra if there is a linear map >: H ® A — A called the
left action of H on A such that,

(i) H acts on A as a vector space (see Definition 1.2.1).

(ii) m4 commutes with the action >, that is, A > (ab) = (k1) > a)(h() > b).

(iii) the unit 14 commutes with the action >, that is, h> 14 = €(h)14.

Definition 1.2.4. (Right H-comodule algebra) Let B be an algebra and H a Hopf Alge-
bra. B is said to be a right H-comodule algebra if there is a linear map p? : B+ B® H
called the right H-coaction on B, such that

(i) H coacts on B as a vector space (see Definition 1.2.2).
(ii) p® commutes with the multiplicative structure, that is,
p? omp = (mp®id)o (id®Rid®my) o (Id® T ®id) o (p° ® p*).
Written in Sweedler notation this comes out as (bb')(0) ® (b')(1) = (b(0)b{g)) ® (b(1)byy)-
(iii) p? commutes with the unital structure, that is, p?(15) = 15 ® 1.
Definition 1.2.5. (Left H-comodule algebra) Let B be an algebra and H a Hopf Alge-

bra. B is said to be a left H-comodule algebra if there is a linear map 2p: B - H® B
called the left H-coaction on B, such that

(i) H coacts on B as a vector space (see Definition 1.2.2).

(ii) 2p commutes with the multiplicative and unital structure.
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1.3 (*-algebras and their representations

This section sets out the essentials when dealing with C*-algebras. Basic definitions
are introduced along with well known properties. Building C*-algebras from polynomial
algebras using representation spaces is discussed. This is a particularly important process
since a large number of spaces we deal with arise as polynomial algebras.

1.3.1 (C*-algebras

Definition 1.3.1. (x-algebra) An algebra A over C is called a *-algebra if there exist an
operation * : A — A, a — a* which satisfies the following conditions, for all a,b € A,
MueC,

(i) (Ma + ub)* = Aa + b, (ii) (a*)* = a, (iii) (ab)* = b*a*.
The operation x is known as a x-operation or an algebra involution.

Definition 1.3.2. (C*-algebra) A is called a C*-algebra if A is an algebra over C with
norm ||.|| : A = C, a — ||a||, and involution * : A — A, a — a*, such that A is complete
with respect to the norm, with the properties that

(i) llabll < llal|lj6ll, for all a,b € A,

(i) ||a*al| = [|a]|?, for all a € A.

Firstly note that ||a|| = ||a*||, in this case we say the involution is isometric, this can be
seen by combining the properties in the definition of a C*-algebra. Observe that ||a*a| =
lallllall < lla*[lllall implying that ||al| < ||la*||. Therefore [la]| < [la*|| < [I(a*)*]| = llal,
showing ||a|| = ||a*|| for all a € A.

Definition 1.3.3. (Sub-C*-algebra) A non-empty subset B C A is called a sub-C*-algebra
of A if it is a C*-algebra with the operations given on A. Namely, it is norm closed and
closed under the operations: addition, multiplication, involution and scalar multiplication.

Suppose A is a C*-algebra and F' C A. The sub-C*-algebra of A generated by F', writ-
ten C*(F), is the smallest sub-C*-algebra of A that contains F. C*(F') can be expressed
as follows. For each n € N put

W, = {z123...2, : z; € FUF* for j =1,...,n} (words of length n)

where F* = {z* : z € F} and put W = [, W,,. The set W is the set of all words in
FUF*, Using W = W* and W is closed under multiplication, we see that the linear span

of W is a sub-*-algebra of A, hence completing the space we arrive at C*(F') = span(W).

Example 1.3.4. Let B(H) be the set of all bounded linear operators on a Hilbert space
H. B(H) is a C*-algebra with addition and multiplication taken in the standard way for
function spaces. If S,T € B(H) and A € C, then S+T, AS and ST are bounded operators
hence contained in B(#). The norm is defined by |S|| = sup{||S(z)| : ||z|| = 1} and S*
is defined as the operator such that (z, S(y)) = (S*(z),y) for all z,y € H.
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Example 1.3.5. The Toeplitz algebra 7T is the C*-algebra generated by the unilateral
shift U acting on a separable Hilbert space H with orthonormal basis {e,}nen by Ue, =
ent1- The operator U* is given by U*e, = e,_; for n > 1 and U*(ep) = 0.

From commutative C*-algebras to non-commutative geometry. The GNS-theorem
says a commutative C*-algebra A is isomorphic to the algebra of continuous functions on
a compact Hausdorft topological space, say X. Within the theory of non-commutative
geometry we extend this concept to non-commutative C*-algebras. A non-commutative
C*-algebra A is viewed as the algebra of continuous functions on an object say X, called
a quantum space. We find that many of the properties of the classical space X can be
carried over in a natural way to the quantum space X, in the theory of non-commutative
geometry. This is discussed in detail in chapters 2 and 3.

A corollary to the GNS-theorem is the Galfand-Naimark theorem which states: For
each C*-algebra A there exists a Hilbert space H and an isometric *-homomorphism
¢ : A — B(H). In other words, every C*-algebra is isomorphic to a sub-C*-algebra of
B(H). This result is used when we classify representations of a C*-algebra.

1.3.2 Representations of C*-algebras

Given a *-algebra A we would like to extend this to a C*-algebra where A is a dense
subalgebra of the C*-algebra. In order to perform this extension we would need to define
anorm on A. This is done in the context of representation theory whereby A is represented
as a subalgebra of the algebra of bounded operators on a Hilbert space; see Example 1.3.4.

Suppose V is a Hilbert space then the space End(V) = {f : V — V : f linear} is an
algebra with multiplication given by composition and unit given by the identity map on
V. Suppose that V is a left A-module with action>: A x V — V, now we can define the
map

m:A— End(V), wn(a)(v)=abuw.

We see that 7 is an algebra map since 7(14)(v) = 14> v = v hence 7(14) is the identity
map and

7(ab)(v) = (ab)>pv=1a> (b>v)
= a> (n(b)(v)) = (7(a)m(b))(v) = w(ab) = m(a)m(b).

Furthermore, if we have an algebra map 7 : A — End(V) then we can view V as a
left A-module with action given by ¢ : AxV — V, aev = w(a)(v). V is called the
representation space of A and the map = is called a representation of A in V. V being a
representation space of A is equivalent to V' being a left A-module.

Within non-commutative geometry *-algebraic structures are typically described as
polynominal algebras with a collection of relations between the generators. The general
strategy to extend the x-algebraic structure to a C*-algebra involves classifying all rep-
resentations. The process of determining the representations of an algebra is determined
by the relations of the polynominal algebra. The representations allow us to view the ele-
ments of the algebra as operators over some Hilbert space. Now the C*-algebra extension
is defined as the completion of the *-algebra with respect to the representations.
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Example 1.3.6. Consider the group algebra A = CZ of the integers Z over the complex
numbers. This algebra is generated by a unitary element u, meaning u*u = uu* = 1.
Hence A contains polynomials in u and u* with complex coefficients. Suppose 7 : A —
End(V) is a representation of A with representation space V. Since uu* = 1 we require
7(u)mw(u*) = I where I is the identity operator on V. One possible representation 7 of A
takes the form m(u)e, = e,4+1 and w(u*)e, = e,_1, for V a Hilbert space with orthonormal
basis {e,}32,. In fact, any unitary operator will give a representation for A.

1.4 K-theory

Given a C*-algebra A then we associate to this a pair of Abelian groups which we denote
by Ko(A) and K;(A) called the K-groups. These K-groups contain information about
C*-algebras, hence knowing the K-groups provides an insight to the algebraic structure.
The K-groups are defined in terms of the Grothendieck construction of Abelian groups.

Grothendieck constructions

Given an Abelian semigroup (S, +) we can associate to this an Abelian group. Define
the equivalence relation ~ on S x S by (z1,y1)~(z2,y2) if there exists z € S such that
Z1 + Y2 + 2z = T2 + y1 + 2. Now the Grothendieck group associated to S, written G(S), is
given by the quotient

G(S) =8 x5/~ ={[{(z,y)] : (z,y) € S x S}.

The Abelian group (G(S),+) has addition [(z1,v1)] + [(Z2,%2)] = [(z1 + Z2, %1 + 22)],
neutral element [(z,z)] and inverse elements given by —[(z,y)] = [(y,z)]. The Abelian
group axoims are easily verified. For any y € S themap s : S = G(S), vs(z) = [(z+y, 7))
is called the Grothendieck map. The map is additive and independent of the choice of y,
furthermore can be used to describe the Grothendieck group as

G(S) = {vs(z) —s(y) : 2,y € S}.

1.4.1 The Kj-group

The Ky-group is constructed by considering projections in the matrix algebra of a given
C*-algebra. Suppose A is a C*-algebra, then any element p € A is called a projection if
p? = p=p*. We write P(A) for the set of projections in A.

Now define P, (A) = P(M,(A)) the set of projections in the n x n matrix algebra with
entries in A, and write Py (A) = e, Pn(A). We can define an equivalence relation on
Poo written ~ as follows. Suppose p € Pn(A), ¢ € Pm(A) then p~yq if Fv € M, ,(A)
with p = v*v and ¢ = vv*. Furthermore, we have an addition on Py (A) as follows

©: Puld) X Pu() P ), p@a= (] ) ) € Prsn(a)

making Pu,(A) a semigroup.
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Given a C*-algebra A, then we can construct an Abelian semigroup D(A) = Py (A)/~0
with elements [p]p for each p € Py (A), and addition [p]p + [g]p = [p ® q]p-

Definition 1.4.1. (K,-group for unital C*-algebras) Let A be a unital C*-algebra, and
let (D(A),+) be the Abelian semigroup obtained from taking the quotient of P (A) by

the equivalence relation ~,. The Ky-group of A is defined to be the Grothendieck group
of D(A),

with Grothendieck map

v:D(A4) = Ko(A), ([plp) = [plo-

Hence we can describe the group as

Ko(A) = {[plo — [4]o : P, q € Peo(A)}
= {[plo — (4]0 : p,q € Pn(A),n € N},

where addition is defined by [p]o + [¢]o = [p ® ¢Jo With neutral element 0 = [04]o, 04 being
the zero projection in A.

Remark 1.4.2. Given a finitely generated projective module, we can associate to this a
class inthe Ky group as follows. Let R be a ring and recall P is called a finitely generated
projective left R-module if

1) X = {z1,..,z,} C P is a free generating set of P. That is, for any p €
P, 3r,...,7n € R such that p = rz; + ... + r,x, and for any linear combination
$1Z1 + .. + SpTn, = 0 there is only one solution s; = ... = s, = 0.

2) i* = P @ @ for some module Q.

Every finitely generated projective R-module arises from an idempotent element e €
M,(R),ie. €2 =e € M,(R). We find the image e(R™) produces P, the kernel produces
the module @) and by taking the direct sum of these modules we obtain R™. This set-up
allows s to associate to a finitely generated projective module P a class in the Kp-group
using e.

Examygle 1.4.3. The Kj-group of the algebra C is given by the Abelian group Z, that
iS, Kg((C) = 7.

Proof.  Firstly we calculate D(C) = Py (C)/~p, to do this we need to consider the

trace map
x11 ... Oqp n
Tr : M,(C) - C, Tl ... ... .. = ajj-
( Qpl ... Onp ) i=1

Now suppose p, ¢ € Poo(C), say p € P, and q € P,,,. As described above p~og = Jv €
M., »(C) such that p = v*v and ¢ = vv*. Using the basic properties of the trace map, this
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means that Tr(p) = Tr(v*v) = Tr(vv*) = Tr(q), i.e., p and ¢ have the same trace, which
further means the ranks of p and g have the same dimension. The matrix p € M,,(C)

can be represented by [ %‘ 8 ] € M,,(C) where o = rank p. Similarly, ¢ € M,(C)

can be represented by { {)ﬂ 8 ] € M, (C) where § = rank ¢q. Suppose p and ¢ have the

same rank then o = 3, so m = n and Tr(p) = Tr(q). In fact, p and ¢ represent the
same linear transformation under different bases and can be written as p = A~!qA with
A being the changes of basis matrix. Since we can express ¢ = AA* and p = A*A we find
p ~o q. Hence D(C) contains the classes of projections where each class consists of all the
projections with equal dimension. So, D(C) & Z*+ = {0, 1,2, ...} with the usual addition.

To calculate the Ky-group we need the property: if (H,+) is an Abelian group and
S C H is a non-empty subset closed under addition then (S, +) is an Abelian semigroup
where G(S) & {z —y: z,y € S}. We see (Z*, +) is an Abelian semigroup as a subset of
the Abelian group (Z,+). So, Ko(C) =G(DC) =2 GZ) &2 {z—-y:z,y€ZT} =Z.0

Example 1.4.4. The K,-group of the algebra M, (C) is given by Z, that is, Ko(M,(C)) =
Z.

Proof. Let p € Po(M,(C)), say p € Ppn(M,(C)), so p € M,(C) such that
p? = p = p*. Using a similar argument to Example 1.4.3, we find p ~¢ ¢ <= rank(p) =
rank(q) in Py (My(C)). Hence D(M,(C)) contains the classes of projections where each
class contains projections with the same dimension, giving D(M,(C)) = Z*. Now,
Ko(M,(C)) = G(D(MA(C)) = G(Z*) =Z. O

Example 1.4.5. Other well known examples without proof are
Ko(B(H)) =0, Ky K(H))=0, Ko(T)=2,

where B(H) are the bounded linear operators on a Hilbert space H, K(H) the compact
operators on H and 7 the Toeplitz algebra.

1.4.2 The K;-group

The Kj-group is constructed by considering unitary elements in the matrix algebra of
a given C*-algebra. Suppose A is a C*-algebra, we say an element u € A is unitary if
wu* = u*u = 1. We write U(A) for the set of all unitary elements in A. Similar to above
we also write Un(A) = U(Mp(A)) and U (A) = Urw; Un(A).

We have an addition on Uy (A), for u € U,(A) v € U,(A), given by

@ 1 U (A) X Uno(A) = Un(4), udv= ( B‘ 3 ) ,
making Uo,(A) a semigroup.

We can define an equivalence relation on U (A) written ~; defined as u~yv if there
exists a natual number k > max{m,n} such that (u® lx_n)~n(v ® lx—n) where 1, is the
unit in M,(A) and ~y is the homotopy equivalence relation on Ui (A) defined as a~pb if
there exists a continuous path from a to b, t — v(t) for ¢t € [0, 1].
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Definition 1.4.6. (K;-group for unital C*-algebras) Let A be a unital C*-algebra then

~ the K;-group of A is defined as the quotient

K1(A) = Uoo(A)/~1 = {[uls - u € Uso(A)},

with addition [u]; + [v]; = [u @ v]1, zero element 0 = [1,]; and inverse elements —[u]; =
[ws.

Example 1.4.7. K;(C) = K1(M,(C)) =0, K;(B(H)) =0, and K;(T) = 0.
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Chapter 2

Quantum groups and
non-commutative geometry

The aim of this chapter is to first describe the motivation behind quantum groups. The
idea is to build non-commutative spaces with an inherent underlying geometry in the
classical sense, which can be generalised to the whole of the non-commutative space.
Naturally, the starting point is to recollect basic geometric ideas, in particular topological
bundles, such as fibre bundles, vector bundles and principal bundles (we begin with a
review of [2] where these concepts are discussed). By considering the space of functions
from a topological space into C we can build commutative algebraic spaces. In order to
describe truly quantum spaces, by which we mean non-commutative spaces, we need to
continue building on this idea. It turns out non-commutativity is achieved by considering
the algebra of polynomial functions on an affine algebraic variety, where the generators are
the coordinate functions from the topological space into C. Now the non-commutativity is
attained through the relations of the generators of the algebra of coordinate functions. We
refer to the non-commutative algebras as g-deformations of the classical space where ¢ is a
parameter, usual a real number in the interval (0, 1) which controls the non-commutativity
of the space. Typically, each value of g gives a different algebra and at the limit ¢ — 1
we recover the classical space. With the formulation of quantum groups in mind, we turn
our attention to their geometry. The construction of quantum groups involves replacing
classical spaces with spaces of functions, naturally their geometry is viewed in a similar
way. By taking topological and geometrical concepts and replacing classical spaces by
quantum spaces, or non-commutative algebras of coordinate functions, we are able to
develop a very natual concept of geometry in the algebraic sense. The main focus in this
thesis will be on the quantum version of principal bundles, known as quantum principal
bundles. Finally, given constructions for quantum groups and non-commutative geometry
we consider their differential calculi. This incorporates the concepts of connections and
connection forms in the quantum setting. The application of these ideas will follow in
Part II where new examples of quantum spaces are identified.

25
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2.1 (Geometric consideration: topological aspects of
bundles

We begin by recalling some classical geometry, namely topological bundles; see [2].

2.1.1 Fibre bundles

Definition 2.1.1. A fibre bundle is a quadruple (E,n, M, F') where E, M, F are topo-
logical spaces, m : E — M is a continuous surjective map satisfying the local triviality
condition.

The local triviality condition is satisfied if for each z € E, there is an open neighour-
hood U C M of n(z) such that #=*(U) is homeomorphic to the product space U x F,
in such a way that m carries over to the projection onto the first factor. That is, the
following diagram commutes,

W (U)—2—~UxF

|

U.

The map p; is the natural projection U x FF — U and ¢ : 77} (U) — U X F is a
homeomorphism. It follows that the fibres #~1(m) are homeomorphic to F for each
meM

Example 2.1.2. An example of a fibre bundle which is non-trivial is the Mobius strip.
It has a circle that runs lengthwise through the centre of the strip as a base B and a line
segment running vertically for the fibre F. The line segments are in fact copies of the real
line, hence each 7~!(m) is homeomorphic to R hence the Mébius strip is a fibre bundle.

2.1.2 Free actions and the principal map

Let X be a topological space which is compact and satisfies the Hausdorff property and
G a compact topological group. Suppose there is a right action of G on X given by,
X XG> X, xag =2xg.

Definition 2.1.3. An action of G on X is said to be free if zg = x for any x € X implies
that g = e, the group identity.

With an eye on algebraic formulations of freeness, the principal map F¢ : X x G —
X x X is defined as (z, g) — (z,zg). Hence it takes an element (z, g) and produces the
action of g on z in the second component and records z in the first.

Proposition 2.1.4. G acts freely on X if and only if FC is injective.
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Proof. “«==" Suppose the action is free, hence zg = x implies that ¢ = e. If
(z,zg) = (2/,2'¢g’) then z = 2’ and zg = zg’. Applying the action of g~ to both sides of
zg = zg' we get z(gg'~!) = z, which implies gg'~! = e so g = ¢’ by the freeness property,
hence F€ is injective as required.

“=" Suppose F€ is injective, so FC(z,g) = F¢(z',¢') or (z,z9) = (z',z'g') implies
z =1’ and g = ¢’. Since z = ze from the properties of the action, if z = zg then g = e
from the injectivity property. O

Since G acts on X we can define a quotient space X/G which we label Y. This space
is defined to be,

Y =X/G :={[z]: z € X}, where  [z] =zG = {zg: g € G}.

The sets G are called the orbits of the points . They are defined as the set of elements
in X to which z can be moved by the action of elements of G. The set of orbits of X
under the action of G forms a partition of X, hence we can define an equivalence relation
on X as,

T~y <= Jdg € G such that zg =y.

The equivalence relation is the same as saying x and y are in the same orbit, i.e., zG = yG.
Given any quotient space, then there is a canonical surjective map defined as,

T: X—=Y=X/G, T z2G = [z,

which maps elements in X to their orbits. We define the pull-back along this map 7 to
be the set,
X xy X ={(z,y) e X x X :7(z) =n(y)}.

As described above, the image of the principal map F¢ contains elements of X in the
first leg and the action of g € G on z in the second leg. To put it another way, the image
records elements of z € X in the first leg and all the elements in the same orbit as this z
in the second leg. Hence we can identify the image of the canonical map as the pull back
along 7, namely X xy X. This is formally proved as a part of the following proposition.

Proposition 2.1.5. G acts freely on X if and only if the map defined by,
F$: X xG = X xy X, (z,9) — (z,z9),
15 bijective.

Proof. First note that the map is well-defined since the elements x and xg are in the
same orbit hence map to the same equivalence class under 7. Using Proposition 2.1.4 we
can deduce that the injectivity of F¢ is equivalent to the freeness of the action. Hence
if we can show that F§ is surjective the proof is complete. Take (z,y) € X xy X, this
means 7(z) = m(y) which implies z and y are in the same equivalence class, which in
turn means they are in the same orbit. We can therefore deduce that y = zg for some
g € G. So, (z,y) = (z,z9) = FZ(z,g) implies (z,y) € InFZ. Hence InF§ = X xy X
completing the proof. O
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2.1.3 Principal bundles
Principal bundles are bundles which arise from principal actions.

Definition 2.1.6. An action of G on X is said to be principal if the map F€ is both
injective and proper, i.e. it is injective, continuous and such that an inverse image of a
compact subset is compact.

Since the injectivity and freeness condition are equivalent we can interpret principal
actions as both free and proper actions. We can also deduce that these types of actions
give rise to homeomorphisms F§ from X x G onto the space X x x /¢ X . Principal actions
lead to the concept of topological principal bundles.

Definition 2.1.7. A principal bundle is a quadruple (X, 7, M, G) such that

(i) (X,n, M, Q) is a fibre bundle and G is a topological group acting continuously on X
with action<: X x G — X, 49 = zg;

(ii) the action « is principal;

(iii) 7(z) = m(y) <= Ig € G such that y = zg; and

(iv) the induced map X/G — M is a homeomorphism.

The first two properties tell us that principal bundles are bundles in which there
is a group G action on the total space X which is a principal action, i.e., principal
bundles correspond to principal actions. By Definition 2.1.6, principal actions occur
when the principal map is both injective and proper, or equivalently, when the action is
free and proper. The third property ensures that the fibres of the bundle correspond to
the orbits coming from the action and the final property implies that the quotient space
can topologically be viewed as the base space on the bundle.

Example 2.1.8. Suppose X is a topoplogical space and G a topological group which
acts on X from the right. The triple (X, w, X/G) where X/G is the orbit space and =
the natural projection is a bundle. A principal action of G on X makes the quadruple
(X,m, X/G,G) a principal bundle.

We describe a principal bundle (X, n, Y, G) as a G-principal bundle over (X, 7,Y’), or
X as a G-principal bundle over Y.

2.1.4 Vector bundles

Definition 2.1.9. A vector bundle is a bundle (E,, M) where each fibre 7~1(m) is
endowed with a vector space structure such that addition and scalar multiplication are
continuous maps.

Any vector bundle can be understood as a bundle associated to a principal bundle in
the following way. Consider a G-principal bundle (X, 7, Y, G) and let V be a representation
space of G, i.e. a (topological) vector space with a (continuous) left linear G-action o :
GxV >V, (g,v) — g>v. Then G acts from the right on X x V by

(r,v)ag:= (zg,g7'pv), forallze€ X,veV and g €G.
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We can define E = (X xV)/@G, and a surjective (continuous map) g : E = Y, (z,v)<G —
7(z), and thus have a fibre bundle (E,7g,Y, V).

Definition 2.1.10. A section of a bundle (E,7g,Y) is a continuous map s : Y — E such
that, for all y € Y,

me(s(v)) =,

i.e. a section is simply a section of the morphism 7g. The set of sections of F is denoted
by ['(E).

Proposition 2.1.11. Sections in a fibre bundle (E,ng,Y,V) associated to a principal
G-bundle X are in bijective correspondence with (continuous) maps f : X — V such that

flzg) = g7 > f().
All such G-equivariant maps are denoted by Homg(X, V)

Proof. Remember that Y = X/G. Given a map f € Homg(X, V), define the section
s Y =2 E,2Gw— (2, f(z)) <G.

Conversely, given s € I'(E), define f, : X — V by assigning to z € X a unique v € V
such that s(zG) = (z,v) < G. Note that v is unique, since if (z,w) = (z,v) < g, then
rg = z and w = g~! > v. Freeness implies that g = e, hence w = v. The map f, has the
required equivariance property, since the element of (X x V)}/G corresponding to zg is
g 'pv. O

2.2 Quantum groups

In the spirit of non-commutative geometry we would like to construct non-commutative
algebras using topological spaces.

2.2.1 The algebra of functions on a topological space

The starting point of translating these geometric ideas into algebraic structures involves
considering the space of functions from affine varieties into the complex plane. Let X be
an affine variety and G an affine variety with a group structure which acts on X from the

' right. Also, write Y = X/G for the quotient of X by this action. Now O(X) = {f: X —
~ C : f regular function} is a complex algebra with multiplication given pointwise, that is
- (fg)(z) = f(z)g(z) for f,g € O(X) and unit 1 : X — C,z — 1; similarly for O(G) and
- O(Y). It is convenient to write A = O(X) and H = O(G) and note the identification
- O(G x G) 2 O(G) ® O(G). Through this identification we have the following.

Proposition 2.2.1. H = O(G) is a Hopf algebra with comultiplication O(G) > f
f(e) where

(Af) € O(G) ® O(G), (Af)(g,h) = f(gh), counit € : O(G) = C, e(f) =
e € G is the neutral element, and the antipode S: H — H, (Sf)(g) = f(g7}).
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Proof.  Firstly, the associativity and the unital property of the algebraic structure;
since the codomain of functions in O(G) is C, associativity and unital properties follow
trivially. Now the coassociativity and counital property of the coalgebra structure are
confirmed. Coassociativity, let f € O(G),

(A®id)(Af)(z,y,2) = (Af)(zy,2) = (zy)z = z(y2)
= (Af)(z,yz) = (((d® A) o Af)(z,y, 2).

Counital property,
([d®e)(Af)(g9) = (id®@€)(Af)(9® 1) = (Af)(g®e) = f(9),

showing (id ® €) o A = id; similarly for the other case. Next the antipode property,

(mo(S®@id)oA)f(g) = m(S®id)(Af)(g) =m((Sfw) ® fiz)))(9)
= (Sfm)@)fe(9) = foy(g™") f(9)
= (Af)g7"9) = f(g7'9) = f(e) = «(f).
This shows (m o (S ® id) o A) = € and again the other case is shown in a similar way. O

Using the fact that G acts on X we can construct a right coaction of H on A = O(X)
by ¢4 : A - A® H, o*(a)(z,g) = a(zg). This coaction is an algebra map due to the
commutativity of the coordinate functions involved.

Proposition 2.2.2. A = O(X) is a right H = O(G)-comodule with coaction given
YA AQH,  0%a)(z,9) = a(zg),
where we use the identification O(X) @ O(G) = O(X x G).

Proof. The coassociativity and the counital properties are checked first. Let
a€A=0(G),z € X and g,h € G, then

((id® A) 0 0%)(a)(z, 9, h) = ¢*(a)(z, gh) = a(z(gh))
= a((zg)h) = ¢*(a)(zg, h)
(¢ ®1d) 0 0*)(a)(z, 9, h),

showing the coassociativity. Similarly,
((1ld ® €) 0 0*)(a) () = (id ® €)(0”(a))(2) = (id ® €)(aqe) ® aqw))(¥)
= (a@elam))(@) = (a@an)(e))(z)

= ag)(2)aq)(e) = o*(a)(z, €) = a(ze) = a(z),
showing the counital property. Lastly, o is an algebra map since,

o*(ab)(z, g) = (ab)(zg) = a(zg)b(zg)
= ¢%(a)(z, 9)0" (b)(z, 9) = (¢”*(a)o™(b))(z,g). QED.
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We have considered the spaces of functions on X and G, next we consider the space
of functions on Y and write B = O(Y) where Y = X/G. We can see B is a subalgebra
of A by considering the map

m™:B — A, b—bom,

where 7 is the canonical surjection X 3 z — [z] € X/G. The map 7* is injective, since
b # b in O(X/G) means there exists at least one orbit G = [z] such that b([z]) # b'([z]),

identify B with 7*(B). Furthermore, a € 7*(B) if and only if

a(zg) = a(z),

for all z € X, g € G. This is the same as

o*(a)(z,9) = (a®1)(z,9),

forall z € X, g € G, where 1 : G — C is the unit function 1(g) = 1 (the unit of H).
Thus we can identify B with the coinvariants

Since B is a subalgebra of A, it acts on A via the inclusion map (ab)(z) = a(z)b(n(z)),
(ba)(z) = b(r(z))a(z). We can identify O(X xy X) with O(X) ®or) O(X) = A®5 A,
by the map

0(a®p d)(z,y) = a(z)a'(y), with n(z) = 7(y).

Note that 6 is well defined because 7(z) = w(y). Proposition 2.1.5 immediately yields.

Proposition 2.2.3. The action of G on X is free if and only if F$* : O(X xy X) —

!
B=A" .={ac A|o*a)=a®1}.
O(X x G), f > foFg is bijective.

| . .

| In view of the definition of the coaction of H on A, we can identify Fg with the
l canonical map

| can:a®pa — [(z,9) — a(z)d'(z.9)] = ag?(a).

Thus the action of G on X is free if and only if this purely algebraic map is bijective.

2.2.2 The g-deformations of the classical spheres

We now put these ideas into practice and describe some well known quantum groups.

The quantum 3-sphere Take the classical 3-sphere S = {(u,v) € C?: |u|* + |v|* =
1}. To describe the quantum version of S3 we first note the isomorphism S$% & SU(2),
where

SU@) = {( i ) € My(C) : [af + |8 = 1.

«x
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We view the matrix entries of elements of SU(2) as functions from SU(2) into C. Take
the functions on SU(2) )
,8:58U(2) = C,

(3 2)-ni3 3)-

we see these functions preserve the structure of SU(2) in that &6 + BB = 1 where 1 :
SU(2)—C,1 ( g _aﬂ ) = 1. The algebra of functions generated by &, 3 satisfying &&+
BB = 1, written O(SU(2)), is clearly commutative; as described in the introduction this
type of construction will always be commutative. In general, to build non-commutative
spaces we consider polynomial algebras with generators given by the functions on SU(2)
and the non-commutativity comes from the relations between these generators. This
process is known as a g-deformation of an algebra where g € (0,1) is a parameter. The idea
is that for each ¢ € (0,1) we have a different algebraic structure, each non-commutative
and by considering the limit ¢ — 1 we recover the classical space, in this case SU(2). We
denote this space by O(SU,(2)).

Example 2.2.4. The quantum group O(SU,(2)) = O(S2) is described as the polynomial
algebra generated by a, 8,7, § satisfying the relations

af =qfa, ay=gqya, By=1F, Bd=qdB, ~§=qdy,

Sao—q 'fy=1 ab—qBfy=1.

We have a x-structure given by o* = §, 8* = —qv, v* = —q¢~1, 8" = o, hence we can
describe the space as the x-algebra generated by a and f§ satisfying the relations,

af =qPfa, af* =qf*a, BF" =6, (2.2)

ao* =a*a+ (g2 = 1)8B*, ao*+pB*=1. (2.3)

The coalgebra structure is given by
Ala)=a®a+B®y, AB)=a®B+®4, (2.4)

AY)=7@a+d®y, A(d)=606+7®p0, (2.5)
and €(a) = €(8) = 1,¢(B) = e(y) = 0. These are extended to the whole of O(SU,(2)) as
algebra maps. On the x-structure, this comes out as

Ald")=a"®a"—¢f*®B, Af)=a"®@F +6 ®0, (2.6)

and €(a*) = 1, ¢(8*) = 0. Finally, the antipode is given by S(a) = 6§, S(8) = —¢713,
S(v) = —qv, S(8) = a. We see that by setting ¢ = 1 we get a commutative Hopf algebra
which is isomorphic to the the algebra of functions on SU(2) & S3.
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| The quantum 2-sphere Classically, the 2-sphere can be described as the homoge-
“neous space of the Lie group SU(2). In order to move into the quantum setting we first
'need to define the quantum version of homogeneous spaces. An algebra is called a quan-
tum homogeneous space of a Hopf algebra A provided it is isomorphic to a subalgebra
B C A such that A(B) C A® B. Furthermore, A is required to be right faithfully flat as
“a module over B; see [36]. Now putting A = O(S?) and using the comultiplication map
described in Example 2.2.4 we have a description of the quantum 2-sphere B = O(S2).

Proposition 2.2.5. The algebra of polynomial functions on the quantum 2-sphere, known
as the standard quantum 2-sphere denoted O(Sg), s generated by elements x and z satis-
fying

| z* =1z, 2z = ¢*xz, 22" = ¢°z(1 — ¢*x), z*z =z(1 — ), (2.7)

where £ = y*, z = ay* and 2* = ya* in O(S?).

By setting ¢ = 1 we notice that (9(53:1) is a commutative algebra. By defining self-
adjoint elements £ = 1—2z, 7 = z+2* and { = i(z — 2*) and using relations 2.7 we arrive
at € +n* + ¢* = 1. This means that O(S2_,) is the polynominal algebra of functions on
S2,

Higher dimensional quantum spheres Building on these structures, odd dimen-
i sional quantum spheres are defined as follows; see [44].

i

Definition 2.2.6. The algebra (9(5’3"”) of coordinate functions on the quantum sphere

is the unital complex x-algebra with generators zp, 21,...,2, subject to the following
relations,
z2; = qzjz;  for i < j, ziz; = qzjz for i # j,
n n
zizi =25+ (2= 1) Z ZmZm Z Zm 2y, = 1,
m=t+1 m=0

where g is a real number, q € (0,1).
! Even dimensional quantum spheres O(S2") are obtained by taking O(S2"*!) and set-
ting 2% = z,.

t 2.2.3 Podle$ quantum 2-spheres O(S2,)

We have seen in Example 2.2.5 a quantum deformation of the standard S2. For each
g € (0,1) we get non-isomorphic structures, however there exist further non-isomorphic
g-deformed spheres, parameterised by s € [0, 1].

Proposition 2.2.7. For s € [0,1], in O(S?) let,
z=(1-")77" +s(ya+a™y),

z=(1-s)ay* +s(g7? - o?),
7= (1- )" - s(gy’ — *?).
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The elements x, z, z* satisfy the relations

=1, 21=q’rz, 22"=(s*+¢*)(1-q%x), z'z=(s*+z)(1-2),

and for each value of s, the polynominal algebra with generators x, z and the above relations
is a quantum homogeneous space of O(Sg) known as the gquantum 2-sphere and denoted
O(S2,). Furthermore O(SZ,) are not isomorphic for different values of s; see [32].

2.3 Non-commutative principal and associated bun-
dles

2.3.1 Principal comodule algebras

Using Proposition 2.2.3, by replacing the topological spaces with the algebra of functions
we can describe an algebraically equivalent definition of freeness. In fact, we are not
restricted to commutative algebraic spaces, in full generality this leads to the following.

Definition 2.3.1. (Hopf-Galois Extensions) Let H be a Hopf algebra and A a right
H-comodule algebra with coaction given by ¢4 : A - A® H. Define B := {b€ A :
o4(b) = b® 1}. We say that B C A is a Hopf-Galois extension if the left A-module, right
H-comodule map

can: A®p A - A® H, a®pa — ap?(a’)

is an isomorphism.

Proposition 2.2.3 tells us that when viewing bundles from an algebraic perspective,
the freeness condition is equivalent to the Hopf-Galois extension property. Hence, the
Hopf-Galois extension condition is a necessary condition to ensure a bundle is principal.
Not all information about a topological space is encoded in a coordinate algebra, so to
make a fuller reflection of the richness of the classical notion of a principal bundle we need
to require conditions additional to the Hopf-Galois property.

Definition 2.3.2. Let H be a Hopf algebra with bijective antipode and let A be a right
H-comodule algebra with coaction ¢* : A - A ® H. Let B denote the coinvariant
subalgebra of A. We say that A is a principal H-comodule algebra if:

(a) B C A is a Hopf-Galois extension;

(b) the multiplication map B® A — A, b ® a + ba, splits as a left B-module and
right H-comodule map (the equivariant projectivity).

As indicated already in [40], [13] or [24], principal comodule algebras should be un-
derstood as principal bundles in non-commutative geometry. In particular, if H is an
algebra of coordinate functions on a quantum group [47], then the existence of the Haar
measure together with the results of [40] mean that the freeness of the coaction implies
its principality.
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Example 2.3.3. (Cleft comodule algebras) Suppose B is an algebra and H a Hopf alge-
i bra. Let A = B ® H and consider it as a right H-comodule with coaction

|
! PP A A®H, p'=idg®An, p'(b®K)=b®ha) ®hgy
' (A, p*) is a H-comodule algebra with coinvariant elements
AcoH ={bohecB®H: p(b®h)—b®h®1H} {b®1y:b€ B} = B.

Furthermore, the canonical map

can: (BOH)Qp(B®H) +B®H®H, can(b®h' ®h)=>b®h'hu)® h),

is an isomorphism with inverse given by
b®K ®h)=bQ R Shu) ® h

|

t

|

l

|

|
Therefore, A = B® H is a Hopf-Galois extension of B. In this case we refer to A as a cleft
extension or a cleft comodule algebra. Cleft comodule algebras are examples of principal
comodule algebras; see Example 2.4.16 for the proof.

Let A be a right H-comodule algebra. A is cleft if there exists a right H-colinear map

j : H — A that has an inverse in the convolution algebra Hom(H, A) and is normalised
so that j(1) = 1. The convolution algebra is given by Hom(H,A) = {f : H = A :
f is an algebra map} with multiplication (f * g)(h) = f(h)g(h) and unit 1(h) = 14. The
map j is called a cleaving map or a normalised total integral. In particular, if 7: H - A
is an H-colinear algebra map, then it is automatically convolution invertible j=! = jo S
and normalised. A comodule algebra A admitting such a map is termed a trivial principal
comodule algebra.

|

' 2.3.2 Modules associated to principal comodule algebras

Having described non-commutative principal bundles, we can look at the associated vector

bundles. First we look at the classical case and try to understand it purely algebraically.
- Start with a vector bundle (E, 7g, Y, V') associated to a principal G-bundle X. Since V is a

@ vector representation space of G, also the set Homg(X, V') is a vector space. Consequently

"T(E) is a vector space. Furthermore, Homg(X,V) is a left module of B = O(Y) with

“the action (bf)(z) = b(mg(z))f(z). To understand better the way in which the B-module
['(E) is associated to the principal comodule algebra O(X) we recall

Definition 2.3.4. Given a Hopf algebra H, right H-comodule A with coaction ¢# and
left H-comodule V with coaction Vg, the cotensor product is defined as an equaliser:

AQid

AQOrV —AQV AHQRV.

id®Ve
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If Ais an H-comodule algebra, and B = A%# then AOyV is a left B-module with
the action b(aOv) = baOv. In particular, in the case of a principal G-bundle X over
Y = X/G, for any left O(G)-comodule V' the cotensor product O(X)Op)V is a left
O(Y)-module.

Assume that V is finite dimensional. Then the dual vector space V* is a left O(G)-
comodule with the coaction Vo : v 3 v(-1) ® V(g) (summation implicit) determined by

Y ven(@vey =g b

Proposition 2.3.5. The left O(Y)-module of sections I'(E) is isomorphic to the left
O(Y) -module O(X)Do(g)v.

Proof.  First identify T'(E) with Homg(X,V). Let {v; € V*, v* € V} be a (finite)
dual basis. Take f € Homg(X,V), and define 6 : Homg(X,V) = O(X)Op)V by
0(f) =2vio f @'

In the converse direction, define a left O(Y)-module map
07! : O(X)0o(q)V — Home(X, V), alv — a(—)v.

One easily checks that the constructed maps are mutual inverses. O

Moving away from commutative algebras of functions on topological spaces one uses
Proposition 2.3.5 as the motivation for the following

Definition 2.3.6. Let A be a principal H-comodule algebra. Set B = A% and let V
be a left H-comodule. The left B-module I' = AO4V is called a module associated to the
principal comodule algebra A.

[ is a projective left B-module, and if V is a finite dimensional vector space, then I is
a finitely generated projective left B-module. In this case it has the meaning of a module
of sections over a non-commutative vector bundle. Furthermore, its class gives an element
in the Kp-group of B. If A is a cleft principal comodule algebra, then every associated
module is free, since A = B ® H as a left B-module and right H-comodule, so that

2.4 Differential calculus

The process we have followed so far is to start with geometric objects and move into a
quantum setting by performing g-deformations on polynomial algebras with generators
viewed as functions and relations, furthermore by setting the g-parameter to one we
recover the classical geometric case. Combining the algebraic theory set out in Sections
1.1 - 1.4 and the classical geometry set out in Sections 2.1 - 2.3, we were able to discuss the
geometric side of these quantum spaces. Next, it is natural to ask whether it is possible
to describe a concept of calculus in the quantum setting.
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2.4.1 Differential graded algebras

- Definition 2.4.1. Let A be an algebra. A first order differential calculus is a pair (A, d)
where

(i) Q'A is an A-bimodule,
E (i) d: A — QA is a linear map which satisfies d(ab) = (da)b + adb for all a,b € A,

(iii) Q' A = span{adb : a,b € A}.

g The first condition says the first order differential calculus can be multiplied by el-
" ements of A, which can be thought of as functions, from both the left and right. The
l second condition is known as Leibniz’s rule, the map d is known as the exterior derivative
l and the third condition gives a description of the space in terms of the exterior derivative.
l This definition can be extended to higher forms in the following way.

- Definition 2.4.2. A differential graded algebra is an Ny-graded algebra

QA = é "4,

n=0

equipped with a system of operations
dn : "A— Q™A n=0,1,2,...
satisfying the properties
(i) dpy1 0d, =0,
(ii) dptm(ww') = dppm (W)W + (—1)"wdpym (W) for all w € QA and W' € Q™ A.
which we simply denote by A. U"A are referred to as the n-forms. The first property

says that d gives A the structure of a cochain complex and the second condition is known

as the graded Leibniz rule as mentioned above.

|
|
i The zero-graded elements of the differential graded algebra, namely Q°A, is an algebra
i

v
[

' Universal construction

]

~Differential graded algebras can be constructed by taking an algebra A = (A, ma, 14) and
defining a first order calculus as,

| QlA:=ker(mA)={Za@a’eA®A;mA(Za®a’)=0},
along with the operation

|
|
d:A—)QlA, d(a)=1A®a—a®1A.
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The left and right A-actions, making Q'A into an A-bimodule, are given in the obvious
way ab (@' ® a”) <a” = aa’ ® a”a”. The higher orders are obtained by defining

QA= Q" TAR Q1A C ABHD), for n € Ny,

which produces Q"4 = Q'A®4 Q' A... ®4 QA (n-times). The differential d is defined on
higher forms by
d: "A— QA4
n+1
A2 ®m®..Qa) = (-1)a)®01®..®0 1 ®1 QS ... ® ap.
i=0
The multiplication between n-forms and m-forms is given by,

(@ ® ... ®n)(bo ® ... ®bm) = (a0 @ ... ® Aby @ ... ® byy,).

This differential graded algebra (24, d) is called the universal differential envelope of A.
(A, d) is called the universal differential calculus over the algebra A.

2.4.2 Covariant differential calculi

Since we are in an algebraic setting it is natural to introduce module or comodule struc-
tures and incorporate this into the differential graded algebras setting.

Definition 2.4.3. Let (4, p*) be a right H-comodule algebra where H is a bialgebra.
Then we say that the first order differential calculus (1A, d) is a (right) covariant differ-
ential calculus on A if QA4 is a right H-comodule by a coaction ¢%4 : Q1A - N'AQ H
such that QQIA(adb) = a()db) ® amyby) and that d : A — Q'A is a right H-comodule
map.

Equivalently, the left covariant differential calculus can be defined. When A is both a left
and right H-comodule algebra and the differential is both a left and right H-comodule
map with commuting coactions, the covariant calculus is called bicovariant.

Proposition 2.4.4. For (A, p*) a right H-comodule algebra where H is a bialgebra, the
space of universal one-forms QA is a right H-comodule with coaction given by

PV A QAR H, a®ad — ag) ® ayg ® ap)ayy,

furthermore the differential d : A — Q'A is a right H-comodule map, thus making it a
right covariant calculus.

Proof. This is a straightforward exercise using Sweedler notation. O

As set-out in Woronowicz’s paper [48], within this set-up the right covariant differen-
tial calculus on a Hopf algebra A viewed as a right A-comodule via the comultiplication
map can be fully described by the elements w; € Q'A such that p%'4(w;) = w; ® 1 (we
say that each w; is right-invariant under the coaction p”lA) that freely generate Q!4 as a
right A-module. Hence all elements z € ' A can be expressed by z = ) . | w;a;, where
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~ {wi, ...,w,} are the right invariant elements and each a; € A.

- The three dimensional first order covariant calculus on O(S?). In [48] Woronowicz
~ gives a description of a three dimensional covariant calculus on the quantum three sphere;

a detailed account is given as follows. We know that A = O(Sg’) is a Hopf algebra with
structure fully described in Example 2.2.4.

The first order differential calculus Q'A is generated by three left-invariant one-forms
{wo, w4+, w_} satisfying the A-bimodule relations,

woa = ¢ %awp,  woB = ¢*Bwo,  woy =g *ywo,  wod = g°dwy, (2.8a)
wie =g lows, wiB = qBwy, Wiy = ¢ ywy, wid = gdwy, (2.8b)
wa=glaw., wf=qfw., wy=qlyw., w-6=qgbw_. (2.8¢)

The exterior differential is given on generators by,
d(a) = awe—gBwy, d(B) = —¢*Bwotaw_, d(7) = ywo—gdwy, d(6) = —g*dwo+yw-,

Since O(S?) is a Hopf algebra, we can view it as a left O(Sé‘)-comodule with coaction
given by the comultiplication map A : O(S3) — O(S?) ® O(S]), A(a) = aq) ® a() using
the Sweedler notation. This extends to a coaction on the one-forms

AV QI(O(S(?)) = AQ® QI(O(SS))
AL(adb) = a(l)b(l) ® a(z)db(g).

It is now possible to calculate the wis in the form AdB to perform calculations using Ay,
We start by considering

AL(da) = o) @dopg) =a® da + 8 ® dv,
hence
aq) ® dogy = a ® (awp — gBwy) + B ® (ywo — gdwy).
Now applying m o (S ® id) to both sides gives
S(oy)dag) = dowy — gdBwy — g Brywo + Bow.,
= (6a — ¢~ B7)wo
= WO

In the same way w; = —S(v1))dy@e) and w- = S(B1))dB) which gives,
wo = 6(dar) — g7 B(dy),  w-=6(da) —g7B(dY),  ws = gy(da) — a(dy).

| Lastly, since we have a *-structure on O(S2) we can deduce the *-structure on Q'(O(S3))
- using the fact that the exterior derivative should commute with this structure. This means

d(a*) = —q*Swy + Yw_ = —wob + qw_7,

is the same as
(da)* = (awp — gPwy)* = wid + qzw_*;'y,

giving rise to w§ = —wp and w} = ¢ lw_.
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2.4.3 Strong connections

Horizontal forms and connections in Hopf-Galois extensions. Classically, given
a principal G-bundle X over M, a connection is a map Il : T*X — T*X which projects
elements of the cotangent space 7*X onto the horizontal one-forms. The horizontal one-
forms being the one-forms excluding the tangent vectors to the fibres of X. With this is
mind we can turn our attention to the quantum setting.

Definition 2.4.5. Let (4, p*) be a right H-comodule algebra, where H is a bialgebra
and set B = A®H. The A-subbimodule 2} A of QA generated by all d(b), b € B, is

hor
called a module of horizontal one-forms. This is written explicitly as

Q. A=A(QB)A = {a; ® bja, — a;b; ® a. : a;,a, € A, b; € B},

hor

i.e., the horizontal one-forms in a Hopf-Galois extension is the A-bimodule generated by
the one-forms restricted to the coinvariant elements.

An equivalent definition can be made using the following short exact sequence.
0— QL A—>AQA—">AQ A—>0, (2.9)

where 7: A® A - A®p A is the canonical projection defining A ® A and i: Q) .4 —
A ® A is the natural embedding of the subset into the bigger set.

We have seen that for a right H-comodule algebra A, where H is a Hopf algebra, the
canonical map is defined by can : A®p A :=»> A® H, a ® ' — aay, ® a;), where

B = A%H,
Definition 2.4.6. We call the map can the lifted canonical map, defined as,
cGan: A® A—> A®H, a®ad > aa ® ay).

The restriction of the lifted canonical map to the first order differential calculus QA C
A ® A is called the vertical map, which is written explicitly as,

ver: VA - AQ HY, a®a — aaj ® ay),

where Ht = kerey. The map is well-defined since applying (id ® ey) to the image gives
aage(ay)) ®1=aa’ ®1=0.

Proposition 2.4.7. A® H™ is a right H-comodule with coaction given by
P AQHT 5 AQHY®H, a®hw ag) ® kg ® any(Shay)hea),
where HY is viewed as a right H-comodule via the adjoint coaction,
Ad: H* - H*QH,  hr~ hg ® (Shq))hg).

Furthermore, ver: Q' A - A® H™* is a right H-comodule map.
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Proof. A® HT is a right H-comodule. Firstly check coassociativity,

(p*®"" @id) 0 p*® " (a @ h) = a0 ® heye) ® s (Shem)heis ® aq)(Shay)he)
= a() ® h@) ® aq)(Sh))ha) ® a@)(Sha))hs),

the first equality follows from the definition of the coaction and the second a re-labelling
of indices.

(id® Ap) o p*® (a®R) = a() ® k) ® agm (Shay)mhen ® ame (Shay)@ ey
= a(q) ® k) ® ap)1)(Shay@)h@) ) ® aq)e) (Shaya))he)e)
= aq) ® h(3) ® a1)(Sh(z))h) ® a)(Sha))hs),

the second equality uses the antihomomorphism property of the antipode and the third
is a relabelling. Next the counit property is checked,

(id®e)op"®  (a®h) = ag)® he) @ e(an)e(Shay)e(hs)
a©)€(aq)) ® h)e(S(ha))e(he) ® 1
a® haye(he) @1

a®h®1

the second equality uses the fact that the counit is an algebra map and the third uses
the counital property associated to H. Finally, we show ver is a right H-comodule
map. 1A is viewed as a right H-comodule via the coaction p%'4 : Q'A — VA ® H,
a®a — a) ® a’(o) ® a(l)a’(l).

("S5 over)(a® ) = p*®"(aaly) ® aly)

a(0)(0)%(0)0) ® (1)) ® 3©)(1)%0) 1) (S%(1)1))%(1)(3)»

= ag)a(p) ® a) ® a)e(aqy))ags),
1
= (

Il

a(0)a(o) X a’(l) ® a(l)a'(z).
and
(ver ®id) o PP A(a @ a) = (ver ®id)(aq) ® ag) ® a(1)aq))
= a(0)a(g) ® a(zy ® a1)a(y)-
0

Proposition 2.4.8. The following statements are equivalent:
(a) B C A is a Hopf-Galois extension,

(b) the following sequence is short exact

0 QLA VNAYL AR HY —0, (2.10)

where 1 1s the inclusion.
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Proof.  Firstly, we re-state condition (b) in an equivalent way. The sequence
0— QL A—L> QAL AQ Ht —0, (2.11)
is exact, if, and only if,

0— QU A—>AQA-AQ H—0. (2.12)

hor

“ &= ” We can read straight from (2.12) that ker @an = Q} A, and since the vertical map
is a restriction of an from A ® A to Q'A4, its kernel is O}, A C Q*A. “ = ” Using the
identities AQ AX QN'A®Aand AQ H (AQ H") ® A as left A-modules, we see that
ker €an = ker Tan|qi4 = ker ver = QL _A.
Now suppose B C A is a Hopf-Galois extension, so can : AQg A - A® H is bijective.
Consider the sequence
00—} A—> AR A= A® H—0. (2.13)

hor

recalling can =canonm: A® A - A® H; see Definition 2.4.6. Since can is bijective, it is
surjective and 7 is a projetion hence surjective, we can deduce €an is sujective. Also,

ker €an = ker (canow) = ker 7 = (0}, A,

where the penultimate equality follows since can is injective and the final equality by
Definition 2.4.5, hence the sequence 2.12 is exact.

Now suppose 2.12 is an exact sequence, hence €an is surjective. Let (a @ h) € AQ H,
so Can(ad’ ® a”) = a ® h for some (a’ ® a”) € A ® A since Tan is surjective. Now,

Gan(a’ ®a”) =(cano7m)(a’ ®a")=a®h= a®h =can(n(d ®a")),

so can is also surjective. Suppose (a ®p a’) € A ®p A such that can(a ®p a’) = 0.
Since €an = can o 7, there is an element (¢ ® ¢’) € A ® A such that can(c® ) = 0
and m(c ® ¢’) = a ® a’. But from the exactness of the sequence ker can = Q} A, so
c®c € Q! A and by definition ker 7 = Q} A, so a®a’ = 0 and can is injective, showing

hor

that can is bijective. O

Definition 2.4.9. A connection in a Hopf-Galois extension is a k-linear map IT: Q!4 —
A such that

(i) oIl =1II (the connection is an idempotent map),
(ii) ker Il = Q}_.A (the kernel corresponds to the horizontal one-forms),
(iii) II(adb) = all(db), for all a,b € A (Il is a left A-module map),

(iv) (T ®id)o p®4 = p?4 o1l (the connection is a right H-comodule map).
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The first property shows that the connection produces a splitting into horizontal and
vertical parts. This can be seen as follows, for w € A,

w=1d(w) = (idw) — T(w)) + I(w) = wy + wy,
where wg = (id(w) — II(w)) and wy = [I(w), and
M(wy) = (id(w) — D(w)) = D(w) — T*(w) = 0 => wy € O}, A.

Hence the connection provides a splitting of Q! A into horizontal and vertical parts.

In the classical case connections in a principal bundle are in one-to-one correspondence
with connections forms. Given a G-principal bundle X over M, then the connection forms
are differential forms on X with values in the Lie algebra of G that are covariant under
the underlying action of the bundle. In the quantum setting we have the following,.

Definition 2.4.10. A connection form in a Hopf-Galois extension B C A is a k-linear
map w : H* — Q! A such that

(i) (P4 ow) = (w® H) o Ad,

(i) verow = 14 @ idy+.

The first property informs us that a connection form should be a right H-comodule
map and the second property that the ver map applied to the connection form gives the
identity.

Theorem 2.4.11. In a Hopf-Galois extension B C A by a Hopf algebra H, connections
and connection forms are in one-to-one correspondence.

Proof.  Since we are working in a Hopf-Galois extension we know that the sequence
is short exact of left A-module and right H-comodules,

0— QL A= QAL A HY —0. (2.14)

Suppose IT: Q' A — Q' A is a connection, hence there is a splitting of Q' A into horizontal
part and vertical part which means Q'A = Q} _A® A® H* and there is a left A-module
and right H-comodule map & : A ® H* — Q! A such that ver o @ = ¢d. The map defined
by w: Ht — Q'A, w(h) = &(1 ® h) is a connection form.

Now suppose that w : HT — ! A is a connection form, and define @ : AQ H* — Q'A
by @(a ® h) = aw(h). The map @ is a left A-module and right H-comodule map and it a

splitting of the above exact sequence since,
(vero @)(a ® h) = ver(aw(h)) = a(verow)(h) = a(l4 ® h) =a ® h.

Now the map defined by I = @ o ver : ' A — Q'A is a connection. O

Strong connections. We have seen connections defined in a Hopf-Galois setting,
next we consider connections in a module.
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Definition 2.4.12. Let B be an algebra and I' a left B-module. A connection in I is a

k-linear map
VI - Q'B®sT,

such that
V(bz) = d(b) ®p = + bV (z),

forallbe B,z €T.

Definition 2.4.13. Let IT : Q'A — Q!A be a connection in a Hopf-Galois extension
B c A. The right H-comodule map,
D:A-Q} A, D=d-1Ilod,

hor

is called a covariant derivative corresponding to II. Furthermore, the connection IT is
called a strong connection if D(A) C (' B)A.

Now we can state a strong connection II in a Hopf-Galois extension B C A induces a
connection in the left B-module A. The connection is given by the covariant derivative
D, as stated in above definition. The existence of a strong connection in a Hopf-Galois
extension is summarised in the following theorem.

Theorem 2.4.14. A strong connection in a Hopf-Galois extension B C A by a Hopf
algebra H exists, if, and only if, A is H-equivariantly projective as a left B-module,
i.e., there exists a left B-module, right H-comodule splitting of the multiplication map
my:B®A— A.

Normally it is not practical to find a splitting of the multiplication map in order to
prove the existence of a strong connection. Instead we need additional tools which make
calculations more manageable. This is given in the following theorem.

Proposition 2.4.15. A right H-comodule algebra A with coaction o* : A - A® H is
principal if and only if it admits a strong connection form, that is if there erists a map
w:H— A® A, such that

wl)=1®1, (2.152)
maow=140c¢, (2.15b)

(w®id) o A = (id ® 9) o w, (2.15¢)
(SQw)oA=(0®id)o(p®id) o w. (2.15d)

Here my : A® A — A denotes the multiplication map, 14 : C — A is the unit map,
A: H— H® H is the comultiplication, € : H — C counit and S : H — H the (bijective)
antipode of the Hopf algebra H, and 0 : AQ H — H ® A is the flip.

Proof. If a strong connection form w exists, then the inverse of the canonical map
can (see Definition 2.3.2 (a)) is the composite

m 4 ®id

AQH —9% _ AQA®A ARA—>AQg A,
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while the splitting of the multiplication map (see Definition 2.3.2 (b)) is given by

mA®id

AL A H— 1% Ao AxA B®A.

Conversely, if B C A is a principal comodule algebra, then w is the composite

HY Ao H A9y A9 A9z BRA-S-A®A,

where s is the left B-linear right H-colinear splitting of the multiplication BQA — A. O

Example 2.4.16. Let A be cleft comodule algebra over Hopf algebra H. Hence there
exists a right H-colinear map j : H — A that has an inverse in the convolution algebra
Hom(H, A) and is normalised so that j(1) = 1; see Example 2.3.3. Writing j~! for the
convolution inverse of j, one easily observes that

w:H—> AR A, h— (7T @ 5)(AR)),

is a strong connection form. Hence a cleft comodule algebra is an example of a principal
comodule algebra.

Example 2.4.17. Let H be a Hopf algebra of a compact quantum group. By the
Woronowicz theorem [47], H admits an invariant Haar measure, i.e. a linear map A :
H — C such that, for all h € H,

hayAlh) = A(R),  A(l)=1.

where A(h) = hqa) ® h(g) is the Sweedler notation for the comultiplication. Next, assume
that the lifted canonical map:

cGan: AR A— AR H, a®ad — ap(d), (2.16)
is surjective, and write
C:H—AQA,  4h)=) tm)" & L(h)?,

for the C-linear map such that can(¢(h)) = 1 ® h, for all h € H. Then, by a theorem of
Schneider [40], A is a principal H-comodule algebra. Explicitly, a strong connection form
is

w(h) = A (hyl (b)) M) A (€ (h) Py (he3)) £lh@)M o) ® £(he))P o),

where the coaction is denoted by the Sweedler notation g(a) = a() ® aq); see [4].

2.5 Fredholm modules and the Chern character

In this section we give the details relating to the construction of Fredholm modules over
a x-algebra.
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2.5.1 Constructing even Fredholm modules

Definition 2.5.1. An even Fredholm module over a x-algebra A is a quadruple (0, 7, F, ),
where U is a Hilbert space of a representation m of A and F' and ~y are operators on ‘U
such that F* = F, F? = I, ¥* = I, yF = —vF, and, for all a € A, the commutator
[F,m(a)] is a compact operator.

In general, if A is a bounded operator on a separable Hilbert space H with orthonormal
basis {ex}ren, then we say A is trace class if

Tr |A] = ) (A" A)Zex, ) < 0.

keN

In this case we can define the trace of A by the convergent series

Tr A = Z(Aek, ek).
keN

Definition 2.5.2. A Fredholm module (0, , F,~) over a x-algebra A, is said to be I-
summable if the commutator [F,7(a)] is a trace class operator for all a € A.

2.5.2 The cyclic homology of an algebra and the Chern charac-
ter

A chain complex (A., d,) is defined as a sequence of vector spaces ..., A_2, A_1, Ao, 41, ...
connected by homomorphisms d,, : A, = An_1 such that d, od,.; =0 for all n € Z. We

write this as
dn—l dn

dn+1
An_l An An.+_1 PN

The elements z € A, are called the chains and we say z has degree (or dimension) n.
The maps d, are called the boundary maps (or differential maps). The elements of the
image of d,, are called the boundaries and the elements of the kernel are called the cycles.
The family of groups H,(A) is called the homology of A, where the n**-homology group

is defined as
H,.(A) =Ker d,,/Im d,,1, n € Z.

There are many different types of homologies in the context of non-commutative geometry,
we are interested in the cyclic homology of an algebra. Firstly we need to define a
bicomplex.

Definition 2.5.3. A bicomplex A, , is a family of vector spaces A, , with two families of

homomorphisms
/. "o,
0 Apg = Ap-1q, 9" : Apg = Apg-1,

for any p, q € Z, satisfying
98 =0, 99" +8"9 =0, 9"9" = 0.
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Definition 2.5.4. For an algebra A consider the bicomplex CC,(A) given by

83 "‘3;13 33 —3:’3
ARARA<P - AQARA<E AQARA<P-ARAR A2
[ -0 82 -0y
1 Ny 71 Ny
A®A AR A A®A A® A
01 —3{ & —6{

A o A Mo A T A Mo o

with boundary maps

8;((10 ® aq ®..Q G,n) = (—l)iao ®..Q a;Q541 X... R ay,

i

Il
=}

On(ag®a1 ®...Qa,) =0 (6 ®a; ® ... ®ay) + (=1 apa0 ® a1 ® ... ® p_1,
(@ ®a1®...Qa,) =(-1)"2, ®ay®a; ® ... ® an_1,

and
n
Tn = ]dA®(n+l) — Ty Nn = E(Tn)z-
i=1

We refer to CC,(A) as a cyclic bicomplez. In order to define a homology of the cyclic
bicomplex, we need to interpret this as a chain complex. This can be done by viewing
the terms of degree n of a chain complex by

b CQAM={§AW“.
i=0

i+j=n,i,j>0

The homology of this chain complex is known as the cyclic homology of A and is denoted
HC,(A). The first two groups come out as

HO()(A) = A/{Im 81 +Im ?0}, HC](A) = Ker 81/{11]71 62 + Im ?1}

We now turn our attention to the Chern character. The Chern character is a homo-
morphism from K,(A) into the homology group HC5,(A) for some n € N constructed as
follows. Take a class [P] € Ky(A) where P is a finitely generated projective A-module.
Suppose P has dual basis {z1, ..., Zn, 71, ..., 7, } where z; € P and m; € 4Hom(P, A), so
any p € P can be written p = 3", mi(p)z;. The matrix E = (Ey)7;-, = (m;(2:)) 21
is an idempotent in M(A). With the idempotent F we can associate a 2n-cycle in the
cyclic bicomplex CC,(A). Firstly, define

C71n = Z Eil'iz ® Eizis R...RQ E'in’il’ (217)

1yee0atn
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and then the 2n-cycle
2n
i

P LL'J!JZ,(E). (2.18)

=0

N~

The class of this 2n-cycle does not depend on the choice of P or F in [P], hence it defines

an Abelian group map

known as the Chern map.

2.5.3 The Chern-Connes pairing

Let A be a principal comodule algebra with coaction p and coinvariant subalgebra B. In
this subsection first we follow [34] (see also [29] and [18]), and associate even Fredholm
modules to the algebra B and use them to construct traces or cycles in the cyclic bicomplex
CC,(B). The latter are then used to calculate the Chern number of a non-commutative
line bundle associated to the quantum principal bundle A over the subalgebra B.

Line bundles associated to a principal comodule algebra

As explained in [19] any strong connection in A4 can be used to construct finitely generated
projective modules over the coinvariant subalgebra B. To achieve this one needs to take
any finite dimensional left comodule W over H (or a finite dimensional corepresentation of
H) and then the cotensor product AOgW is a finitely generated projective left B-module.
In the case H = O(U(1)), these projective modules, or projective modules of sections of
line bundles associated to a principal comodule algebra A, are defined as

Ln] :={z e A:p(z) =z Qu"}, n € Z.

In other words, L[n] is the degree n component of A when the latter is viewed as a Z-
graded algebra. An idempotent E[n] for L[n] is given in terms of a strong connection
w’

E[n);; = w(u™)w@"); € B, (2.20)
where w(u™) = Y, wu™)H; @ w(u™)?;.

The Chern-Connes pairing

Suppose (U, F,v) is an even Fredholm module over the algebra B . We associate a
cyclic cycle of B or a Chern character T by

T(z) =Tr (yw(z)), z€B

Now, the traces of powers of each of the E[n] make up a cycle in the cyclic complex
of B, whose corresponding class in homology HC,(B) is known as the Chern character
of L[n]; see Section 2.5.2. In particular Tr E[n]| can be paired with the Chern character
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associated to a Fredholm module over B to give an integer, which identifies isomorphism
classes of the E[n)].

In general, the result of the combined process that to an isomorphism class of a corep-
resentation of a Hopf algebra H assigns the Chern character of the B-module associated
to the H-principal comodule algebra A is known as the Chern-Galois character.

Using the Chern-Galois character to show non-cleftness

The construction of traces 7 provides one with an alternative way of proving that the prin-
cipal comodule algebra A is not cleft. This involves evaluating 7 at the zero-component
of the Chern-Galois character of the principal O(U(1))-comodule algebra A.

The traces of powers of each of the E[n| make up a cycle in the cyclic complex of B.
In particular, the traces of E[n] form the zero-component of the Chern-Galois character
of A. Should A be a cleft principal comodule algebra, then every module £[n] would be
free. Thus an alternative way of showing that .A is not cleft is to prove that, say, £[1] is
not a free left B-module. For this it suffices to show that Tr E[1] is a non-trivial element
of HCy(B) by proving that 7(Tr E[1]) # 0.
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Part 11

Examples of weighted U(1)-actions on
non-commutative algebras
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Chapter 3

Quantum teardrops

3.1 Quantum weighted projective spaces

The motivation for quantum teardrop spaces starts with the well-known Hopf fibration
whereby classically the 3-sphere S® and the circle U(1) are used to describe the 2-sphere
S?. In this example, we have an action > : U(1) x S* — S3 given by ub (21, 22) = (uz1, uzs)
where u € U(1) and (21,22) € S® C C?, so |z1]® + |z2|? = 1. Now taking the quotient
of $% by U(1) using the usual equivalence relation (z;,2;) ~ (w;,w;) <= there exists
u € U(1) such that ub> (z1, 29) = (wy, wp), we deduce that $? = $3/U(1). Moving to the
quantum setting, the quantum homogeneous space (’)(Sg) can be described by the fixed
point space of the action of U(1) on O(S3), see Definition 2.2.4, defined on generators as
e¥pa = ey and e > B = €. This idea can be extended by introducing weights to the
action b : U(1) x §® — S3 described in the Hopf fibration, the resulting spaces are called
weighted projective spaces. This is formally defined as follows.

Definition 3.1.1. (Weighted projective spaces) Given n + 1 pairwise coprime numbers
lo,...l,, one can define the action of the group U(1) on S$?"*! by u - (20, 21,...,2,) =
(ulozg,uM21,.. ., ul"2,), where (29, ..., 2,) € S, ie. D0 olz]* = 1, now weighted pro-

jective spaces are defined as the quotients of S?"*! by this action,
WP(lo, by, ..., 1)) = S™1 /U (1)

By introducing the weighting to the action the resulting quotients are not necesarily
manifolds. In fact, weighted projective spaces are examples of orbifolds, that are not global
quotients of manifolds by finite groups. (Orbifolds are locally modelled as quotients of
open subsets of C" by finite groups). For n = 1, WP(1,1) is the two-sphere S? = CP!,
while WIP(1,1) is the teardrop orbifold studied by Thurston [43].

This formulation of weighted projective spaces makes the definition of quantum weight-
ed projective spaces particularly straightforward as it allows one to follow the general
strategy in which a classical space is replaced by the coordinate algebra of the quantum
space. Also, the action of the classical group on a space is replaced by the coaction of
the coordinate algebra of the corresponding quantum group on the coordinate algebra of
the quantum space; the coordinate algebra of the quantum quotient space then arises as

53
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the fixed points or coinvariants of this coaction. Recalling the algebra O(S2"*!) of coor-
dinate functions on the quantum sphere is the unital complex *-algebra with generators

29, 21, - - - , 2o, SUbject to the following relations:
2iz; = qzjz; fori < j, ziz; = qzjz; fori# j, (3.1)
n n
nzl =2z + (g —-1) Z ZmZp, Z ZmZm =1, (3.2)
m=i+1 m=0

where ¢ is a real number, g € (0, 1); see 2.2.6. For any n + 1 pairwise coprime numbers
lo, ..., ln, one can define the coaction of the Hopf algebra O(U(1)) = Clu, u*], where u is
a unitary and grouplike generator, as

Oyt - O(SI™H) = O(SM) @ Clu,u*], 2 z®ud,  i=0,1,...,n. (3.3)

This coaction is then extended to the whole of O(S2**1) so that O(S2**!) is a right
C[u, u*]-comodule algebra.

Definition 3.1.2. (Quantum weighted projective spaces) The algebra of coordinate func-
tions on the quantum weighted projective space is defined as the subalgebra of O(Sg"“)
containing all elements invariant under the coaction gy, 1., i.e.

O(WP,(lo, L, - . -, 1n)) = O(SZ+H1)eCl] . (1 € O(S2*Y) | gy,..in () = T @ 1}

In the case [y = [; = - - = 1 one obtains the algebra of functions on the quantum complex
projective space O(CPy) [45] (see also [35]).

In the above definition of quantum weighted projective spaces we followed the general
strategy which requires one to replace actions of groups by coactions of Hopf algebras.
However, due to the very simple nature of U(1), the Hopf algebra O(U(1)) is isomorphic
to the group algebra CZ of the Pontrjagin dual Z of U(1). Given a group G, a comodule
algebra of the group algebra CG is the same as a G-graded algebra. Thus to define the
O(U(1))-coaction gy,...., (3.3) is the same as to give a suitable Z-grading to O(SZ**1),
compatible with the algebra and *- structure of O(SZ"*!). The generators z; of O(SZ"*!)
are homogeneous elements of degree [; (the 2z have degree —!;), and O(WP,(lo, l1, ..., 1))
is simply the degree 0 part of such Z-graded O(S2"t1).

3.2 The coordinate algebra of the quantum teardrop
and its representations

We concentrate on the quantum weighted projective lines, i.e. on the case n = 1. For a
pair of coprime positive integers k, [, we give the presentation of O(WP,(k,[)) in terms of
generators and relations and classify all irreducible representations of O(WP,(k, 1)) (up
to unitary equivalence)
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The algebra of coordinate functions on the quantum three-sphere O(S3) is the same
as the algebra of coordinate functions on the quantum group O(SU,(2)), ie. O(S?) =
O(SU,(2)); see [47]. The generators of the latter are traditionally denoted by o = 2y and
B = z}. In terms of & and S relations (4.2) come out as

af =gBa,  af* =gf*a, BB’ =B, ad" = a’at(gTP-1)BF%,  aa’+B* =1,

where ¢ € (0,1). Setting k = lp and I = l;, the coaction g; of Clu,u*] on O(Sg) takes
the form
a—a®uk, B But=8@u (3.2)

and O(WP,(k, 1)) is the coinvariant subalgebra of O(S?). Equivalently, we can view O(S?)
as a Z-graded *-algebra generated by o of degree k and S of degree —I; O(WP,(k,1)) is
the degree zero part of O(S3).

Theorem 3.2.1. (i) The algebra O(WP,(k,1)) is the x-subalgebra of O(S3) generated by
a = BB* and b= a'p*.
(ii) The elements a and b satisfy the following relations

-1 !
a*=a, ab=q %ba, bb* = ¢**at H (1-¢*™a), bb=a* H ¢ *™a). (3.3)

m=0 m=1

(iii) O(WP,(k,1)) is isomorphic to the x-algebra generated by generators a, b and
relations (3.3).

Proof. (i) A basis for the space O(S?) consists of all elements of the form a?8"5**
and o*?873*, p,r,s € N. Since the coaction is an algebra map,

oa(PBTB) = QPFTE" @ U, gy (aPFTE™) = T @ uTIHe,

The first of these elements is coinvariant provided kp — lr + ls = 0, i.e. kp = I(r — s).
Since k and [ are coprime numbers, p must be divisible by [, i.e. p = ml for some m € N.
Therefore, r = mk + s and the only coinvariant elements among the o 3" *° are those of
the form
amlﬁmkﬁaﬂ*s ~ (alﬂk)m(ﬂﬂ*)s.

By similar arguments, the only coinvariant elements among terms of the form o*?g"3**
are scalar multiples of (o!8*)*™(88*)". We conclude that O(WP,(k, 1)) is a subalgebra of
O(S3) generated by a self-adjoint element a = S8* and by b = o' Bk,

(ii) An elementary calculation that uses equations (3.1) confirms that (3.3) are indeed
relations that a and b satisfy.

——

(iii) Denote by O(WPy(k,[)) the unital x-algebra generated by generators a and b
and relations (3.3). Parts (i) and (ii) establish the existence of the following surjective
x-algebra map

— N

6 : O(WP,(k,1)) = O(WP,(k,1)), a— BB*, b olph. (3.4)
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Note that the Diamond Lemma immediately implies that the elements

a™b", ™™, m,n €N, n’ € N\ {0}, (3.5)

N

form a basis for O(WP,(k,[)). The map 6 sends these elements to
(/Hﬂ*)m(alﬂk)n ~ alnﬁk(m+n)ﬂ*m’ (ﬁﬁ*)m(ﬁ*ka*l)n’ ~ a*ln’ﬁm,@*k(m+n’)’

respectively. As these are linearly independent elements of O(Sg), the map 6 is injective,
hence an isomorphism of *-algebras as required. O

In the remainder of this section we study representations of O(WP,(k,!)) identified

—_—N—

with the x-algebra O(WP,(k, 1)) generated by a and b subject to relations (3.3). This
analysis leads to an alternative proof that the map 6 (3.4) is an isomorphism.

Proposition 3.2.2. Up to a unitary equivalence, the following is the list of all bounded
irreducible *-representations of O(WPy(k,1)).

(i) One dimensional representation
7o 1 a — 0, b 0. (3.6)

(ii) Infinite dimensional representations ms : O(WP,(k, 1)) — End(V;), labelled by s =
1,2,...,1. For each s, the separable Hilbert space V, ~ I2(N) has orthonormal basis
e;, P €N, and

l
ms(a)es = qz(zp+s)e;, ms(b)es = g"Pte) H (1- qz(zp+s—r>)1/2 e5_1, mo(b)es = 0.
r=1
(3.7)

Proof. First consider the case when 7(a) = 0. The relation b*b = a* an=1 (1—g~%ma)
implies that 7(b) = 0, and this is the one dimensional representation.

Let V denote the irreducible representation space in which 7(a) # 0. It is immediate
from the relation ab = q~%ba that ker(n(a)) = V or ker(w(a)) = 0. Since the first case is
excluded by assumption 7(a) # 0, we conclude ker(7(a)) = 0. Suppose that the spectrum
of m(a) is discrete and consists only of 0, g%, ¢%, ...,¢%. If v is an eigenvector of m(a) with
eigenvalue ¢, then the relation ab = ¢~%ba implies that w = w(b)v is an eigenvector with
eigenvalue ¢*~%, or w = 0. Consider w = 7(b*)v. Applying m(b) to both sides gives

-1
m(B)@ = m(bh" v = ¢ TT (1 - @)

m=0

So, if @ = 0 then ¢**(+) [T-1 (1 — g?™*+9) = 0, which cannot be true. Hence @ # 0
which implies w # 0. Therefore the spectrum also contains ¢*~%, which contradicts the
assumption that 0, ¢?, ...,¢% are the only elements of the spectrum of 7(a). Thus there
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must exist A € sp(m(a)) such that A # ¢% for i € {1,2,...,1}. This means that there exists
a sequence (&,)nen of unit vectors in the representation space V such that

Tim Ir(a)én = 26l = 0. (38)

We show that there exists N € N and C' > 0 such that ||7(b*)&,|| > C, for all n > N,

using the relation b*b = a* Hin:l (1 — g7?™a). By the remainder theorem, this relation
can be expressed in the following format:

l
b*b = af H (1 _ q—2ma) ( +\F H —Zm/\

m=1

where p(a) is a polynomial in the variable a of degree less than k + I. The triangle
inequality and the norm property ||z||||y|| > ||zy|| imply that:

l

Im(@®) [T 1 —¢7*"n £n||>l|A’°H — g™ \)|| = lIp(a)(m(a) — M)&||

m=1

> ||AF H = ¢ N = lip@)llll(m(a) = ADén]-

Therefore,
I @) lm (B)&all = [IA* ﬁ 1 =g N)| = lIp@lll(m(a) = AD&all,
so that ol " L
Ir(®)ea) > 12 H'"Tl;fé,;”q "M |I'p((“))':|||( () — ADEa|. (3.9)

Since || N []._, (1 — g72™A)||/||=(6*)|| is positive, the existence of the desired N and C
follows from (3.8) above. Hence we conclude that

RO
Lok

are unit vectors for n > N. Our goal now is to show that
lim [|7 ()7 — ¢~ M| = 0,
n—o0

which is the same as asserting g~%\ € sp(m(b)). Assuming n > N, hence ||7(b)&,|| > C,
and using the relation ab = g~?'ba we obtain

o (@B — (Bl
Al = O]
B O] T
—_— 210 n n

n—oo

lm(a)n. —q
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Hence we have shown that if A € sp(n(a)) then g=%\ € sp(n(a)). So the spectrum
contains A, g~%X, g%\, .... Since we require this sequence to be bounded there must exist
an n € N such that g~2™\ = )¢, the largest possible eigenvalue, i.e. A = ¢ )\, for some
n € N. Hence we have shown that sp(w(a)) C {g*™ ) : n € N} U {0}. The implication of
this calculation is that there exists a unit vector £ such that w(a)é = Ag€. We now use
this fact to calculate directly the representations.

It follows from the relation ab*” = ¢#Pb*"a that

m(a)(m(6*)€) = g*P Aom (b7,

which shows that 7 (b*")¢ are eigenvectors of m(a) which have distinct eigenvalues g%P ).
Thus the vectors:
b
iiCag

ep = =,
N G|
form an orthonormal system. We now show that the span of the e, is closed under the
action of the algebra:
ey, — TATOTE _ w70 Prom(v)e
Pl ()ell [l (6*")€ ]| [dCunl /.

therefore, .
m(a)e, = ¢*P Aoep.

On the other hand,
m(O)m(b™)e _ m(eb)m(e" e

ble, = -
"% = TGl - G
Now,
[ (*)E|| = (m(b*)E, m(b*)€) 2
= (n(b)m(b*)E, m(b™ 1 )E)2
l
(@A T (@ = AP D+ D) (b7 )E, m(b* ey
=1
l
= qklP/\/g H (1 _ /\0q2(l(p—1)+r))%||7T(b*P—1)£“.
r=1
Hence
r(b)e, = TOTOE _ aPN [Ty (1= dog™ D4 n(5)
P lm® el gk AR TTEL, (1 — Mgt )2 || (b+7 )|

which simplifies to

l
(b)ep = qlpk,\g H (]_ — )\Oq2(l(p~1)+,.))%ep—l
r=1
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Reversing the order of multiplication by using the substition ' = [ — r we arrive at the
following result:

l
1
w(b)(ep) = ¢7N [T (1= 20 ) 26,1
r'=1

Considering the case when p = 0 we see that m(b)eg = w(b)§ = 0 since m(b) acts as a
stepping down operator on the basis elements e,. This implies that

l

A [ = 2og™) =0,

r'=1

therefore Ay = 0, which corresponds to the one dimensional case, or Ay = ¢** for some
s € {1,2,...,0}, which relates to the infinite dimensional case. O

Proposition 3.2.3. Fach of the representations m, is a faithful representation.

Proof. 'We use reasoning similar to that in the proof of [21, Proposition 1]. Consider
an arbitrary element of O(WP,(k,!)) expressed as a linear combination of the basis (3.5),

I
T = E fum.nambn + E Vm,n’ambm,
m,n m,n’

Pmms Vmn € C, and suppose that 7,(z) = 0, i.e. m(z)e; = 0, for all p € N. Since
the application of m,(a™b™) to e; does not increase the index p, while the application of

7,(a™b*™') increases p, the vanishing condition splits into two cases, which can be dealt
with separately, and we deal only with the first of them. The condition

T (Z ,u,m,namb”) e, =0, forallp e N,

is equivalent to the system of equations

Zu nk[l p—(n— 1)/2)+s]q2m[l(p n)+s) H 2(lp+s 1"))1/2 s =0, forall peE N,

p—n
r=1

(use (3.3) repetitively). Since this must be true for all n < p, and the vectors e;_,
linearly independent for different n, we obtain a system of equations, one for each n,

are

Zum,nqm“(p‘”)*s] =0, for all p € N. (3.10)

There are only finitely many non-zero coefficients fi,,. Let N be the smallest natural
number such that pp,, = 0, for all m > N. Define

’\P.n = qzll(P"n)+3].
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Then equations (3.10) for i, take the form

N
> lmadp, =0,  forallpeN.

m=0

The matrix of coeficients of the first N + 1 equations (for p = 0,1,..., N) has the Van-
dermonde form, and is invertible since A,, # Ay, if p # p’ (remember that g € (0, 1)).
Therefore, pm, = 0 is the only solution to (3.10). Similarly one proves that necessarily
Umn = 0 and concludes that 7, is an injective map. O

Finally, we look at the way representations of O(WP,(k,)) are related to representa-
tions of the quantum sphere algebra (’)(Sg).

Proposition 3.2.4. Let 7 : O(S2) — End(V) denote the representation of O(S3) given
on an orthonormal basis e,, n € N of V by [44]

m(a)e, = (1 - qz")l/2 €n—1, m(B)en = q" ey, (3.11)

(see also [49]). Then there exists an algebra isomorphism ¢ : End(GBiJ=l Vi) = End(V)
rendering commutative the following diagram,

O(WP,(k, 1)) ’ 0(S?) (3.12)

o ]

End(@'_, Vo) —%—— End(V),

where 0 is the x-algebra map given by formulae (3.4).

Proof. Consider the vector space isomorphism,
l
¢:®V9_)‘/, e;'_)elp+s—1s
s=1

and let ¢ : End(EBls=1 V,) = End(V), f — dofod~!, be the induced algebra isomorphism.
Using (3.11) one easily finds that

l
n—r 1/2 * n
n(@f¥en = I (1= @) Pens,  m(88%)en = ¢ en.

r=1

This immediately implies that, for all z € O(WP,(k,1)),

¢ (my(2)ep) = 7 (8()) d(ep)-

Therefore, the induced map ¢ makes the diagram (3.12) commute as required.
U
M
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3.3 Quantum teardrops and quantum principal bun-
dles

At the limit ¢ — 1, O(WP,(k, 1)) becomes a commutative algebra (of polynomials on the
weighted projective space) but the polynomials on the right hand side of the third (equiv-
alently, fourth) relation in (3.3) have multiple roots at a = 0 and a = 1. The multiplicity
of roots indicates that weighted projective lines have singularities, in particular they are
not smooth manifolds unless k¥ = [ = 1. On the other hand, in the case k = 1 (which
corresponds to the teardrop) and g # 1 the defining relations (3.3) of O(WP,(1,!)) have
no repeated roots. This suggests that by moving from the commutative singular mani-
fold WP(1,!) to the noncommutative quantum space O(WIP,(1,[)) one is able to resolve
singularities and obtain a smooth quantum manifold, very much in the spirit of noncom-
mutative crepant resolutions [46]. In this section we show that in the special case where
k =1 we can in fact construct non-commutative principal bundle over O(WP,(1,1)), the
quantum teardrop.

In the first part of this section we prove that only in the case of the quantum 2-sphere
(ie. k =1 =1), O(S]) is a principal O(U(1))-comodule algebra over O(WP,(k,1)). In
that case we are dealing with the well-known quantum version of the Hopf fibration.

Theorem 3.3.1. The algebra of O(S2) is a principal O(U(1))-comodule algebra over
O(WPy(k, 1)) by the coaction ok, if and only if k =1=1.

Proof. If k =1=1, then O(WP,(1,1)) = O(S?), and it is known that O(S3) is a
principal comodule algebra that describes the quantum Hopf fibration (over the standard
Podle$ sphere); see [13] or [22]. We assume, therefore, that k& # | (i.e. (k1) # (1,1)),
and show that 1 ® u is not in the image of the canonical map in that case. We proceed
by identifying a basis for O(SU,(2)) ® O(SU,(2)) and applying the canonical map to
observe the form of the image. The ultimate aim is to show that the canonical map is
not surjective by proving that element 1 ® u, which is in the codomain of the canonical
map, is not in the image.

A basis for O(SU4(2)) ® O(SU,(2)) consists of

ahﬁmﬁ*" ® aﬁﬁﬁtﬂ*ﬁ, ahﬁmﬁ*" ® ﬂﬁzﬂ*ﬁa*ﬁ,
BB @ of BT, fTET @ A,

where h, m,n, h,m,n,p € N. Hence, applying the canonical map we conclude that every
element in the image of can is a linear combination of:

)

ah+h[3m+fhﬂ*n+n ® ukh—lﬁl+lﬁ 'Bm+ﬁz,8*n+naha*p ® u—lﬁt—{-lﬁ—kﬁ

k]

(3.13)

ﬂm+mﬂ*n+ﬁa*paﬁ ® ukl_z—lﬁl+lﬁ ﬁm+m5*n+ﬁa*p+f> ® u—lﬁt+lﬁ—k;‘)
bl

where h,m,n, h,m,7,p € N.
To obtain identity in the first leg we must use one of the following relations (3.1) or
equations which include terms of the form o*"a™ or a"a*™. A straightforward calculation
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gives the following:

rl_LT:l (1—¢»2pp*) when m =mn,
a™a*" = ﬁ a™ " HZ=1 (1 _ q2p—25ﬂ*) when m > n,
e (1= g*2BB*)a** ™ when n > m,

and )

H;n:l (1-g%B6") when m = n,
a*"a™ = ¢ a*nm ;n=1 (1 _ q—-2p,65*) when n > m,
IT—, (1 —¢®BB*)a™™  when n<m.

We see that to obtain identity in the first leg we require the powers of a and o* to be
equal. We now construct all possible elements of the domain which map to 1 ® u after
applying the canonical map.

Case 1: Use the second term in (3.13) to obtain a™a*". In this case: h = 5 = N,
n+f=m+m =0. Since n,Ai,m,Mm € N we must have n =7 =m =m = 0. Also
—Ilm + I — kp = 1, which implies that —kp = 1, hence there are no possible terms.

Case 2: Use the third term in (3.13) to obtain a*¥aV. In this case h = p = N,
m=m=n=n=0. Also kh — /i + I7i = 1, which implies that kh = 1, hence k = 1 and
h = 1. Therefore, the only terms of the form a*Na are when N = 1 and in this case
k = 1. We now look at the other terms which are of the form £3* so that we can use the
relation a*a4+q~2B8* = 1. Four possibilities need be considered, one for each of the terms
in (3.13). In the case of the first of these terms h=h =0, m+m =1, n+7a = 1 and
kh — li + 7 = 1, which implies that I(7 — /) = 1, hence [ = 1 and 7 — m = 1. The only
solutionis: =1, n=m =0, m=7 =1, h = h = 0. A similar approach can be used
when considering the remaining terms in (3.13) to conclude that in all four cases one is
forced to require | = 1. Therefore, it is impossible to obtain a term of the form 1®u when
both k£ and [ are not simultaneously equal to one. This shows that the canonical map is
not sujective, hence not an isomorphism, implying that O(WP,(k, 1)) C O(SU,(2)) is not
a Hopf-Galois extension when k£ and [ are not both one. O

Theorem 3.3.1 asserts that the defining action (3.2) of U(1) on the quantum group
O(SU,(2)) does not make it a total space of a quantum U(1)-principal bundle over the
quantum weighted projective space O(WP,(k,l)), unless k = [ = 1 (the case of the
quantum Hopf fibration). The remainder of this section is devoted to construction of a
quantum U(1)-principal bundle over the quantum teardrop O(WP,(1,1)) with the total
space provided by the quantum lens space O(L,(l;1,1)). The coordinate algebra of the
quantum lens space O(L,(l;1,1)) is defined as follows [30].

Definition 3.3.2. The coordinate (or group) algebra of the cyclic group Z;, O(Z;), is a
Hopf *-algebra generated by a unitary grouplike element w satisfying w' = 1. O(SU,(2))
is a right O(Z,;)-comodule *-algebra with the coaction

0: O(8U,(2)) = O(SU,(2)) ® O(Zy), ara®w, B Q1L

O(L,(1;1,1)) is defined as the coinvariant subalgebra of O(SU,(2)) under the coaction .
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To view O(SU,4(2)) as a comodule algebra of a group algebra of the finite cyclic group
Z, is the same as equipping O(SU,(2)) with a Z;-grading compatible with multiplication
and *-involution. From the graded algebra point of view, o has degree 1 and 8 has degree
0. O(Ly(l;1,1)) is the degree zero part of O(SU,(2)) (all calculations of degrees modulo

D).

Proposition 3.3.3. (i) The algebra O(L,(l;1,1)) is the x-subalgebra of O(S3) generated
byc:=ca! andd :=f
(ii) The elements ¢ and d satisfy the following relations

cd = ¢'de, cd* = ¢'d*c, dd* = d*d, (3.14)
-1 l
cct = H (1 - ¢g*™dd*), c'c= H (1 =g *™dd*). (3.15)
=0 m=1

(113) Universally, O(L q(l, ,1)) can be defined as a *-algebra generated by c and d
subject to relations (3.14) and (3.15).

Proof. Follow similar arguments to those in Section 3.2 . O

Again, following the same techniques as in Section 3.2 one can classify — up to unitary
equivalence — all irreducible *-representations of O(L,(1;1,1)).

Proposition 3.3.4. There is a family of one-dimensional representations ) defined as
mo(c) = A, mo(d) =0, AeC, A =1

For every s =1,2,...,1, there s a family of infinite- dzmenszonal representations m), A €
C, N =1. The actzon of m} on an orthonormal basis e}, p € N, for its representation
space V) ~ [?(N) is given by

l

TTA(C)C)"S — H (1 _ qz(pl+s—-m))1/2 A8 7r)‘(d)e’\’3

_ pl+s s
€p1» . » = A" ey

m=1
Proof. Use the same arguments as in Section 3.2. O

As for quantum teardrops, there is a vector space isomorphism

!
e @Vs)‘ - VA eg’s — e;}H_s_l,
s=1
which embeds the direct sum of representations 7 in the representation 7 of O(SU,(2)),

1/2
m@)ed = (1-¢") el T (B)e) = A"

Here e}, n € N, is an orthonormal basis for the representation space V.
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O(Ly(1;1,1)) is a right comodule algebra over the Hopf algebra O(U(1)) = Clu, u*],
u~! = u*. The coaction g, : O(L,(1;1,1)) = O(L,(l;1,1))®O(U(1)) is given on generators
¢ and d by

o :c—cRu, d— d®u”.

It is an easy to check that
O(L,(1;1,1))°CVM) ~ O(WP,(1,1)),

through the identification a = cd, b = dd*. Equivalently, O(L,(l;1,1)) can be viewed as
a Z-graded x-algebra generated by c of degree 1 and d of degree —1, and O(WP,(1,1)) is
the degree zero part of O(L,(l;1,1)) graded in that way.

Theorem 3.3.5. The coordinate algebra of the quantum lens space A = O(L4(1;1,1)) is
a principal H = O(U(1))-comodule algebra over B = O(WP,(1,1)).

Proof. Using Proposition 2.4.15 we show that the right O(U(1))-comodule O(L,(l; 1,1))
is principal by constructing a strong connection. A strong connection for O(L,(1;1,1)) is
defined recursively as follows. Firstly w(1) = 1® 1 and then for all n > 0,

l
l
wlu™) = c*w un—l c— -1 mq—m(m+1)< ) dmd*m—lw un—l d*, 3.16
() = o e 3 (-) n).. () (3.16)
’ !
wlu™) = cw u—n+1 c* — —1)™ m(m—l)( ) dm—ld*mw u—n+1 d, 3.17
(u™) = cw(w™") n;( )"q m) . (u™") (3.17)

where, for all z € R, the deformed or g-binomial coefficients (Tfl)x are defined by the
following polynomial equality in an indeterminate ¢

l

l
[T +zm1) =) gmim=0r2 (1;) tm. (3.18)

m=1 m=0

Before we check that w has the properties of a strong connection; see Proposition
2.4.15, we observe that since we are dealing with O(U(1))-comodules, conditions (2.15a)
and (2.15d) have straightforward meaning in terms of Z-graded algebras. O(U(1)) is a Z-
graded x-algebra generated by u of degree 1. O(L,(1;1,1)) ® O(L,(l;1,1)) is a Z-bigraded
space with z®y of degree (r, s) for all z € O(L,(l; 1,1)) of degree —r and y € O(L,(1;1,1))
of degree s (note the change of sign). Conditions (2.15¢) and (2.15d) mean that w is a left
and right degree preserving map. By construction, w has property (2.15a). The remaining
properties are proven by induction on n. That m4(w(u)) = e(u) = 1 follows by the second
of equations (3.15) combined with (3.18). Applying id® g; to the right hand side of (3.16)
(with n = 1), one immediately obtains that (id ® g;)(w(u)) = w(u) ® u, as required for
(2.15¢). Similarly one checks (2.15d).

Now, assume that w(u""!) satisfies conditions (2.15b)—(2.15d). Then, multiplying the
right hand side of (3.16) and using m4(w(u"!)) = e(u™"!) = 1, we obtain

!
! m
ma(w(u")) = c*c— Z(—l)mq_m(mH) (m) d"d*™ =1,
m=1 q~?
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by (3.15) and (3.18). Since g; is an algebra map and (id ® g;)(w(u"!)) = w(u™!) @ u™?
by inductive assumption, we can compute

(id ® o) (w(u™)) =c*(id ® o) (w(u")c)

l
— Z(_l)mq—m(m+1) ( ! ) dmd*m—l(id ® gl)(w(u"‘l)d*)
m=1 m g2

!
—cwr et = P (1) dnam e o
m=1 g2
=w(u™) @ u”,

as required. The left colinearity of w (2.15d) is proven in a similar way. The case of
w(u™™) is treated in the same manner. O

Recall that a principal H-comodule algebra A is said to be cleft if there exists a
convolution invertible, right H-colinear map j : H — A such that j(1) = 1. The special
case of this is when j is an algebra map (then its convolution inverse is j o S) and this
corresponds to the trivial quantum principal bundle. In the case of comodule algebras
over O(U(1)) = C[u,u™'] the necessary condition for a map j : O(U(1)) — A to be
convolution invertible is that j(u) is an invertible element (unit) of A. Arguing as in [22,
Appendix] we obtain

Lemma 3.3.6. The principal O(U(1))-comodule algebra O(L,(l;1,1)) is not cleft.

Proof.  Multiples of 1 are the only invertible elements of O(SU,(2)); see [22, Ap-
pendix]. Since O(L,(l;1,1)) is a subalgebra of O(SU,(2)) the same can be said about
O(L,(1;1,1)). Thus any convolution invertible map j : O(U(1)) = O(L4(l;1,1)) must
have the form j(u) = Al, for some A € C*. This, however, violates the right O(U(1))-
colinearity of j or, equivalently, that j is a Z-degree preserving map. O

The surjectivity of the canonical map in Definition 2.3.2 corresponds to the freeness
of the coaction p of H on A. By Theorem 3.3.1 we know that if (k,1) # (1,1), then the
coaction g; of O(U(1)) on O(SU,(2)) is not free. However, Theorem 3.3.5 implies that
01, is almost free in the following sense.

Definition 3.3.7. Let H be a Hopf algebra and let A be a right H-comodule algebra
with coaction o : A - A® H. We say that the coaction is almost free if the cokernel of
the (lifted) canonical map

can: A®A— A®H, a®ad — ap(a),
is finitely generated as a left A-module.

Corollary 3.3.8. The coaction py,; is almost free.

Proof. Note that the x-algebra inclusion

L O(Lg(l;1,1)) — O(SU,L(2)), c—af, dw B,
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makes the following diagram commute

O(Ly(1;1,1)) ‘ O(5U,(2))

Qll l@l,l

O(Ly(151,1)) ® O(U (1) —22L» 0(sU,(2)) ® O(U (1)),

where (=)' : u — w!. The surjectivity of the canonical map O(L,(1;1,1))®O(L,(1;1,1)) —
O(L4(1;1,1)) ® O(U(1)) (proven in Theorem 3.3.5) implies that 1®u™ € Im(can), m € Z,
where can is the (lifted) canonical map corresponding to the coaction p;;. This means
that O(SU,(2)) ® C[u!,u!] C Im(can). Therefore, there is a short exact sequence of left
O(SU,(2))-modules

(O(SU,(2)) ® Clu, u=))/(O(SU,(2)) ® Clut, u™']) — coker(cam) — 0.

The left O(SU,(2))-module (O(SU,(2)) ® Clu,u1])/(O(SU,(2)) ® Clut,u™"]) is finitely
generated, hence so is coker(can). O

3.4 Quantum weighted projective spaces as gener-
alised Weyl algebras

Generalised Weyl algebras are defined in [3] as follows.

Definition 3.4.1. Let D be a ring, 0 = (04, ...,0,) a set of commuting automorphisms
of D and a = (ay, ..., a,) a set of (non-zero) elements of the centre Z(D) of D such that
o,(a;) = a; for all i # j. The associated generalised Weyl algebra D(o,a) of degree n is

a ring generated by D and the 2n indeterminates Xjf,..., X}, X, ..., X7 subject to the
following relations, for all o € D:

X X} =a;, XX =oi(ai), Xf:a = of(a)Xf, (3.19)
(X7, X1 = (X5 X=X X;]1=0, Vi#j, (3.20)
where [z,y] = Ty — yz.

We call a the defining elements and o the defining automorphisms of D(c,a). Note
that in the degree one case the relations (3.20) are null.

Proposition 3.4.2. The algebras of coordinate functions O(WP,(k,1)) are degree one
generalised Weyl algebras.

Proof. Set D = Cla]. In this case X* = b, X~ = b and automorphism ¢ of D and
defining elements a are

!
o(a) = ¢*a, a=ad" H (1— g *™a).

m=1
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Now
l l
0@ =¢*a [[(1-¢7"0) = 0@ = ¢*a [ (1 - ¢™a) = 00" = X*X~,
m=1 m'=1

by making the substitution m’ = [ — m. The remaining relations can be verified in a
similar way. O

One of the key theorems associated to generalised Weyl algebras [3, Theorem 1.6)
provides an insight to the global dimension of such algebras. Since we have shown that
the coordinate algebra O(WP,(k,!)) of the quantum weighted projective line is a degree
one generalised Weyl algebra, we can use [3, Theorem 1.6] to conclude that the global
dimension of O(WP,(k,1)) is equal to 2 if K = 1 and is infinite otherwise.! This can be
used as an indication that, for the quantum teardrop case k = 1, the classical singularity
has been removed (although it is not clear yet, whether O(WP,(1,1)) is a Calabi-Yau
algebra).

3.5 Fredholm modules and the Chern-Connes pairing
for quantum teardrops

In this section first we follow associate even Fredholm modules to algebras O(WP,(k,[))
and use them to construct traces or cycles in the cyclic bicomplex CC,(O(WP,(k,1))).
The latter are then used to calculate the Chern number of a non-commutative line bun-
dle associated to the quantum principal bundle O(Ly(l; 1,1)) over the quantum teardrop
O(WP,(1,1)); see subsection 2.5.3.

Proposition 3.5.1. For every s = 1,2,...,1, let U; = V, & V, where V; is the Hilbert
space I2(N) of representation 75 and Vo = @C ~ [®(N), which we take to be representation
space of m = @y, see Proposition 3.2.2. Define 7Ty .= w5 @ T,

(i) (%)

Then (s, 7s, F,v) are 1-summable Fredholm modules over O(WP,(k,l)). The corre-
sponding Chern characters are

7,(a™b") = L fn=0,m#0, (3.21)
° 0 otherwise.

Here n € Z and, for a positive n, b= means b*".

Proof. 1t is obvious that F* = F, F? = 42 = ] and Fy +vF = 0. Next, by a
straightforward calculation, for all z € O(WP,(k,1)),

[F,m(z)] = (ﬂs(x) (_)_ () () _Oﬂs(x)> .

1'We are grateful to Ulrich Krahmer for pointing this out to us.
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Using the formulae in Proposition 3.2.2 one easily finds, for all m,n,p € N,

in

7(( mbn)e _ an[lp (n—1)/2+s]+2m[l(p—n) +s]H 2(lp+s r))1/2 ; o

r=1

compare the proof of Proposition 3.2.3. This implies that, for positive m, m,(a™b") are
trace class operators, as Tr (m,(a™b")) = 0 if n # 0 and

Z q2m(lp+s) _ qzm[ (322)

Since mo(a™b™) = 0, if (m,n) # (0,0), and me(1) = 1, we conclude that, for all z €
O(WP,(k,1)), m(z) — ms(z) is a trace class operator. Therefore, (s, 7, F,7) is a 1-
summable Fredholm module.

Finally,

7.(z) = Tr (V7s(z)) = Tr (m(z) — 7(x)),
and the formula (3.21) follows by equation (3.22). O

Note that the form of the Chern character of (U, T,, F, <) is independent of k. In the
case | = 1, necessarily s = 1 and 7, coincides with the trace calculated for the quantum
2-sphere in [34]. Similarly to the case studied in [34], the characters 7, on O(WP,(k, 1))
factor through the algebra map

O(WP,(k,1)) = Cla],  a™b" — 6,0a™.

On the polynomial algebra Cla] the characters are given by Jackson’s integrals. More
precisely, define 75 by the commutative diagram

O(WP,(k, 1))

\/
Mﬂ=1jwlwf?%m,

where the Jackson integral is defined by the formula

Then

|| #aydea = lim(1 =) 3 (a1 ") ~ v S0,

reN

for all z € R and all f in Cla,a™}].
Next, we show that O(L,(l;1,1)) is not a cleft comodule algebra by calculating the
Chern character of the zero-component of the line bundle L[1]; see subsection 2.5.3.
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Lemma 3.5.2. The zero-component of the Chern character of L[1] is the class of

Tr E[1] _1+Z g™l (1 — g7™) (Tln> a™. (3.23)

Proof.  First, observe that the formula (3.18) yields the following identity for g-

binomial coefficients: l l
( ) =xm<m—”< ) : (3.24)
m/,-1 m/j,

Next, remember that dd* = a € O(WP,(1,!)). Having these observations at hand the
rest is a straightforward calculation:

Tr E[l] - ot — Z m —m(m+1)(l) dmd*™
g2

m
-1 l
— H (1 _ q2ma) _ Z(_l)mq2m(m-—l)—m(m+l)< ) a™
m=0 m=1 m q?

[/

l
— m(m—1) m(m—1)—2ml m
1+Z —q )(m)qza
l
1 m m(m 1) 1— —2ml ( ) m’
P - 1)

where the first equality follows by (3.16), the second by (3.15) and (3.24), while the third
equality is a consequence of (3.18). O

Proposition 3.5.3. Foralls=1,2,...,1, let 7, be the cyclic cycle on O(WP,(1,1)) con-
structed in Proposition 3.5.1. Then 7,(Tr E[1]) = 1. Consequently, the left O(WPy(1,1))-
module L[1] is not free.

Proof. Use (3.21) and (3.23) to calculate

2ms
q

7(Tr E[1]) = Z(—l)mqm(m_l) (1-q¢7*™) (;) =g
!
>

l
-1)™ m(m—l)( ) 2m(s—1)
1( )"q m) I

l
(! _
= 1-— Z(_l)mqm(m 1) (m)qqum(s )]

m=

m=0
! l
= 1— H(l q2(s —l4+m— 1) H 2(.9 m) =1
m=1 m=1
The last equality follows from the observation that since s = 1,2,...,1[, one of the factors

in the product must vanish. The fourth equality is a consequence of the definition of
g-binomial coefficients (3.18). O
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3.6 Algebras of continuous functions on quantum teardro
and their K-theory

The C*-algebra C(WP,(k, ) of continuous functions on the quantum weighted projective
space WP, (k,!1) is defined as the subalgebra of bounded operators on the Hilbert space
@._, V, obtained as the completion of @'_, 7, (O(WP,(k,1))); see Proposition 3.2.2. In
this section we show that this C*-algebra is isomorphic to the direct sum of compact
operators with adjoined identity.

Proposition 3.6.1. Let KC; denote the algebra of all compact operators on the Hilbert
space V,. There is a split-exact sequence of C*-algebra maps

0— P _, K, — C(WP,(k,1)) —> C —0. (3.25)

Proof.  We use a method of proof similar to that of [42][Proposition 1.2]. Write
7® for @._, 7, A basis for @._, V; consists of eigenvectors e3 of m®(a) with distinct
eigenvalues ¢?+s+t1)  Since, for all s, ¢?P*+s+1) — 0 as p — oo, 7®(a) is a compact
operator. Similarly, matrix coefficients g"7*+*+1 [J.Zt (1 ~ q2(l”+"’))l/ % of (b tend to
0 as p tends to infinity, hence also 7®(b) is a compact operator; compare the proof of
Proposition 3.5.1. This proves that the kernel of the projection of C(WPy(k,!)) on the
identity component C contains only compact operators.

The spectrum of 7®(a) consists of distinct numbers

sp (n®(a)) = {0} U {*™ |s=1,2,...1, pe N};

see the proof of Proposition 3.2.2. By functional calculus, for any s and p there are
operators f,s(7%(a)) in C(WP,(k,!)) with spectrum given by

fos 18D (7%(a)) = C, 0+ 0, Ut s 5, 0p

Hence C(WP,(k,[)) contains all orthogonal projections P; to one-dimensional spaces
spanned by the e;. More explicitly, these are obtained as limits:

n _ A2(lr+s)
el | et Ps. (3.26)

2 2 e p
q=? —g="

r=0, r#p

Next, noting that m,(b) and m,(b*) are shift-by-one operators with non-zero coefficients
all the remaining generators of K, (and hence of @izl Ks) can be obtained as products
of the rescaled 7,(b) and 7,(b*). Finally, the first map in the sequence (3.25) is injective
since all the 7, are faithful representations. O

The following corollaries are straightforward consequences of Proposition 3.6.1.

Corollary 3.6.2. The C*-algebra C(WP,(k, 1)) is isomorphic to the direct sum of l-copies
of algebras of compact operators with the adjoined identity.
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Classically, in the unweighted case WIP(1,1) becomes the 2-sphere S?, and we know
C*(S?) corresponds to the compact operators with unit adjoined: this is consistent with
our findings. In the case I > 1 we have a repeated root at the point a with order I,
and when we consider the algebra of continuous functions on WP(k,[), Corollary 3.6.2
suggests each root corresponds to a copy of the compact operators. On the quantum level,
Corollary 3.6.2 implies in particular that C(WP,(k,1)) % C(WP,(k,1')) if I # I’ and that
C(WP,(k,1)) = C(WP,(K',1)), for all k,k’. This is compatible with the interpretation
of equations (3.3) as partially resolving singularities of the classical weighted projective
lines. The persistence of the multiple root at a = 0 indicates the singularity at 0 (of the
classical weighted projective line) is not resolved, hence on the topological level different
values of k correspond to the same quantum manifold. The separating of roots at a = 1
indicates the resolution of singularity (of multiplicity ) at 1; resolutions of singularities
of different multiplicities might produce non-isomorphic manifolds.

Corollary 3.6.3. The K-groups of C(WP,(k,1)) are:
Ko (C(WP,(k,1))) =Z'*!, K1 (C(WP,(k,1))) =0.

Proof. This follows immediately from Proposition 3.6.1 by recalling that Ky(K) =
Ky(C) = Z and K;(K) = K;(C) = 0, where K is the C*-algebra of compact operators on
a separable Hilbert space; see Examples 1.4.3, 1.4.5 and 1.4.7. O

The first of the Z in Ky (C(WP,(k,[))) corresponds to the rank of free modules, the
remaining ones are generated by the classes of projections Fy; see (3.21). The cyclic cycles
7, constructed in Proposition 3.5.1 (see (3.21)) extend to cycles on C(WP,(k,!). Since,
for any z that is not a multiple of identity, 75(z) = Tr (7s(z)) we immediately conclude
that 7,(P§) = 1, and the index pairing between the K-theory and cyclic homology of
C(WP,(k,!) is given by

([rs], [Po]) = dae7s(Fp) = Gt
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Chapter 4

Quantum real projective spaces

In the previous chapter we took odd dimensional quantum spheres O(S2"*!) and viewed
them as O(U(1))-comodule algebras; by introducing weights to the coaction we described
complex weighted projective spaces. We now consider a similar process over prolonged
quantum spheres O(X2"*!). These spaces were studied in [10] and are constructed by
taking the cotensor product of even dimensional quantum spheres (’)(Sg"), viewed as
right O(Z,)-comodules, with the algebra of Laurent polynomials Clu, u*] viewed as left
O(Zs,)-comodules. By introducing a suitable weighted O(U(1))-coaction on O(X2"t!) we
are able to describe quantum weighted real projective spaces O(RP,(lo, ..., ln)).

4.1 Weighted circle actions on prolonged spheres

In this section we recall the definitions of algebras we are interested in.

4.1.1 The O(X2"*!) and O(RP,(ly, ..., 1)) coordinate algebras

Recalling (see Definition 2.2.6 and the following remark), for ¢ be a real number 0 < ¢ <
1, the coordinate algebra O(Sg”) of the even-dimensional quantum sphere is the unital

complex *-algebra with generators zg, z1, . . ., Z,, subject to the following relations:
2z; = qzjz; fori < j, zizj = qzjz; for i # 7, (4.1a)
n n
zizt =22+ (g7 = 1) Z ZmZm,, Z ZmZy, =1, Zn = Zn. (4.1b)
m=i+1 m=0

O(S2") is a Zy-graded algebra with deg(z;) = 1 and so is Clu,u*] (with deg(u) = 1).
In other words, O(S?") is a right CZ,-comodule algebra and Clu,u*] is a left CZ,-
comodule algebra, hence one can consider the cotensor product algebra, see Definition
2.3.4, O(X2*1) := O(82")Ocz,Clu, u*]. It was shown in [10] that, as a unital *-algebra
O(X2**1) has generators (o, ..., ( and a central unitary £ which are related in the following
way.

GG = q¢;¢G fori <y, G¢; = q¢;¢ for i # j, (4.2a)

73
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GE=CG+(@?=1) ) GG D GmCn=1, G =Gt (4.2b)
m=i+1 m=0

For any choice of n + 1 pairwise coprime numbers I, ..., [,, one can define the coaction
of the Hopf algebra O(U(1)) = C[u, u*] on O(£2*!) as

Ploesin : O(ZF) = OEPT) ®Clu,w’], G G®UY, £ Eu™, (43)

for i = 0,1,..,n. This coaction is then extended to the whole of O(X2**!) so that
O(x2"+) is a right Clu, u*]-comodule algebra.

The algebra of coordinate functions on the quantum real weighted projective space is
now defined as the subalgebra of O(X2"*1) containing all coinvariant elements, i.e.,

O(RP,(ly, ..., In)) = O(E2)PUD) .= {z € O(Z2*) : pyy,..1,(z) =z ® 1}.

4.1.2 The 2D quantum real projective space O(RP,(k, 1)) C O(Z}(k,1)).

To gain a clear understanding of this space the n = 1 case is described in detail. Within
this set-up k&, [ are coprime numbers, (’)(22) is generated by (o, (; and a central unitary &
such that

GG = q€16o,  Co¢T = <1 o, (4.4a)
Gl =GO+ (@2 -1 G +de=1 d=aGE (4.4b)

The linear basis of O(X3) is
{¢GGGE, ¢¢iet | s, €N, t e Z}. (4.5)

On generators the coaction gy, is given by
o — G ®u¥, GG, £ E@u ™, (4.6)

and extended to the whole of O(X]) so that the coaction is an algebra map. We denote
this comodule algebra by O(Z3(k,1)).

It turns out that the two-dimensional quantum real projective spaces split into two
cases depending not wholly on the parameter k, but instead whether & is either even or
odd, and hence only the cases k = 1 and k = 2 need be considered [12].

The odd case.

For k = 1, O(RP?(l; —)) is a polynomial *-algebra generated by a, b, c_ which satisfy the
relations:

a=a", ab = g~ %ba, ac- =q ¥c_a, v?2 = ¢¥ac_, be_ =q %c_b, (4.7a)

-1 !
bb* = ¢*a H (1 - ¢*™a), b'b=a H(l — ¢ %™a), (4.7b)

m=0 m=1
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-1
b*c - H g *™a)b, c_b* =q'b H (1 - ¢*™a), (4.7¢)
2-1
c_ct = H(l ~ ¢°™a), cte. = H g *™a (4.7d)
m=0

The embedding of generators of O(RP(l; —)) into (’)(Eg) or the isomorphism of O(RP2(l; -))
with the coinvariants of O(Z3(k,1)) is provided by

am e b hE - = (e (4.8)

There is a family of one-dimensional representations of O(RP2(l; —)) labelled by 6 €
[0,1) and given by

me(a) =0, me(b) = 0, mo(c-) = el (4.9)

All other irreducible representations are infinite dimensional, labelled by »r = 1,...,[, and
given by
l
wr(a)e; — q2(ln+r)e;, wr(b)e; — qln+r H (1 _ q2(1n+r_m))1/2 6’;_1, wr(b)eg —0,
m=1

(4.10a)
2!

ey = [[ @ =@ e, mlc)ey=mlc-)ef =0,  (410b)
m=1

where €7, n € N, is an orthonormal basis for the representation space H, = I?(N).

The even case.

For k = 2 and [ odd, O(RP%(l;+)) is a polynomial *-algebra generated by a, c; which
satisfy the relations:

a* =a, acy =q %cya, (4.11a)
- !
ciCy = H 1—¢""a) cley = H(l — ¢ *™a). (4.11b)
m=1

The embedding of generators of O(RP2(l; +)) into O(Z2) or the isomorphism of O(RP2(l; +))
with the coinvariants of O(Z3(k, 1)) is provided by

a— 3¢, cy > GE. (4.12)

There is a family of one-dimensional representations of O(RP2(l; +)) labelled by 6 €
[0,1) and given by |

me(a) = 0, mo(cy) = ¥, (4.13)

All other irreducible representations are infinite dimensional, labelled by r = 1,...,[, and

given by
!
me(a)el = g* ™l o (cy)el = H (1- (12(“”“'"_’"))1/2 er_1, me(cy)eh =0, (4.14)
m=1

where €7, n € N is an orthonormal basis for the representation space H, = [*(N).
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4.2 Quantum weighted real projective spaces and quan-
tum principal bundles

Our next aim is to construct quantum principal bundles with base spaces given by
O(RP2(I;£)) and fibre structures given by the circle Hopf algebra O(U(1)) & Clu,u"].
The question arises which quantum space (i.e. a C[u,u*]-comodule algebra with coin-
variants isomorphic to O(RP2(l;=+))) we should consider as the total space within shis
construction. We look first at the coactions of Clu, u*] on O(Z3) that define O(RP,(k,1)),
i.e. at the comodule algebras O(Z3(k,1)).

4.2.1 The (non-)principality of O(Z3(k,1)).

Theorem 4.2.1. Let A = O(Z3(k,1)) be the right H = O(U(1)) comodule algebra wvith
coaction pgy = p. The subalgebra of coinvariant elements B = O(RP,(k, 1)) C O(E3(k 1))
is not a Hopf-Galois extension when (k,l) # (1,1).

Proof. We aim to show that the canonical map is not an isomorphism by showing
that the image does not contain 1®u, i.e. it cannot be surjective since we know 1®u & in
the codomain. We begin by identifying a basis for the algebra O(Z3(k, 1)) ® O(Z3(k,1));
observing the relations (4.4a) and (4.4b) it is clear that a basis for O(Z3(k,1)) is giver by
linear combinations of elements of the form,

by = bi(p1, P2, p3) = (G ¢TEP, by = ba(p1, P2, B3) = (5 (€2,

b3 = b3(Q1, q2, Q3) = ngICqufq:;, b4 = b4(q_1, q—2, q_a) = C(‘]k(ﬁcg—zé*@,

noting that all powers are non-negative. Hence a basis for O(Z3(k, 1)) ® O(Z3(k,1)) is
given by linear combinations of elements of the form,

b; ®b;, where 1,5 € {1,2,3,4}, (415)
applying the canonial map gives elements of the form,
can(b; ® b;) = bip(b;) = bb; ® u®9®) where 1,5 € {1,2,3,4}. (416)

The next stage is to construct all possible elements in A ® A which map to 1 ® u. To
obtain the identity in the first leg we must use one of the following relations:

5 (1 g%¢Pe) when m =n,

@¢s = &I, (1—¢¢2€)  when m > n, (4.17a)
< (1~ ¢*¢E)G™™ whenn >m,
[Ty (1= g7 ¢Fe) when m =n,

oM =S G o, (1—¢¢}¢) when n>m, (4.17b)

[h_, (1—g%¢36)¢(™™ when n<m.

p:
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or
6 =¢¢=1

We see that to obtain an element which has one term with the identity in the first leg we

require the powers of {y and (§ to be equal. We now construct all possible elements of

the domain which map to 1 ® u after applying the canonical map.

Case 1: use the first relation to obtain (J*¢3™ (m > 0); this can be done in fours ways;
using b1p(b3), b1o(bs), bap(bs) and bzp(bs). Now,

bip(bs) ~ (B0 (P egPatas @ R tlae=2es — ) — g = m,py =gy = 0,p3 = g3 = 0,
where we use ~ when the elements differ by a complex number. This implies
—kq1 +1lgs —2lgs =1= —mk =1,

hence no possible terms. A similar calculation for the three other cases shows that 1 ® u
cannot be obtained as an element of the image of the canonical map in this case.
Case 2: use the second relation to obtain (§"¢F (n > 0); this can be done in four ways

bsp(b1), bsp(be), bap(by) and byp(be). Now,
bsp(br) ~ (7 (P2 REP TS @I = py =g =,y =2 = 0,p3 = ¢35 =0

and
nk=1=n=1and k=1.

Note that £ = 1 is not a problem provided [ is not equal to 1. This is reviewed at the
next stage of the proof. The same conclusion is reached in all four cases.

In all possibilities (§"({ appears only when n = 1, in which case the relation simplifies
to (3¢ = 1 — q72¢%¢, so the next stage involves constructing elements in the domain
which map to (2¢. There are eight possibilities altogether to be checked: byp(b1), b1p(bs),
bi1p(bs), bid(ba), bsp(br), bsp(bs), bsp(bs) and bsp(bs). The first case gives:

bip(by) ~ (P (TP2E%s @ Ut P =y 9p) =0, 2p, =2, 2p3 =1,
and
kpy + lpy — 2lps = 1 => p; = 0, p2 = 1, p3 has no possible values and [ = 1.

Hence 1®u cannot be obtained as an element in the image in this case. Similar calculations
for the remaining possibilities show that either 1 ® u is not in the image of the canonical
map, or that if 1 ® u is in the image then k =1 = 1.

Case 3: finally, it seems possible that 1 ® u, using the third relation, could be in the
image of the canonical map. All possible elements in the domain which could poten-
tially map to this element are constructed and investigated. There are eight possibilities:
b1g(ba), b1g(ba), bap(b1), bap(b3), bsd(ba), bsd(ba), badd(b1) and bag(bs). The first possibility
comes out as

byp(bg) ~ (B HPI(PHP2LPagPs @ MR HPADs — ) = ) = 0,py =P =0,p3 =p3 = L.
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Also
kpy+ 1pp +20ps = 1 => 20 = 1,

which implies there are no terms. The same conclusion can be reached for the remaining
relations.

This concludes that 1 ® u, which is contained in A ® H, is not in the image of the
canonical map, proving that this map is not surjective and ultimately not an isomorphism
when k and [ are both not simultaneously equal to 1, completing the proof that B C A
is not a Hopf-Galois extension in this case. O

Theorem 4.2.1 tells us that if we use O(X5(k, 1)) as our total space, then we are forced
to put (k,!) = (1,1) to ensure that the required Hopf-Galois condition does not fail. A
consequence of this would be the generators (; and (; would have grade 1. This suggests
that the space O(X3(k, 1)) is too restrictive as there is no freedom with the weights & or
[, and that we should in fact consider a subalgebra of this space which would offer some
choice. Theorem 4.2.1 indicates that the desired subalgebra should have generators with
grades 1 to ensure the Hopf-Galois condition is satisfied. This process is similar to those
followed in [5], where the bundles over the quantum teardrops WP,(1,!) have the total
spaces provided by the quantum lens spaces and structure groups provided by the circle
group U(1). We follow a similar approach in the sense that we view O(X3(k, 1)) as a right
H-comodule algebra, where H is the Hopf algebra of a suitable cyclic group.

4.2.2 The k odd case O(RP3((; -)).
The principal O(U(1))-comodule algebra over O(RP(l; —)).

Take the group Hopf x-algebra H = O(Z;) which is generated by a unitary group-like
element w and satisfies the relation w' = 1. The algebra O(E3) is a right O(Z;)-comodule
x-algebra with coaction

OEH 2 0ENRO0(Z), (o (®w, (-G®L (ERL (4.18)

Note that the Z;-degree of the generator ¢ is determined by the degree of {;: The relation
¢{ = (1€ and that the coaction must to compatible with all relations imply that deg(¢;) =
deg(¢1) + deg(€). Since ¢; has degree zero, £ must also have degree zero.

The next stage of the process is to find the coinvariant elements of O(X2) given the
coaction defined above.

Proposition 4.2.2. The fized point subalgebra of the above coaction is isomorphic to the
algebra O(X3(1; —)), generated by z, y and z subject to the following relations

-1 l
*

Y =yz, Ty = ¢'yz, rr* = H(l — ¢*Py%2), T = H(l - g %y%2), (4.19)
p=0 p=1

and z is a central unitary element. The embedding of O(E3(1; —)) into O(L3) is given by
g ¢,y G oand 2= £
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Proof. Clearly ¢y, €, ¢} and (§* are coinvariant elements of O(X3). Apply the coaction
to the basis (4.5) to obtain

Qe = Qe uw’,  (GE - TG QuwT

These elements are coinvariant, provided r = r'l. Hence every coinvariant element is a
polynomial in (;, &, ¢} and (}'. Relations (4.19) are now easily derived from (4.4) and
(4.17). O

The algebra O(X3(l; —)) is a right O(U(1))-comodule with coaction defined as,
$: A AROWUQ1), zmzuU, yY—yYRu, 2+ zQu S (4.20)

The second and third relation in (4.19) tell us that the grade of z must be double the
grade of y* since zz* and x*z have degree zero, and so

deg(y®z) = deg(y®) +deg(2) = 2deg(y) +deg(z) = 0 = deg(z) = —2deg(y) = 2deg(y").

The fixed points of the algebra O(X3(l; —)) under the coaction ¢ is found by identi-
fying the basis elements of the algebra O(Eg(l; —)) and applying these to the coaction.
The image of the basis elements under this coaction will then provide the coinvariance
condition.

Proposition 4.2.3. O(33(1; —)) is a right O(U(1))-comodule algebra with O(E3(1; —))=C@ M)

being isomorphic to O((RP,(l;—)), i.e., the subalgebra of invariant elements under the
coaction ¢ corresponds to the real weighted projective spaces (the negative case).

Proof. ~ We aim to show that the x-subalgebra of O(X3(l;—)) of elements which
are invariant under the coaction is generated by z2z, zyz and y?z. The isomorphism of
O(3(1; =))W M) with O((RP,(; —)) is obtained by using the embedding of O(Z3(1; —))
in O(X?%) described in Proposition 4.2.2, ie. %z — (i€ — a, zyz — (€ — b and
22— (Fé e,

The algebra O(Z3(l; —)) is spanned by elements of the type z7y°2*, 2*"y°2", where
r,s € N and t € Z. Applying the coaction ¢ to these basis elements gives z7y°z* —
z7y°2t @ uTt*~2%, Hence z7y°2! is ¢-invariant if and only if 2t =7 + s. If r is even, then s
is even and

xryszt — xrysz(r+s)/2 —_ (x2z)r/2(y22)s/2.

If r is odd, then so is s and

xryszt — zrysz(r+s)/2 ~ (z2z)(r—l)/2(yzz)(s—l)/Z(myz).
The case of z*"y%2' is dealt with similarly, thus proving that all coinvariants of ¢ are
polynomials in z2z, ryz, y%z and their *-conjugates. O

The main result of this section is contained in the following

Theorem 4.2.4. O(Z3(l; —)) is a non-cleft principal O(U(1))-comodule algebra over
O(RP,(I; —)) via the coaction ¢.
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Proof. ~ To prove that O(X3(l;—)) is a principal O(U(1))-comodule algebra over
O(RP,(l;+)) we employ Proposition 2.4.15 and construct a strong connection form as
follows.

Define w : O(U(1)) = O(Ei(l;—)) ® O(Z3(1; —)) to be,
wl)=1®1 (4.21a)

m

l
w(un) — x*w(u”‘l)x _ Z(_l)mq—m(m+l) < ! > y2m—lzmw(un—1)y (4.21b)
m=1 g2
: l
w(u*n) — xw —n-+-1 Z( 1 m m(m 1)( ) y2m—1zm—1w(u—n+l)yz) (4210)
qZ

where, for all s € R, the deformed or g-binomial coefficients ( m) are defined by the poly-
nomial equality given in 3.18 (indeterminate ¢). The map w has been designed such that
normalisation property (2.15a) is automatically satisfied. Considering property (2.15b),
multiplying both legs on the right hand side of equation (4.21a) clearly gives 1. To check
property (2.15b) from equations (4.21b) and (4.21c) take a bit more work. We use proof by
induction, but first have to derive an identity to assist with the calculation. Set s = q~2,
t = —q~%y*y in (3.18) to arrive at,

! l
m, m(m~ l *m - - 2 x
> (=1)mgmim= (m) vy = [1 0 +a7 D (=g7yy)) -
q~ m=1

m=1

which simplifies to,

l l
l
q—2

m=1 m=1

Now to start the induction process we consider the case n = 0; clearly (m o w)(1) =
1 providing the basis. Next, we assume that the relation holds for n = N, that is
(mow)(u") =1, and consider the case n = N + 1.

m

l
l
(/J(’U,N+1) — x*w(uN)x _ Z(_l)mq—m(m+l)( ) y2m—lzmw(uN)y,
m=1 g2

applying the multiplication map to both sides and using the induction hypothesis,

l
)
N+1y *. —1)™ —-m(m+1) 2m—1_m
(mow)u™) = a2 () g

m
m=1
= z'z—(z'z—1) =1,

showing property (2.15b) holds for all ™ € O(U(1)), where n € N. To show this property
holds for each u*™ we adopt the same strategy; this is omitted from the proof as it does
not hold further insight, instead repetition of similar arguments.
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Property (2.15¢); again we adopt a strategy of proof by induction. Applying (id ® ¢)
to (4.21a) then we obviously get (w ® id) o A. Next applying w(u) to (4.21b) gives

l
[
r*RIQU — Z(_l)mq—m(m—l) <m> y2m—lzm QYR u
2 qz

m=1

l
l
— z* QT — —1)™ —m(m—l)( > 2m—lzm ® Qu
( mZﬂ( ™q m qzy Y)

= wu)®u=(w®id) o A(u).

This shows that property (2.15¢) holds for equation (4.21b) when n = 1. We now assume
the property holds for n = N — 1, hence (id ® ¢) o w(u"™!) = (w ® id) o A(LN?) =
w(uN 1) ® uN -1, and consider the case n = N.

4
[@EDwE") = (@0 =3 (Uremm (1) Pt

m=1

m

l
— 2((id® @) (wu ) = 3 (~1ymgmmD ( D) e s,

m=1

m

l
[
— x*w(uN_l)x ® s At Z(_l)mq—m(m—l) ( ) yzm—lzmw(uN—l)y ® uN-?
m=1 g2

= wu")®u"
(w®id) o A(uM),

hence property (2.15¢) is satisfied for all u™ € O(U(1)) where n € N. The case for u*"* is
proved in a similar manner, as is property (2.15d). Again, the details are omitted as the
process is identical. This completes the proof that w is a strong connection form, hence
O(%3(l, —)) is a principal comodule algebra.

To determine whether the constructed comodule algebra is cleft we need to identify
invertible elements in O(X3(l, —)). We observe,

O(Z3(1,-)) C O(Z%) = O(S?) 0o,y O(U(1)) C O(S2) ® O(U(1)).

Since only the non-zero scalar multiples of 1 are invertible elements of the quantum
sphere, an invertible element of O(S?) ® O(U(1)) must be of the form 1®wv, where v is an
invertible element of O(U(1)). On the other hand only the non-zero multiples of u™ are
invertible in @O(U(1)). Hence the only invertible elements in the algebraic tensor product
O(S?) ® O(U(1)) are scalar multiples of 1 ® u™ for n € N. Now we can conclude that
the only invertible elements in O(S2)0o(z,)O(U(1)) are the elements of the form 1 ® u”.
These elements correspond to the elements £" in (’)(Eg), which in turn correspond to 2"
in O(Z3(1, -)).

Suppose j : H — A is the cleaving map; to ensure the map is convolution invertible
we are forced to put u — 2", since the only invertible elements in A are powers of z. Since
u has degree 1 in H = O(U(1)) and z has degree —2 in O(X3(l,—)), the map j fails to
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preserve the degrees hence it is not colinear. Hence O(Z3(I,—)) is a non-cleft principal
comodule algebra. O

Almost freeness of the coaction p; .

At the classical limit, ¢ — 1, the algebras O(RP,(l; —)) represent singular manifolds or
orbifolds. It is known that every orbifold can be obtained as a quotient of a manifold by
an almost free action. The latter means that the action has finite (rather than trivial as in
the free case) stabiliser groups. In the algebraic level freeness is encoded in the bijectivity
of the canonical map can, or, more precisely, in the surjectivity of the lifted canonical
maps can (2.16). The surjectivity of €an means the triviality of the cokernel of can, thus
the size of the cokernel of €an can be treated as a measure of the size of the stabiliser
groups. This leads to the following notion proposed in [5]

Definition 4.2.5. Let H be a Hopf algebra and let A be a right H-comodule algebra
with coaction o4 : A - A® H. We say that the coaction is almost free if the cokernel of
the (lifted) canonical map

can: A A— AQ H, a®a — ag?(a),
is finitely generated as a left A-module.

Although the coaction ¢ defined in the preceding section is free, at the classical limit
g — 1, O(X3(l,—)) represents a singular manifold or an orbifold. On the other hand,
at the same limit, O(33) corresponds to a genuine manifold, one of the Seifert three-
dimensional non-orientable manifolds; see [41]. It is therefore natural to ask, whether the
coaction g1; of O(U(1)) on O(L]) which has O(RP,(l; —)) as fixed points is almost free
in the sense of Definition 4.2.5.

Proposition 4.2.6. The coaction p1,; is almost free.
Proof. Denote by ¢_ : O(E3(l,—)) — O(X?), the *-algebra embedding described in
Proposition 4.2.2. One easily checks that the following diagram
O(=5(t,-)) = O(=})

‘| Jou

O(53(1,-)) ® OU(1)) —=2L . o(58) ® OU (L)),

where (—)! : u — u! is commutative. The principality or freeness of ¢ proven in Theo-
rem 4.2.4 implies that 1 ® u™ € Im(€an), m € Z, where an is the (lifted) canonical map
corresponding to coaction py;. This means that O(%3) ® C[u!, u™!] C Im(can). Therefore,
there is a short exact sequence of left O(Z3)-modules

(O(£3) ® Clu, u™'])/(O(2}) ® C[u!, u™"]) — coker(can) — 0.

The left O(23)-module (O(£2)) ® Clu,u™"])/(O(%3) ® Clu!,u™]) is finitely generated,
hence so is coker(can). O




4.2. QUANTUM PRINCIPAL BUNDLES 83

Associated modules or sections of line bundles.

One can construct modules associated to the principal comodule algebra O(X3(l, —))
following the procedure outlined at the end of Section 2.3; see Definition 2.3.6.

Every one-dimensional comodule of O(U(1)) = Clu, u*] is determined by the grading
of the basis element of C, say 1. More precisely, for any integer n, C is a left O(U(1))-
comodule with the coaction

0n: C—= Clu,uv']®C, l—»u"®1.
Identifying O(X3(l, —)) ® C with O(Z3(l, —)) we thus obtain, for each coaction gy,

I(n] = O(Z5(L, —))BowanC = {f € Z3(, -) | ¢(f) = f ®u"} € O(Z}(1, -)).

In other words, I'[n] consists of all elements of O(£3(l, —)) of Z-degree n. In particular
I'[0] = O(RP,4(l; —)). Each of the I'[n] is a finitely generated projective left O(RP,(I; —))-
module, i.e. it represents the module of sections of the non-commutative line bundle over
RP,(l; —). The idempotent matrix E[n] defining I'[n] can be computed explicitly from a
strong connection form w (see equations (4.21)) in the proof of Theorem 4.2.4) following
the procedure described in [11]. Write w(u™) = 3, w(w™); ® w(u™)!?;. Then

Elnli; = ww™)Piw@")"; € ORP,(I;-)). (4.23)

For example, for | = 2 and n = 1, using (4.21b) and (4.21a) as well as redistributing
numerical coefficients we obtain

(1-a)(1—¢q%) ¢ */1+q2%0b ig~3ba
El]=|¢'1+g2b ¢*(1+g*)a ig*/1+q2d? (4.24)
iq3b* ig*\/1+q2%a —q%a?

Although the matrix E[1] is not hermitian, the left-hand upper 2 x 2 block is hermitian.
On the other hand, once O(RP,(2; —)) is completed to the C*-algebra C(RP,(2;—)) of
continuous functions on RP,(2; —) (and then identified with the suitable pullback of two
algebras of continuous functions over the quantum real projective space; see [12]), then
a hermitian projector can be produced out of E[1] by using the Kaplansky formula; see
[20, page 88].

The traces of tensor powers of each of the E[n] make up a cycle in the cyclic complex
of O(RP,(I; —)), whose corresponding class in the cyclic homology HC,(O(RP,(;-))) is
known as the Chern character of I'[n]. Again, as an illustration we compute the trace of
E[1] for general I.

Lemma 4.2.7. The zero-component of the Chern character of I'[1] is the class of

: [
Tr B[] =1+ ) (-1)™g™™ 1 (1—¢72m™) (m) a™. (4.25)

m=1
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Proof. Setting s —» s~ and comparing two sides of the formula (3.18) we obtain:

(0). =)

Compute
[
Tr E[1] = _ 1 —m(m+1 .2m . m
1] = Z( ().

l
— 1— 2ma lm 2m(m—1)— m(m+1)< ) a™
-3 )

m=0

e (qm<m-1>—qm<m—1>—2ml)(’) o
m=1 q?

l
- —2m ! m
— 1+ Z(_l)mqm(m 1) (1 —q 2 l) (m> 2a ,
m=1 q

where the first equality follows by (4.21b) and (4.21a), the second by (4.19) and (4.26)
combined with the identification of a as y?z, while the third equality is a consequence of
(3.18). O

4.2.3 The k even case O(RP,(/; +)).
The principal O(U(1))-comodule algebra over O(RP2(; +)).

In the same light as the negative case we aim to construct quantum principal bundles
with base spaces O(RP,(l;+)), and proceed by viewing O(X3) as a right H’'-comodule
algebra, where H’ is a Hopf-algebra of functions on a finite cyclic group. The aim is to
construct the total space O(X3(l,+)) of the bundle over O(RIP’q(l; +)) as the coinvariant
subalgebra of O(X2). O(Z3(l, +)) must contain generators (?¢ and (}¢ of O(RP,(I;+)).
Suppose H' = O(Zy) and @ : O(X3) = O(E2) ® H' is a coaction. We require ® to be
compatible with the algebraic relat1ons and to give zero Z,,-degree to (¢ and (€. These
requirements yield

2deg((y) + deg(€) = 0 mod m, [ deg(¢o) + deg(€) = 0 mod m.

Bearing in mind that [ is odd, the simplest solution to these requirements is provided by
m = 21, deg(¢) = 0, deg({o) = 2, deg(¢;) = . This yields the coaction

®: O(Z3) - O(Z%) ® O(Za), o G®v?, -GV, £—Exl,

where v, v* = 1 is the unitary generator of O(Zy). @ is extended to the whole of O(Z3)
so that ® is an algebra map, making O(3) a right O(Zy)-comodule algebra.
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Proposition 4.2.8. The fixed point subalgebra of the coaction ® is isomorphic to the
x-algebra O(L3(1, +)) generated by z',y' an central unitary 2’ subject to the following
relations:

'y =y, Ty =W, Y =gy, vt =y, (4.27a)
-1 l
' = H( quy/z) 2 = H(l q—2py/zl) (4.27b)
p=0 p=1

The isomorphism between O(X3(1,+)) and the coinvariant subalgebra of O(X?) is given
byx' — &,y — (¢ and 2 €.

Proof. Clearly (£, £, ¢} and (3" are coinvariant elements of O(X2). Apply the coaction
® to the basis (4.5) to obtain

CSCisgt — CSCigEt ® ,U2r+ls’ Cngfft — Corglét ® ,U—2r+ls

These elements are coinvariant, provided 2r +1s = 2ml in the first case or —2r +1s = 2ml
in the second. Since [ is odd, s must be even and then r = r’l, hence the invariant
elements must be of the form

(@) (D), (@Y (e
as required. Relations (4.27) are now easily derived from (4.4) and (4.17).we seek the
fixed points with respect to the coaction ®. O
The algebra O(Z3(1, +)) is a right O(U(1))-comodule with coaction defined as,
0 (9(23(1, +)) - O(Eg(l, +)) ® O(U(1)), ' 2rou Yoy eu - 2Zuh
(4.28)
The first three relations (4.27a) bear no information on the possible gradings of the

generators of O(X3(1,+)), however the final relation of (4.27a) tells us that the grade of
y'* must have the same grade of 2’ since,

deg(y™) = — deg(y') = deg(v') + 2deg(2’),

hence,
2deg(y"™) = 2deg(2’) or deg(y™) = deg(z’).

This is consistent with relations (4.27b) since the left hand sides, z’z™* and z"*z’, have
degree zero, as does the right hand sides since,

deg(y'z') = deg(y’) + deg(y"™) = deg(y’) + (—deg(y’)) = 0. (4.29)

The coaction §2 in 4.28 is defined by giving 2’ and ' grade 1, and setting the grade of 2’
as —1 to ensure it’s compatible with the relations of the algebra O(X3(l,+)).

Proposition 4.2.9. The right O(U(1))-comodule algebra O(Z3(l,+)) has O(RP,(I; +))
as its subalgebra of coinvariant elements under the coaction 1.
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Proof. The fixed points of the algebra O(23(l,+)) under the coaction Q are found
using the same method as in the odd k case. A basis for the algebra O(33(l,+)) is given
by z'"y"*2", £'*"y'*2"*, where r,s € N and t € Z. Since the conjugate of the third and
fourth type of basis element is proportional to either the first or second type, the analysis
can be focused on first and second type of basis elements.

Applying the coaction 2 to these basis elements gives,

mo1s It ., 1s It a+b—c

Y=Y 2 Qu

Hence the invariance of z"y*2" is equivalent to t = r + s. Simple substitution and
re-arranging gives,
IE/ryISZ’t — x/rylsz/r+s — (.'L'/ZI)T(y’Z’)s.

Hence providing generators 'z’ and 3'2’. Repeating the process for the second type of
basis element gives the *-conjugates of z'z’ and y'2’. Using Proposition 4.2.8 we can see
that a = (3¢ =92’ and ¢, = ¢ =2'2/. O

In contrast to the odd k case, although O(X3(l,+)) is a principal comodule algebra it
yields trivial principal bundle over O(RP,(l; +)).

Proposition 4.2.10. The right O(U(1))-comodule algebra O(S3(1,+)) is cleft.
Proof. The cleaving map is given by,
7:O(UQ) = OE(L+),  j(u) =2,

which is an algebra map since z* is a central unitary in O(Z3(l,+)), hence must be
convolution invertible. Also, j is a right O(U(1))-comodule map since,

(Qoj)(u) = Qz") = 2" ®u =j(u) ®u = (j ®id) 0 Au),

completing the proof. O

Whether a different nontrivial principal O(U(1))-comodule algebra over O(RP2(l; +))
can be constructed or whether such a possibility is ruled out by deeper geometric reasons
remains to be seen.

Almost freeness of the coaction p,,.

As was the case for O(Z3(l, —)), the principality of O(X3(l,+)) can be used to determine
that the O(U(1))-coaction gy on O(X?) that defines O(RP2(I; +)) is almost free.

Proposition 4.2.11. The coaction po, is almost free.

Proof. Denote by ¢y : O(Z3(l,4)) — O(X}), the *-algebra embedding described in
Proposition 4.2.8. One easily checks that the following diagram

O(Z3(, +)) s O(?)

0531, +)) ® O(U (1) —2, o(s8) @ OW (1)),
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where (—)% : u — u® is commutative. By the arguments analogous to those in the proof of
Proposition 4.2.6 one concludes that there is a short exact sequence of left O(X3)-modules

(O(22) ® Clu, u™'])/(0(£3) ® Clu*, u=#]) — coker(can) — 0,

where can is the lifted canonical map corresponding to coaction gz;. The left (9(22)—
module (O(£3)) ® Clu,u™]))/(O(8) ® Clu*,u~?]) is finitely generated, hence so is
coker(can). O

4.3 Quantum real projective spaces as Generalised
Weyl algebras

In this section we consider quantum real projective spaces from the point of view of
generalised Weyl algebras (see Definition 3.4.1).

Proposition 4.3.1. The algebra of coordinate functions O(RPZ(l;+)) is a degree one
generalised Weyl algebra.

Proof. Set D = Cla]. In this case Xt = c;, X~ = ¢} and automorphism o of D and

the defining element a are

(1—-g¢%"a).
1

l
o(a) = ¢“a, a=
m=

Now
l l

0@ = [[(1-a?™%a) = 0@ = [] (1 - ¢#™a) = bb* = X* X",
m=1 m/'=1
by making the substitution m’ = [ — m. The remaining relations can be verified in a
similar way. O

O(RP2(l; —)) does not appear to be a generalised Weyl algebra. However, O(£3(l; -))
the total space of the quantum principal bundle is a generalised Weyl algebra, as is
O(Z3(l; 4)).

Proposition 4.3.2. The algebras of coordinate functions O(X3(l; +)) are degree one gen-
eralised Weyl algebras.

Proof.  Consider O(X3(l;—)). Set D = Cly, 2]. In this case X* = z*, X~ =z and
automorphism ¢ of D and the defining element a are

o(y) = q'a, o(z) = z, a=1|1(1- quyzz).
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Now

-1 -1
o(@ =[]0 - ¢ H’2) = 0@ = [[(1-qv2) =z'z = XTX",

p=0 p’=0

by making the substitution p’ = [ — p. The remaining relations can be verified in a
similar way. Similarly for the case O(X3(l;+)) by defining the ground ring D = C[y/, 2,
X* =2z, X~ = 7/, defining automorphisms o(y') = ¢~%¢ and ¢(y’) = ¢~?'y/ and defining

element @ = Hi;t(l —¢Py'2). O

4.4 Algebras of continuous functions on real weighted
projective spaces and their K-theory

The C*-algebras C(RP,(!; £)) of continuous functions on the quantum real weighted pro-
jective spaces are defined as the completions of ®._;m,.(O(RP,(I; £))), for representations
7, given in equations 4.10a, 4.10b and 4.14.

These spaces (plus their K-groups) were calculated in [12] and turn out to be

CRP(L;+) =T & T & ... ® T (I copies),

where 7 is the Toeplitz algebra generated by unilateral shift operator U (see Example
1.3.5) and o : T — C(S!) the symbol map o(U) = u, where u is the unitary generator of
C(S'). And

C(RP,(I; -)) = C(RP?) @5 C(RP?) @; ... ® C(RP?) (I copies),

where C(RP?) is defined in [26] (Theorem 4.8) and can be identified with the C*-algebra
generated by the shift-by-two operator V. The map 7 : C(RP2) — C(S") is given by
Vi u.

Finally, the K-groups come out as

Ko(C(RP,(I; +))) 2 Z, K1(C(RP,(I;+))) =0,

and
Ko(CRP(;-)) 22, 8 Z!,  Ki(C(RP,(;-))) 2 0.




Chapter 5

Quantum Heegaard spaces

Quantum Heegaard spaces may be considered as a complement to quantum teardrops in
so much as, on the operator algebraic level, they include the generic Podles two-spheres
[37] for parameter s # 0 in Proposition 2.2.7. On the algebraic level, however, they are
defined through integer gradings on an algebra significantly different from that of the
coordinate algebra of the quantum SU(2)-group.

The coordinate algebra of the Heegaard quantum 3-sphere O(S3 ) [14], [1] is defined
for parametres 0 < p,q,0 < 1, for € irrational when non-zero, as the complex *-algebra
generated by a and b satisfying the relations,

ab = *"q, ab* = e~ #0p%q, (5.1a)

a*a —paa* =1-—p, b*b — gbb* =1 —q, (1 -aa*)(1—-0b*)=0. (5.1b)

O(que) contains two copies of the quantum disc with parametres p and q as *-subalgebras
and can be interpreted as obtained by glueing of two quantum solid tori [1]. To describe
the algebraic structure of O(S3,) it is convenient to define (self-adjoint) A := 1 — aa?,

B :=1—bb*. In terms of these elements the relations (5.1b) can be recast as:
AB=BA=0, Aa=paA, Ba=aB, Ab=0bA, Bb=qbB. (5.2)

A linear basis for O(S3,) consists of all A*a'b™, A*a*b™, B*a'b™, B*a*b™ and their
x-conjugates, where k, [, m € N; see [1].

Standardly, O(S3,) is considered as a Z-graded algebra (compatible with the x-
structure in the sense that the *-operation changes the grade to its negative) in two
different ways. First a and b are given an equal grade, say, 1. The degree zero subalgebra
is generated by polynomials A, B and ab* and is known as a coordinate algebra of the
mirror quantum sphere [25]. Second, a and b are given opposite grades, say 1 for a and —1
for b. The degree zero subalgebra, generated by A, B and ab, was introduced in [15], where
it was shown that its C*-completion is isomorphic to the algebra of continuous functions
on the generic (or non-standard) Podle$ quantum sphere; Proposition 2.2.7, s # 0.

We prefer to interpret Z-gradings geometrically as algebraic coactions of the coordinate
Hopf algebra O(U(1)) of the circle group. O(U(1)) can be identified with the x-algebra

89
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C[u,u*] of polynomials in variables u and u* satisying uu* = u*u = 1. The Hopf algebra
structure is given by

Alu) =uQ®u, e(u) =1, S(u) = u*

The two Z-gradings described above correspond to coactions a — a @ u, b — b ® u, and
a— a®u, b— b® u*, respectively. It has been shown in [26], [28] that these coactions

are principal, i.e. they make O(S3 ) into a principal O(U(1))-comodule algebra [11].

5.1 The coordinate algebras of quantum weighted Hee-
gaard spheres

In this section we gather algebraic properties of quantum weighted Heegaard spheres.

5.1.1 The definition of quantum weighted Heegaard spheres

A weighted circle coaction on O(S3.4) consistent with the algebraic relations (5.1a) and

(5.1b) is defined for k, ! coprime integers, by
bk, 0(S3q9) — O(Ssqg) ® O(U(1)),

p
a—a®uk, b= b®u, (5.3)

and extended to the whole of O(S3,) so that O(S3 ) is a right O(U(1))-comodule al-
gebra. The fixed point subalgebras of O(que) with respect to coactions ¢, are called
the coordinate algebras of quantum weighted Heegaard spheres. Equipping O(qug) with
coaction ¢y is equivalent to making it into a Z-graded algebra with grading determined
by deg(a) = k, deg(b) = [. At this stage we need to consider the possible signs for weights
k and l. It turns out that the fixed point subalgebra splits into two cases depending on
the signs of the weights k£ and /. Each case can be described by firstly putting £ > 0 and

[ > 0 and secondly k£ > 0 and I < 0. We write these spaces as,
O(S2,(k, 1%)) i= O(S3,5)°V D) = {z € O(S3 ) : Siu(z) =z @1},

where the + sign indicates positive values for | and the negative sign corresponds to
negative values of [. Before we describe these algebras in detail, we first need some tools
for calculation purposes. The following lemma can be proven by induction.

Lemma 5.1.1. For allm,n € N,

*m—n n 1 _ iA >
a*man — a N Hz:l.( P ), m-n (543)
[I-,1-p'A)a™, m<n.

m_*n __ a™™™ H?:l(l - p_i+1A)ﬂ m2n (5 4b)
aa = l—[m (1 _ —i+1A) m—m < )
1 p a y m=n,

i=

and similarly with a replaced by b (and hence A by B) and p by q.
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With these at hand we can describe the coordinate algebras of quantum weighted
Heegaard spheres by generators and relations.

Theorem 5.1.2. The algebra O(SZ (k,1%)) is the subalgebra of O(S3,) generated by
A=1-aa*, B=1-0bb* and C; = a'b** satifying the relations

A*=A, B*=B, AB=BA=0, AC,=p'C,A, BC,=q¢*C.,B, (5.5)

c*c+_HH1— 1-¢~*B), C,Ct= HH P A)(1 - ¢'B), (5.6a)

=1 j=1 i=1 j=1
alternatively, since AB = 0, we can express (5.6a) as

! k ! k
cicy=[Ja-rFA)+][a-¢*B) -1, cicp=]]a-p"A)+]]0-¢B)-1
=1 j=1 i=1 j=1
(5.6b)
O(S2,(k,17)) is the subalgebra of O(S3,) generated by A=1—aa*, B =1—bb* and
C_ = a*Mlb** | satifying the relations

A*=A, B*=B, AB=BA=0, AC.=p'C_A, BC_=q*C_B, (5.7

Ik Il &

c:c.=[[IJa-r"aa-¢*B), c.ct=]][]0-rA)01-¢B), (58)

i=1 j=1 =1 j=1
alternatively, since AB = 0, we can express (5.8a) as
I k . i , k .
creo=[Ja-ra+[[a-¢*B)-1, c.cr=[]a-rFA)+]]a-¢B)-1
i=1 =1 i=1 j=1
(5.8b)

Proof.  The first stage is to identify the fixed point subalgebra with respect to the

given coaction. A basis for O(S3,) is given by AFa#b” for k > 0, 4,v € Z and B*atb” for
k> 0,u,v € Z, where, for u,v < 0, a* = a** and ¥ = b**l is a convenient notation; see
[1]. First note that powers of A and B are automatically fixed by the weighted coaction

¢k,l- Next,
Pr(abb”) = b’ @ uFF Y = ¢*b* ® 1 = ku+ v = 0 (the coinvariance condition).

This means that basis elements of the form a#b” are fixed under the coaction provided
ku = —lv, which in turn means that k|(—Iv). On the other hand k& and ! are coprime so
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in fact k|(—v) or ak = —v for some o € Z. Substituting this back into the coinvariance
condition gives ku = l(ak), i.e. p = lo and v = —ka. So,
abb’ = alab—ka — (al)a(b*k)a ~ (alb*k)a’

concluding that a!b** is a generator from the set of coinvariant elements. This gives
the full description of O(SZ (k,I*)) as the subalgebra of O(S3,) generated by A, B
and C; = a'b*. Similarly, when [ is negative O(SZ (k,17)) is generated by A, B and
C_ =a* lb*k

Next we determine the relations between the generators for both algebras O(SZ, (k, I*)),

considering the positive case first. Equations (5.2) immediately imply that A* A,
B*=B, AB=0, AC, =p'C, A, and BC, = ¢ *C, B. By Lemma 5.1.1,

C+C_T_ — (alb*k)(bka*l) _ ( *l) b*kblc HH(]' —lA 1— JB)

i=1 j=1

and
&

C*C+ (a b*k) ( lb*k) (a*l l bkb*k HH(]‘ __p 1 _ qJ ch)
i=1 j=1
The relations for the negative case are proven by similar arguments. O

5.1.2 Representations of O(S3, (k,1*))

Bounded irreducible *-representations of coordinate algebras O(SZ, (k, I*) are derived and
classified by standard methods applicable to all algebras of this kind; see for example the
proofs of [26, Theorem 2.1] or [5, Proposition 2.2].

Proposition 5.1.3. Up to unitary equz"ualence, the following is the list of all bounded
irreducible x-representations of O(S2,(k,1*)). For allm € N, let B, = I*(N) be a
separable Hilbert space with orthonormal basis e' for p € N. For s = 0,1, ..., 7| — 1
t=0,..,k-1, the representations w} : O(SZ (k, l+)) — End (T,), 77 : O(S2,(k, 1)) =
End (Qlt) and w;t . O(S2%,(k,17)) = End(9,) and 7% : O(S2,(k,1”)) — End (,) are
given by
1
¥ (A)el = prlittses 7E(B)ed = 0, 7 (Cy)el = H(l pe)2es L (5.9a)
i=1
i |
,/Ts—l(c__)e: — H(l _ pz+(n—l)|l|+s)1/2e.:z_l, (5.9b)

i=1
k
w2 (A)el, =0, m(B)eh = g*eh, mP(Cu)el, = [[(1 - T2 L (5.9¢)
j=1

Furthermore, there are one-dimensional representations in each case given by A, B
0,Cyx — X where X € C such that |\| = 1, which we denote by .
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5.1.3 Quantum Heegaard spaces as generalised Weyl algebras

We now turn our attention to generalised Weyl algebras; see Definition 3.4.1, in relation
to quantum Heegaard spaces.

Proposition 5.1.4. The algebras of coordinate functions O(SZ (k,1*)) are degree one
generalised Weyl algebras.

Proof. Set D = C[A, B]/(AB, BA). In the positive case O(S2 (k,l)), X* = C
and X~ = C,, the automorphism o, of D and the defining element a are

k
or(A)=p'4,  ou(B)=¢*B, a=][[J0-p"A)1-¢B)

i=1 j=1

In the negative case O(S2 (k,17)), X* = C_ and X~ = C*, the automorphism o of
D and the defining element a are

Ik
o(A)=p"4,  o(B)=¢"B, a=]][Ja-p"A)1-¢"B).
i=1 j=1

That these satisfy all the axioms of a degree one generalised Weyl algebra can be checked
by routine calculations. O

In Section 3.4 we have shown that the coordinate algebra O(WP,(k,[)) of quantum
weighted projective spaces is a degree one generalised Weyl algebra, and then used [3,
Theorem 1.6] to show the global dimension of O(WP,(k,!)) is finite if ¥ = 1 and is
infinite otherwise. Unfortunately, the hypothesis of [3, Theorem 1.6] fails in the quantum
Heegaard case since the basic ring D contains zero divisors. On the other hand, one
should not expect the global dimension of O(S2 (k,*)) to be finite: on the classical level
the relation AB = 0 implies that there is a singularity at the origin, which persists in the
quantum case.

5.2 Quantum weighted Heegaard spheres and quan-
tum principal bundles

We aim to construct O(U(1))-principal comodule algebras with coinvariant subalgebra
O(SZ,(k, I*)). These can be understood geometrically as coordinate algebras of principal
circle bundles over the quantum weighted Heegaard sphere. We follow the general strategy
(employed previously in [5] and [6]) of defining a cyclic group algebra coaction on O(S3.4)

P
where the space of coinvariant elements with respect to this coaction forms the total space.

5.2.1 Circle bundles over O(SZ (k,I*)) d

Since the fixed point algebra of (O(S3 ), ¢x.), for positive [, is generated by C = a'b**,
A and B, we need to define a comodule structure on O(S3 ) over the cyclic group algebra
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O(Z,,) that keeps these generators in the invariant part. In terms of the Z,,-grading this

means
deg(a'b*™*) = | deg(a) — k deg(b) = 0 mod m.

This equation is satisfied by setting deg(a) = k, deg(b) = | and m = kl. The grading is
equivalent to a coaction Ay : O(S54) = O(S3 ) ®O(Zy,) given by a - a®uF, b — b,
which is extended in the usual way to make Ay, an algebra map and hence (O(S3,), Ax,)
a comodule algebra. The fixed point subalgebra, is generated by z = al,y = b*,2 = A, w =
B. This can be seen by taking a basis element and applying A;: A*a*b” is coinvariant if
and only if ku + lv = 0 mod kl, hence u = l¢ and v = k6, for some ¢, € Z. This means
that A*a#b” = A*(a!)?(b*)? so o', b* and A are generators. By considering the other basis
element the final generator B is identified. The resulting algebra Ag; = O(S3,)®C®*) is

the quotient of Clw, z,y, z] by the relations

Ty = e27ri9kly:r, x*y — e—Zwinlyx*, (5.10&)
! ! k k
It = H(l _ pz—lz), *r = H(l —p’z), yy* — H(l _ q"kw), y*y — H(l _ qzw)’
i=1 i=1 i=1 i=1
(5.10b)
=z w=w wz=20=0, Tw=wz, yz=zy, Yyw=q ‘wy, Tz=p 2z
(5.10¢)

The circle group algebra coacts on Ay, by
Pk Arg — Aky ® O(U(1)), wHhw®l, z— U, Yy yQu, 2 281,

making (A, pr;1) & O(U(1))-comodule algebra. The fixed points of this comodule algebra
are generated by o = w, f = 2, v = zy*, and thus are isomorphic to O(SZ (k,l*)) via
the map a— B, — A,y — C,.

Theorem 5.2.1. (Ak, pr:) s a principal O(U(1))-comodule algebra over O(SZ,(k,1*)).

Proof. 'To prove principality we construct a strong connection for Ay ; see Proposition
2.4.15. A strong connection is defined by setting w(1) = 1 ® 1 and then recursively for
n €N,

w(u™) = z*w" Dz + f(2)y*w™ )y, (5.11a)

wu™) = zw(u ™ MNz* + fp7 2)yw(u ")y, (5.11b)

where f(z) =1 - Hi=1(1 — p'z). That this defined w satisfies the conditions of a strong
connection is proven by induction.

Condition (2.15b): Note that, since y*y is a polynomial in w with constant term 1,
2w = 0 and f(2) has the zero constant term, f(z)y*y = f(z). Hence, in the case n =1,

(ow)(uw) =z'z+ f(2)y'y =’z +1-[[(1-p'2) =1,

i=1
by (5.10b). Now assume that (u o w)(u") = 1 and consider
(wow)(™!) =z*(pow(™))z + f(2)y" (ow(u™))y = 2"z + f(2)y'y = 1,
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where the second equality is the inductive assumption. The proof for negative powers of
u is essentially the same, so the details are omitted.
Condition (2.15¢): Consider w for positive powers of u; putting n = 1 gives,
((id ® prg) o w)(u) = (id ® pry)(z* ® z + f(2)y" ® Y)
=2"®zQu+ f(2)y" Yy u=wu) u.
This is the basis for the inductive proof. Now assume that
((id ® prg) o w) (") = ((w ®id) 0 A)(u") = w(u") @ u”,

and consider
((id ® prs) ow) (™) = (id ® pp)(z*w(u™)z + f(2)y"w(u"™)y)

— I*w(un)z ® un+l + f(z)y*w(u")y ® un+1 — w(un+1) ® un+1,
where the second equality follows from the induction hypothesis and p;; being an algebra
map. The proof for w taking negative powers of u follows a similar argument.

Condition (2.15d): As in the previous conditions, the proofs for positive and negative

powers of u are similar, hence only the positive case is displayed. Note that here we need
to show that

(W ®1id) o (pks ® id) ow)(u™) = (S ®w) 0 A)(u") = u™ @ w(u"), (5.12)

for all n. The case n = 1 follows by the same argument as in the preceding proof. Assume
that equation (5.12) is true for an n € N, and consider

(@ ®id) o (prs ®1d) 0 w)(u™!) = ((T @ 1id) o (pxs ® id))(z*w(u™)z + f(2)y W (u™)y)
— g "1 ® r*w(u™)z + vl ® f(z)y*w(un)y = o~ (n+1) ®w(un+l),
where the second equality follows from the induction hypothesis and pi; being an algebra
map. This completes the proof of (2.15d) for positive powers of w.

Since (Ag;, pk;) is a comodule algebra admitting a strong connection it is principal;
see [19], [11]. O

Proposition 5.2.2. The principal O(U(1))-comodule algebra Ay, is not cleft.

Proof. Since Ay; € O(S5,) and, by [23, Theorem 1.10], the only invertible elements
in O(quo) are multiples of 1, the only invertible elements in Ay, are also the multiples of
1. The convolution invertible map j : O(U(1)) — A, must take the form j(u) = a1 for
some o € C*. However this violates the right O(U(1))-colinearity of j. O

5.2.2 Circle bundles over O(S (k,17))

Following the process in the case [ positive, a suitable coaction ®@x; : O(S5,) = O(S3,4)®
O(Zyy) is arrived at as given by a — a ® u*,b — b ® u!. The fixed point subalgebra is
generated by = = all,y = b*, 2 = A,w = B. This coincides with the algebra Ax _;, hence
positive and negative values of [ give rise to the same total space of the quantum principal
bundle. The principal coaction of O(U(1)) on Ay, _; that fixes O(SZ (k,17)) is defined by
T IQRQU, Yy~ yYRu,z—2zQlandw— w® 1.
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5.3 Fredholm modules and the Chern-Connes pairing
for O(SZ,(k,1%))

In this section first we associate even Fredholm modules to the algebras O(S] ;) and use
them to construct traces or cyclic cycles on O (qug). The latter are then used to calculate
the Chern number of a non-commutative line bundle associated to the quantum principal
bundle Ay over the quantum weighted Heegaard spaces O(S7 (k, *)).

5.3.1 Fredholm modules

Representations for Fredholm modules are constructed from irreducible representations
of O(SZ,(k,1*)) listed in Proposition 5.1.3. In the positive [ case we take a cue from
[25] and, for every s =0,1,2,...,l—-1,t=0,1,2,...,k — 1, consider the representation
s Obtained as a direct sum of representations 7! and n?. The Hilbert space of this
representation is denoted by ,; and we choose its orthonormal basis f5!, m € Z as
follows. For m positive the f%! correspond to the basis elements e?, of the representation
space of !, and for negative m, the f&! correspond to the et ,,_; of the Hilbert space of
72. In addition to m,; we also consider the integral of one-dimensional representaticns,
Te = [yes1 Ty dX. The representation space of 7. can be identified with U, so that

mo(A) = mo(B) =0, mo(CY)ft = faliw me(CIVE = frilps (5.13)

forallm e Z, p e N.
Proposition 5.3.1. Foralls=0,1,2,...,|l|-1,¢=0,1,2,..., k=1, (V1 ®Vs 4, Ts s :=

Tst ® Tey F,7y), where
0 I I 0
F—<I 0)’ 7’(0 —I)’

is a 1-summable Fredholm module over O(S2 (k,It)), while (U, & By, 7;, = 7' &
72, F,v) is a 1-summable Fredholm module over O(S2,(k,11)).
The corresponding Chern characters are

As At

ifu=20, \#0, fu=0, A\#0,
oy = (T TE=0AZ0 oy < (T TR0 07
otherwise, 0 otherwise.
(5.4)
Here p € Z and, for a positive u, Ci* means C3*.

Proof. 1t is obvious that F* = F, F? =% =] and Fy+~F = 0. We first deal with
the positive / case. By a straightforward calculation, for all x € O(SZ,(k,17)),

We show that m,:(z) — m.(z) is trace class for z in the basis {A*C% : A € N,u € Z} U
{B*C% : A € N,u € Z}. Using the formulae in Proposition 5.1.3 one easily finds, for all
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A\ €N,
p(m+m)i+s) Hii e pietmi)i/2 f;{i . m>0,
Tet(ANCH) fl = 4 0 m=—1,..,—p (5.158)
Sno TIE, (1 = g=imeiembseyi/zgat
and
0 m=0,1,..,u—1,
Ws,t(ci”A)‘)f.;{t — p/\(ml+s) Hiil(l _ pi+s+(m—u)l)1/2f:l,t_“ m > u, (5.15b)
Gao [1i (1 — gi=(mHnkstyl/2 got m < 0.

Set Xy, = w4 (AMCY) — m(A*CY). Using (5.13) we find

1— [T, (1 = prretm)z fot m > 0,
(X+3’#X8:“)%f;{t =40 m = —,Ll,,...,—].
1— I‘[z 1(1 _ qi+t—(m+u)l)1/2f7.:~l,t m < —p.

We need to estimate the two infinite series. For the first series, note that all factors in
the product are less than one, hence

lp
1— H z+s+ml % <1-— H(l _ pi+s+ml)
i=1
= p"™ Pu(p) + p**™ Pty (p) + o + 2™ Py (),

where each P, is a fixed polynomial of degree 7 independent of »n. Now summing over
m > 0, each term is a geometric series, hence the series converge:s. Similarly for m < 0,
using an analogous identity, we find that the sums are convergemt for all u, so X(]': . are
trace-class operators.

Suppose A # 0, then since 7.(A) = 0 we arrive at,

l .
pz\((m+p)l+s) H1i1(1 _ pz+s+ml)1/2f;it m > W,

LX) = {o men (5.16)
Hence,
i (X5, X3 §pot pory — Zp (m+p)i+s) H pitmiyL/2
m=0
< Zp,\((m+u)z+s) _ % < oo,

m=0
the inequality following since the product is less than one. This implies that (m,; —
m)(ANCE) are trace-class operators, for all values of X and . By defining X, = (7, —
m.)(B*C%), in an analogous way it can be shown (m,; — 7,)(B*(C%) are also trace class
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operators; hence we have shown that (Us: ® Uy, sy, F,y) is a 1-summable Fredholm
module over O(SZ (k,I)).
For the negative [ case, using Proposition 5.1.3 we arrive at

S ul
,n_s—l(Az\)e.:n — p)\(mll|+s)efn’ ﬂ.s—l(B)efn =0, ﬂ_s—l(cg)efn — H(l _ pi+s+(m—p)[l|)1/2e;sn_w
i=1

kp
2 (A)eh, =0, w72 (BNeh, = e, i (Cl)el, = [[(1 — g+t R
i=1
With these at hand it is straightforward to check that the operators X, := m; ' (A*C¥) —
m 2 (ANCH), X5, = n;7Y(B*CY) — m;2(BC%), the only non-zero entries of the comnu-
tator of F with 7, evaluated at the basis elements of O(S} (k,17)), are trace class.
Finally, we can calculate the Chern characters on the basis elements of O(SZ(k, [*))
using 75(z) = Tr (y#5,(z)). First, for A # 0,

o0 As
_ m p
Tl APCE) = Tr (YF(AMCE) = Tr (X3,) = 80 D P = 8075

m=0

where we noted that if u # 0, then all diagonal entries of X f\t’“ are zero. Similarly, by
considering the traces of X’f\t’u we find that T:’:t(B'\Ci) = 5;1,01‘3%1& for A\#£0. O

5.3.2 The Chern-Connes pairing

The Chern characters associated to line bundles over the comodule A, ; with coaction
are calculated.

Theorem 5.3.2. For all s = 0,1,...,1 -1, ¢t = 0,1,...,k — 1, let 7\, be the cyilic
cocycle on O(S2 (k,1T)) constructed in Proposition 5.8.1. Let E[n] be the idempotent
determined by w(u™) in (5.11). Then 7,5(Tr E[n]) = —n. Consequently, for n # 0, the
left O(S2,(k, 1*))-modules L[n] corresponding to E[n] are not free.

Proof. = We prove the theorem for the positive values of n. The negative n case
is proven in a similar way. Define f(z) = 1 — [J._,(1 — p'z) and note that, for all
s=0,1,...,1-1, fip ) =1

Lemma 5.3.3. For positive n,

wu") =Y wE Mz @ zw ) + Y w@ ) f(2)y @ yw(w P (5.18)

Proof. 'This is proven by induction. For n = 1, this is simply equation (5.11a) with
n = 1. Assume that equation (5.18) is true for any r < n. Then, using (5.11a) and she
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inductive assumption, we can compute

w") = rwE™)r+ f2)ytw™)y
= Z rrw HY z* @ zwu )Pz

+ 3 2w S 2y ® gl e
n i £y w1, &@_"Ew(un—l)[z]iy
+ Z F@y w I f(2)y* @ yw(u™ )Py
- Zw MU2* ® rw(u™)?; +Ew ™ML £ (2)y* @ yw(u™)?;,

where we indicated grouping of terms over which the definition (5.11a) of the strong
connection w is applied. O

Lemma 5.3.4. For all positive n, Tr E[n] = g,(2) is a polynomial in z independent of w

such that
gnr1(2) = (1= f (p7'2)) gn (p7'2) + £(2)9n(2). (5.19)
Proof. By (5.18) and the definition of the idempotents E[n],

Tl = 3wl 3l o)
— Tr Efn— 1)z +yTr Efn — 1]f(2)y"
In particular, since Tr E[0] = 1,
Tr B[] = z2* + yf(2)y* = 22" + 35" f(2) =1 = f (p7'2) + f(2), (5.20)

where we used (5.10) (expressed in terms of the polynomial f), in particular the fact that
z commutes with y, that yy* is a polynomial in w with constant term 1, wz = 0 and f
has the zero constant term. Therefore, Tr E[1] is a polynomial in z only (not in w), and
it satisfies (5.19) with go = 1.

Assume, inductively, that Tr E[n] = g,(2). Then, again extracting the same informa-
tion from (5.10) as before and, additionally, using the commutation rule between 2z and
z* we obtain,

gn1(z) = 29a(2)* + ygu(2)y* f(2) = z2*gn (p7'2) + ygn(2)y* f(2)
= (1= f(p7'2)) ga (p7'2) + f(2)gn(2),
as required. O

With Lemma 5.3.3 and Lemma 5.3.4 at hand we can complete the proof of Theo-
rem 5.3.2. Since z = A, the Chern number

chy, = TsJ,rt(Tr Eln]) = T:,-t(gn(z))’
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is obtained by evaluating the powers of z in polynomial expansion of g,(z) using formulae
(5.14). We will proceed by induction on n, but first write

! N
f(z) = Z c 2™, gn(2) = Z drz".
r=0

Note that f(0) = 0, hence in view of (5.20), go(0) = 1, and, consequently g,(0) = 1, by
(5.19). Therefore, dg = 1.
Apply (5.20) and (5.14) to calculate

chy = 75(g1(2)) =7, (1 —f (p_lz) + f(z))

l

!
m=1

m=1
The last equality follows from the observation that since s = 0,1,...,l — 1, one of the
factors in the product must vanish. Next, assume that ch, = —n, that is
N psr
PO (5.21)

Then, using (5.19)

I N . N
chnp1 = Z dp () = DY udrp T () 4 D 0N e dr it (27
r=0 m=1 r=0 m=1 r=0
N (s=Or l
_ n P l np -1 (m+r)s
= LB L L ot e
r= m=1 r=0
N (s— l)r N
_ n P 5— z (r—U)s
r=1 r=
N (s=)r
= Zd?(p —pt"” "“) =-n-1,
1 —pir
r=1

by inductive assumption (5.21). This completes the proof of the theorem. O

5.4 Continuous functions on the quantum weighted
Heegaard spheres

The C*-algebras C(S2,(k, I*)) of continuous functions on the quantum weighted Heegaard
spheres are defined as completions of the direct sum of representations classified in Propo-
sition 5.1.3. In this section we identify these algebras as pullbacks of the Toeplitz algebra
and calculate their K-groups, closely following the approach of [42] and[27] (see also [12]).
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We think about the Toeplitz algebra T concretely as the C*-algebra generated by an
unilateral shift U acting on a separable Hilbert space V with orthonormal basis e, by
Ue, = en+1 (V could be any of the spaces V; in Proposition 5.1.3). 7 can be thought of
as the algebra of continuous functions on the quantum unit disc, and the restriction of
these functions to the boundary circle S? yields the symbol map, o : T — C(S?), U = u,
where u is the unitary generator of C(S?). Given k € N, [ € Z, define

Tl = {(z1,...,2h) E T o(z) = ... =0(@m) =07 Hz1y1) = ... = 0 Hzpp)}
for positive | and
T = {(z1,. . 26t) € T 0(21) = ... = o(z81) },
for negative [. In this section we prove
Theorem 5.4.1. Forallk e N, l € Z,
C(S2 (k,1%)) = TH (5.22)
Consequently,
K1(C(SZ,(k,1%))) =0,  Ko(C(SZ(k,1*))) = ZFH, (5.23)
Proof. To see that (5.23) follows from (5.22), we observe the exact sequence

0—> K —=T —Z= C(S") — 0, (5.24)

that characterises the Toeplitz algebra in terms of compact operators on V, yields the
exact sequence

0 — KOk+I T C(S') —0. (5.25)

The sequence (5.25) gives rise to a six-term exact sequence of K-groups, which can be
studied precisely as in [12, Section 4.2] to aid the derivation of the K-groups as stated.
Let Jy, J5 denote the closed *-ideals of C(SZ (k, I*)) obtained by completing of
ideals J3, J5 of O(SZ,(k,1*)) generated by A and B, and let ¢ : C(SZ (k,I*)) —
C(SZ,(k,1%))/ (J£ @ JE) be the canonical surjection. The image of v is generated by
¥(Cy). In view of the relations (5.6a) and (5.8a), ¥(Cy) is a unitary operator, hence
C(S2,(k,1%))/(Jx ® J5) = C(S'). Applying 7', 7 to J; & Jj5, one finds that the
images contain only compact operators on the correspondling representation spaces U, U;.
On the other hand, these images contain all orthogonal projections onto one-dimensional
subspaces and all step-by-one operators with non-zero weights, hence their completions
contain all compact operators. In this way J3 @ J3 can be identified with the direct sum
KCE+I. Since the direct sum of all irreducible representations of a C*-algebra, is faithful,

-1

+1 +2 +
Do Do Bt

s=0 t Y

b
—

Il
=)
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are faithful representations of C(SZ (k,(*)). In the same way as in [42], 7y factor through

7l 12 hence also
-1 k-1
s Bt P
s=0 t=0

are faithful. It is clear that the images of 7% are contained in 7%+, On the other hand, by
inspecting formulae in Proposition 5.1.3 one easily finds that 71(C,) — U, n=}(C_) — U*,
7¥2(Cy) — U* are step-by-one operators with coefficients tending to zero. Therefore,
they are compact operators and thus are in the kernel of the symbol map. This implies
that the image of 7% is contained in 7%!. Summarizing the above discussion we obtain
commutative diagram with exact rows

0 — K&+l O(S2,(k, [¥)) —> C(S") —

T

0 — KO+ THd C(S') —0.

This implies the isomorphism (5.22). O
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Chapter 6

Covariant differential calculus on the
quantum teardrop space

It would be interesting to see whether there exists a covariant differential calculus, and if
so, whether there is a distinction between the k& parameter. We have seen that moving
from the classical to the quantum space we have effectively smoothed out the singularity
in the special case k = 1. It may be the case that only when k£ = 1 the elements invariant
under the coaction freely generate the module of one-forms; see Section 2.4.2. We describe
here the first steps in this direction.

The quantum teardrop spaces were constructed by taking the quantum three sphere
O(S3) and viewing this as a O(U(1))-comodule algebra using a weighted circle coaction
denoted px,. Since we have Woronowicz’s description of a first order calculus on O(S?)
there is scope to build a first order calculus on the teardrop spaces since O(WP,(k,{)) is
a subalgebra of O(S;;'). The process would involve restricting Woronowicz’s description
to the generators of O(WIP,(k,!)). It remains to be seen whether this process produces a
two-dimensional first order differential calculus on O(WP,(k,[)).

6.1 The first steps to finding a first order differential
calculus on O(WP,(k, 1))

Consider O(S?) as a right O(U(1))-comodule with weighted coaction px; : @ — o ®
uF, B — B ® u™! see Equation (3.2). We look to extend this coaction to the one-forms
Q1(O(S?)) in such as way that the exterior derivative is a right O(U(1))-comodule map,
meaning that the following diagram should commute,

O(S3) O(S2) ® O(U(1))
dl 1d®id
QYO(8Y) e QYO(83)) ® O(U(1)).

105
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Since moving clockwise we get
(d ® id)pr(a) = (awo — gBuwy) ® u”,
so it must be the case that
PP O d(a) = pPOCEN (auy — gBwy) = (awo — gBwy) ® uF.

Hence awg and Bw, have degree k, but since o has degree k, wy must have degree zero.
Similarly, since 8 has degree —[, w, must have degree k+[. In a same manner we require
w- to have degree —k — [. This gives the following description of the coaction on the
one-forms,

pTOED L QL0(57)) = QHO(S)) ® O(U(1))

given by
k+l i —k—1
wo wo®1, Wr P Wy Qu WowW_®u .

Proposition 6.1.1. Let B = O(WP(k,!)). Q(B) is a B-bimodule generated by

—_ + _ JI-1pk+1 + _ A k—-1g041
I'f = Bowy, I3 =a" " wy, Iy =710 wy,
0 __ lnk 0 kgl
[y = o' wo, I = "6 "wo,

with *-structure
Fi—* — _q21'\ii-’ F2—* — (_1)lc—1ql+2r:-3|-’ 1-\5* — qk(l—1)+11-w;-’ Fg* — (—1)k+1q2l—kF(1).

The relations are given are as follows:
On I'%:

al) = ¢ *T0a, o} =¢%Tla, LY =g *T0b,  bI9 =g **T.
OnIt:

al'} = ¢’T']a, al'y = ¢ 2" VT,  aT§ = Vg,

bl-\ik — qk+lrii—(1_a), bl-\;- — qle;b, Lt = ( ) (k—1) —ll-\+ 2kl k IH 2p 2a)).
p=1
Onl—:
olf =¢'T7e, ol =¢ “IT7e, ol =¢* T,
by = ¢*RTh, B0y = ¢ *T;b, b0 = (=1)%¢"*T5b.

Proof. Q'(B) must contain elements with zero grading since B contains all elements
in O(S3) which are invariant under the coaction pi;. To determine which zero-degree
elements generate Q'(B) we use the exterior derviative map on the generators of B.
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d(a) = d(8B*) = (dB)B" + B(dB*) = —q(dB)y — qBdy
= —q((—¢*Bwo + aw_)y + B(wo — gdw,.))
= ¢fywo — ayw- — gBfywo + ¢*Bdw,
= —ayw- + ¢*fdwy,

this gives generators ayw_ and Bdw,. Next d(b) = d(c!8*) = (dot)B* +a!(dB*), hence
we need simplified versions of (do!) and (dg¥).
(do!) = (da)o ™! + a(dat™)
= (da)o!™! + a(da)a!~? + o?(da'™?)
= (da)o! ™! + a(da)a! =% + o?(da)dt ™3 + ... + o/ 1d(a),

using the relation (da)a* = ¢7%(a**lwy — ga*Bw, ) for each non-negative integer k,

(dal) =q—2(l—1)(alw0 i qal—lﬂw+) + a(q‘z(l‘”(al”lwo _ qal_zﬂw+))+

l
o+ 72 2aowo — gBws) + ot M awo — gBwy) = D ¢ (olwo — go! T fw,J6.3)

n=1

=( (Otle - qa"lﬂw+)

where ¢; € C. Similarly, using the relations

(%) = (dB)B*™" + B(dB)B* ™ + ...+ B*71(dF),  (dF)F" = q"(af"w- — ¢"** ™ wp)
where n is a non-negative integer, we can deduce
(dB*) = dp(affw_ — "' B%wy),  dp €C. (6.4)
Combining equations (6.3) and (6.4),
d(b) = d(c'B*) = (da')B" + o' (dB*)
= ¢;(ctwo — gt Bwy ) B* + diat (afFw_ — ¢*H BFwy) (6.5)

= ci(q®a Brwy — ¢ o185 M, ) + di (g B Tw_ — ¢F 1ol BRuwy),

this means o/ 7! 1w, o!*1p*1w_ and o!B*w, are generators. By considering d(b*),
or alternatively by taking the x-conjugate on these generators, we arrive at the final
generators. The B-module structure is obtained using a = B38* and b = o/$* and the
relations 2.2, 2.3 and 2.8. O
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Chapter 7

Higher dimensional weighted
projective spaces

The aim of this section is to introduce higher dimensional quantum weighted projective
spaces and identify any areas of difficulty.

7.1 The three-dimensional quantum weighted pro-
jective space O(WP,(k,[,m))
In order to deal with the three dimensional quantum weighted projective space we are

required to work within (’)(S;;’). Using Definition 2.2.6 and relabelling the generators to
keep the notation consistent with the two dimensional case, we see (9(52) is generated by,

2y = q, 2] =0, 2y =7. (7.1)
These generators satisfy the following relations,

af = ¢Ba, ay=gqya,  By=q¥p, af* =qf*a, av* =qv'e, (7.2a)

By =gv'B, ya*=gqa*y, A =gqf%y,  Ba*=qa*P, (7.2b)
ac* =a*a+ (g2 - 1)(B8* +vY"), BB = BB+ (72 — 1)y, (7.2c)
Y ="y, aa” + B+ vy =1 (7.2d)

Now by setting lp = k, {; = ! and l; = m to be positive integers, the coaction pym, of
Clu, u*] on O(S}) takes the form,

ama®uf, B Rut, vy y@uT™, (7.3)
and O(WP,(k,1,m)) is defined as the incovariant subalgebra of O(S}).

Proposition 7.1.1. The algebra O(WP,(k,1,m)) is the x-subalgebra of O(S}) generated
by

BB*, Y, B, BT, amf, aMBMy, afMyM, oBy, (7.4)
for some \; € Ng.
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Proof. (O(S}) has a basis given by
altfiRpretyts QMBI gTRyty s each 4y, jn € No.
Applying the coaction pi;m to these we get the coinvariance conditions,
k(i) + U(—i2 + i3) + m(—iq4 + 15) =0, (7.5a)

k(—=71) + U(=Jj2 + J3) + m(—Jja + Js) = 0. (7.5b)

Case 1 Using ged(k,l) = 1. This implies that m = Ak + ul for some \,u € Z. Since
m, 1,k > 0, A, cannot both be negative. Re-scaling A, u using m = (A +vi)k + (u—vk)l,
v € Z, we can find X > 0 and ji < 0 such that m = Mk + jl. Substituting this into 7.5a
gives

k(iy — Nig + Nis) = Uiy — i3 + fiig — fiis). (7.6)
This implies k£ divides the right hand side hence it divides i, — i3 + fii4 — fii5 since k and
l and coprime, i.e.

kO =iy — i3 + flig — [ily => 1y = kO + i3 — [iiq — jii5, O € Z. (7.7)
Similarly, [ divides the left hand side of Equation 7.6, hence
10 = 41 — Nig + Mg == 51 = 10 — \ig — Mis. (7.8)
Substituting Equations 7.7 and 7.8 into basis element
ot fi2rsieys ~ (ol B4)°(BB%) % (o BFy) (a7 BRy)®, (7.9)
giving rise to generators i
opt, BB, ol
and their *-conjugates.

Case 2 Using ged(l,m) = 1. Following the same process we get the following list of
generators and their x-conjugates

BB, v BT, afy

for 0,¥ € Ny. Similarly in the third case; by considering ged(k,m) = 1 we get the
generators (and their x-conjugates)

o™y By, oy, BB
for {,w € Ng. O

As we can see moving from two-dimensional to three-dimensional quantum weighted
projective spaces we are required to deal with many more generators. This makes the
process for calculating the relations between generators quite long and not easy. In par-
ticular it becomes difficult to classify the representations of this space. One alternative
approach to understanding quantum weighted projective spaces in higher dimensions is
to consider them from a graph algebra point of view.




Chapter 8

Graph algebras

8.1 Graph C*-algebra approach

The overall aim associated to graph algebras is to represent a C*-algebra in terms of a
directed graph. A directed graph consists of collections of vertices and edges along with
two maps, called the range and source, which determine the starting and ending vertices
of each edge, hence describe the shape of the directed graph. Using the Gelfand-Naimark
theorem we see that every C*-algebra can be viewd as a collection of operators on some
Hilbert space. In terms of directed graphs, to each edge, say e, we associate a partial
isometry written S, and to each vertex v a projection written P,. Now the composition of
operators is dependent on the form of the directed graph. C*-algebras constructed in this
way are called graph algebras and have numerous benefits including giving a description
of ideal structures ([30] Section 1.3) and determining their K-theory ([30] Section 1.2).

8.1.1 The set-up and basic concepts

Definition 8.1.1. (Directed Graphs) A directed graph E = (E°, E', 1, s) consists of two
countable sets E°, E! and two maps r,s : E' — E°. The set E° consists of vertices and
E? consists of edges between these vertices. Each edge e has starting and finishing point
given by the maps r and s, s(e) being the source of e and r(e) being the range of e.

Definition 8.1.2. Given a directed graph E = (E°, E',r,s) then y = p...1u, is called a
path in E provided r(u;) = s(pis1) for i =1,...,n — 1. We say y is a path of length n and
write |p| = n. We also write E™ of the paths of length n and E* = U2 E",

It is convenient to write 7r and sg when dealing with more than one directed graph
to avoid confusion. We call vertices which do not receive an edge a source and vertices
which do not emit an edge a sink. A row-finite graph is a directed graph in which all
vertices receive finitely many edges.

Convention: the convention used when describing graph algebras is of paramount
importance. There are two main approaches to describing graph algebras, each with there
own advantages and disadvantages, each approach varying between authors; see [38], [30].
We use the convention that partial isometries S, move in the opposite direction to the
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edge (as in [30]), hence S¥ moves along the directed edge. Consequently, we compose
operators in the graph algebra in the usual way from right to left.

Definition 8.1.3. (Cuntz-Krieger E-family) Let E be a row-finite graph and # a Hilbert
Space. A Cuntz-Krieger E-family {S, P} on H consists of a set {P, : v € E°} of mutually
orthogonal projections and a set {S. : e € E'} of partial isometries on H, such that

S;Se = Py forall e € E': and (8.1)
P, = Z SeS, whenever v is not a sink. (8.2)
e€El:s(e)=v

Given a directed graph E then the corresponding algebra, i.e. the Cuntz-Krieger E-
family, is known as the graph algebra associated to E. Graph algebra are C*-algebra
and are written as C*(E) or C*({Se, P,}). The next proposition tells us how to multiply
operators in a graph algebra.

Proposition 8.1.4. Suppose E = (E°, E',r,s) is a row finite graph and C*({S., P,}) a
graph algebra associated to E, then for e, f € E'

{S.S!: e € E'} are mutually orthogonal projections; (8.3a)
SiSf#£0=e# f; (8.3b)

SeS; #0=>r(e) =s(f), soef is a path; and (8.3c)
SeSt # 0= r(e) = r(f). (8.3d)

Proof. Part (8.3a), operators of the form S.S? are projections since
(SeS2)? = Se(S2Se)St = SePre)St = SeSk = (SeS2)",
using (8.1) and the * property for operators. And mutually orthogonal since,
(SeSe)(5557) = (8eS; Pu(e))(Po(n)S5S5) =0, if s(e) # s(f),

since projections Py and Pyy) are mutually orthogonal in C*(E). If s(e) = s(f) =v €
EY, then using Equation 8.2, P, is the sum of S,S%, S 1S} and other projections. It follows
SeSg and S;S} are mutually orthogonal since a projection written as a sum of projections
must contain mutually orthogonal terms. Part (8.3b), using the partial isometry relation
S = §5*S and part (8.3a), for e # f we see that S;S; = S;(S.S;)(SS;)Sy = 0. Part
(8.3¢c) follows since S¢Sy = (SePr(e))(Ps(f)Ss) = 0 whenever r(e) # s(f). And similarly
for part (8.3d), SeSt = (SePr(e))(Pr()S}) = 0 whenever r(e) # r(f). D

To a path g = py...u, € E™ C E* we associate an operator in C*(E) as S, :=
S Suz---Sy, and S, := P, for v € E% Now S, is a partial isometry. Calculating the
initial projection:

S;Su = (S;,,---S;g)(S;lsm)(suz-“sun) = (S*n“'SZz)(Suz“'Sun)’

since S}, Sy, = Pru) = Psup) and Pis(uy)Su, = Sy, Repeating this process we get
538, = Pr(u). Furthermore, Py(,)S,S), = S,.S),, hence the final projection is a subspace of
PyyH. Given this description we can describe a graph algebra of a row-finite graph £ as

C*(E) =span{S,S, : u,v € E*,r(p) =r(v)}. (8.4)
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8.1.2 Examples of graph algebras

Next we calculate graph algebras of basic directed graphs to illistrate the concepts dis-
cussed above.

Example 8.1.5. Take the graph with one vertex v, and one edge e which is a loop at v.

The graph algebra is generated by partial isometry S, and projection P,. The Cuntz-
Krieger relations state S}S. = P, and S.S; = P,, and since there is only one vertex
P, = I (the identity), hence S.S¥ = S*S. = I. The graph algebra is generated by a
unitary operator S, hence C*(E) = C(U(1)).

Example 8.1.6. Consider the directed graph with two vertices v; and v,, adjointed by
one edge e.

[ ] [ ]
(1 (]

The graph algebra is generated by partial isometry S., and mutually orthogonal pro-
jections P,, and P,,. The Cuntz-Kriger relations state that S;S. = P,, and S.S} = P,,.
Since P,, and FP,, are mutually orthogonal projections we also require P,, + P,, = I.

We can try putting P,, = (§8) and P,, = ($9) in M,(C) then the mutually orthog-
onality condition is obviously satisfied. Now putting S. = (J{), hence S} = (99), the
Cuntz-Krieger relations are easily verified; SiS. = (99) (83) = P,, and S.S¥ = (J}

08) = P,,. Hence the graph algebra is generated by the two-by-two unit matrices and
hence corresponds to the algebra M;(C).

Example 8.1.7. Consider the directed graph E with vertices E° = {vy,...,v,}, edges
E' = {ey,...,en—1} and range and source functions given by s(e;) = v; and r(e;) = v
fori=1,...,n-1,

Extending the principle used in Example 8.1.6 we find the graph algebra is given by
C*(E) = M,(C).



114 CHAPTER 8. GRAPH ALGEBRAS

Example 8.1.8. Consider the directed graph E given by,

Ug
L]

[ ] > @
%1 g U3

Suppose p,v € E*, then using the algebraic properties of partial isometries 5,5} =
SuPr)S,;. Now unless r(p) = vz we can apply the Cuntz-Krieger at r(u), and repeat
until the path ends at a sink, in this case at v3. Hence,

Py = SeS; + S¢Sy = SeP, S; + 545,
= S.(S¢5})S; + 5,5, (8.5)
= Sey Sy + 545,
the other second Cuntz-Krieger relation is P,, = SyS%, note that the edge f ends at vs,
and the first Cuntz-Krieger relations are P,, = S!S, P,, = S’;Sf and P, = S;Sg. Now
using Equation (8.4) the graph algebra can be expressed as
C*(E) =span{S,S, : p,v € E*, r(n) = r(v) = vs}
= span{S,S; : u,v € {vs, f,9,ef}}.

Since vs is a sink, two paths p,v € E* such that r(u) = r(v) = v3 cannot satisfy v = uv/
unless i = v. Hence,

(8.6)

(5,52)(5a53) = {S“SE o=v (8.7)

0 otherwise.

Thus {S,S; : p,v € {vs, f,g,ef}} is a set of matrix units which spans C*(E) and hence
is isomorphic to My(C).

Example 8.1.9. Suppose FE is a finite directed graph with no cycles, and wy, ..., wy are
sinks in E. Then for every Cuntz-Krieger E-family {S, P} in which P, is non-zero we
have

k
C*(S,P) = @Mv—l(wm(‘c), (8.8)
where r~!(w;) = {u € E* : r(p) = wi}.

8.2 Quantum spheres as graph algebras

Recall from Definition 2.2.6 the definition of odd dimensional quantum spheres on the
algebraic level. As discussed in [31], on the C*-algebra level the space C(S?) of continuous
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functions on the quantum 3-sphere is generated by «, § such that
ofa+ =1, aa* + @B B =1, (8.9a)

of =qBa, of*=qB'a, [P =pBB" (8.9b)

Furthermore, C(S3) are isomorphic as C*-algebras for ¢ € [0,1). This C*-algebra can be
described as a graph algebra where the underlying graph is typically denoted Lj given by

€1,1 €2,2

U1 €1,2 (%)

The graph algebra C*(Ls) is the universal C*-algebra generated by projections P,,,
P,, and partial isometries S, ;, S, , and S, ,, subject to the following relations

Py =80 [ Sers = Se119e,, + Sei25e,, (8.10a)
= 8:1 25812 = S:g 25622 562 25222 (810b)
Proposition 8.2.1. The C*-algebra isomorphism ¢ : C(S3) — C*(Ls), for ¢ € (0,1), is
gwen by
Q= Z 1 - q n+l) - \/1 - qzn)(Sel,l + Sel,2)n+l (S:“ + S«:l 2) ) (811&)
n=0
ﬁHZq (Ser + Sers)"Seas (S, , + 520" (8.11b)
n=0

and for ¢ =0,

> Sepy + Sep s B Se, s (8.12)

In fact for any n = 1,2, ... the C*-algebra C(S2"~!) is isomorphic with C*(L2n_1). The
graph Lj,_1 has n vertices labelled vy, ..., v, and n(n +1)/2 edges labelled | J;_,{e;; : j =
i, ...,n} with s(e;;) = v; and r(e;;) = v;. Also, even dimensional quantum spheres are
graph algebras too; see [31].

8.3 Quantum lens spaces as graph algebras

Recall from Definition 3.3.2 we defined quantum lens spaces on the algebraic level O(L,4(; 1,1))

as the fixed point space of the quantum 3-sphere O(S?) under the O(Z;)-coaction g. On
the C*-algebra level, quantum lens spaces are defined as follows.
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Definition 8.3.1. Fix an integer p > 2, let m,, ..., m,, be n integers relatively prime to p
and set = e2™/P, The map

A:C(S ) =5 C(SY), oz 0™y, (8.13)

for i = 1,...,n is an automorphism of order p. For g € (0,1) we define the C*- algebra
C(Lq(p; m1, ..., my)) of continuous functions on the quantum lens space as the fixed point
algebra corresponding to A,

C(Lqg(psma, ...y ma)) = C(S2 1A, (8.14)

Since we have an interpretation of C’(Sg"‘l) as a graph algebra, it is possible to
translate our understanding of C(L,(p; m1, ..., my)) in terms on graph algebra theory. Let
f:C(S271) - C*(Lan—1) be the C*-algebra isomorphism and consider the map

A=fAf7:C*(Lan1) = C*(Lon-1),  A(Py) =Py, A(Se,) =0™S.,,
for 4,5 € {1,...,n}, this implies that
C(LQ(pv mly'“amn)) = C*(L2n—1)A- (815)

In [30], Hong and Szymariski showed that C(L,(p;my,...,m,)) is a graph algebra and
when on to determine the underlying directed graph.

8.4 Quantum weighted projective spaces as possible
graph algebras

The ideas here do not seem too different to those in the previous section. On the C*-
algebra level we can view C(WP,(ly, ..., I)) as the fixed point subspace of C(S2"*') under

the action _
£:U(1) x C(S2*1) — C(S2, zi > bz,

forue U(1) and i =0, 1, ..., n, which means
C(WP,(lp, ..., In)) = C(SZ*HE, (8.16)
Now by considering the map
£=9667": C*(Lant) = C*(Lans1),  A(RW) =Py A(S.;) =u'S.,,,
for i,5 € {0,1,...,n}, we find that
C(WPy(lo, ..., 1n)) = C*(Lant1)%, (8.17)

giving us a description of higher dimensional quantum weighted projective spaces.
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