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Abstract

In this work, we aim to study some fine properties for functional stochastic differ-
ential equation. The results consist of five main parts. In the second chapter, by
constructing successful couplings, the derivative formula, gradient estimates and
Harnack inequalities are established for the semigroup associated with a class of
degenerate functional stochastic differential equations. In the third chapter, by
using Malliavin calculus, explicit derivative formulae are established for a class
of semi-linear functional stochastic partial differential equations with additive or
multiplicative noise. As applications, gradient estimates and Harnack inequal-
ities are derived for the semigroup of the associated segment process. In the
forth chapter, we apply the weak convergence approach to establish a large de-
viation principle for a class of neutral functional stochastic differential equations
with jumps. In particular, we discuss the large deviation principle for neutral
stochastic differential delay equations which allow the coefficients to be highly
nonlinear with respect to the delay argument. In the fifth chapter, we discuss the
convergence of Euler-Maruyama scheme for a class of neutral stochastic partial
differential equations driven by a-stable processes, where the numerical scheme
is based on spatial discretization and time discretization. In the last chapter,
we discuss (i) the existence and uniqueness of the stationary distribution of ex-
plicit Euler-Maruyama scheme both in time and in space for a class of stochastic
partial differential equations whenever the stepsize is sufficiently small, and (ii)
show that the stationary distribution of the Euler-Maruyama scheme converges

weakly to the counterpart of the stochastic partial differential equation.

Keywords: functional stochastic partial differential equation, derivative for-
mula, Harnack inequality, gradient estimate, large deviation, a-stable process,

numerical analysis, stationary distribution, limit distribution.
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Chapter 1

Introduction

A stochastic differential equation (SDE), developed in the framework of It&’s
[45, 46], is a differential equation in which one or more of the terms is a stochastic
process, resulting in a solution which is itself a stochastic process. The theory of
stochastic differential equations (SDEs), which play an important role in many
branches of science and industry, is one of the most beautiful and fruitful areas in
the theory of stochastic processes. There are several excellent books on SDEs,
e.g., Ikeda and Watanabe [44], Mao [55], Mao and Yuan [56], Jksendal [61],
Protter {70], and Yin and Zhu [98].

In many applications, one assumes that the system under consideration is
governed by a principle of causality; that is, the future state of the system is
independent of the past states and is determined solely by the present. However,
under closer scrutiny, it becomes apparent that the principle of causality is often
only a first approximation to the true situation and that a more realistic model
would include some of the past states of the system. Functional differential
equations give a mathematical formulation for such system, e.g., Hale and Lunel
[37] and Mao [55, Chapter 5]. Examples of such application domains include
biochemical reactions in gene regulation, where lengthy transcription and trans-
lation operations have been modeled with delayed dynamics, e.g., [1, 10, 58],
neuronal models, where the spatial distribution of neurons can result in delayed
dynamics, epidemiological models, where incubation periods result in delayed

transmission of disease, e.g., [11], packet level models of Internet rate control,



where the finiteness of transmission times leads to delay in receipt of congestion
signals or prices, e.g., 64, 82]. The study of functional SDEs is also motivated
by the fact that when one wants to model some evolution phenomena arising
in physics, biology and engineering, etc., some hereditary characteristics such
as after-effect, time-lag and time-delay can appear in the variables. For more
details on functional SDEs, we refer to the monographs, e.g., Mao [55] and Mo-
hammed [59]. Moreover, stochastic equations, which not only depend on the
past and the present values but also involve derivatives with delays as well as
the function itself, have also been applied to model some evolution phenomena
arising in physics, biology and engineering. Such equations historically have
been referred to as neutral functional SDEs, or neutral stochastic differential
delay equations (SDDEs), e.g., [55, Chapter 6].

Moreover, from 1960s, there is also enormous research activity on Stochas-
tic Partial Differential Equations (SPDEs) of evolutionary type, which can be
applied to model a wide range of dynamics with stochastic influence in nature
or man-made complex systems, e.g., Da Prato and Zabczyk (19, 20], Peszat, J.
Zabczyk [66], Prévot and Rockner [67) and Walsh [84)].

For a Hilbert space U, let W(t) be a U-valued noise process (e.g., Wiener
process, Poisson jump process or a-stable process) defined on some probability
space (2, %, &, P) satisfying the usual condition. For a fixed time delay 7 > 0
and a Hilbert space (H, (-,-),| - |l#), denote 2 := D([—7,0]; H) by the family
of cadlég functions f : [—7,0] = H endowed with the uniform norm || flje :=
Sup_,<p<o | f(O)lzr. Let Ls(U, H) be the set of Hilbert-Schmidt operators from
U to H. For amap h: [-7,00) = H and t > 0, let h; € 2 be the segment of
h(t), i.e., h(0) = h(t +0),6 € [-7,0].

As described above, there is natural motivation for considering SDE on H
d{X(t) - G(Xy)} = F(Xp)dt + &(X,)dW(t), Xo=¢& € 9, (1.0.1)

where F,G: 2 — Hand ®: 9 — Lyxs(U, H).
Let n € Zy, € := C([~7,0);R™) and, in (1.0.1), H =R"*, G =0, ®(p) =
®((0)) for ¢ € ¥ and W(t) be a d-dimensional Brwonian motion defined on



the probability space (2, %, %, P). Then (1.0.1) reduces to
dX(t) = F(Xy)dt + &(X(¢))dW(t), Xo=&(€F, (1.0.2)

where F : ¢ — R" and & : R® - R™*¢. For m € Z, and d € Z, in Chapter 2 we
shall establish by the coupling method the derivative formulae for the diffusion

semigroup of the degenerate case of (1.0.2) on R™ x R? in the form

dX(t) = {AX(t) + MY (t)}dt,
dY () = {Z(X(t), Y () + b(X,, Y;)}dt + od B(2),

where B(t) is a d-dimensional Brownian motion, o is an invertible d x d-matrix,
A is an m x m-matrix, M is an m x d-matrix, Z : R® xR% —» R?and b: € — R¢
are locally Lipschitz continuous.

Let A be a unbounded linear operator generating a contractive Cp-semigroup
{e*4};>0 on a Hilbert space H, € := C([-7,0;H),b: ¥ — Hand o : H —
Lus(H, H). Assume that G = 0, F(p) = Ap(0) +b(p) and &(p) = o(p(0)), ¢ €
% in (1.0.1). Then (1.0.1) becomes a semilinear functional SPDE

dX(t) = {AX(t) + F(X,)}dt + o(X ()W (), (1.0.3)

Xo=¢(€ .
In Chapter 3, we shall investigate by utilizing the Malliavin calculus the Bismut-
type derivative formulae and their applications for the semigroup generated by
the segment process of (1.0.3) with additive noise and multiplicative noise re-
spectively. -

Let € := C([-7,0];R™*), H=R", ® = 0 : € — R**™, and W(t) be an m-
dimensional Brwomian motion defined on the classical Wiener space (2, #,P)
in (1.0.1). In Chapter 4, we shall discuss by a weak convergence approach due
to [16, Theorem 4.4] a Large Deviation Principle (LDP) for (1.0.1) with a small

multiplicative noise in the form

d[X<(t) — G(X§)] = b(X§)dt + Veo(X5)dW (t), te€[0,T], e € (0,1),

Xe=£te€€.



In Chapter 4, under muck weaker conditions for the delay arguments we shall
also study the LDP for neutral Stochastic Differential Delay Equation (SDDE)

on R”
dlYe(t) - G(Y(t — 7))] = b(Ye(t), Ye(t — 7))dt
4 +Veo (Ye(t), Y<(t — 7))dW (2),

Y<(6) = €(0), 6el-0]

Moreover, in Chapter 4, we shall also discuss by the variational representation
of functionals of Poisson random measure [15] the LDP for a class of neutral

functional SDEs driven by jump processes
d[Z<(t) — G(Z7)] = b(Z7)dt + Veo (Z)dW (2)
+ [, ®(Z;, z)(eN< (dtdz) — vr(dtdz)), t € [0,T),
Z5=E€F.
Let A be a unbounded linear operator generating a contractive Cy-semigroup
{e'4}150 on a Hilbert space H,b: H x H — H, ®(p) = 1, the identity operator
on H and Z(t) := W(t) a cylindrical a-stable process with a € (1,2). Assume

further that G(p) = G(po(=7)), F(v) = Ap(0)+b((0), p(—7)) in (1.0.1). Then
we can rewrite (1.0.1) as
d{X(t) -GX{t—71))} ={AX(t) +b(X(¢), X(t — 7)) }dt + dZ(¢),
X(0)=¢06)e H, 0¢€[-70].
(1.0.4)
In Chapter 1.0.4, we shall discuss by the semigroup approach the strong conver-
gence of an explicit Euler-Maruyama (EM) of (1.0.4) based on time-discretization
and spatial discretization.
The last Chapter is devoted to investigating the long-term behavior of an
explicit EM, which is also based on time-discretization and spatial discretization,

associated with the following SPDE
dX(t) = {AX(t) + b(X(¢))}dt + o(X(t))dW(t), X(0)==ze€ H,

where o(z) := 0 +0'(z),z € H with 0° € Z(H) and o' : H — Zys(H). That
is, in (1.0.3), 7=0and F =b.



Chapter 2

Derivative Formula and Harnack

Inequality for Degenerate

Functional SDEs

In this chapter, by constructing successful couplings, the derivative formula,
gradient estimates and Harnack inequalities are established for the semigroup

associated with a class of degenerate functional SDEs.

2.1 Introduction

In recent years, the coupling argument developed in [2] for establishing dimension-
free Harnack inequality in the sense of [85] has been intensively applied to the
study of Markov semigroups associated with a number of stochastic (partial)
differential equations, see e.g. [18, 29, 52, 54, 62, 63, 86, 88, 90, 91, 92, 101]
and references within. In particular, the Harnack inequalities have been estab-
lished in [29, 91] for a class of non-degenerate functional stochastic differen-
tial equations (SDEs), while the (Bismut-Elworthy-Li type) derivative formula
and applications have been investigated in [36] for a class of degenerate SDEs
(see also [93, 102| for the study by using Malliavin calculus). The aim of this
chapter is to establish the derivative formula and (log-)Harnack inequalities for

degenerate functional SDEs. The derivative formula implies explicit gradient



estimates of the associated semigroup, while a number of applications of the
(log-)Harnack inequalities have been summarized in [89, §4.2] on heat kernel
estimates, entropy-cost inequalities, characterizations of invariant measures and
contractivity properties of the semigroup.

Let m € Z, and d € N. For rg > 0, let € := C([—7o,0]; R™ x R?) be the
space of continuous functions from [—7p,0] into R™ x R¢, which is a Banach

space with the uniform norm | - ||». Consider the following functional SDE on

R™ x R?:

dX(t) = {AX(t) + MY (t)}dt, (2.1.1)

dY (t) = {Z(X(t),Y (t)) + b(X;,Y:)}dt + odB(t),
where B(t) is a d-dimensional Brownian motion, ¢ is an invertible d x d-matrix,
A is an m X m-matrix, M is an m X d-matrix, Z : R® xR¢ - R%and b : € — R*
are locally Lipschitz continuous (i.e. Lipschitzian on compact sets), (X, Y:)i>o0
is a process on € with (X;,Y;)(6) := (X(t+0),Y(t+8)),8 € [—r9,0]. To ensure
that P, f is differentiable for any bounded measurable function f and any ¢ > 0,
we will need a rank assumption on A and M such that the noise part of ¥; can
also smooth the distribution of X; via the linear drift terms. More precisely, we
will make use of the following Hormander type rank condition: there exists an

integer number 0 < k£ < m — 1 such that
Rank[M, AM, ... ,A*M] = m. (2.1.2)

When m = 0 this condition automatically holds by convention. Note that when
m > 1, this rank condition holds for some k& > m — 1 if and only if it holds for
k=m-1.

Let V,V(®) and V denote the gradient operators on R™ x R¢,R™ and R¢

respectively, and let

Lf(z,y) :==(Az + My, VO f(z,y)) + (Z(z,y), VO f(z,y))

1 - * 82 m d 2 (Tom d
+3 2,055 f@y), (@y) €R" xR [ € CR™ xRY).

ig=1
Since both Z and b are locally Lipschitz continuous, due to [79] the equation

(2.1.1) has a unique local solution for any initial data (Xo, Y) € €. To ensure

6



the non-explosion and further regular properties of the solution, we make use of

the following assumptions:

(A)  There exist constants \,l > 0 and W € C*R™ x R?) of compact level
sets with W > 1 such that

(A1) LW <2\W, |[VOW| < AW,
(A2) (b(&), VAW (£(0))) < MW ()llos € € C;
(A3) 1Z(2) = Z(2)| < Nz = 2|W (')}, 2,2 e R™ xR, |z 2| < 1;

(A4) 15(§) = ()] < M€ = Ellool W (§)léws 6,6 € F, 116 — €'llo0 < 1.

Comparing with the framework investigated in [36, 102], where b= 0,4 =0
and Rank[M] = m,d > m, are assumed, the present model is more general and
the segment process we are going to investigate is an infinite-dimensional Markov
process. On the other hand, unlike in [36] in which the condition |[V@W| < AW
is not used, in the present setting this condition seems essential in order to derive
moment estimates of the segment process (see the proof of Lemma 2.2.1 below).
Moreover, if [VW| < ¢W holds for some constant ¢ > 0, then (A3) and (A4)
hold for some A > 0 if and only if there exists a constant X' > 0 such that
IVZ| < XW! and |Vb| < X||W||', hold on R™ x R? and % respectively.

It is easy to see that (A) holds for W(z) = 1+ |2|?, | = 1 and some constant
A > 0 provided that Z and b are globally Lipschitz continuous on R™ x R? and
% respectively. It is clear that (A1) and (A2) imply the non-explosion of the
solution (see Lemma 2.2.1 below). In this chapter we shall investigate regularity

properties of the Markov semigroup associated with the segment process:
Rf(f) = Eff(Xta }/t)1 f € ‘@b(cg)vf € (@0,

where %,(¥) is the class of all bounded measurable functions on ¢ and E¢
stands for the expectation for the solution starting at the point £ € ¥. When
m = O we have X; = 0 and € = {0} x €, = €, := C([—r0,0]; R?), so that P,f

7



can be simply formulated as P, f(£) = E¢f(Y;) for f € By(6), € € €,. Thus,
(2.1.1) also includes non-degenerate functional SDEs. For any h = (hy,hs) € €
and z € R™ x R?, let V, and V, be the directional derivatives along h and
z respectively. The following result provides an explicit derivative formula for

PT, T > 7.

Theorem 2.1.1. Assume (A) and let T > 1o and h = (hy, hy) € € be fized.
Let v : [0,T] — R and o : [0,T] — R™ be differentiable functions such that
v(0) = 1,a(0) = 0,v(s) =0,a(s) =0 for s > T — 1o, and

h1(0) + / t e AMp(s)ds =0, t>T —r, (2.1.3)
where ¢(s) := v(s)h2(0) + a(s). Then for f € By(¥),
T
ViPrf(§) = E‘{f(XT, YT)/ {N(s), (a*)-ldB(s))}, Ee€  (2.1.4)
0

holds for
N(s) = (Ve Z)(X(s),Y (s)) + (Ve,b)(Xs, Ys) =V (s)h2(0) —/(s), s €0,T],
where

h(S), ’LfS < Oa
O(s) = (8W(s),0P(s)) :=
(e**h1(0) + [; e AM@(r)dr, ¢(s)), if s> 0.

A simple choice of v is

To present a specific choice of «, let

Ls(T—1o—s)*Y _ 4 A
= [ BT s AyretAds, t> 0.
0, /0 T MM e ds, >0

According to [78] (see also [93, Proof of Theorem 4.2(1)]), for m > 1 the condi-
tion (2.1.2) implies that @, is invertible with

Q7 < o(T = ro)(tA )2, ¢ >0 (2.1.5)

for some constant ¢ > 0.



Corollary 2.1.2. Assume (A) and let T > ro. If (2.1.2) holds for some 0 <

k <m —1, then (2.1.4) holds for v(s) = (T—‘,!% and

S(T—ro—38)Y . _iae ne T=0 (T —rg = 1)t _,
Ot(S) = -—((?—:ET_OSQ—)—M € 4 QTiro (h1(0)+‘/0 (—TTOF)—G AMhz(O)dT),

where by convention M =0 (hence, & =0) if m = 0.
The following gradient estimates are direct consequences of Theorem 2.1.1.
Corollary 2.1.3. Assume (A). If (2.1.2) holds for some 0 < k <m — 1, then:

(1) There exists a constant C € (0,00) such that

Vs (©) < OV IO (1 + i)

o)A

+ W @l VT A (T +70) (1Al + : 171 - |h(0)] )}

T — T0)2k+1 Al
holds for all T > 19,6,h € € and f € By(F);

(2) Let [VPW|? < 6W hold for some constant § > 0. Ifl € [0,1/2) then there

ezxists a constant C € (0,00) such that

|ViPrf(€)| < r{Prflog f — (Prf)log Prf}(€)

CPrf(€) 2 ! =l
+ —Tr—{|h(0)| ((T )AL T IT =) A 1}4k+3)

I ENe + (e + s h ) () )

holds for allr > 0,T > r9,&,h € € and positive f € B,(€);

(3) Let |[VOW |2 < §W hold for some constant § > 0. If L = 1 then there exist
constants C,C" € (0,00) such that

IVaPrf(€)| <r{Prflog f — (Prf)log Prf}(£)

CPrf(€) 2 L 1217
+ ”‘TF—{IMO)' ((T Tr AL {T =1 A 1}4“3)

IOl (12 + 7O

holds for

’ M : h O
r>¢ (nhllw * {(qll_ ﬂo)lA(l})lk“)’

allT > 19, &, h € € and positive f € B (F).

9



When m = 0 the above assertions hold with | M|| = 0.

According to {3], the entropy gradient estimate implies the Harnack inequal-
ity with power, we have the following result which follows immediately from
Corollary 2.1.3 (2) and [36, Proposition 4.1]. Similarly, Corollary 2.1.3 (3) im-

plies the same type Harnack inequality for smaller ||h]|o comparing to T — .

Corollary 2.1.4. Assume (A) and that (2.1.2) holds for some 0 < k <m —1.
Let [VOW |2 < W hold for some constant 6 > 0. If | € [0,3) then there ezists
a constant C € (0,00) such that

P+ ) <Prp(e)exp | -C{ I, [ IW(E + omlts

1 21
M|PR(O)>  \T* ((p - 1) -
h 2 “ V].
+ (e @ o) (i
holds for all T > ro,p > 1,&,h € € and positive f € By(¥). If m = 0 then the

assertion holds for | M|| = 0.

Finally, we consider the log-Harnack inequality introduced in [74, 87]. To
this end, as in [36], we slightly strengthen (A3) and (A4) as follows: there exists

an increasing function U on [0, co) such that

A3 |Z(2) — Z(2)| < Mz = 2|{W () + U(|z — 2|)}, 2,2 e R™ xR%

(A2) [6(€) — b(EN < Mg = E'lloo{IW(Elee + UlIE — €'llo)}, £,8" € F.

Obviously, if
WE) <cAWE) +U(z- 7))}, 2,2 € R™ xR?
holds for some constant ¢ > 0, then (A3) and (A4) imply (A3’) and (A4')
respectively with possibly different A.
Theorem 2.1.5. Assume (Al), (A2), (A3") and (A4'). If (2.1.2) holds for some
0 < k < m—1, then there ezists a constant C € (0, 00) such that for any positive
f € By(€), T >ro and€,h € F,
Cl\M|| - |h(0)
Friog f(¢-+h) ~Tog Prf(€) < C{ [IW (€ + WIE + U (Clllle + Tom=iGl) 11,

RO IMIPAO)P }
(T—To)/\l {(T—To)/\l}4k+3 '

If m = 0 then the assertion holds for |M|| = 0.

10



For applications of the Harnack and log-Harnack inequalities we are referred
to [89, §4.2]. The remainder of this chapter is organized as follows: Theorem
2.1.1 and Corollary 2.1.2 are proved Section 2, while Corollary 2.1.3 and Theorem
2.1.5 are proved in Section 3; in Section 4 the assumption (A) is weakened for
the discrete time delay case, and two examples are presented to illustrate our

results.

2.2 Proofs of Theorem 2.1.1 and Corollary 2.1.2

Lemma 2.2.1. Assume (Al) and (A2). Then for any k > 0 there ezists a
constant C > 0 such that

E¢ sup W(X(s),Y(s)* <3[W(E)ll&e”, t20, €€
—ro<s<t
holds. Consequently, the solution is non-explosive.
Proof. For any n > 1, let

o :=inf{t € [0,T] : | X ()| + |Y (¢)| > n}.

Moreover, let

£s) :=W(X,Y)(s), s=>-ro.

By the It6 formula and using the first inequality in (A1) and (A2), we may find

a constant C; > 0 such that

é(t AT)E = £(0)F + & /0 o 2(s)* (VAW (X,Y)(s),adB(s))
+k /0 o e(s)k-l{LW(X, Y)(s) + (b(X,, Ys), VAW (X, Y)(s))
4 %(k — 1)¢(s) 0" VOW (X, Y)(s) }ds
< U0k +k /0 " ) YOW (X, Y)(s), 0dB(s)) + O /0 " sup e(r)*ds.

re[—ro,s)

(2.2.1)

Noting from the second inequality in (A1) and the Burkholder-Davis-Gundy

inequality, we obtain that

11



1/2

SATn t
KE¢ sup / Lr)F Y VOW (X, Y)(s),adB(r))| < CzlEf( / €(s/\Tn)2kds>
sefo,t] ' Jo 0

1/2 t 1/2
< C,E¢ ( sup (s A Tn)k) £(s A 7o) kds
s€[0,t] 0

1 e [
< =E¢ sup (s AT)F + gg]E€/ sup £(r A1,)*ds
2 s€(0,t] 2 0 rel0,s]

for some constant C; > 0. Combining this with (2.2.1) and noting that (X, Yp) =

&, we conclude that there exists a constant C > 0 such that

t
E¢ sup £(sATa)k <3|W(O))E + C’]Eﬁ/ sup £(s)kds, t>0.
0

—ro<s<t s€[—ro,t]

Due to the Gronwall lemma, this implies that

E¢ sup £(s A7) <3|W(€)||Ee’, t>0,n>1.

—ro<s<t
Consequently, we have 7, T 00 as n T 00, and thus the desired inequality follows

by letting n — oo. O

To establish the derivative formula, we first construct couplings for solutions
starting from £ and € + eh for € € (0,1], then let € — 0. For fixed £ =
(€1,€2), h = (h1,he) € €, let (X(t),Y(t)) solve (2.1.1) with (X, Yp) = &; and
for any € € (0, 1], let (X*(t),Y*(t)) solve the equation

dXe(t) = {AX(t) + MY*(t)}dt,
dYe(t) = {Z(X(t), Y (t)) + b(Xy, Y2) }dt + 0d B(¢) (2.2.2)
+e{v'(t)he(0) + /() }dt
with (X§,Y§) = £ + ¢h. By Lemma 2.2.1 and (2.2.3) below, the solution to

(2.2.2) is non-explosive as well.

Proposition 2.2.2. Let ¢(s) := v(s)ha(0) + a(s), s € [0,T), and the conditions
of Theorem 2.1.1 hold. Then

(XE(t), YE(D) = (X(2), Y (2) +€0(t), &,t>0 (2.2.3)
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holds for

h(t), ift <0,

(e4*h1(0) + [7 et AM@(r)dr, (t)), ift > 0.

o(t) := (0M(t), 0@ (2)) :=

In particular, (X5,Yf) = (X1, Yr).

Proof. By (2.2.2) and noting that v(0) = 1 and v(s) = 0 for s > T — 7y, we have
Ye(t) = Y(t) + e¢(t) and

t
Xe(t) = X(t) + ee?hy(0) + E/ et Mp(s)ds, t > 0.
0

Thus, (2.2.3) holds. Moreover, since a(s) = v(s) = 0 for s > T — ry, we have
0@ (s) = ¢(s) = 0 for s > T — ry. Moreover, by (2.1.3) we have OV (s) = 0 for
s > T — ry. Therefore, the proof is finished. a

According to Proposition 2.2.2, we have (X%, YE) = (Xr,Yr). Noting that
(X5, YE) = € + ¢eh, if (2.2.2) can be formulated as (2.1.1) using a different
Brownian motion, then we are able to link Prf(§) to Prf(é+¢h) and furthermore

derive the derivative formula by taking derivative w.r.t. € at € = 0. To this end,

let
®e(s) = Z(X(s),Y(s)) — Z(X*(s),Y*(s))
+ b(Xs, Ys) — b(XE, YY) + e{v'(s)h2(0) + &/(s)}.
Set
RE(s) = exp [— /0 Y005 (r), dB(r)) — % /0 | |cr‘1<I>€(r)|2dr],
and

B¢(s) = B(s) + /os o~ % (r)dr.

Then (2.2.2) reduces to

dXe(t) = {AX*(t) + MY*(t)}dt, (2.2.4)

dYe(t) = {Z(X2(t), Y¥(2)) + b(XE, YE)}dt + od BE ().

According to the Girsanov theorem, to ensure that B¢(t) is a Browanian motion

under Q¢ := R¢(T)P, we first prove that R°(t) is an exponential martingale.
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Moreover, to obtain the derivative formula using the dominated convergence

RE(T)—1
€

theorem, we also need { }ee(0,1) to be uniformly integrable. Therefore, we

will need the following two lemmas.

Lemma 2.2.3. Let (A) hold. Then there exists €g > 0 such that

sup E[R?(s) log R*(s)] < oo,
5€[0,T),e€(0,60)

so that for each € € (0,1), (R(s))sepo,r) 15 a uniformly integrable martingale.
Proof. By (2.2.3), there exists 9 > 0 such that
£|O@1)| <1, te[-ry,T]. (2.2.5)
For any € € [0, &g|, define
Toi=1nf{t > 0:|X @)+ Y ()| + |X(2)| + |Y*(¢)| > n},n > 1.

We have 7, T 00 as n T 0o due to the non-explosion. By the Girsanov theorem,
the process { R°(sATy)}sejo,r] is a martingale and {B°(s) }sejo,rar,] is @ Brownian
motion under the probability measure Q. , := R*(T A 7,)P. By the definition of

Re(s), we have
E[R*(s A 7o) log R*(s A 7,)] = Eq, . [log R*(s A 7,)]
1 TATn (226)
< —]EQM/ |o~2@¢ (r)|%dr-
2 7" Jo
By (2.2.5), (A3) and (A4),
o1 @%(s)|* < e W(XZ, Y%, (2.2.7)

holds for some constant ¢ independent of €. By the weak uniqueness of the
solution to (2.1.1) and (2.2.4), the distribution of (X*°(s), Y*(s))scjo,rrr,) under
Q.,» coincides with that of the solution to (2.1.1) with (X, Yp) = £ +€h up to

time T A 7,,, we therefore obtain from Lemma 2.2.1 that
T
E[R*(sATy)log R°(sATp)] < c||W(£+£h)||§l°/ eC'dt < 00, n > 1,e € (0,¢).
0
Then the required assertion follows by letting n — oo. O
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Lemma 2.2.4. If (A) holds, then there exists €9 > 0 such that

sup ]E(R (T)_llogR (T)—l) < 00.
66(0,80) € €
Moreover,
. R(T) -1 T
i O 21 | (Ve x(s), ¥ (0)
e— £ 0 (228)

+ (Ve,b)(Xs, Ys) — v'(s)ha(0) — o/(s), (6*)"'dB(s)).

Proof. Let €p > 0 be such that (2.2.5) holds. Since (2.2.8) is a direct consequence

of (2.2.3) and the definition of R*(T'), we only prove the first assertion. By [36]

we know that
€ —
o R¢(T) -1

€ —
RO -1,
£ €

< 2RE(T) (MY'

£

Since, due to Lemma 2.2.3, { B®(t)}+cjo,1) is 2 Brownian motion under the prob-

ability measure Q. := R¢(T")PP, and
T 1 T
log R¢(T) = —/ (0™1®%(r),dB(r)) — 5/ lo~1®%(r)|*dr
0 0

T T
—— [ @A) + 5 [ e,

it follows from (2.2.7) that

E(Re(z;) 1 og Re(Ts) - 1)

2 2
14 l E

e (SE51)) (0

4 T 2 1 T 2
< 5o ( [ 0o mam ) + gl ( [ e per)

0 0
T T

<5 | Ealome(mPar+ 5 [ Bolo e ()ftar

62 0 62 0

T
<c [ Bo WXz ¥olkdr
0 .

holds for some constant ¢ > 0. As explained in the proof of Lemma 2.2.3
the distribution of (X¢, Y )sco,r) under Q. coincides with that of the segment

process of the solution to (2.1.1) with (X,, Yy) = £+¢h, the first assertion follows
by Lemma 2.2.1. a
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Proof of Theorem 2.1.1. Since Lemma 2.2.3, together with the Girsanov theo-
rem, implies that {B(s)}sep,r is & Brownian motion with respect to Q. :=

RE(T)P, by (2.2.4) and (X7, Yr) = (X%,Y§) we obtain
Prf(€ +eh) = Eq.f(X7, Yr) = E{R*(T) f (X, Y1)} (2.2.9)
Thus,

Prf(§ +¢h) — Prf(§) = ER(T)f(Xr,Yr) — Ef(X7,YT)
=E[(R*(T) — 1)f(Xr, YT)].

Combining this with Lemma 2.2.4 and using the dominated convergence theo-
rem, we arrive at
Prf(€+eh) = Prf(§)
€
(T —
— lim E[(R(T) - 1)f(Xr, Y7)|

e—0 £

- E{ F(Xz, Yr) /o (NG, (a*)‘ldB(s)>}.

VaPrf(€,n) = lim

O

Proof of Corollary 2.1.2. 1t suffices to verify (2.1.3) for the specific v and o.
Since when m = 0 we have h; = M = 0 so that (2.1.3) trivially holds, we only
consider m > 1. In this case, (2.1.3) is satisfied since according to the definition

of ¢(s) and a(s) we have for t > T — ry,
1 T—7rg
/ e *AM¢(s)ds = / e A Mep(s)ds
0 0

T-ro T—ro
= / v(s)e A Mh(0)ds — Qr_,Q7,, (hl(O) + / v(s)e“’Ath(O)ds)
0 0

= —hy(0).

2.3 Proofs of Corollary 2.1.3 and Theorem 2.1.5

To prove the entropy-gradient estimates in Corollary (2) and (3), we need the

following simple lemma which seems new and might be interesting by itself.
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Lemma 2.3.1. Let {(t) be a non-negative continuous semi-martingale and let

A (t) be a continuous martingale with A4 (0) = 0 such that

de(t) < dA#(t) + cldt,
where ¢ > 0 is a constant and &, := SUP,¢po,y £(5). Then

€ T £€(0)+1 (10,262 (M) (T)\1/2
Eexp W ; ftdt <e (IEe ) y T,SZO.

Proof. Let M, := SUP,epo,y # (t). We have

— t —_ -—

A, +c/ Zds > 7, — £(0).
0

Thus,

e T —
£.dt
elech — (0) < _Jﬁ%%_i_ _ (1 — e—(l+cT))[(0)

T t
= / d{e—<°+T”‘>‘<//Zt+c / sts>} — (1 — e+ g(0)
0
OT -1 73 T ~1 = — t_
= / e~ T Htd 4, + / e=(ctT >t{ce,—(T—1+c)(//4+c / Esds) }dt
0 0 0

_ (1 _ e—(1+cT))£(0)

< M + / ' T, — (T4 + ) (& — €(0)) Jdt — (1 - &=+ ¢(0)

_ ’ 1 T _
< Mt — W /(; £,dt.
Combining this with

Eee,/ﬂ-t < ]Ee1+e.ll(T) < e(]Eeze2(_,{{)(T))1/2’

we complete the proof. O

Corollary 2.3.2. Assume (A) and let [V@W|? < 6W hold for some constant

6 > 0. Then there ezists a constant ¢ > 0 such that

1 T
E® exp [2||a||25T2e2+2°T /0 ”W(Xt’yt)noodt]
W (£(0)) TollW (€)lloo

Sexp[Z—i- ], T > ro.

[o|26Tel+T * 2||o||26T2e2+2T
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Proof. By (A) and the It6 formula, there exists a constant ¢ > 0 such that
dW(X,Y)(s) < (VOW(X,Y)(s), 0dB(s)) + c|W (X, Ys)|loods.
Let
t
M(t) = / (VOW(X,Y)(s),0dB(s)), L(t):=W(X,Y)(t),
0

and let € = (2||¢||?6Te'*T)~! such that

£

Toltel = 2||o %,

Then by Lemma 2.3.1 and IV(2)W|2 < 6W, we have

3
Te1+cT

< el+el(0) (]E£e252||a'l|26foT l_tdt)l/z — gl+el(0) (Egeﬁfm JT l_edt)

T
E¢ exp [ / l—tdt] < ecl(0)+1 (Efe252w)(T))1/2
0

1/2

By using stopping times as in the proof of Lemma 2.2.1 we may assume that

T
€ -
Ef exp [———/ ltdt] < 00
Tel+cT 0
so that
£ € T 2+2¢€l(0)
E exp [WA ltdt] <e .

This completes the proof by noting that

1 T rol W (€)lloo e [T;
< .
2”0-||26T2e2+2cT‘/0 [W(X¢, Y:)[loodt < 2\|o|2oT2e2+2T + Tel+cT/0 Ldt

Proof of Corollary 2.1.8. Let v and « be given in Corollary 2.1.2. By the semi-
group property and the Jensen inequality, we will only consider T — ry € (0, 1].

(1) By (2.1.5) and the definitions of a and v, there exists a constant C > 0

such that
o (5)ha(0) + o/(5)
< Clir () AO)] (7= 7 _”7{‘04)'2!(,9“)), s€0,T],
0(s)] < ClRO)I(1+ %ﬁﬁ) se 0.1, (2.3.1)
104l < O (Il + FA=EEN), € 0.7
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Therefore, it follows from (A3) and (A4) that

IN(E) <Cloz-r @O (7= + g

T-— To (T
(2.3.2)
+ O (Il + =S W X, Yol

holds for some constant C' > 0. Combining this with Theorem 2.1.1 we obtain

/2

9P f(6)] < VBT (& / V(s |2ds>
< CVPri2(){ |h { IIMI)I%H)

+ (10l + {ii'—;’(—o’—')( [ Ewee )}

This completes the proof of (1) since due to Lemma 2.2.1 one has
ES W (X,, Ya)llZ < 3IW(€)lI%e, s € [0,T]

for some constant C > 0.
(2) By Theorem 2.1.1 and the Young inequality (cf. [3, Lemma 2.4]), we

have

|ViPrfl(€) < r{Prflog f — (Prf)log Prf}(€)

Cooer (2.3.3)
+rPpf(€) log Eéet Jo (VMo 4B 5 g
Next, it follows from (2.3.2) that
2
(]Ef exp [ / (N(s) ldB(s»D
—1pj2
< Efexp [2—”—0—2—-ﬂ—/ [N(s)[zds}
"o Jo (2.3.4)

<op[GIOE( L IME

r2 — 710 (T — 7«-0)4k+3

2
x]E‘fexp[ (l[hll2 %A{”—I—}% / [W( XS,Y)”zlds]

for T € (r9,1 4 7o) holds for some constant C; € (0,00). Since 2/ € [0,1) and
T < 1+ 7, there exists a constant Cy € (0, 00) such that
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("h” A 1)”“7( X37 )/ )”oo “ ”2 _ 2! .
2l 1- 2[
BIW (X, ;)5 < 2|0 |P0T2e2+2T Cof T ( )

G | M|?|h(0)]?
B = T—2<”h”§o + ZT—_W),

and applying Corollary 2.3.2, we arrive at

,B>0.

Taking

¢ ) 2 L lRE -
E*exp |8 llW(XS>Y.9)”ood5 < exp [CyfT-2 (—7»7— A 1)
0

112

1 T o py
x <E5exp [2” T / ||W(XS,YS)||mdsD

2

<exp[ {uhu? IW (@)l + (I1AIZ, + '('-Aﬁ'—%rﬁ)”‘(,,,f,,z“)_l}]

for some constant C3 € (0,00) and all T € (rp, 1 + o). Therefore, the desired

entropy-gradient estimate follows by combining this with (2.3.3) and (2.3.4).
(3) Let C’ > 0 be such that r > C’(uhuoo + ¥ L;j;;“’ll) implies

. IMPIRO)P 1
(”h’” ( -7 )4k+2) - 2”0-”26’1"262+2CT’

so that by Corollary 2.3.2

B exp [ (1n1z + PO [ e, ot

Cy lol|26T2e2+2eT

< <EE €xp [2“ “2(571-'2e2+2cT /T ’IW(Xs,Ys)||ood3J) - (Ilhug"+(T“’0)40+ )
CIIW(ﬁ)Hoo (”h”z ||M||2|h( )|2)]

( )4k+2

Sexp[

holds for some constant C' > 0. Then proof is finished by combining this with
(2.3.3) and (2.3.4). |

Proof of Theorem 2.1.5. Again, we only prove for T' € (ry,1 + o). Applying
(2.2.9) to € = 1 and using log f to replace f, we obtain

Prlog f(§ + h) = E{R'(T)log f(Xr, Y1)}
< log Pr{(€) + E(R' log R')(T).

(2.3.5)
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Next, taking e = 1 in (2.2.6) and letting n T oo, we arrive at
1 T
E(R' log R*)(T) < —2—IEQ1/ lo~1 @ (r)|?dr. (2.3.6)
0
By (A3'), (A4'), (2.3.1) and the definition of ®!, we have

: CulM] - (0)
151 2 1 1y(12¢ 2 1 2
8 o) <G { IO Y1 + 0 (Culllle + SO e,

1 M2
* Cllh(0)|2<(T —79)? * (T — ro)4k+1) Lio.r—ro)(s)

for some constant C; > 0. Then the proof is completed by combining this with

(2.3.5), (2.3.6) and Lemma 2.2.1 (note that (X!(s),Y?(s)) under Q; solves the

same equation as (X,,Y;) under P). O

2.4 Discrete Time Delay Case and Examples

In this section we first present a simple example to illustrate our main results
presented in Section 1, then relax assumption (A) for the discrete time delay

case in order to cover some highly non-linear examples.

Example 2.4.1. For a € C([—7y,0]; R), consider functional SDE on R?
dX(t) = —{X () +Y(t)}dt
dY (t) = dB(t) + { — Y3+ Y(t—10) + [° a(®)X(t+ 9)d0}dt

with initial data & = (&,&) € C([~ro,0];R?), where ¢ > 0 and n € N are
constants. For z = (z,y) € R, let W(z,y) = 1+ |z|? + |y|? and set Z(z) = —y3
and b(¢) = ffro a(0)£1(6)d + &2(—79). By a straightforward computation one
has for z,y € R

LW(z,y) = 1 —2z(z + y) — 2ey*™ < 3W(z,y)
and for € € C([—ro,0]; R2)
00, VW) <2| | a(0)s(6)00 + &)l O)
<2(t+ [ a@as)pel.

—-T0
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Then conditions (A1) and (A2) hold. Next, there exists a constant ¢ > 0 such
that for any z = (z,y) and 2’ = (2, ') € R?,

1Z2(2) = Z()| = ely® = y°| < ely =¥ |(IY'* + ly — &)
Finally, for & = (£1,&),& = (€1,&,) € C([—ro,0]; R?),

(6) ~ b)) < VE( [ a8 v 1) - €l

—ro
So, (A3) holds for [ = 1 whenever |y — ¢'| < 1 and (A4) holds for any | > 0.
Moreover, (A3') and (A4') hold for U(|z|) = |2|?,z € R2. Therefore, Theorem
2.1.1, Theorem 2.1.5 and Corollary 2.1.3 hold.

To derive the entropy-gradient estimate and the Harnack inequality as in
Corollary 2.1.4, we need to weaken the assumption (A). To this end, we consider
a simpler setting where the delay is time discrete. Consider

dX(t) = {AX(t) + MY (t)}dt, (2.4.1)

dY (t) = Z(X(t),Y (£)) + b(X (t — o), Y (t — 7))dt + odB(t),
with initial data & € €, where Z,b: R™* — R?. If we define b(¢) = b(¢£(—70))
for £ = (£1,&) € ¥, then equation (2.4.1) can be written as equation (2.1.1).
For (z,y), (z,y') € R™xR¢, define the diffusion operator associated with (2.4.1)
by
LW (z,y:7',y) = LW (z,y) + (b(z',¢/), VOW (z,1)).

Theorem 2.4.2. Assume that there exist constants o, 3,y > 0 with § > v,
functions W € C*R™?) with W > 1 and U € C(R™%R,) such that for
(z,y),(z',y) € R™ x R?

LW (z,y;2',y) < a{W(z,y) + W(z',¢/)} = BU(z,y) +1U(z", ). (24.2)

Assume further that there ezists v > 0 such that for z = (z,y),2' = (',v') €
R™ with |2 — 2| < 1

1Z(2) — Z(2)]? V |b(2) — b(2")]* < v|z — 2/|PW (2). (2.4.3)
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Then for § := (arg + D)||W(€)|lo + 7ollU(E)]lec and t > 0
EW(X(t),Y (b)) < 6, (2.4.4)

and

IVhPrf(€)l < CV/Prf¥(E) {Ih(O)l(l + M|

T — 1)1 A 1

)+ IW ) 1h]o

+ IO A T+ 7o) (14 i polzer) |

(2.4.5)
for all T > ro,&,h € € and f € By(€), where C > 0 is some constant.
If moreover there exist constants K, \; > 0,i = 1,2,3,4, with \; > Xy and
A3 > Ay, functions W € C2(R™+9) with W > 1 and U € C(R™% R,) such that
for (z,y), (z',y') € R™ x R?

LW (z,y;7',y) <K - MW(z,y) + 2uW(Z,y)
W.2) (2.4.6)

- /\30(2}, y) + )‘40("3/’:‘/)7
then there exist constants 8o, C > 0 such that for r > 6o/ (T — 1o)**1,£,h € €
and positive f € By(¥)
IVrPrfl(€)

<r{Prflogf — (Prf)log Prf}(€)

CPrf {2 1 (R
I (r—rgar * Ty A W ©lem) g4

CHIDRCE (ol W @) + Aol OOl

+ KT + log W(g(o))) }

Proof. By the 1t6 formula one has for any ¢ > 0

ESW (X (2), Y (1)) < W(E(0)) + oEf / (WX (5), Y(5)) + W(X(5 = ro), Y (s — 7o) }ds
— BE¢ /t UtX(s), Y (s))ds + vE¢ /t U(X(s—r10),Y(s—1p))ds
0 0 0 0
<W(EO) +a / W(X(s),Y (5))ds + / U(X(s), Y (s))ds

4 20 / WX (s), Y (s))ds
0 t
<d+ ZaEﬁ/ W(X(s),Y(s)ds.
0
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Then (2.4.4) follows from the Gronwall inequality.
By Theorem 2.1.1, for T — ry € (0, 1] and some C > 0 we can deduce that

1/2

T
IVhPTf(E)ISC\/_PTf2(€)<E€ / |N<s)|2ds) ,

where for s € [0, T

N(s) := (Ve 2)(X(5), Y (8))+(Ve(s—ro)b) (X (s=70), Y (5—70)) =v/(s)h2(0)~ /().

Recalling the first two inequalities in (2.3.1) and combining (2.4.3) yields that

for some C >0

VP < OVETT@ ([ W omal0) + e)1as) "
+ (e "o (X (s), Y (s))ds) "
+ (e " 16ls = )P (X(s = o), ¥ (s — i) 1/2}
< OVERTTE WO (1+ ) + rd IW Ol

+|h(0)|(1+(T—”% (/ ESW (X (s),Y ())ds)1/2}.

This, together with (2.4.4), leads to (2.4.5).
Due to (2.3.3) and (2.3.4) we can deduce that there exists C > 0 such that
for arbitrary r > 0 and T — g € (0, 1]

IVaPrf|(€) < r{Prflog f — (Prf)log Prf}(€)
rPrf(€) [CIh(0)]? 1 M2 ClAMZIW () lloor
+ T2 { r2 (T -7 * (T - To)4k+3) + r? - 2.4.8)

)2
+ log E¢ exp [0(11*;(—1“”1‘/[7"'0)‘!’}:*(3 | / W(X(s),Y(s ))ds]}

Moreover, since for s € [0, T

S LW(X(r),Y(r),X(r —r),Y(r— ro))dr>
W(X(r),Y(r))

is a local martingale by the It6 formula, in addition to W > 1, we obtain from

W (X(s), Y (5)) exp ( -
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(2.4.6) that
T
E€ exp [(Al =) [ W), ¥ (e)ds - AzrouW(g)nw]

< Ef exp [/T ()\1W(X(s),Y(S)) — AW (X(s—10),Y(s — ro)))ds]

0
/T FLW(X(s),Y(s); X (s —19),Y (s — 10))
0 W(X(s),Y(s))

-\ /OT U(X(s),Y(s))ds + Ag /OT U(X(s—=ro),Y(s— To))ds] (2.4.9)

ds

< Efexp [KT -

< exp(Aarol|T/(€) oo + KT)ES [VV(X(T), Y (1))

_ T LW (X(s),Y(s); X(s — 7o), Y (s —10))
wen (- W(X(),Y () ds)]
< exp(Aarol|U (€)||oo + KT)W (£(0)).

Combining (2.4.8) and (2.4.9), together with the Holder inequality, yields (2.4.7).
O

The next example shows that Theorem 2.4.2 applies to the equation (2.4.1)
with a highly non-linear drift.

Example 2.4.3. Consider delay SDE on R?

dX(t) = —{X() + Y (£)}dt
av (1) = dB(e) + { ~v*(0) + %W(t —ro) + %X(t) v ()}t

with initial data & € C([—7o,0]; R?). In this example for z = (z,y),2' = (2/,¥) €
R? let Z(z) = 32—y —y® and b(z’) = 3. For W(z,y) = 1+ 2? +y* it is easy

to see that

1 1
LW (z,y;2,y) = —2z(z +y) + 4° (556 —y—-y+ Zy'a)

S _1.2 + y2 _ 4y4 _ 4y6 +y3yl3 4+ 2y3x

1 %
2¥
Then (2.4.2) holds for 8 = 3,y = ; and U(z,y) = y° Moreover for z =

(z,y),2 = (z,y’') € R? there exists ¢ > 0 such that

5
Sy -4yt oyt

12(2) = Z(Z)|* V [b(2) = b(2)* < elz — 2 (ly = ¥/|* + [¢/])-
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Thus condition (2.4.3) holds, Therefore, by Theorem 2.4.2 we obtain (2.4.5).
To derive (2.4.7), we take w(z,y) = }(z? + y*) + %zy and set W (z,y) =
exp(w(z,y) — inf w). Compute for (z,y,z’,y’) € R*

LW . 1 -
—W—(x, v, 2, y) = LlogW(z,y) + 510y log W (z,y)

11 1 \/1 1

< Y el 3 . = _ _ 3 il 13

= (2x+10y)(z+y)+(y +10x)<2$ y=v'+3v°)
v+ 50+ )

< 0.5((0.35)%/e + 1.4)%* — (0.2325 — €)z?

— 0.5y* — 0.175y® + 0.1375¢®,

where € > 0 is some constant such that 0.2325 — ¢ > 0. Then condition (2.4.6)
holds. Therefore, by Theorem 2.4.2 we obtain (2.4.7), which implies the Harnack
inequality as in Corollary 2.1.4 according to [36, Proposition 4.1].
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Chapter 3

Bismut Formulae and

Applications for Functional

SPDEs

In this chapter, by using Malliavin calculus, explicit derivative formulae are
established for a class of semi-linear functional SPDEs with additive or multi-
plicative noise. As applications, gradient estimates and Harnack inequalities are

derived for the semigroup of the associated segment process.

3.1 Introduction

The Bismut-type formulae, initiated in [7], are powerful tools to derive regular-
ity estimates for the underlying Markov semigroups. The formulae have been
developed and applied in various settings, e.g., in [20] for SPDEs driven by cylin-
drical Wiener processes and [25] for semi-linear SPDEs with Lévy noise, using
a simple martingale approach proposed by Elworthy-Li [28]; in [89] for linear
stochastic differential equations (SDEs) driven by (purely jump) Lévy processes
in terms of lower bound conditions of Lévy measures; in [4, 36] for degenerate
SDEs with additive noise, using a coupling technique; in [31, 69, 93, 102] for
degenerate SDEs using Malliavin calculus.

However, there are few analogues for functional SPDEs (even for finite-
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dimensional functional SDEs) with multiplicative noise. In this chapter we aim
to establish explicit Bismut-type formulae for a class of functional SPDEs with
additive or multiplicative noise. Noting that for functional SDEs the martingale
method used in [28] does not work due to the lack of backward Kolmogorov equa-
tion for the segment process, and the coupling method developed in [2, 4, 36, 92]
seems not easy to apply provided the noise is multiplicative, we will mainly make
use of Malliavin calculus.

Let (H,(:,"),|l - llz) be a real separable Hilbert space, and (W (t))i>0 a
cylindrical Wiener process on H with respect to a complete probability space
(Q, #,P) with the natural filtration {#;}:>0. Let £ (H) and Lys(H) be the
spaces of all linear bounded operators and Hilbert-Schmidt operators on H re-
spectively. Denote by ||-|| and ||- || zs the operator norm and the Hilbert-Schmidt
norm respectively. Let 7 > 0 be fixed and let € := C([—7,0] — H), the space of
all H-valued continuous functions f : [-7,0] — H, equipped with the uniform
norm || flleo = sUp_,<p<o || f(8) |- For a map h : [-7,00) = H and t > 0, let
h; € € be the segment of h(t), i.e. hi(f) = h(t + 9),0 € [-7,0].

Consider the following semi-linear functional SPDE

dX(t) = {AX(t) + F(X,)}dt + o(X (t))dW (¢), (3.1.1)

Xo=¢€ cg,
where

(A1) Ais alinear operator on H generating a contractive Cp-semigroup (e');>o.

(A2) F : € — H is Gateaux differentiable such that V.F : ¥ x ¥ — H is

bounded on & x € and uniformly continuous on bounded sets.

(A3) 0 : H —» £(H) is bounded and Gateaux differentiable such that V.o :
H x H — Zys(H) is bounded on H x H and uniformly continuous on

bounded sets, and o(z) is invertible for each z € H.

(A4) [;s7%||e*45(0)[4sds < oo holds for some constant o € (0,2) and all

t>0.
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For specific examples of A and F satisfying (A1), (A2) and (A4) we may take
e.g. A a negative definite self-adjoint operator with discrete spectrum {—A,}n>1
such that Y >, Tli < o0 holds for some constant § € (0,1), o = I and the
Nemytskii type non-linear drift (see [73, Section 9.3.4]) F(¢§) = ffr fo&(s)ds
for some f € C¢(R).

Recall that a mild solution is a continuous adapted process (X (t));>—- on H
such that

X(t) = e¢(0) + / t et=DAF(X,)ds + /0 t et=945(X (s))dW(s), t >0

0
with the initial condition X,(6) = X (8) = £(0) for 8 € [—7,0]. By (Al) — (A4),
equation (3.1.1) has a unique mild solution (see Theorem 3.4.1), denoted by
(X&(t))i>0, the solution with X =€ € €. Let

Pf(€) :=Ef(Xf), t>0,6€%,fcB(F),

where %,(%) is the class of all bounded measurable functions on ¥. We remark
that due to the time-delay the solution (X%(t)):>0 is not Markovian, but its
segment process (Xf)tzo admits the strong Markov property, so that P, is a
Markov semigroup on %,(%).

The following two theorems are the main results of this chapter, which pro-
vide derivative formulae for P, with additive and multiplicative noise respec-

tively.

Theorem 3.1.1 (Additive Noise). Assume that (Al1)-(A4) hold with constant
o € L(H). Then for any T > 7 and C*-function u : [0,00) — R such that
u(0)=1andu(t)=0fort>T -7,

(VoPrf)(E) = E(ﬂx%) [ o wrec - u<t>e“‘n<o>},dw<t>>)
(3.1.2)
holds for all §,m € € and f € CL(€), where

oA
() = u(t)etn(0), t>0,

n(t), te[-70].
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Theorem 3.1.2 (Multiplicative Noise). Assume that (A1)-(A4) hold. LetT > 7
and C*-function u : [0,00) — R be such that u(t) > 0 fort € [0,T —71), u(t) =0
fort >T — 7, and

,:= inf {p+(p—1U(t)} >0

te(0,T—7]

hold for some p > 1. Then for any §,n € €:

(1) The equation

4z(t) = {42(t) + ((V2)F(X§) = £ ) 1or-n(t) ot
H(V200) (XE)AW (@), (3.13)
ZO =M1

has a unique solution such that Z(t) =0 fort >T — 7.

2) Iffloe )l < e+ || - |%) holds for some constants c,q > 0, then
_ T Z(t)
Ve (©) = E(05) [ (o (K4 Z o)

(3.1.4)
+ (V)X (0}, W (1))

holds for f € CH¥).

A simple choice of u for Theorem 3.1.1 is u(t) = Q}:—m, while for The-
orem 3.1.2 one may take u(t) = (T — 7 —t)* such that 6, = 1 for all p > 1.
Both theorems will be proved in Section 3.2. In Section 3.3 these results are
applied to derive explicit gradient estimates and Harnack inequalities of F;. Fi-
nally, for completeness, in Section 3.4 we address the existence and uniqueness
of mild solution to equation (3.1.1) under (A1)-(A4), and the existence of Malli-

avin derivative D, X¢(t) along direction h and derivative process V, X¢(t) along

direction 7 as solutions of SPDEs on H.

3.2 Proofs of Theorems 3.1.1 and 3.1.2

For the readers’ convenience, let us first explain the main idea of establishing

Bismut formula using Malliavin calculus. Let H] be the class of all adapted
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process h = (h(t)):>0 on H such that P-a.s.
t
h(t) = / h(s)ds,  te[0,T]
0

holds for some bounded L?([0,T] — H;dt)-valued random variable . For ¢ > 0
and h € H], let X%"(t) solve (3.1.1) with W (t) replaced by W (t) + ¢h(t), i.e.,

dXEh(t) = {AXED(E) + F(X]T) + o (XEh(t))h(t) bt

+o(XEeh(t))dW (t), (3.2.1)
X5h=¢ee.
If for h € H}
DuX; = %Xf'éh s

exists in L*7() — %;P) for some 7 > 0, we call it the Malliavin derivative of
X¢ along direction h. Next, let

d
V,,XE = EXS-HU

be the derivative process of X{ along direction n € . If

e=0

DpX5 =V, X5, as, (3.2.2)
then for any f € CL(%¥)
(VaPr)f(€) = E(Vaf)(X§) = E( Vg, xe f) (X5)
=E(V x5/ ) (X5) = EDWf(XS).

Since by the Girsanov theorem the distribution of X§5** under R.P coincides

with that of X5 under PP, where

T 2 T
R = exp[—e | b@aven-5 [ nh<t>||3,dt],
we have
Prf(€) = E[R.f(X5™)]

and that (R;)cc(o,1) is bounded in LP(IP) for any p > 1. So,

e=0 E {(ERE

d
0= &PTf(f) &

o) 7K + Dus ()

~E[Duf(x5)] - B|10t5) [ Ghio),aw ().
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That is -
E[Daf(X$)] = E[f(xé> / <h(t),dW(t>>].

Combining this with the integration by parts formula for D),, we obtain

T
(V2P =E((x5) [ (o), aWe)).

In conclusion, the key point of the proof is, for given T > 7, £,7 € ¥ and
f € CL(¥), to construct an h € H! such that (3.2.2) holds.

We are now in a position to complete the proofs of Theorems 3.1.1 and 3.1.2.

Proof of Theorem 3.1.1. Let h(0) = 0 and
h(t) = o7 {(Vx, F)(X{) — u(t)e*n(0)}, t>0.

By (A1) and u € C*([0,T — 7]), we see that h € H.. Moreover, Y (t) solves the

equation

dY(t) = {AT(t) + (V. F)(X{) — oh()}dt, t >0, (3.2.3)
To =1.

On the other hand, by Theorem 3.4.2, when Vo = 0, V,X4(t) — D, X4(t) also
solves this equation. Since it is trivial that (3.2.3) has a unique solution, we

conclude that

V,X4(t) — DpX4(t) = T(t), t>0.

Thus, V, X5 = D, X5 as Y7 = 0 according to the choice of u. Therefore, the
AT T

desired derivative formula holds as explained above. O

To prove Theorem 3.1.2, we need the following lemma. Since (V.F)(X?) :
€ — H and (V.o)(X¢(t)) : H —» Zys(H) are linear and bounded, (3.1.3) has

a unique strong (variational) solution for ¢t € [0,T — 7).

Lemma 3.2.1. In the situation of Theorem 3.1.2, let (Z(t))cjo,r-+) Solve (3.1.3).

Then for any p > O there exists a constant C > 0 such that

E sup [|Z|l% < Clinllg, ne€.
te(0,T~1)
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Proof. Tt suffices to prove for p > 4. By It6’s formula and the boundedness of

VF and Vo, there exists a constant ¢; > 0 such that

dIZ®IE = {2(2(t), AZ(t) + (V2 F)(XF) - %

+2(Z(t), (V2o (X*(1))dW (1))

< {Clllzt”go - ?‘lli—ggll_Hllo,T-T)(t)}dt

+2(2(2), (Vzo)(XE(2))dW (£)

)+ (Vao) (XEE)IEs bt

holds for ¢ € [0, T — 7). So, for p > 4 there exists a constant c; > 0 such that

Azl = dliz@l3)?

= {EIzonazol
5@ =21ZON | (V2o) (X)) 20, fat
FRIZO (20, (Vawo) (XEE)dW (1)

< {alzi, - 20N oy

+plZ@) 52 (), (Vaeo)(XE(t))dW (1))

+
(3.2.4)

holds for ¢ € [0, T — 7). Since ||(V 5o )(X*(t))llns < clZ(t)||# holds for some
constant ¢ > 0, combining this with the Burkhold-Davis-Gundy inequality, we

arrive at

E sup [Z(s)I[} < |ln|l’é°+63/ E sup [|Z(s)|l5d0, te(0,T—7)

s€[~7,t] s€[~7,6]
for some constant c3 > 0. The proof is then completed by the Gronwall lemma.

O

Proof of Theorem 8.1.2. (1) Due to (A1) — (A4), it is easy to see that (3.1.3)

has a unique solution for t € [0,7 — 7). Let
Z(t) = ZO)rr-n(t), t>-T.

If

tTl%‘r_r}T Z(t) =0, (3.2.5)
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then it is easy to see that (Z(t)),»o solves (3.1.3) and hence, the proof is finished.
By It6’s formula and (3.2.4) we can deduce that

1Z@ONIE _ P U(t)IIZ( )
IIZ Ol p
< —0p—F u}’() dt + C1||Z(¢)||5,d¢
e l(t) 2 OIE 2 (), (V2o) (XE(2)dW (2)
for some constant C; > 0. Combining this with Lemma 3.2.1 we obtain
Tz » o In(O)II%
}E/o p(t)"dt <G (||n||°° + Zw——l(cﬁ) (3.2.6)

for some constant Cy > 0, and due to the Burkhold-Davis-Gundy inequality

B 120G
sel0,7—7) WP1(s)

Since u(s) | 0 as s 1 T — 7, the latter implies (3.2.5).
(2) Let

w0 = [ o O D -6 + (V2 )X rin(@)}ds, ¢20.

We first prove that h € H!. According to the boundedness of ||V F|| and using

Holder’s inequality, we arrive at

T T N2
§
E / Ih(6)|13dt < E / o™ (xS eI g e

+OE [ o @)1z
T p=2
o H(X¢ = ’
< ([ tomtoriar)

) { (E /OT—T ||i}(,(tllﬁdt) +C( / ||4||P dt) }

for some constant C > 0. Combining this with (3.2.6), o~ (z)|| < (1 +||zl|%),
Lemma 3.2.1 and Theorem 3.4.1, we conclude that ]EfoT lA(t)||%dt < oo; that
is, h € H}.

Next, we intend to show that V,,X% = Dthi, which implies the desired

derivative formula as explained in the beginning of this section. It is easy to
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see from Theorem 3.4.2 and the definition of h that I'(¢) := V,X¢(¢) — DpX(t)

solves the equation

dr(t) = {AD() + (VrF)(XE) = Z1070(8) = (V2 F)(XE)Lr—r (8) bt
H(Vewo)(XED)AW (), t e [0,T)

F0=T}.

Then for t € [0, T,

d(T(t) - 2(8) = {A(T(®) - Z) + (Vr-2)F(X{) ot
+(Vrw-200)(XED)AW (1),

To— Zo = 0.

By It6’s formula and using (A1)-(A3), we obtain
dIIT@) = ZW)E < ClTe = Z||2dt +2(0(t) = Z(2), (Ve -2z0)(XE(2)))dW (t))

for some constant C' > 0 and all ¢ € [0,T]. By the boundedness of ||Vo| gs and
applying the Burkhold-Davis-Gundy inequality, we obtain
E sup |Is) - 2} < O [ E sup [N(s) - Z(s)fyar, t€ 0.T]
s€(0,4] 0 sefor]
for some constant C' > 0. Therefore I'(t) = Z(t) for all t € [0,T)]. In particular,
I'r = Zr. Since Zr = 0, we obtain V, X5 = Dy X5. O

Remark 2.1. Our main results, Theorem 3.1.1 and Theorem 3.1.2, are es-
tablished under the assumption that the infinitesimal generator A generates a
contractive Cy-semigroup. Replacing A and F(z) by A — a and F(z) + az for
a positive constant a > 0, they also work for A generating a pesudo-contractive

Cy-semigroup, i.e., [|e*4|| < e*t.

3.3 Gradient Estimate and Harnack Inequality

In this section we give some applications of Bismut formulae for P; with additive

and multiplicative noise respectively.
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Theorem 3.3.1 (Additive Noise). Assume that (A1) — (A4) hold with constant
o € Z(H). Then there exists a constant C > 0 such that
(1) For any T > 1,6,n € € and f € B(¥),

(VuPEIOP < =P ().

(2) For any T > 7,€,m € € and positive f € B(E),

(Vo Prf)(€)] < 6{Pr(flog f) — (Prf)log Prf}(€)
Inll%, (3.3.1)

+ 5{(T_T)A1}2PTf(§), §>0.

Proof. By the Jensen inequality and the semigroup property of P,, it suffices
to prove for T — 7 € (0,1]. Let u(t) = —Tgi{—;—t By Theorem 3.1.1, the proof is
then standard and similar to that of [36, Theorem 4.2). We include it below for
completeness.

(1) Note that u(t) = —7*=. Due to the definition of T(¢) and the boundedness
of |VF| it follows that

IV )X < Clinllz

for some constant C > 0. By (3.1.2), Holder’s inequality and the boundedness

of |lo~ || we have

T
(VaPrNOI < 2P EE [ {lo (T2 YK

+ T e n(O)I } (332)

< ( )2 ”T’”2 PTf2(£

for some constant C' > 0 and all T € (7,7 + 1].
(2) For t € [0,T — 7], let

M) = [ (o (VP09 + e @), aw(s)),

which is a mean-square integrable martingale, with quadratic variation process

e—en(0))| ds < Cll

VTSF) 5+ T
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for some constant C > 0. In the light of (3.1.2) and Young’s inequality (3,
Lemma 2.4], we have that for any § > 0 and positive f € %,(¥)

|(VoPrf) ()] < 6{Pr(flog f) — (Prf)log Prf}(£)
+ 6Prf(€) log Eexp (%M(T ).

Moreover, by the exponential martingale inequality, the boundedness of ||V F||

and the definition of Y,

E exp (%M(T )) ]Eexp ) / ” Vr,F(XE) + T 1 7_e“An(O)) ”2dt)>%

< exp (m”’?”z )

holds for some constant C > 0 and all T € (7,7 + 1]. Therefore, the proof is
finished. ]

According to [36, Proposition 4.1], (3.3.1) implies the following Harnack
inequality. Applications of these inequalities to heat kernel estimates, invariant
probability measure and Entropy-cost inequalities can be found in e.g. [74, 87,

89).

Corollary 3.3.2. Assume that (A1) —(A4) hold with constant o € £L(H). Then
there ezists a constant C > 0 such that

(o — 1;2%"!17!0:)2 ~ 1}]PT|f|a(§ +n), f€%B(F),

T>néne?

|PrfI7(€) < exp |
(3.3.3)

holds for any a > 1.

Next, we consider the multiplicative noise case. For simplicity we only con-
sider the case where |07 || := sup,ep [lo ™ (z)|| < 0o. The case for 0! having
algebraic growth is similar, where the resulting estimate of ||V P, f|| will be no

longer bounded for bounded f, but bounded above by a polynomial function of

[1€]lco-

Theorem 3.3.3 (Multiplicative Noise). Let (A1)-(A4) hold and assume further

that ||o 7|l < 00. Then for any p > 1 there exists a constant C > 0 such that
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(Vo Prf)(©P < — Il

S mpﬂflp(f), feB(€)T>r¢ne?.

In particular, P; is strong Feller fort >T — 7.

Proof. Tt suffices to prove for T € (1,7 + 1]. Let u(t) = (T — 7 — t)*,t > 0. We

1

have 0, = 1. Since o~ is bounded, for any p > 1 and n € €, it follows from

(3.1.4) that

(PrlfIP)7(€)

<8 [ (o x40 v 0(6) + (Ta YK} W (0]
< CIE( /0 T (|li§2|)|%1,0,7~_,)(t) 120 (®) dt) ey

holds for some constants C;,C2 > 0 and all T' € (7,7 + 1], where the second
inequality follows from the Burkholder-Davis-Gundy inequality: for any ¢ > 1
there exists a constant C; > 0 such that

E sup [M(1)]" < CE(M)}(T)
te(0,T)

holds for any continuous martingale M(t) and T' > 0. Then the proof is com-

pleted by combining this with (3.2.6) with u(0) =T — 7 and Lemma 3.2.1. O

Remark 3.1. From Corollary 3.3.2 and [36, Proposition 4.1}, we know that
entropy estimation (3.3.1) plays a key role in establishing the Harnack inequality.
However, the entropy estimation seems to be difficult to obtain for the multi-
plicative noise case. Hence we can not adopt the same method as in the additive
noise case to derive the Harnack inequality. In order to establish the Harnack
inequality for the multiplicative noise case, one may use coupling method as
in Wang [88], and Wang and Yuan [91]. Since the derivation of the Harnack
inequality for functional SPDEs with multiplicative noise is very similar to that

of [91], we omit it here.
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3.4 Appendix

In this section we give two auxiliary lemmas, where one concerns the existence
and uniqueness of solution of equation (3.1.1) under (A1)-(A4), and the other
one discusses not only the existence of Malliavin directional derivative but also
the derivative process with respect to the initial data. To make the content

self-contained, we sketch their proofs.

Theorem 3.4.1. Let (Al),(A4) hold, and let F : € — H,0 : H — Z(H)
be Lipschitz continuous. Then for any p > 2 and initial data §& € LP(Q —
€, %o, P), equation (3.1.1) has a unique mild solution (X¢(t))i>0, and the solu-

tion satisfies

E sup || X{|P, <oo, T >0.
t€(0,7)

Proof. Obviously, (A4) remains true by replacing o with a smaller positive num-
ber. So, we may take in (A4) o € (0, l). Then, by [19, Proposition 7.9] with
r =8¢ (1,5;), for any Ty > 0 there exists a constant Cy > 0 such that for any

continuous adapted process Y(s) on H,

t
E sup el=)45(Y (s))dW (s)

4
<@E/|w IlPds  (3.4.1)
t€[0,T)

for any T € [0,Tp). Using this inequality, the desired assertions follow from the
classical fixed point theorem for contractions. Denote by 4, the Banach space
of all the H-valued continuous adapted processes Y defined on the time interval

[~7,T] such that Y'(t) = £(t),t € [-7,0], and

< =

¥l = (B sup 1Y) <

te|-7.T)

£(), if t € [-,0],
et4£(0) +f et-94F(Y,)ds + fot et=)4g(Y (5))dW (s), ift € (0,T).

By (3.4.1) and the linear growth of F' and o, we conclude that £ maps %, into

J%,. For the existence and uniqueness of solutions, it suffices to show that the
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map % is contractive for small T > 0. By the Lipschitz continuity of F' and o,
and applying (3.4.1) for o(Y1(s)) — o(Ya(s)) in place of o(Y (s)), we obtain

lZ(¥h) =Y, <CTIY' = Y[}, Y',Y* €,

for some constant C > 0 and all T € [0,Tp]. Choosing sufficiently small T
such that CT < 1 we can conclude that J¢ is contractive. In what follows, we
consider (3.1.1) on intervals [T, 2T), (2T, 3T - - - [|T/T|T, (|T/T] + 1)T] respec-
tively, where |T'/T| denotes the integer part of T/T, and then (3.1.1) admits a

global mild solution on the time interval [0, 7). O

Theorem 3.4.2. Assume that (Al), (A2) and (A3) hold, and let €, € € and
he H,.

(1) (DhX(t))es0 exists and is the unique solution to the equation
da(t) = {Aa(t) + (Ve F)(XF) + o(XE(t))h(t)}dt
+((Vao) (X4(1)))dW (¢),
ag = 0.
(2) (VX ())iz0 exists and is the unique solution to the equation
dB(t) = {AB() + (Va F)(XE)}dt + (Varo) (XE()))dW (),
Po =1

Proof. We only prove (1) since (2) can be proved in a similar way. The argument
of the proof is standard in the setting of semi-linear SPDEs without delay. The
only difference for the present setting is that one has to estimate the sup over

time for the norm of the error process for small € € (0, 1)
AS(t) := XOP(t) — XE(t) — eaft), t >0,

where X< is the mild solution to (3.2.1).

(a) There exists a constant C' > 0 such that

T
E sup || X% — XE||2, < 2eCT+IE / IA@)||%dt, T > 0. (3.4.2)
te(0,T] 0
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Indeed, by (A1), (A2) and (A3) we have the following Itd’s formula for || X&<h(¢)—
X% -
Al X4 () — XEONF = 2 X4 (@) — XE(1), AXER(E) — X4(t))
+ F(XHM) — F(XF) + ea (X4 (t))A(t))dt
+[lo (X4 () — o (X° (1)) | Frsdt
+ 2(XE () — X4(2), (0 (X4 () — a(XE(2)))AW ().
Noting from (A1), (A2) and (A3) that
(XEM() — XE(1), A(XER(t) - XE(t))) <0,
IF(XE") = F(XE) + ea(XEPENAE) g < CLll X = X lloo + el R(®) 1),

and by the Burkhold-Davis-Gundy inequality

Esu || X6k ) = XE(3), (o (X544 (3) — o (X4 ()W (s) |

te(0,T7)

T 3
<O ( [ i) - Xf(s)ﬂ‘;,ds)
0

T
< 2B sup [x8) - x4 + LB / 1X6<h(s) — X4(s)|%ds
2 e 2 Jo

for some constant C; > 0, we obtain

T T
E sup [X{" - X{|I3, < 0262/ IA@5dt + Co | E sup [ XE — XZ|[2.dt
te[0,7] 0 0 s€[0,t]
for some constant Cy > 0. This implies (3.4.2).
(b) To prove Dy X¢(t) = a(t) it suffices to show
1
lim -E sup |[A*(¢AT)|lw =0, n>1, (3.4.3)

€l0 € te[0,T]
where 7, := inf{t > 0, | X¢|leo > n} T 00 as n T co. Indeed, by (3.4.2), (3.4.3)

and the definition of A® we have
limsup ei%]EllAe(t/\Tn)]] i< limsup Ei%(EnAf(t/\rn)||,,,)% (A (tAT)]%)F =0,
So that by (3.4.2),

imsup 5 EJA“(0)y < limsup < E[IA )1} 100

< limlsoupEi%(]EHAE(t)H%,)%]P’(Tn < 1)} < c(t)P(r, < 1)}
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holds for some constant c(t) > 0 and all n > 1. Letting n — oo we arrive at

im | O =X _ o

3
2

= lim - EnAs(t)n,% =

e—vO

that is, D X4(t) = a(t).

H

To prove (3.4.3), we observe that
tATn
N(tAm) = [ IR - FXE) - Vo, FXS)
0

+e(a(X5M(s)) = o (X(5))A(s)}ds

tATR (344)
+ [ M) - o (x4 (s)
0
— V(00 (XE(5)))dW (s).
Let
Yn(8) := sup IVF(E)-VF(n)|lw+ sup  ||Vo(z)—Vo(y)llus.
[illoo S1,lI€=nlloo <5 [zl <n jlz—-yli<s

By (A2) and (A3) we have v,(s) | 0 as s | 0 and ~,(00) < co. Then

Sn(s) < (V)5 + @ 530,

Therefore, there exists a constant C; > 0 such that
IF(X5") — F(XE) = €(Va, F)(X5)loo
S VFlloollAslloo + 1X5" = XE oot (1 X5<" — X ]loo)

n w €
< Sl +2(VOIXE® = XSl + 22 s - X,

ell(o(XE5M(s)) — o (X4 ()Nh()m < E[lAls) Iy + Coll X (s) = X4(s)

and by the Burkhold-Davis-Gundy inequality

B sup || [ Ao (X4(5) ~ 0(XK(5) ~ e(Tai ) KNWS)

t€[0,T]

1
< 5E sup [[A“(t A7)l + a(VE)E sup | XSt A Ta) — XE(EA TR H
t€(0,T) t€[0,T)

Yn(00 )IE sup || X&P(tAT,) — XSt AT
Ve tepo

+GE [ (A6 1 m(IXEHE) = X6l

+

+ 200N xen(e) - XE(a) ) s
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Combining this with (3.4.2) and (3.4.4) we obtain

T
E sup |[A(tAT)|lg < 02/ E sup ||A°(s A 7,)|lwds
0

t€(0,T] s€[0,2]

+ 00 (mlage + 220)

for some constant Cs > 0 and

C(T) := eC2(147) (1 + ]E/T “h(t)”%{dt), T > 0.
0

Due to the Gronwall inequality, this implies (3.4.3).
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Chapter 4

Large Deviation for Neutral

Functional SDEs with Jumps

In this chapter, we apply the weak convergence approach to establish a LDP
for a class of neutral functional SDEs with jumps. In particular, we discuss the
LDP for neutral SDDEs which allow the coeflicients to be highly nonlinear with

respect to the delay argument.

4.1 Introduction

Large deviation principle (LDP), concerning with the asymptotic computation
of small probability events on an exponential scale, has being extensively stud-
ied beginning with the fundamental formulation of Donsker and Varadhan'’s [26],
and been applied to stochastic differential equations (SDEs), e.g., [8, 23, 30, 83].
The weak convergence approach due to Dupuis and Ellis [27] has also been
proved to be effective in establishing the LDP for various stochastic dynamics
driven by Brownian motions, e.g., in [71, 104] for finite-dimensional SDEs, and
in [53, 72, 76] for infinite-dimensional stochastic partial differential equations
(SPDEs). The main advantage of this approach is that time-discretization and
large calculations in showing the exponential-type estimates can be avoided.
For SDEs and SPDEs driven by jump processes, most work focuses on the cases

of additive Lévy noise, e.g., in [21] for finite-dimensional jump diffusions with
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bounded coefficients through a time-discretization argument, in [75] for stochas-
tic evolution equations, and in [96] for 2-D stochastic Navier-Stokes equations.
However, it seems hard to apply the approach introduced in [75] to SDEs and
SPDEs with multiplicative Lévy noise. Recently, [15] gave a variational rep-
resentation for functionals of Poisson measure plus an independent Brownian
motion, which cover many continuous time models. Just like the variational
representation of functionals of Brownian motion [16], this representation also
proves to be effective in the study of LDP for stochastic models with jumps,
e.g., [15] and [94] discussed the LDP for SDEs and multivalued SDEs with mul-
tiplicative Lévy noise respectively, where the drift and diffusion coefficients are
imposed to be bounded. For the variational representation of functionals of
Poisson random measures, we can also refer to [57, 103].

For stochastic systems with memory, there are only a few results on LDP.
For example, Scheutzow [80] studied the topic of LDP for SDDEs with additive
noise, and Mohammed and Zhang [60] provided the upper and lower large de-
viation estimates for SDDEs driven by multiplicative Brownian motion noise.
We also point out that [60] and [80] adopted time-discretization arguments.
However, for functional SDEs, time-discretization schemes, even the simplest
Euler-Muruyama scheme, are relatively complicated, which thus brings a lot of
troubles for the exponential-type estimates.

While there are few results on LDP for functional SDEs (FSDEs), in partic-
ular for neutral FSDEs, where a differential equation is called neutral if, besides
the derivatives of the present state of the system, those of the past history are
also involved. Motivated by the previous literature, in this chapter we shall
apply the weak convergence approach [15, 16] to establish the LDP for a class of
neutral FSDEs driven by multiplicative noise. In particular, we discuss the LDP
for neutral stochastic differential delay equations which allow the coefficients to
be highly nonlinear with respect to the delay argument, where the global Lips-
chitz condition, especially with respect to the delay argument, is imposed in [60]
and [80]. Also, the boundedness of drift and diffusion coefficients imposed in

(15, 94] is relaxed. Moreover, some tricks are adopted to overcome the difficulties
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caused by the neutral part and functional coefficients.

The organization of this chapter is as follows: We establish the LDP for a
class of neutral FSDEs in Section 4.2, discuss the LDP for neutral SDDEs in
Section 4.3, which in particular allow the coefficients to be highly nonlinear with
respect to the delay argument, and in Section 4.4 we generalize the results in

Section 4.2 to the case of neutral FSDEs with jumps.

4.2 LDP for Neutral FSDEs Driven by Brown-

ian Motions

Let (R™,{-,-),| - |) be the Euclidean space and ||A|gs := y/trace(A*A), the
Hilbert-Schmidt norm for a matrix A, where A* is its transpose. Fix 7 > 0,
which is referred to as the delay, and T > 0, a finite time horizon. Let W (t)
be an m-dimensional Brownian motion defined on the classical Wiener space
(Q,F,P), ie., Q := Cy(R;;R™), the space of R™-valued continuous functions
w on R, vanishing at time 0, with the locally uniform convergence topology,
F is the o-algebra generated by coordinate mappings W (t,w) = w(t), P is the
Wiener measure on . Let € := C([—, 0]; R*), the space of continuous functions
f : [-7,0] —» R, endowed with a uniform norm ||flle := sup_,<p<o|f(0)|.
For a map ¢ : [-7,00) — R™, let ¢, € € be the segment of ¢(t) such that
0i(8) = p(t +0),0 € [—-7,0],t > 0.
Consider a neutral FSDE on R”

d[X (1) — G(X)] = b(X,)dt + o(X,)dW (2), (4.2.1)

Xo=¢€F.
Throughout this chapter we shall assume that

(H1) G : € — R™ with a := |G(0)| < oo and there exists x € (0, 1) such that
IG(€) = G()| < kllE = 7llw, &mEF.
(H2) b: € — R™, satisfying a local Lipschitz condition, o : € +— R™™ with
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B :=||o(0)||ms < 00, and there exists A > 0 such that for £, € €

((€(0) =n(0)) — (G(&) =G (), b(&) =b(M) V |l0(€) — e ()| Frs < M€ —7ll2%
and

(€(0) — G(£),b(€)) < ML+ lIENZ).

Remark 4.2.1. Note from (H1) and (H2) that

GO+ lo@llas < {(k+ X)) V(e + B} + lélo), E€F.  (422)

Under (H1) and (H2), for any initial data £ € ¥ Eq. (4.2.1) admits a unique
solution {X(t)}eepo.-
To establish the LDP for the law of small perturbation associated with Eq.
(4.2.1), we need to recall some notions and notation in a general framework.
Let S be a Polish space (i.e., a separable complete metrizable topological
space), and {Y¢, e € (0,1)} a family of S-valued random variables defined on the
probability space (2, F,P).

Definition 4.2.1. A function I : S — [0,00] is called a rate function if it is
lower semicontinuous. A rate function I is called a good rate function if the

level set {f € S: I(f) < a} is compact for each a < oco.

Definition 4.2.2. Let u¢ be the law of {Y¢,e € (0,1)} in S. The sequence
{Y¢,e € (0,1)} is said to satisfy the LDP with rate function I if for each A €
AB(S) (Borel o-algebra generated by all open sets in S)

— inf I(f) < liminfelog u(A) < Ii log uf(A) < — inf I(f),
jnf, (f) < liminf elog p*(A) < im sup e og u(A4) < inf (f)

where the interior A° and closure A are taken in S.

The starting point of the weak convergence approach for stochastic dynamics
driven by Brownian motion is the fact that the LDP is equivalent to a Laplace

principle (LP) if the underlying space S is Polish.

Definition 4.2.3. The sequence {Y*, e € (0,1)} is said to satisfy the LP on S

with rate function [ if for each bounded continuous mapping g : S — R
9(Y*)
€

lim elog E(exp | ~ £==1) = —in{g(f) + ()}
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To give sufficient conditions such that the LP holds, we also need to introduce

some additional notation. Define the Cameron-Martin space H by

H:= {h . [0,T] — Rm'h(t) - /th(s)ds, te[0,7),
0 (4.2.3)

T 3
and / |h(s)|2ds<oo},

which is a Hilbert space, equipped with the norm || f||g := fo |F(s)|?ds)2, where

the dot denotes the generalized derivative. Set
Sy:={heH:|hlu <N}, N>0, (4.2.4)

i.e., the ball in H with radius N, and
Ay :={h:[0,T] — R™|h is an F; — predictable process such that
h(-,w) € Sy, P — a.s.}.
Remark 4.2.2. By [51, Theorem III.1], Sy is metrizable as a compact Polish

space under the weak topology in H.
Let {G° : C := C([0,T];R™) — S,e € (0,1)} be a family of measurable
mappings and
Z¢ = G (VeW). (4.2.5)
Assume that there exists a measurable mapping Z° : H +— S such that
(i) For any N > 0, if the family {h¢, e € (0,1)} C Ay (as Sy-valued random

variables) converge in distribution to an h € Ay (as Sy-valued random

variable), then G¢(\/eW + h¢) — Z°(h) in distribution in S as € — 0.
(ii) For any N > 0, the set Ky := {Z°(h) : h € Sy} is a compact subset of S.
We next recall an equivalent relationship due to [16, Theorem 4.4] between
the LDP and the LP whenever the underlying space S is Polish.

Lemma 4.2.1. Let Z¢ be defined by (4.2.5) and assume that {G¢,¢ € (0,1)}
satisfy (i) and (ii). Then the family {Z¢ ¢ € (0,1)} satisfy the LP (hence LDP)
on S with the good rate function defined by

I(f) = ” ”H) f € 81 (426)

2 (helHIf Z°(h)}

where the infimum over the empty set is taken to be oo.
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Remark 4.2.3. For a Polish metric space S, Ky is a compact subset of S if for
a sequence h, € S there exists a convergent subsequence Z°(h,,). On the other
hand, the rate function I defined in Lemma 4.2.1 is a good rate function if Ky

is a compact subset of S.

For t € [0,T),¢ € (0,1), consider the small perturbation of Eq. (4.2.1)

d[X<(t) = G(XP)] = b(X{)dt + Vo (X)W (2), (4.2.7)

X;=¢€%,
which admits a unique solution X*¢ := {X*(t)}sejo,7)- By Lemma 4.2.1, to estab-
lish the LDP for the law of {X*¢,e € (0,1)}, it is sufficient to choose the Polish
space S, construct measurable mappings G¢ : C — S and Z° : H — S respec-
tively, and then show that (i) and (ii) are satisfied for the measurable mapping
ge.
In the sequel, let S := C([0,T); R™) be the family of continuous functions
f :[0,T) — R", which is a Polish space under the uniform topology. By the
Yamada-Watanabe theorem there exists a unique measurable functional G¢ :
C +— S such that
Xe(t) = G(VeW)(t), t € [0,T). (4.2.8)
Then, for h¢ € Ay (as Sy-valued random variables), by the Girsanov theorem,

(4.2.7) and (4.2.8), we conclude that
X (t) 1= G(VEW + h9)(t), te0,T),
solves the following equation
d[Xe™ () — G(XP™)] = b(XF™)dt + o (XEM Vhe(t)de
+VEa (XM AW (), (4.2.9)
XM =¢e®.

For any h € H, we also introduce the skeleton equation associated with Eq.
(4.2.1)

higy _ R = p(XF o1,
dX"(t) — G(XP)] = b(X{)dt + o (XP)h(t)dt, (4.2.10)

Xh=¢€€¥.
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and define

X°(h) := X", hel

To verify that G¢ defined by (4.2.8) satisfies (i) and (ii), we need to prepare
the following several auxiliary lemmas. Throughout this chapter, C > 0 is a

generic constant whose values may change from line to line.

Lemma 4.2.2. Let (H1) and (H2) hold. For h¢ € Ay (as Sy-valued random
variables), h € Sy and p > 2, there exists C > 0 such that

sup | X"(2) l”vIE( sgthIXf-h‘(t)w) <cC.

—7<tLT

Proof. Recall the fundamental inequality: for any ¢ > 1,6 > 0 and a,b € R
la +bj7 < [1L+677)772(|a|? + [b]7/5), (4.2.11)
and set
M(t) = XM (t) — G(XE™), tel0,T). (4.2.12)

By the inequality (a + b + ¢)? < 37~ (]aJ? + |bJ? + |c[P) for a,b,c € R and (H1),
we have

IM@)P < 371 (a® + (1 + &)1 XM |IB,). (4.2.13)
Applying (4.2.11) and taking into consideration (H1) yields that

1 &heY|p
lXe,h‘(s)'p < (1 +5p—1 )p—l('G()f;sl )l + |M(S)lp)

<+ (5 {0+ Ty (Fle0EM) - GOP
+|G<0>|P)}+|M ")
P (p{as e (R

)

+lGO)P }+|M(s ).

< (1467

Letting

51:(_52_1_11__)1)_1 and 52=( f )p_l,

1 — Kg2-D
one has

XM ()P < C + VRIXE B + (1 — 6700 1P| M(s)]P.
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This further implies that

E( swp X)) < C+6()( sup [1(s)P), (4214

—7<s<t 0<s<t

where 6(p) := (1 — KZ(PI-”)I"”/(I — V/k). Next, by the Ité formula, (H1), (H2)

and (4.2.13), we arrive at

T
E( sup [MOP) <C+CE [ X0t
0<t<T 0

(4.2.15)
+EL(T) + E(oiltlET Ilz(t)l) ,

where r
B(T) = [ MM (), 00X ie(s)lds,
and ,
L(t) =p /0 M (8)P~(M(s), o(XM )W (s)).

Note from (4.2.2), (4.2.13) with p replaced by p — 1, the Hélder inequality and
the Young inequality that

1

Bn(r) <on +ou( [ Ixeza) e( [ inora)’
T

1
<ON +ONE( sup_[X¥ ()P / sup_|X¥(s)pat)’
—7<t<T 0 -7Zs<t

(4.2.16)

1 ‘

<CN+—E X ()P

<OV + g7 {_sze, X 0F)
T

+ C2N25(p) /0 E( sup |X*(9)F)dt,

—-1r<s8<t
where we have used that h¢ € Sy, and by the Burkhold-Davis-Gundy inequality
that

£ g, a0 < OB [/ IMEPo o) lfss)

0<t<T

<CB( sup M@ [ IMEP2o(Xs™ ) sds)’
i’S‘ST 0 (4.2.17)
<C+ §]E( sup |M(t)|”)

0<t<T

T €
+C/ ]E( sup |XeP (s)l”)dt.
0

—7<s<t
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Substituting (4.2.16) and (4.2.17) into (4.2.15) leads to

0Lt<T -1<s<t

E( sup |M(t)|”) <C+C /0 TIE( sup [X""C(s)l”)dt
1

+WE< sup lXe’he(t)l”).

—7<t<T

Combining this with (4.2.14), we obtain that

T
E( sup [XH(P) <C+C / E( sup [X“M(s)P)dt.
—7<t<T 0 —r<s<t

Thus the desired assertion follows from the Gronwall inequality, and the uniform

estimate of X"(t) can be obtained similarly. O

Lemma 4.2.3. Under (H1) and (H2), the set Ky := {X°(h) : h € Sy} is a

compact subset of S.

Proof. For any h, € Sy, there exists a subsequence, still denoted by h,,, which
converges weakly in H to some h € Sy, i.e., fOT Iﬁn(s) - ﬁ(s)lzds — 0, due to
the fact that Sy is weakly compact by Remark 1.1. Denote by X" and X" the
solutions of Eq. (4.2.10) with the controls h, € Sy and h € Sy respectively. In
view of Remark 4.2.3 it is sufficient to show that X" — X" in S. Let

M(t) == XP(t) — X*(t) - (G(X) - G(XP), telo,T]. (4.2.18)

Note from (4.2.11), (H1) and X;~ = X} that

sup X" (t) — X™(t)|? < 5 sup |M(t)? (4.2.19)
0<t<T (1~ k)% oe<T
and

|M(£)] < [X™(8) - XM +IG(X) - G(XP) £ (L+R)IXE = X[ loo. (4.2:20)

From the chain rule, (H1), (H2), (4.2.20) and Lemma 4.2.2, we derive by follow-
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ing the argument of (4.2.16) that
B =2 [ 005, 600) ~ b(x2has
0 t
2 / (F(5), 0 (X )(Fin(5) — h(s)) + (0(X™) — o(XP))h(s))ds

t
<C [ sup | X" (r) = X"(r)|%ds
0 0<r<s
t

+C sup | X (r) — X*(r)||hn(s) — h(s)|ds
0 0<r<s
t .

+C | sup | X" (r) — X"(r)|*|h(s)|ds

0 0<r<s

t
< C/ sup | X" (r) Xh(r)|2ds+/ |hn(s) — h(s)|?ds
0

0<r<s

t 1
+ C’N(/ sup | X" (r) — Xh(r)|4ds) ’
0 0<r<s
i t
<C | sup |XP(r) — Xh(r)|2ds +/ |hn(s) — h(s)|*ds
0

0 0<r<s

2
B0 G X (s) - XP(s)R,
2 o<sst

where X/ = X and h € Sy have also been utilized. Putting this into (4.2.19)

leads to
T T ,
sup | XM (t)—X"(t)2<C | sup |Xh"(r)—Xh(r)|2ds+C/ |hn(s)—h(s)|*ds.
0<t<T 0 0<r<s 0
Then the Gronwall inequality gives that
T
sup [X(8) = XM(OP <O [ a(®) - hio)et
0<t<T 0

and the desired assertion follows from that A™ converges weakly to A € Sy in

H. a

Lemma 4.2.4. Let (H1) and (H2) hold. Assume further that the family {h¢, e €
(0,1)} ¢ An (as Sy-valued random variables) converge almost surely in H
to h € Ay (as Sy-valued random variable). Then X% — X" converges in

distribution in S.

Proof. 1t is sufficient to show that X" — X" in probability in S since conver-

gence in probability implies convergence in distribution. Let M (t) be defined by
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(4.2.18) with X replaced by X"=. Note that (4.2.19) and (4.2.20) still hold
with X" replaced by X¢**. Applying the Ité6 formula, we have

B =2 [ (01(6), b5 - (s
+2 [ (106,02 f(5) — his)has
2 [ (01(6), (X2%) - o)) (4221)
b [ IotXe s +2v [ (1(5) o(X5%)aw ()

=: i) + Ja(t) + Ja(t) + Ja(t) + Js(2).

In light of (H2)

T
sup |Ji(8)| < C / 1XE — XP2dt, (4.2.22)
t€(0,7] 0

and, by the Holder inequality and the Young inequality, for A € Sy one has
T 1, T 1
sup [5(0)] < C( [ 1xe - xbisae)* ([ lhto)pds)’
t€(0,T] 0 0

(1 - /‘i)z 'Xe h‘ ) Xh(t)|2 (4'2.23)

0<t<T

+C/ | X P (t) — X™(¢)%dt.

Substituting (4.2.22) and (4.2.23) into (4.2.21) and recalling (4.2.19), we deduce
from the Gronwall inequality that

sup | XM (t) — XP(t)|? < C’{ sup |Jo(t)] + sup |Ja(t)] + sup |J5(t)|}.
0<t<T t€(0,T) te[0,T) te(0,7}
Observe from Lemma 4.2.2, (4.2.2), (4.2.20) and the Burkhold-Davis-Gundy
inequality that
E( sup |Ja(t)] + sup |J5(t)|) . 0ase 0.
t€[0,7] t€[0,T)

Therefore

sup |Jy(t)| + sup |J5(t)| — 0 in probability as € | 0.

t€{0,7] t€[0,T]
To obtain the desired assertion, it is sufficient to show that

sup |J2(t)] — 0 in probability as € | 0. (4.2.24)
t€[0,T]
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For any § > 0, notice that

lP’( sup |Jo(t)| > 6 sup ‘ / 5), (XY (he(s) — h(s)))ds' > 6)

te[0,T] t€[0,T]

3 / IM(S)I-Ilo(Xi”“)IIHslfi‘(s)—h(s)lds2g)

52
¢ )
/ |he(s) — ds>4)

where A(T) := [T (|M(s)|[|o(X5")||ns)?ds. On the other hand, for arbitrary
R>0

n | " i) - h(s)Pds > ‘5—2)

/ Ihe(s) — h(s)[2ds > m A(T) < R) +B(A(T) > R)

5
€ - 2 -
< IP’ /0 Ihe(s) — h(s)|2ds > 43) +]P’(A(T) > R).
By (4.2.2), (4.2.20) and Lemma 4.2.2, it is easy to see that
T €
EA(T) < CE [ {IX;™ = XL (X + D)ds < C.
0

Next, using the Chebyshev inequality, for any € € (0,1) we choose Ry > 0
sufficiently large such that

lP’(A(T) > R0> < E)]EA(T) %

For fixed Ry, due to h¢ — h a.s. in H, it then follows that
52
e 2 R RN
/Ih ds>4R0) Oase |0
Consequently, (4.2.24) holds due to the arbitrariness of € € (0, 1). O

We now state our first main results.

Theorem 4.2.5. Under (H1) and (H2), X¢ satisfies the LDP on S with the
good rate function I(f) defined by (4.2.6), where X°(h) solves Eq. (4.2.10).

Proof. The proof is standard while we outline the argument for the sake of
completeness. By Lemma 4.2.1 it is sufficient to show that (i) (in Lemma 4.2.1)

holds since (ii) is true by Lemma 4.2.3. Assume that {h¢,e € (0,1)} C Ayn
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(as Sn-valued random variables) converge in distribution to an h € Ay (as an
Sn-valued random variable). Noting that {h¢, W} is tight in Sy X C by recalling
that Sy is compact from Remark 1.1 and the law of W is tight, we assume that
the law of {h¢, W} converges weakly to some u on Sy XC. Thus by the Skorohod
representation theorem [19, Theorem 2.4, p33] there exist a probability space

(Q, F,P) and stochastic processes {h¢, W¢} and {h, W} such that
L({h W) = L({p,W}), ZL({h,W})=p (4.2.25)
and
(h6, W} — {h,W}, P -—as. (4.2.26)
Note that Lemma 4.2.4 still holds when W and A in Eq. (4.2.9) are replaced by
W and h respectively. Hence we have

G (VeW + k) — X* in distribution (4.2.27)

due to the fact that h¢ — k, P-as. by (4.2.26). Moreover observing that
{h¢,e € (0,1)} converge weakly to h and the law of {h¢, W} converges weakly
to some p, we obtain from (4.2.25) that

ZL(h) = ZL(h) = p(-,C). (4.2.28)
Combining (4.2.25), (4.2.27) with (4.2.28) implies (i), as required. O

Remark 4.2.4. Applying a time-discretization argument, Mohammed and Zhang
[60] establish a LDP for stochastic systems with constant delay. For func-
tional differential equations, time-discretization schemes, even the simplest EM
scheme, are relatively complicated, which bring a lot of troubles for the exponential-

type estimates. While this has been avoided by the weak convergence approach.
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4.3 LDP for Neutral SDDEs

In this section we discuss the LDP for a class of neutral SDDEs. Consider the

following equation on R:

diY(t) —2Y%(t — 7)) = [sin(Y(t)) + Y (t — 7)]dt

+Y3(t — 7)dW (2), (4.3.1)

Y(0) =¢&(6), 6¢€l-10],
where W(t) is a scalar Brownian motion on the probability space (2, F,P).
Since G(€) = 2£2%(~7) and o(£) = 3¢3(—7) for £ € € do not satisfy (H1) and
(H2), we can not apply Theorem 4.2.5 to Eq. (4.3.1), although which has a
unique solution (see Remark 4.3.3). In order for Eq. (4.3.1) satisfies LDP, we

shall establish a new theorem.

Consider a neutral SDDE on R®

dY (t) = G(Y(t - 7)) = b(Y (t),Y (¢ — 7))d¢
+o(Y(t),Y(t — 7))dW(2), (4.3.2)
Y(0) =£(6), 6€l[-7.0],

where G : R*" > R*, b: R*" X R* —» R® ¢ : R” x R* —» R"*™, W(t) is an

m—dimensional Brownian motion. Assume that there exist Az, Ay > 0 such that
(A1) |G(z) = G(y)| < AsVi(z,y)|lz — yl, z,y € R™
(A2) For z;,y; € R*,i = 1,2,

|b($1,y1) - b(x2) ?/2)' \4 ”0(371,'!/1) - 0(132,3/2)”19'5
< M(lzy — zo| + Valyr, v2) v — w2l),

where V; : R® x R” — R, such that
Viz,y) S ML+ [z + |y[%), z,yeR"
for some \; >0and ¢; > 1,i=1,2.
Remark 4.3.1. Eq. (4.3.1) satisfies (A1) and (A2).
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Remark 4.3.2. By (Al) and (A2), there exists C' > 0 such that
IG(z)] < C(1 + |z|"*!), z€R",

and

bz, v)| + lo(z, »)llas < C(1+ |a| + ly|™™), z,y €R™

Remark 4.3.3. For t € [0, 7], Eq. (4.3.2) reduces to stochastic integral equation
V() = £(0) + Gle(t — 7)) = Gle(=r)) + [ b ()€l = 7))ds
+ / o(Y (s), (s — 7))dW (s).
0

Let Y(t) := Y(t) — G(£(t — 7)). Then the previous integral equation can be

rewritten as

Y(t) =Y(0) + /0 b(Y (s) + G(E(s — 7)), &(s — 7))ds

+ / (P (s) + G(E(s — 7)), £(s — 7)) AW (s).
0

This is an SDE without the delay argument and the neutral term, and (A2)
guarantees the existence and uniqueness of the solution {f’(t)}te,o,,] such that
E(SuPogtgr |}7(t)|q) < oo for any ¢ > 1. Repeating this argument we deduce
that Eq. (4.3.2) admits a unique global solution on [0, T].

For ¢ € (0,1) consider the small perturbation of Eq. (4.3.2)
d[Y<(t) - G(Y<(t — 7)) = b(Y(t),Ye(t — 7))dt
+VEa(YE(R), Ye(t — 7))dW (1), (4.3.3)
Ye(0) =&(6), 6¢€[-,0].

By the Yamada-Watanabe theorem there exists a unique measurable functional

G¢ : C — S such that
Y(t) = G(VeW)(t), te[0,T). (4.3.4)

Then, for h¢ € Ay (as Sy-valued random variables), by the Girsanov theorem,

(4.3.3) and (4.34)
Yer (t) .= G (VW + h9)(t), t€[0,T)
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solves the following equation
d[Y ™ (t) — G(Y"(t — 7))] = b(Y ™ (¢), YR (t — 7))dt
+o(Yer(t), Yor (t — 7)) he(t)dt

+eo (Yo (), Yer* (t — 7))dW (2),

| Yer(0) = €(6), 6€(-7,0].

For any h € H, we introduce the skeleton equation associated with Eq. (4.3.2)

d[Y"(t) — G(Y"(t — 7)) = b(Y™(¢), Y*(t — 7))d¢
+o(Yh(t), Yt — 7)h(t)dt, (4.3.5)
Yh(6) = €(0), 6€[~-,0].
Define
Y°h):=Y" heH.
Following the argument of that of Theorem 4.2.5, we need to prepare the

following lemmas.

Lemma 4.3.1. Let (A1) and (A2) hold. For any h¢ € Ay (as Sy-valued random

variables), h € Sy and p > 2, there exists C' > 0 such that

sup |Yh(s)|”v]E( sup IY"h‘(s)|’°) <C.

—7<s<T —7<s<T

Proof. Let q := (q;+1)V(ga+1) and M(t) := Y (¢)-G(YM(t—7)),t € [0,T).
Applying the It6 formula, together with the Holder inequality and the Young

inequality, we obtain that
M@P < MOP +C [ popas
+0 [ (b (o), ¥ (s -
Flo(re™ (s), ¥ (s — 7)) ys)ds (1.36)

+ C’N(/0 |M(s) 2P~V | (YR (), YR (s — T))”%{SdS)

Dl

pye / IM(8)P-(M(s), (Y (), Y (5 — 7))dW (5)),
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where we have also used h¢ € Ay (as Sy-valued random variables). Note from

Remark 4.3.2 that

sup [V ()" < 20 sup (IM(s)P +|G(Y“* (s = T))IF)
0<s<t

0<s<t

< C(1+[Ee+V + sup [M(s))P (4.3.7)
0<s<t

+ sup |Y€’h€(s)|”(‘“+1)).

0<s<t—7

Thus, by (4.3.6), together with Remark 4.3.2, we derive from the Burkhold-
Davis-Gundy inequality and the Young inequality that

]E( sup |M(t)|”) < %]E( sup |M(t)|”) +c{1 +E /0 t|y«h‘(s)|r’ds

0<s<t 0<s<t

t t
+ ]E/ [yeh(s — T)lp(q1+1)d3 + IE/ |Y""€(s _ T)l”("2+1)ds},
0 0

that is,

]E( sup |M(t)|”) < 20{1 + ]E/t [y ek (s)|Pds
0

0<s<t

t t
+E / YR (s — 7P +ds + E / [Y<H (s — 7P+ ds
0 0

This, together with (4.3.7), yields that

]E( sup |y (s)l”) < C{l +]E( sup IYC’h'(s)I”") + /tIE|Y"h‘(s)|”ds}.
Jo

0<s<t 0<s<t—1

Thus, by the Gronwall inequality, one has

E( sup [Y<¥(s)]7) < 0{1 +1E( sup_[Y(s)p0) }. (4.3.8)

0<s<t 0<s<t—71

In particular, for any m > 1 sufficiently large

E( sup [Y¥(s)P"") < C,

0<s<T

due to the arbitrariness of p > 2 in (4.3.8). This further implies that
]E( sup |Y"he(s)|”qm_l) < C{l +]E( sup |Y"h¢(3)|”qm)} <C.

0<sL2T 0<s<T

Consequently, the desired assertion follows from an induction argument. O
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Lemma 4.3.2. Under (Al) and (A2), Ky := {Y°(h) : h € Sy} is a compact
subset of S.

Proof. It is sufficient to show Y — Y"in S, where Y"» and Y'* are the solutions

of Eq. (4.3.5) with the controls h, € Sy and h € Sy respectively. Let
M(t) = (Y™ (t) - Y1) = (G(Y™(t - 7)) = G(Y*(t - 7)), te[0,T].
By (A1), Lemma 4.3.1 and the property of Vi, we arrive at

sup [Y7(s) — Y (s)[?

0<s<t

<2{ sup [M(s)P+ sup VAY™(t),Y"(t))

0<s<t 0<s<T—1

x sup [Yh(s) - Yi(s)P}

0<s<t—1

(4.3.9)

<c{ sup |M(s)P+ sup [Y™(s) = YH(s)1}.

0<s<t 0<s<t—7

Applying the chain rule and Lemma 4.3.1, and using (A1) and (A2), we derive
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that
|M(t)®

—2/ (M(3), (Y (s), Y (s = 7)) = b(Y"(s), Y"(s — 7)))ds

+2 / (M(s),0(Y"(5), Y (5 — 7)) (Fin(s) — h(s))
(0¥ (5), Y (s — 7)) — o(Y™(5), Y*(s — 7))h(s))ds
<c / {(Y*(5) = YX()| + V(Y™ (5 = 7), Y(s = )Y ™ (s = ) = Y(s = 7))
X (IY*(s) = YX(&)] + Va(Y ™ (s — ), Y*(s = )Y ™ (s = ) — Y*(s — 7)])}ds
o [ (Y*(5) = VM) + V(Y™ (s = ), ¥(s = 1]V (s = 7) = YA(s = 7))

X {(L+ Y (8)] + Y™ (s = 7)™+ ha(s) = h(s)] + (IY ™ (s) = Y"() |+
+Va(Y (s = 7),Y*(s = 7))[Y ™ (s — 7) = Y*(s = 7)])|A(s)| }ds

t

<C sup Y™ (r) = Y*(r)?ds + C t sup |YP(r) — Y*(r)|- Ih (s) — ( )|ds

0 0<r<s 0 0<Zr<s

t
+C [ sup |[Y™(r) = Y™()]? |h(s)|ds

0 0<r<s

i t .
<C | sup [YPr(r) = Y"(r)|%ds + / |hn(s) — h(s)|*ds
0

0 0<r<s

+6 sup Y™ (s) = Y"(s)[%,
0<s<t

where § € (0,1) is some constant sufficiently small such that Cé € (0,1) with
C > 0 appearing in (4.3.9). Substituting this into (4.3.9) gives that

sup |Y™ () = Y*(#)|? < C’{ sup |Y(s) — Yh(s)]2 + / |hn(s |2ds}
0<s<t

0<s<t—1

t
+C [ sup Y (r) = YP(r)|ds.

0 0Zr<s

Then the Gronwall inequality gives that

sup [Y"(5) = Y <Of sup [¥i(s) = YH(s)P+ /Tvin(s)—h(s)Pds},
0

0<s<t 0<s<Lt—T1
and the desired assertion follows by an induction argument and noting that A"

converges weakly in H to h € Sy. |

Carrying out similar arguments to those of Lemma 4.2.4 and Lemma 4.3.2

we can also deduce the following result.
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Lemma 4.3.3. Assume that the family {h¢,e € (0,1)} C Ay (as Sy-valued
random variables) converge almost surely in H to h € Ay (as Sy-valued random

variables). Then Y** — Y" converges in distribution in S.
Our second main result is:

Theorem 4.3.4. Under (Al) and (A2), Y = {Y*(t)}scjo,7), the solution of
Eq. (4.3.3), satisfies the LDP on S with the good rate function I(f) defined by
(4.2.6), where Y°(h) solves Eq. (4.3.5).

Proof. Since the proof is similar to that of Theorem 4.2.5, we omit the details

here. O

Remark 4.3.4. Mohammed and Zhang [60] established the LDP for stochastic
systems with memory, where the drift and diffusion coefficients need to satisfy
a global Lipschitz condition, while our result allows the coefficients to be highly

nonlinear with respect to the delay argument.

Remark 4.3.5. The theories established can also be generalized to the cases of
neutral functional SDEs with infinite delay and neutral functional SPDEs in

infinite-dimensions, which will be reported in the forthcoming papers.

4.4 LDP for Neutral FSDEs with Jumps

In the previous section, we discuss the LDP for neutral FSDEs driven by Brow-
nian motion, while in this section we shall study the LDP for neutral FSDEs
with jumps. To this end, we need to recall from [15, p727 and p735-736] some
notions and notation.

For a locally compact Polish space K, denote by Mp(K) the family of all
measures v on (K, %(K)) such that v(K) < oo for every compact K C K.
Note from [15, p727] that Mg(S) is a Polish space under the weakest topology.
For a locally compact space X and fixed T > 0, let Y := X x [0,00),Y7 :=
[0,T] x Y,M := Mg(Yr). Let W := C([0,T};R™), which is a Polish space
under the uniform topology, and V := W x M.

Let P be the unique probability measure on (V, Z(V)) such that
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(i) The canonical map W : V — W, W(w,m) := w is a standard Brownian

motion.

(ii) The canonical map N : V — M, N(w,m) := m is a Poisson random
measure with intensity measure Uy := vr X Ay with vy := Ay X v, where
Ar and A, are Lebesgue measures on [0,7] and [0, c0) respectively, and

v € Mp(X).

(iii) For A € 2(Y) such that (v X Ay)(A) < 0o, W(t) and N((0,t] x A) —

or((0,t] x A) are G,-martingales, where

G, == o{N((0,s] x A): 0 € (0,8}, A € B(Y)}.

Let F; be the completion under P. Denote by P the predictable o-field on
[0,T) x V with the filtration {F;}icp,n on (V, B(V)). For Xr :=[0,T] x X, let

A:={p:Xr xV = [0,00)|¢ is (P ® B(X))\B([0,00)) — measurable},

Since (V, B(V),P) is the underlying probability space, following the standard
convention, we will suppress the dependence of (t, z,w) on w, and simply write
o(t, z) for (t,z,w) € Xr x V. For ¢ € A, define a counting measure N¥ on Xr
by

Ne((0,4] x U) := / t / / " Lowean(r) N (dsdzdr), e [0,T), U € B(X).
0 e (4.4.1)
N¥ is called a controlled random counting measure, with  selecting the intensity
for the points at location z and time s. Moreover, for some § > 0 and any
(s,z,w) € X7 x V, if (s, z,w) = 6, then we write N¥ as N°.
Remark 4.4.1. Recall that, under the probability measure P, N is a Poisson

random measure with intensity measure Zr. It then follows from (4.4.1) that

N9((0,t] x U) — 6tv(U) is an F; -martingale for U € Z(X).

Let ¢ : (0,00) — [0, 00) be a mapping such that

o(r):=rlogr—r+1, 7r€(0,00). (4.4.2)
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Let U := H x A, where H is defined by (4.2.3). For u := (h,¢) € U, define
1 -
Lr(u) == §||h||§,, + Lr(¢p), (4.4.3)

where
Lr(p)w) = / B0 (t, z,0))ur(dtdz).

Note from [15, p728] that ¢ is the rate function for the standard Poisson process.
For N > 0 define

Sn = {p: X = [0,00)| Lr(p) < N}.

By [15, Line 1-4, p736], {v% : ¢ € Sy} is a compact subset of M := Mp(Xr)

under the weak topology, where

VE(A) 1= /A (s, z)vr(dsdz), A€ B(Xy).

Moreover, since a function ¢ € Sy can be identified with a measure V¥ defined
above, Sy is also a compact space through this identification. Let Sy := Sy x

Sy, where Sy is defined by (4.2.4), S := UN21 Sy and
UV = {u=(h,9) €Uu(-,w) € Sy, P—as.}.

Denote by {G¢, e € (0,1)} the family of measurable functions from V := W x M
to U, where U is a Polish space. Let {Z¢, ¢ € (0,1)} be the space of all U-valued
random variables defined on the probability space (V, Z(V), P) by

Z¢ = G(VeW, eN ). (4.4.4)

To establish the LDP for the family {Z¢, ¢ € (0, 1)}, Budhiraja, Dupuis and
Vasileios [15] formulate the following sufficient condition:

Assume that there exists a measurable mapping G° : V — U such that

(i) For any N > 0, if the family {u¢ = (h¢,¢%),e € (0,1)} € U (as Sy-
valued random variables) converge in distribution to u = (k, ) € UV (as
Sn-valued random variable), then G¢(\/eW + h¢,eN¢'#) — GO(h,v£) in

distribution in U as ¢ — 0.
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(ii) For any N > 0, the set Ky := {G°(h,v£) : (h,) € Sy} is a compact
subset of U.

Lemma 4.4.1. ([15, Theorem 4.2]) Under (i) and (ii), the family {Z¢,€ € (0,1)},
defined by (4.4.4), satisfies the LDP with rate function given by

19)= _nf - Lr(u), (44.5)

where Lr is defined by (4.4.3), and Sy := {u = (h,¢)|¢ = G°(h,v5)}.

In this section, we shall apply Lemma 4.4.1 to establish the LDP for neu-
tral FSDEs driven by multiplicative Lévy noise. Consider a neutral functional

differential equation on R™
diZ(t) - G(Z)) = b(Z)dt, te0,T),
Zo=EE€F,
and the associated perturbed neutral FSDE
d[Z¢(t) — G(ZF)] = b(Zf)dt + Vea (Z5)dW (2)
+ [, ®(Z§, z)(eN¢ ' (dtdz) — vp(dtdz)), te€[0,T],
Z5=£€F,

where W and N¢' are the Brownian motion and the Poisson process defined
on the probability space (V, B(V), P, F;) respectively.
In what follows, we still assume that (H1) and (H2) hold. For & : R* x X —

R™, we further assume that
(B1) @ : R" x X+ R" is bounded and there exists an L > 0 such that

|®(2,z) — ®(,z)| < L]z - 2/|, 27 €eR*zeX

(B2) For some compact subset K C X, ®(z,z) =0 for (2,z) € R™ x K°.

Let U := D([0,T];R"), the space of all cadlag paths from [0,T] into R",
equipped with the uniform convergence topology. By the Yamada-Watanabe

theorem, there exists a measurable map G¢ : V — U such that
Z¢ = G (VeW,eN).
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Then for u¢ := (h¢,¢¢) € UM (as Sy-valued random variables)
ZY = G (VeW + RS, eN<'¥°)
uniquely solves the following equation

d[Ze¥ (1) — G(Z7™)) = [B(Z0™) + o (20 )he (b)) dt + Vea (Z7™)dW (¢)
+ [ ®(Z5™, 2)(eN< ¥ (dtdz) — vr(dtdz)),

Ze“ =¢te®.
(4.4.6)
For u = (h, ) € S, we introduce the skeleton equation for ¢ € [0, T
d[Z*(t) — G(Z)] = b(Z}) + o(Z)h(t)]at
+ [, 8(Z¥, z)(o(t, z) — 1)vp(dtdz), (4.4.7)
Zy =£€ ¥,
and define
GO(h, v¥) := Z*. (4.4.8)

Lemma 4.4.2. Under (H1), (H2) and (B1), for u¢ := (h¢,¢%) € UV (as Sy-

valued random variables) and u := (h, ) € Sy, there exists C > 0 such that

sup_|Z*(t)|* VE( sup |2“()*) <C
—7<t<T -7<tL<T

Proof. Let M(t) be defined by (4.2.12) with Z" replaced by Z* and note
that (4.2.14) still hold. By the It6 formula, one has

MO = o)+ [ (M), HZE) + 0 (25 ()) + el (25 s s
+ t {0z a) + 200, 825 ) (s,2)
— 2M(s), B(Z5 ) ur(dsdz) + u(2) + Ju(t),
where Jj (t) = 2/ [{{(M(s),0(Z¢%)dW (s)) and
ao = [ / (QI0(Z5, ) +26(M(5), B(Z:% 7))}
(N€'#" (dsdz) — e 1% (s, z)vr(dsdz)).
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In light of (H1), (4.2.2), (4.2.13) and (B1)

T . . €
sup [M()P < C +C / Qh@)]+ (1 + RN ZE™ |2, at

0<t<T
T
e / / (1 + 126% |2 (8, 2)r(dtda)
0 X

+ sup |Ji(t)] + sup |Ja(2)].
0<t<T 0<t<T

Note from the definition of Mp(X) and the compact property of X that v(X) <
co. Due to u¢ are Sy-valued random variables and ¢(r) > r + 1 —e,7 € [0, 00),

with ¢ defined in (4.4.2), we have
lh¢|lw < N and / ¢ (t, z)vr(dtdz) < N + (e — 1)p(X). (4.4.9)
Xr

It then follows that

sup |[M(t)]> < C+ sup |i(t)] + sup |J2(T)|
0<t<T 0<t<T 0<t<T

. . (4.4.10)
+C / (1 + |he@)] + / w‘(t,z)> sup |Z°"(s)[*dt.
0 X 0<s<t

Now substituting (4.2.14) with p = 2 into (4.4.10) and using (4.4.9) leads to
sup |[M(t)|* < C+ sup |Ji(t)] + sup |J(t)]
0<t<T 0<t<T 0<t<T
T
+C / (14 1he(o)l + / ¢*(t,2)) sup |M(s)Pdt.
0 X 0<s<t
Then, by the Gronwall inequality, we arrive at

sup |[M()|* < (C’+ sup |Ji(t)] + sup |j2(T)|)
0<t<T 0<t<T 0<t<T

X exp (C /(;T (1 + |he(t)| +/X<p‘(t,x)1/(dx))dt>.

This, together with (4.4.9), gives

sup [M() < C(1+ sup |5i(6)]+ sup |T(T)]).
0<t<T 0<t<T

0<t<T

Hence

]E( sup |M(t)|4) < C(1+E( sup |J_1(t)|2) 'H}-‘:( sup |j2(T)|2))- (4.4.11)

0<t<T 0<t<T 0<t<T
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Next taking into account the Doob inequality and the Itd isometry, we obtain
from (4.2.2) and (4.2.13) that

_ _ _ [T 2
]E( sup |J1(t)[2> < IGGE‘ / (M(s), o(ZE%)dW (s))
0<t<T 0
T
= 166@/ |M(s5)*l|lo(Z5) |} sds (44.12)
0
T
<Ca [ (141125 )ds,
0
and by (4.2.7) and (B1) that
]E( sup |j2(t)|2)
0<t<T
T
<a| [ [0z o + 2:(M(5), 825 )
0 X
1 € 2
x (N ¢ (dsdz) — e Y (s, z)vr(dsdz))
T
—4k [ [(p(z o
0 X
+2(M(s), ®(Z5™, 1))} 20" (s, x)vr(dsdz)

T
< CE / / (14 12|14 )¢ (5, 2)vr(dsdz).
0 X

(4.4.13)

Putting (4.4.12) and (4.4.13) into (4.4.11), and using (4.2.14) with p = 4 and
(4.4.9) implies that

T
E( sup |2 ()) < O + CcE / 125 |14 ds
0

0<t<T

T
O / / 1255 |4 (s, 2)vr(dsda)
0 X

<C+ C’eI_E{ <T+ /OT/Xw‘(s,x)VT(dsda:))
x (sup 12“(0)1*) }

0<t<T

<C+C(T+ N)EE(OZIBT Va (t)l"‘).

Consequently, the second assertion follows by choosing ¢ > 0 sufficiently small,
and the first assertion holds by applying the chain rule and following the argu-
ment of that of (4.4.10). O
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Remark 4.4.2. In fact, following the argument of Lemma 4.4.2 we can also verify
that
sup |Z2*(O)P VE( sup |2 (0FF) <C

—7<t<T —7<tLT

for any p > 2. While we only show the case p = 4 in Lemma 4.4.2, which is

enough for later purpose.

Lemma 4.4.3. Under (H1), (H2), (B1) and (B2), the set Ky := {G°(h,v¥) :
(h,p) € Sy} is a compact subset of U.

Proof. The argument is similar to that of Lemma 4.2.3, while we give an outline
to point out some differences. For u™ := (h",¢") and u := (h, ), denote by
Z¥» and Z* the solutions of Eq. (4.4.7) with the controls u, € Sy and u € Sy
respectively. Let M (t) be defined by (4.2.18) with A" and h replaced by u™ and
u respectively. By the chain rule, we have from Eq. (4.4.7) that

() = / (H(5), b(Z2) — b(Z))ds

/ (M (s), 0(Z0)(B(s) — h(s)) + (0(2!%) = o(Z2)h(s))ds
/ / ) — B(Z, z))v(dz)ds

/ [ 1(6), (@227, 2) - 022, 2))) (s, o)
/ / B2, 2)) (0" (s, 7) — (s, z))(dz)ds
L)+

A computation shows from (H1) and (B1) that

L(t) + I(t) + () + Is(2).

EOI+EOIC [ (1+ [ ots,oman) 22 - Z2Yids.

Following the argument of that of Lemma 4.2.3, we obtain that

sup |Z%~(t) - Z*t)* < sup |Ts(t |+C/ ]hn t) — ( )|2dt

0<t<T 0<t<

+C /0 1+|h(t)|+ /X w(t,z)u(dx))

x sup |Z*~(s) — Z%(s)|*dt.

0<s<t
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By the Gronwall inequality and (4.4.9), one has

sup |2°(t) - 2°(0)f < C( sup |Fa(t)] + / A (t) — h(t)Pdt).

0<t<

Moreover, due to (4.2.13), (B1) and Lemma 4.4.2, (M(s), ®(Z*~,z)),s € [0, T,
is uniformly bounded. Then, by [94, Lemma 3.4, supycicr [I5(¢)] — 0 as n —

00. Then the conclusion follows from that A* — h,n — o0, in H, as required. O

Lemma 4.4.4. Let (H1), (H2), (B1) and (B2) hold. Assume further that the
family {u¢ = (h¢, ¢),€ € (0,1)} C Uy (as Sy-valued random variables) converge
almost surely in H to u = (h, ) € Uy (as Sy-valued random variable). Then

Z¥ — Z* converges in distribution in S.

Proof. 1t is sufficient to show that Z%* — Z* in probability in S. Let M(t)
be defined by (4.2.18) with Z¢** and Z* replaced by Z"» and Z" respectively.
Applying the It6 formula, we obtain from (4.4.6) and (4.4.7) that

SO =2 [ (0(6),b(25%) - b(Z2)3s
+2 / / (¥ (s), {B(Z*, 7) — B(Z5, )} wr(dods)
2 / (H(5), (0(25") = o(Z2))h(s))ds
2 / [ 01(6), (@2 ) ~ #(22 )l 2hr(dads)
‘e / lo(Z2%)sds + 2y / o(25%)aW (s))
ve [ 100z 2o, on(dzds) (44.14)
+ [ [ o + o), oz o))
x (N¢ ¢ (dzds) — e *¢fvr(dzds))
+2 [ (0,025 H(s) — o)
w2 [ [ 06,202 ) (55) - pls,Dor(dods)

= Jy(t) + Jo(t) + Js(t) + Ja(t) + Js(t) + Js(t)
+ J7(t) + Ja(t) + Jo(t).
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By (H2) and (B1), it is easy to see that

O+ 1RO+ 1401+ 1501 < 0 [ (1+1@)1+ [ o(s,2)v(do)

x |12 - Z

s 5
This, combining (4.2.19) with (4.4.14) and applying the Gronwall inequality,
yields from (4.4.9) that

sup |2 (s) = 2%(s)|* < C(_sup |Js(t)] + sup |Jo(t)] + sup |Jy(t)]
0<t<T 0<t<T 0<tLT

0<t<T

+ sup |j3(t)'+ sup |J9(t)|).
0<t<T

0<t<T
Furthermore, due to Lemma 4.4.2 and the Burkhold-Davis-Gundy inequality,
we have

E( sup |j5(t)|2) —0asel0.
0<t<T

For arbitrary R > 0 and ¢ > 0, note that
_ )
IP’( sup Jg(t) > 6 < IP’ / /(p (s, z)vr(dzds) > —)
0<t<T R

-HP’( sup |®(Z5*,1)* > R).

0<t<T

In view of (4.4.9), (B1) and Lemma 4.4.2, it thus follows that

sup |Js(t)] — 0 in probability as € | 0.
0<t<T

Observe by the Chebyshev inequality, (4.4.13) and (4.4.9) that for any é > 0

B( sup |Jn(t)] 2 6) < ;IE( sup Ii7(t)|2)

0<t<T
g—lE / / (14 126140 (s, )vr(dsdz)

< C(N+(e—1) (X))e (1+E(oiu£1“”z:,u ”20))'

52
Hence

sup |J7(t)| — 0 in probability as € | 0.

0<t<T

Recall from (4.2.24) that
sup |Js(t)| — O in probability as € | 0.
0<t<T

Then the desired assertion follows from [94, (23)] O
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Theorem 4.4.5. Let (H1), (H2), (B1) and (B2) hold. Then Z¢ satisfies the LDP
on S with the good rate function I(f) defined by (4.4.5), where GO is defined by
(4.4.8).

Proof. The proof can be complete by following the argument of that of Theorem
4.2.5. O

Remark 4.4.3. The boundedness of drift and diffusion coefficients are imposed in

[15, 94] to study the LDP, while in this chapter this condition has been relaxed.

Remark 4.4.4. Following the approach adopted in Section 3, we can also gener-
alize Theorem 4.3.4 to the cases of neutral SDDEs with jumps, which allow the

coefficients to be highly nonlinear with respect to the delay argument.
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Chapter 5

Numerical Analysis for Neutral
SPDEs Driven by a-stable

Processes

In this chapter, we discuss the convergence of EM scheme for a class of neutral
SPDEs driven by a-stable processes, where the numerical scheme is based on

spatial discretization and time discretization.

5.1 Introduction

Numerical approximations of SPDEs driven by the Gaussian or Poisson-jump
noise is well understood, e.g., in [33, 34, 41, 47, 48, 49, 50| for Gaussian case, in
[41, 42] for Poisson-jump case. However, most of the existing papers cannot cover
an important class of SPDEs driven by a-stable Lévy motion with o € (0,2).
Note that Wiener noise and Poisson-jump noise have arbitrary finite moments,
while a-stable noise only has finite p-th moment for p € (0, ). This therefore
brings a lot of difficulties in discussing SPDEs driven by a-stable processes. For
additive cases, [68] investigated the structural properties of mild solutions such
as strong Feller properties, irreducibility and invariant measure, [24] discussed
Markovian solutions of stochastic 2D Navier-Stokes equations, and [95] studied

trajectory property of stochastic Burgers equations. On the other hand, there
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are few papers on the numerical analysis of explicit schemes of neutral SPDEs,
although there are some papers on successive approximations of neutral SPDEs,
e.g., [6, 9]. Motivated by the previous papers, in this chapter we shall discuss
the convergence of EM scheme for a class of neutral SPDEs driven by a-stable
processes, where the numerical scheme is based on spatial discretization and
time discretization.

Let (H,{:,")u, |- ||#) be a real separable Hilbert space, and Z(t) a cylindrical
a-stable process, a € (0,2), defined by

Z(t) F= Z ﬁmZm(t)em,

Here {e}m>1 is an orthogonal basis of H, {Z(t)}m>1 are independent, real-
valued, normalized, symmetric a-stable Lévy processes defined on stochastic
basis (2, &, {Z#i}t>0,P), and {Om}m>1 is a sequence of positive numbers. Recall
that a random variable 7 is said to be stable with stability index a € (0, 2), scale
parameter o € (0,00), skewness parameter § € [—1, 1], and location parameter

p € (—o0,00) if its characteristic function is
¢n(u) = Eexp(iun) = exp{—0%|u|*(1 — ifsgn(u)® +ipu}, u€R,

where ® = tan(ra/2) for a # 1 and & = —(2/7)log |u| for @ = 1. We call n
is strictly a-stable whenever 4 = 0, and if, in addition, 8 = 0, 7 is said to be
symmetric a-stable. For a real-valued normalized (standard) symmetric a-stable

Lévy process z(t), o € (0,2), it has the characteristic function
Eexp(iuz(t)) = e % ueR, (5.1.1)

and the Lévy measure \,(dz) := ITIC‘“’f_“’x € R — {0}, where ¢, is some constant.
For fixed 7 > 0, consider the following neutral SPDE driven by a-stable

process
d{X(t)-G(X(t—-1))}={AX({®) +b(X(t), X(t — 7)) }dt + dZ(¢),

X(a) =§(9) €H, fe [_T70]7
(5.1.2)
where G: H — H with G(0) =0and b: H x H — H.

Throughout this chapter we assume that
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(A1) A is a self-adjoint operator on H such that —A has discrete spectrum
0 < A £ X2 £+ A T 00 with corresponding eigenbasis {e}m>1 of H.
In this case A generates a compact Cp-semigroup e, > 0, such that

”etA ” S C—Alt.

(A2) There exists L, > 0 such that
[6(z1,51) = b(z2, y2) g < Ln(lley — 22|l + v —92llw), 1, 22,01,82 € H.
(A3) There exist x € (0,1) and L, > 0 such that
[(=A4)"(G(z) - GW)llm < Lollz —ylla, =,y € H.

(A4) There exists 6 € (0, ) such that af € (0,1) and d := ) oo, A—fj_l%;,; < 0.

Note from (A4) that > >, % =5, X‘f;_;;y,\; < :\—%y due to the non-
decreasing property of {A,}m>1. For t € [0,7], (5.1.2) reduces to an SPDE
without the delay argument and the neutral term. By [68, Theorem 5.3], under
(A1)-(A3), (5.1.2) has a unique mild solution X(¢) on the time interval [0, 7].
Carrying out a similar procedure, (5.1.2) has a unique global mild solution X (t)
on [0,7], that is, there exists a predictable H-valued stochastic process X(t)

such that
X(t) = e{£(0) = G(6(-7))} + G(X(t — 7))
' (t—s)A -7
+ /0 Ae"™I4G(X (s — 7))ds (5.1.3)

= /0 t et=94p(X (s), X (s — 7))ds + /0 t et=)4dZ(s).

Example 5.1.1. Let H = L%(0,7) and A be given by
Az = Dz,
D(A) := H*(0,7) N Hy(0, ),

where A\¢ represents the Laplace operator, H k(0,m), k = 1,2, represents Sobolev
spaces, and H}(0,7) is the subspace of H!(0,) of all functions vanishing at

0 and 7. Note that A is a self-adjoint negative operator in H, and Ae, =
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—m2en,, m € N, where e,,(€) = (2/7)/2sinmé, m € N, ¢ € [0,n]. Let Z(t,€) :=
Yoo 1 MPZy(t)em(€), where ap € (0,1) and {Z,(t)}m>1 is an independent,
real-valued, normalized, symmetric a-stable process sequence. It is trivial to
see that § = Y | —=tg==- Due to ap € (0,1), one has 1 < 2 — par < 2.
Hence there exists 6 € (0, ) such that 1 < 2(1 — af) — pa < 2, and therefore

§ = Y o) —z=sm=s < 00. In other words, (A4) holds for such case.

Remark 5.1.1. We remark that by [68, Theorem 5.3] (5.1.2) has a unique mild
solution under > *_, %’il < oo, which is weaker than (A4). While the a little
bit stronger condition (A4) is just imposed for later numerical analysis. On the
other hand, [43, Example 4.1] satisfies (A3) with x = .

For any n > 1, let n, : H — H, := span{e;,---,e,} be the orthogonal
projection, that is, m,z = > v (2, €;)pe; for z € H. Define G, := m,G, A, =
TRA, by == m,b, and Z™ := 7, 7.

Consider the following finite-dimensional SDE on H,

d{X"(t) — Ga(X"(t — 7))} = {AX"(2)
+ba (X7 (t), X™(t — 7)) }dt + dZ(2), (5.1.4)
Xn(e) = 71-né(e)a e [_T1 O])

which admits a unique solution X"(t) on H, due to the fact that A,z+b,(z,y),z,y €

H,, satisfies Lipschitz condition.
Let A := & € (0,1) for some sufficiently large integer N. For any integer
k > 0, compute the discrete EM approximations Y™ (kA) ~ X™(kA) by forming

[P0k + 1)A) = Gu(T((k + 1)A — 7)) + eBA{T(kA)
_GA (kA = 7)) + AnGa(TP(kA — T))A
b (PR(kD), PP (kA — 1))A + AZPY,

k)_’"(9) = m£(0), 8 € [-1,0],

where AZ} = Z((k + 1)A) — Z(kA), and define the continuous EM scheme
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associated with (5.1.4) by

(

Y™(t) := Ga(Y™(t — 7)) + &4 {Y™(0) — Gp(Y™(—7))}
+fc: e(t—LSJ)AnAnGn(Yn(LSJ —7))ds
) + fLelt=lsDAnp (Y7(|s]), Y™(|s) — 7))ds (5.1.5)

+ [y et-lshandzn(s),

\Y"(B) = m€(0), 6 € [-7,0],

where |t| := [t/A]A with [t/A] denoting the integer part of t/A. By a straight-
forward computation, we have Y™(kA) = Y™(kA),k > 0, that is, the continuous
scheme Y'(¢) coincides with the discrete approximate solution at the gridpoints.

Throughout this chapter, C > 0 is a generic constant whose values may

change from line to line. Our main result in this chapter is as follows.

Theorem 5.1.2. Let (Al)-(A4) hold and a € (1,2). Assume further that there

exists L3 > 0 such that
1£(61) — £(2)l|r < L3l6h — b2, 61,0, € [~T,0]. (5.1.6)
Then, for arbitrary 7" > 0 and p € (1, a),

sup (E[|X(t) = Y™ ()[IF)"/P < C{A; (=70 4 A=09), (5.1.7)

0<t<T

where C > 0 is a constant dependent on p, e, 8, T, but independent of n and A.

Remark 5.1.2. Kloeden et al. [50] presented an error analysis of EM scheme for

semilinear stochastic evolution equation on H = L?([a, b]%)
dX(t) = [-AX(t) + F(X(t))|dt +dW(¢), X(0) =z, (5.1.8)

where the Burkhold-Davis-Gundy inequality, which is controlled by quadratic
processes, is one of the vital tools to cope with the noise term. The approach in
[50] does not work for (5.1.2), even for the case G = 0 and 7 = 0, since a-stable

noise only has finite p-th moment for p € (0, @), where a € (0, 2).

Remark 5.1.3. For SPDEs driven by multiplicative H-valued a-stable Lévy mo-

tions, there are few papers on this topic as stated in [68]. Therefore, in this
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chapter we only discuss the additive noise cases. On the other hand, some tricks
have been utilized in dealing with the neutral term, and, by following these
tricks, Theorem 5.1.2 can be extended to the cases of neutral SPDEs driven by

additive Wiener processes and multiplicative Poisson jumps.

Remark 5.1.4. In this chapter, we only discuss the convergence of numerical
scheme for the case p € (1,2), while the counterpart for the case p € (0, 1] is still
open even for the case G = 0 and 7 = 0. Priola and Zabczyk [68] discussed the
existence and uniqueness of (5.1.8) with W (t) replaced by H-valued a-stable
process Z(t) whenever F' is bounded. Even for such simple case, the invariant
measure of numerical scheme is still open. Therefore, there are still a lot of
work to do to investigate the numerical analysis of SPDEs driven by a-stable

processes.

In Section 2 we give two auxiliary lemmas, and in Section 3 we complete the

proof of Theorem 5.1.2.

5.2 Auxiliary Lemmas

To end the proof of Theorem 5.1.2, we prepare the following two lemmas.

Lemma 5.2.1. Under the assumptions of Theorem 5.1.2,
sup (E|X () — X([t])5)7 < €A%, pe (1,a), (5.2.1)
0<t<T
where C > 0 is a constant dependent on p, , 6, T but independent of A.
Proof. For any ¢ € [0,T), it is easy to see from (5.1.3) that
X(t) = X([t]) = el A4 —1){¢(0) - G(e(-))}
Lt] t
+ / (et=lhA _ 1)elltl=9447(s) + / et=94dZ(s)
0 Lt)
+G(X(t—7)) - GX([t] 7))

L)
+ / (104 _ 1)e(l-94 4G X (5 — 7))ds
0
Lt)
+/ (e®=lEDA _ 1)e(t=94p( X (5), X (s — 7))ds
0
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i t
+ / el MAG(X (s — 7))ds + / et D4p(X (s), X (s — 7))ds
Le] Lt]

8
=: Z I.(t).
m=1
Since (E|| - |%)¥?,p € (1,), is a norm, it then follows that
8
EIX () = X(LEDIE)Y? <> (Bl L (8)]5) 7. (5.2.2)
m=1
Recall from [65, Theorem 6.13, p74] that
I(=A)e ) < Ct™, (-A)™(1 - )] < Ot (5.2.3)

for arbitrary é6; > 0, d; € [0,1], and that

(—A)*z = (~A)*(~AYz, zeD((-A)), (5.2.4)

for any a, f € R, where v := max{a, 8, + 8}. In the sequel, 8 € (0, k) is the
constant such that (A4). By (5.2.3) and (5.2.4)

I 11(&) ||
= |(—A)PellA(—A)81 {-1DA — 1}(—A){£(0) — G(E(-)Hm
< I(=A) el | (—A)P - {el-lDA — 1} (5.2.5)

x [[(—A){£(0) — G(E(=m)}HIu
< CII(=A) - |A{£(0) — GE(=m) M| g A2,

where we have also used the boundedness of (—A)~%, e.g., 65, Lemma 6.3, p71],
and the contractive property of et4 due to (A1). We point out that the following
idea is taken from that of [68, Theorem 4.4]. Let {rn,}m>1 be a Rademacher
sequence defined on a new probability space (', F', {F }i>0,P'), l.e., T : ¥ —
{1, —1} are independent and identically distributed with P'(r,, = 1) = P'(r,, =
—1) = 1/2. By the Khintchine inequality, i.e., for a sequence of real numbers

{cm}m>1 and any q > 0, there exists ¢; > 0 such that
1/2 9\ /aq
(z cfn> <g¢ (]E’ Zrmcm ) )
m2>1

m2>1
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Set

14
() = / (—A)Pelltl=944 7 (s ZA(t e,
0

where A, (t) := OUJ Bl e Am(t1=9)dZ, (s). By the Fubini theorem

© ot 2\ "?
Elll(8)l, = E(I(t)%)2 = E (Z ([ e 94z, (5)) )
m=1 0

< EEE | " rnAn(t)| =EEE | raAn(t)
m=1 m=1

Recall the inner clock property of stable stochastic integral, i.e., for deterministic
function f : [0,¢] — Ry such that fot f(s)ds < oo, there exists a symmetric
a-stable process Z’ such that £(2Z') = £(Z) and fot f(s)dZ(s) = Z'(r;), where
Z(Z) denotes the law of Z and 7, := fo f%(s)ds. Thus, for any u € R, by
(5.1.1) and the independence of {Z,,(t)}m>1

Eexp (zu Z rmAm(t)) = H E exp(turmAm(t))
m=1 m=1
= H E exp(iusgn(r,,)sgn(rm)rmAm(t))
m—l
= H exp ( |usgn(ry,)|*
t)
x/ (sgn(rm)rmﬁm/\fne")‘"‘(“J’s))“ds)
0
et [t]
= exp ( — |ul® Z ﬂfn)\‘,’,f/ e'“’\"‘sds)
m=1 0

due to sgn(rm)rm = 1. Thus, in view of [68, (3.2)] we arrive at

p/a
Zrm (t) —ca,,(Zﬂ,‘; Y= —(1 e—a«\,,.[d)) ,

where the explicit form of ¢, is given in (77, p18], and therefore

ElIs@)If < cap(8/a)?'. (5.2.6)
According to (5.2.3) and (5.2.6), one thus has

E|| L)l = Ell(=4)~(e* 14 — DIy 0)|I

(5.2.7)
< CAP,
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Noting that, for arbitrary v € (0,1) there exists ¢, > 0 such that
e —e | <ele—y", z,y20, (5.2.8)
and following the argument of that of (5.2.6), we deduce that

/o
B / _“’\""ds)p
{t]

,8 —a/\ml_tj —a/\mt)>p/a
aln

EllL@1 < o

(X
(X

In particular, taking v = af € (0, 1) gives

Il
Q

ﬁMB ||M8 iM8

§°

INA

ey(adm )"’A") , Y€(0,1).

E||I3(t)|% < C’é(c.,a"‘”‘l)”/"A”". (5.2.9)
Recall from [38, Theorem 202] the Minkowski integral inequality:

(E[ /0 tF(s)ds{p)l/pg /0 t (]ElF(s)I”)l/pds, tel0,T], (5.2.10)

where F : [0,T] x Q@ — R is measurable. The previous inequality, combining

(A1) with (5.2.3) and (5.2.4), gives that for 8 € (0, )

8
> (| La(0)5)*
m=>5
< /ltJ ”(_A)_a(e(t_ltj),q ~1)| - ”e(ltJ—s)A(_A)l—rwG
X |(EIl(~A)G(X (s = 7)) "7ds

t]
+ [ ety
0

x [[(=A)P M= Elb(X (s))IF) /7ds

(5.2.11)

4 I(—A) = "4 EN(—A)*C(X (s — 7)) /Pds

+ /UJ(IEIIb(X(s))II%)””ds

<c(1+ sup (BIX@)|3)77) A7
0<t<T
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where we have also utilized (A2) and (A3). Substituting (5.2.5), (5.2.7), (5.2.9)
and (5.2.11) into (5.2.2), we arrive at

EIXO-X(L)IE) < 0 (1+ sup EIXOI)77) A%+ E] L))",
Furthermore, in the light of (A3)
ElL@)IE) Y = E(-A) (A (C(X (¢ — 7)) = GX([t] = )IE)Y?
< I(=A) N Lo(EIX (= 7) = X([t] = 7)F)Y?.
Hence we arrive at
(BIX () = X(1eDIF)Y? < C(1+ sup (X (1)[5)7) A0
+ (= A) | L2 (BN X (¢ — 7) — X (Lt] — 7))

By (5.1.6), one has

sup (E|| X (¢) — X([t)5)* < 0(1 + OiltlST(lE“)((t)“gl)l/p)A(l—o)Ae_

0<t<r

In the sequel, an induction argument yields that

sup (IX () - X(1t)IE)Y7 < C(1+ sup (BIX()[E)7) a0,
telo,7) 0<t<T

Thus, the desired assertion follows from Lemma 5.2.2 below. O

Lemma 5.2.2. Under (Al)-(A4),
sup (E[IX()II%)/? v sup (E[Y"®)I})'P < C, (5.2.12)
0<t<T 0<t<T

where C > 0 is a constant dependent on p, «, 8, T but independent of A.

Proof. Also, due to the fact that (E| - ||%,)!/?,p € (1,), is a norm, we derive
from (A1)-(A3) and (5.2.10) that

EIX©IZ)YP < 60) = GE(=)lla + | (—A) ™ LallBIX (¢ = )27
+ CLZ/O (t — s)_(l"‘)(]EllX(s — T)||’;,)1/pds
e / {1+ EIX ($)P)V? + (I X (s — 7)[7) 7} ds

(B ezl )"
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Following the argument of (5.2.6), one has
g [ e iz, < o S . T
Hence
EIXOIEP < {1+ @1X e -l + [ @I as
+ /Ot(t — )" (E|| X (s — T)l]’}_,)l/”ds}, te€(0,T).
Applying the Gronwall inequality leads to
sup (BIX(O])1 < C.

Then, the first assertion of (5.2.12) follows by an induction argument and the

second assertion also holds by noting that Az = A,z for z € H,, and that

(= A)*Ga ||H—HZ/\" Gn(z), em)Hem”H

(Z e )1/2 (5.2.13)

< (=A)*G@)|s, ze€H.
O

Remark 5.2.1. For p € (1, ), applying, in general, the Holder inequality yields
that

t
| / l=leDn 4, G (V5] ~ 7))ds||
0 H
t _p(l-r (p_l)/p ¢
<c( [ - as) " [yn(ls) - e
0 0

Thus, to guarantee that the integral fot(t —s)” 17 ds is finite, it is sufficient to
require 1/k < p < o. While by the argument of Lemma 5.2.2, (5.2.12) holds for
allp € (1,a).

5.3 Proof of Theorem 5.1.2

By Lemma 5.2.1 and Lemma 5.2.2, in the sequel we shall complete the proof of
Theorem 5.1.2.
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Proof of Theorem 5.1.2. By (5.1.3) and (5.1.5),
X(t)-Y"(1)
= (1 = ma){€(0) = G(E(=7))} + {Cr(ma€(=7)) — Gu(€(-7))}
+GY™t— 7)) = Gu(Y™t — 7)) + G(X(t — 7)) — G(Y™(t — 7))
+ /0 t et M A{G(X (s — 7)) — Gu(X (s — 7)) }ds

+ / e®IALB(X (s), X (s — 7)) — ba(X(s), X (s — 7)) }ds

N /t (t"s)AA{G S _ 7-) ( (I_s_l - T))}ds

0

+ / t=1A Ly (X(s), X(s — 7)) — ba(X(|5)), X (L8] — 7))}ds
+ /0 e ALGL(X(Is) — 7)) — Ga(Y™(|s] — 7)) }ds
+/0 A (b (X (L8)), X (L8] = 7)) = ba(Y™([s]), Y™(Ls] = 7))}ds

+ / et=A 4[] — eo-lsDAY G (Y™(|s] — 7))ds
0

+ (1 — el DAY (v ([s]), ™[5 — 7)ds

0

+ / (=94 _ (-1sDAY 4 7n(s) + / e-944(2(s) — 27(s))
=: Z JIm(t)

Noting that (E|| - ||%)'/? is a norm, one has
14
EIX (@) = YOI < Y ElIn@®) 5. (5.3.1)

Due to (Al), a straightforward computation shows that

(o]

0= 5 o)

m=n+1

=( i 7\12_,\;@,%);])1/2 (5.3.2)

m=n+1

1
< ‘)\_llAl'”H, ze€H

by recalling that {)\m}m>1 is nondecreasing and observing from (A1) that

| Az|% = ”A( S (2, em) Hem)“ - Z)\ z em)y, € D(A).
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By (A1), (A3) and (5.2.13)

le*{Gn(€(=7)) = Gu(mué(~7))}Hn
< =A) - N(=A)GE(=7)) = Glmag(=m)HIx  (53.3)
< Lol (=A) 7 - 11 = ma)€(=7)| -

Moreover notice that for i € [0,x) and z € H,

I(=A)*{G(z) — Gn(z)}| =
( Z A= (O (2), e )Yy )1/2

m=n+1

- ” (5.3.4)
<A (Y A(C(@), eml)

m=n+1
S AEN(A)C@)a < Lad; Pzl
Applying (5.3.4) with p = 0 and taking into consideration (5.3.2) and (5.3.3),

we get

2 C
> ENIR @) < (5.3.5)
m=1

=%
Thanks to (A3)

W Ja(@lla < Lall(=A)7"|| - X (E = 7) = Y™(t = 7)l|a-
Next, by (5.2.3), (5.2.10), (5.2.12), (5.2.13) and (5.3.4) it follows that

6
> En®)IE) P
m=>5

<o [e-o(x{ S G (s - ) enit ) )

m= n+1

+/0te ts)( { Z (X (), X(s — 7)), em)s } 2)1/pds

m=n+1

<oxe [ o 4(EI-Arex s -m)i)
¥ / e E[B(X (5), X (s — ))II%) Pds
—(k— ‘ 1- P p
<o [ (= U BIX (s = 7)I)
+ [ eI L EIXEI) + EIX (s~ Dl s
< CON; 0,
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Applying (A1)-(A3), (5.2.3) and (5.2.1) one has
10

> ElTm(®) I3

m=7

<c / (= )" (E|X(s — 1) — X(|s] — )|[%)/7ds
0 t
e / ((BIX(s) - X(Ls)IE)M?
0
+(EIX(s — ) — X(|s] - 7)|[%)/*}ds
e / (t = ) EIX([s] - ) — Y™(|s] — 7)|)/7ds
e / (EIX (L)) - Y™([s)IE) Y
+ (EX(Ls) = 7) = Y™(|s] - 7)[5) "7} ds
<CAI 4.0 [ (= '~ (BIX(Ls] - 1) - Y™(ls] - 7)) eds
o [1@Ixsh - vishi

+(ENX(Ls] = 7) = Y"(Ls] = 7)) "/P}ds.
Carrying out a similar argument to that of (5.2.11), we derive from (5.2.12) that

(Ell 1 (0)1F)7 + EllL2(@)[F)P < CA°.

Furthermore, also following the procedure of (5.2.6) and utilizing (A3) gives that

En t Am (t—5) —Am( ) pla
E”J13(t)”1;_1 —<“ C( ﬁ;A e—a mli—$ (1 —e ™ 8—|.SJ )ad-S)
m=1
n t /
=o(X s / (Agheman =) ) e0( — e=Anlo-LoD)ogs) "
m=1 0

n t /o
<car (3 g / Xghemani=gs)”
m=1 0

< CoAY?

where we have also used 1 — e™*»(s~18) < ;)8 (s — | 5])? by (5.2.8), and that

E||J14(8)|1% SC( i g /()"e_axm(z—s)ds)P/a SC( i ﬁ_f_’,‘l)p/a

m=n+1 m=n+1 a)‘m
C e 8o \ple
< j\g‘o( Zl a/\,l:;a") (5.3.6)
m=n+
C
= )\_,1‘,"9'
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As a results, putting (5.3.5)-(5.3.6) into (5.3.1) gives that

E)X () - Y (&)%) "
< C(/\;e + )\;("—9) + A(l—a)/\o)
+ L2”(‘—A)_"” (]E“X(t — 7-) — Y"(t _ 7_)”,;’)1/1,

+CA@—W*mMﬂﬂ—ﬂ—Wﬂﬂ-ﬂ%WMs

+c£hmwuw—ywmmmw
T EIX([s] - ) — Y™(Ls] - 7)]%) P} ds.
Hence

sup (E[[X(s) = Y"(s)7)"/"

0<s<t

< c{(/\;-a +/\;(x—0) + A(l—e)/\0)

+ sup [(EIX(s) - Y™(s)II) /7

—7<s<t~T

+c£u—#* sup  (E[X(r) — Y™(r)|fy)V7ds

—7<r<s—1

+C | { sup (BJIX(r) — Y™(r)[[})"/7

0 0<r<s

+ sup (EIX(r) - Y™(r)|3)""}ds }.

—T<r<s—1

Finally, (5.1.7) follows from an induction argument and the Gronwall inequality.
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Chapter 6

Numerical Approximation of

Stationary Distribution for

SPDEs

In this chapter, we discuss (i) the existence and uniqueness of the stationary dis-
tribution of explicit EM scheme both in time and in space for a class of stochastic
partial differential equations whenever the stepsize is sufficiently small, and (ii)
show that the stationary distribution of the EM scheme converges weakly to the

counterpart of the SPDEs.

6.1 Introduction

Numerical (approximate) schemes of stochastic partial differential equations
(SPDEs) are becoming more and more popular nowadays since there are only
a few SPDEs which have explicit formulae. There are extensive literature on
approximate solutions of SPDEs. Under a dissipative condition, Caraballo and
Kloeden [17] showed the pathwise convergence of finite-dimensional approxima-
tions for a class of reaction-diffusion equations. Applying the Malliavin cal-
culus approach, Debussche [22] discussed the error of the Euler scheme ap-
plied to an SPDE. Greksch and Kloeden [32] investigated the approximation
of parabolic SPDEs through eigenfunction argument. Gyongy [35], Shardlow
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[81], and Yoo [99] applied finite differences to approximate the mild solutions of
parabolic SPDEs driven by space-time white noise. Hausenblas [39, 40] utilized
space discretization and time discretization, including implicit Euler, explicit
Euler scheme and Crank-Nicholson scheme, to approximate quasi linear evolu-
tion equations. Higher order pathwise numerical approximations of SPDEs with
additive noise was considered in [47]. For the Taylor approximations of SPDEs,
we refer to the monograph [48].

Most of the existing literature is concerned with the (strong or weak) conver-
gence of numerical approximate solutions of SPDEs. We also point out that Bao
et al. [5] investigated the existence and uniqueness of stationary distributions
of analytic mild solutions for a class of SPDEs, while the stationary distribution
(or stability) of numerical solutions of infinite-dimensional SPDEs is seldom dis-
cussed. Motivated by the papers above, for the explicit EM (6.2.7) based on
the time-discretization and spatial discretization, two questions are natural to

be put forward, i.e.,

o For what choices of the stepsize does the numerical scheme (6.2.7) have a

unique stationary distribution;

e Will the stationary distribution of EM scheme converge weakly to some
probability measure whenever the dimension of finite-dimensional approx-
imation is sufficiently large and the stepsize is sufficiently small 7 If so,

what’s the limit probability measure ?

In this chapter, we shall give the positive answers to these two questions one-
by-one.

It is also worth pointing out that, for finite-dimensional case, Yuan and Mao
[100] studied the invariant measure of EM numerical solutions for a class of
SDEs, and Yevik and Zhao [97] discussed by the global attractor approach the
existence of stationary distribution of EM scheme for SDEs generating random
dynamical systems. While, for the mild solutions of SPDEs, the explicit EM
schemes are much more complicated than those for finite-dimensional SDEs,

and moreover the diffusion coefficient in our case is not Hilbert-Schmidt, which
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leads to be unavailable of the It6 formula. Therefore, our approaches are different
from those of [97, 100]. What’s more, Bréhier [12] investigated the existence of
invariant measure for semi-implicit Euler scheme (in time), and discussed the
numerical approximation of the invariant measure for a class of parabolic SPDEs
driven by additive noise, where the drift coeflicient is assumed to be bounded.
The organization of this chapter goes as follows: In Section 2, we give the
explicit EM scheme both in time discretization and in spatial discretization, and
show the existence and uniqueness of stationary distribution of EM scheme under
the properties (P1) and (P2); To make the result more applicable, sufficient
criteria for (P1) and (IP2) are provided in Section 3; In the last section, we reveal
that the limit probability measure of stationary distribution for EM scheme is

in fact the stationary distribution of the exact mild solution.

6.2 Stationary Distribution for EM Scheme

Let (H,{-,"}u, || - |lz) be a real separable Hilbert space, and W(¢) an H-valued
cylindrical Wiener process defined on some complete probability space (2, &, P)
equipped with a filtration {£,},>o satisfying the usual conditions. Denote by
(Z(H),| ) and (ZLus(H), |l - ||#s) the family of bounded linear operators and
Hilbert-Schmidt operators from H into H, respectively.

Consider SPDE on H

dX(8) = [AX(t) + b(X (£))]dt + (X (£))dW (¢) (6.2.1)

with initial value X(0) = z € H. Here b: H — H,o(z) := 0° + o'(z),z € H,
where ¢ € #(H) and o' : H — Zys(H).

Throughout this chapter we impose the following assumptions:

(H1) A is a self-adjoint operator on H generating a Cp-semigroup {e*4}>0, such
that ||et#|| < e=** for some a > 0. In this case —A has discrete spectrum
0 <A €A <+ <im0 A; = 00 with corresponding eigenbasis {e; }i>1

of H.
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(H2) There exist 0; € (0,1) and 8; € (0, 00) such that f; [|(—A)% e*A00||%gds <
d1 for any t > 0, where (—A)% := 37, ., A7 (ex ® e4) denotes the fractional

power of the operator —A.
(H3) There exist L1, Ly > 0 such that
l6(z)=b(¥)lar < Lllz—yllw and [0 (z)—a*(Y)|lus < Lellz—ylla, z,y € H.

(H4) There exists v € R such that

2(z —y,b(z) = b))ar + o (@) — ' W)hys < —Yw —yllky, =z,y€H.

(H1)-(H3) imply the existence and the uniqueness of the mild solution to
(6.2.1), that is, for any z € H there exists a unique H-valued adapted process
X (t) such that

X(t) = ez + / te(t's)Ab(X(s))ds—i- / te(“’)Aa(X(s))dW(s). (6.2.2)

0 0
Remark 6.2.1. In fact, under (H1), (H3) and f; ||le*40°|%}5ds < 8, for any t > 0

and some 42 > 0, (6.2.1) also admits a unique mild solution on H. While (H2) is
just imposed for the later numerical analysis. Let ¢° = 1, an identity operator,
and Az := O}z for z € D(A) := H*(0,m) N Hy(0, 7). Then A is a self-adjoint
negative operator and Ae, = —k?e;, k € N, where e;(£) := (2/7)/2sink¢, € €
[0,7], k € N. A simple computation shows that

' = Lo 1 &
—A 01esA 2 ds = k2 291/ e—2k sds < = kZ 201—1'
| WA et sas = S | <5
Then (H2) holds with &; = £ >"72,(k?)?*~! for 6, € (0,1/4).

Remark 6.2.2. By (H3), it is easy to see that
lo(@)lE + llo* (2)liErs < L1+ ll2liy), = € H, (6.2.3)

where L := 2((L3 + L) V ) with p := [5(0) % + lo* (0) [&5. Morcover, by (H4)
one has
2z, b(@))w + o' (@)l s
= 2(z,b(z) = b(0) g + llo* () — o' (O)lrs
+ 2z, b(0)) 1 +2{0" () — 0" (0), 07 (0))ars + |0 (0) s

< —(y- e)l|:c||% +2(Ly+14+€)pue™?, e€(0,1), z€H,

(6.2.4)
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where (T, S)ps := Y o, (Te;, Se;)y for S, T € Lys(H).

For any n > 1, let 7, : H — H, := span{e;,---,e,} be the orthogonal
projection, that is, T,z = Y . (z,e&;)gei,z € H, A, := m,A, b, := m,b and

0, = m,o. Consider SDE on H,

dX™(t) = [AnX"(t) + ba(X™(1)))dE + o (X™(2))dW (1), (62.5)

X™0) = mpz.

Due to m, Az = wnA(E?___l(x, ei)Hei) = —Y ¢ (z,e)phieix € Hy, it follows
that

A,z = Az, ez =€z and (z,b,)y = (z,b)y, € H,. (6.2.6)
By (H3) and the property of the projection operator, we have
[ An(z = y) + bn(z) = baW)I + llon(z) = oaW)lls
< 2[|An(z = 9)lIF + 2016a(2) = ba (W) + lon(z) — on(¥)lEs
< 2X: |z — gl + 2b(x) = b()|iF + llot (z) — o' W)lIs
<200+ L+ Lllz - ylE,  z,y € Ha

Hence (6.2.5) admits a unique strong solution {X,(t)}:>0 on H, under (H1) and
(H3).

For a stepsize A € (0,1) and each integer £ > 0, compute the discrete EM
approximations Y™(kA) = X™(kA) by setting Y™(0) := 7,z and forming

Y ((k+1)A) = A4 {V(kA) + by (Y(KA)A + o (Y (kA)) AW}, (6.2.7)

where AW := W((k + 1)A) — W(kA), and define the continuous EM approx-

imate solution associated with (6.2.5) by
t
Y™(t) : = etrma +/ et sDAnp (Y™(|s]))ds
0
t
+/ et=lsDAng (Y™(|5]))dW (s)
0 . (6.2.8)
= e‘Avrnx+/ et lsDAp, (Y™(|s]))ds
0
t
+/ etLleDAg (Y™(|s]))dW (s)
0
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due to (6.2.6), where |t]| := [t/A]A and [t/A] denotes the integer part of ¢/A.
For 0 < s <'t, it is easy to see from (6.2.8) that
t
Y7(t) = =4y n(s) + / et~V A, (Y™(|r]))dr
; g (6.2.9)
+/ et lrhAq (v (|r])dW (r).

By Y*(0) = Y™(0), we deduce from (6.2.7) and (6.2.8) that Y*(kA) = Y™(kA),
that is, Y™(¢) coincides with the discrete approximate solution at the gridpoints.

Remark 6.2.3. For the finite-dimensional case, the discrete EM scheme and the
continuous EM scheme are standard, e.g., [56, (4.3) and (4.5), p113]. While the
ideas of constructing schemes (6.2.7) and (6.2.8) go back to, e.g., [12, equation
(13)], [22, equation (2.9)] and [50, equation (8)).

For each integer k > 0,z € H, and T" € #(H,,), define
P*&(z,T) := P(Y™(A) € T|Y™(0) = z)
and
P4 (z,T) := P(Y"(kA) € T|Y (0) = z).

Following the argument of that of [100, Theorem 1.2}, we deduce that {¥™(kA)}k>0

is a homogeneous Markov process.

Lemma 6.2.1. {Y™(kA)}x>o is a homogeneous Markov process with the tran-

sition probability kernel P»#(z, ).

We still need to introduce some additional notation and notions. For Hilbert
space (K, || - ||x), denote by P(K) the family of all probability measures on K.
For P;, P, € P(K) define the metric dy, as follows:

/K F(u)Py(du) — /K F(w)Py(du)

where L:= {f : K = R: |f(u) - f(v)| < |lu — vk and |f(-)] £ 1}.

dp(Py, P;) := sup

)

Remark 6.2.4. It is known that the weak convergence of probability measures is
a metric concept. In other words, a sequence of probability measures {Px}ir>1 C
P(K) converges weakly to a probability measure Py € P(K) if and only if
lenolodL(Pk, P) =0.
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To highlight the initial value, denote by {Y™*(kA)}x>o the EM approximate
solution of (6.2.7), starting from the point z at the gridpoint 0.

Definition 6.2.1. For a given stepsize A and arbitrary z € Hy,, {Y™*(kA)}x>0
is said to have a stationary distribution 7™% € P(H,) if the k-step transi-
tion probability kernel ]P;:’A(.’II, -) converges weakly to 7™%(.) as k — oo, ie.,

Jim du(Py2(z, ), 72 () = 0.
Definition 6.2.2. {Y™(kA)}x>o is said to have Property (P1) if
supE|[Y™*(kA)|} < o0, z €U,
k>0
while it is said to have Property (P2) if
klim E|Y™*(kA) — Y™ (kA)||% = 0 uniformly in z,y € U,
where U is a bounded subset of H,,.

Theorem 6.2.2. Under (P1) and (P2), for a given stepsize A and arbitrary
z € H,, {Y™(kA)}x>o has a unique stationary distribution 72 € P(H,).

Proof. Note that H, is finite-dimensional. Following the argument of that of

[100, Lemma 2.4 and Lemma 2.6}, we deduce that
lim du(Py(z, ), Py(y, ) =0 (6.2.10)

uniformly in z,y € H,, and that, together with Lemma 6.2.1, there exists
™4 € P(H,) such that

lim d (P2 (0, ), 7™4(-)) = 0. (6.2.11)

Then the desired assertion follows from (6.2.10), (6.2.11) and the triangle in-
equality

dL(PZ’A(x, ')» ﬂ.’n,A(.)) < dL(PZ’A("Ev ')v PZ'A(O, )) + dL(]PZ,A(Oa ')’ ”Tn'A('))'
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6.3 Sufficient Condition for Properties (P1) and

(P2)

In the previous section we show that {Y™®(kA)}x>o has a unique stationary

distribution under (P1) and (P2). To make Theorem 6.2.2 more applicable, in

this section we intend to give some sufficient condition such that (IP1) and (IP2)

hold. In what follows, C > 0 is a generic constant whose values may change

from line to line. Let

Y™(t) := /Dt et LDAG0qW (s) and Z(t) := Y™(t) — Y™(¢).

Lemma 6.3.1. Under (H1)-(H3), then,
EZ"(t) - Z*([tDI} < B AQ+ENZMDIE), ¢20,
where 8, := 3{(A2 +2L) v (2L(1 + ||(=A)~%|26,))}.
Proof. Observe from (6.2.8) that
Z™(t) = ez + /ot et=sD4p (Y™(|s)))ds
+ /0 t et~ LDAgL (v (|s]))dW (s).
This further gives

2°() = &1 04zn(g)) + [ " LAy, (yn(|s))ds

t]

t e(t—[sJ)Ao.l n(lg s).
+ /w L(Y™(|s)))dW (s)

Then, by the Holder inequality, the Ité isometry and (H1), one has
Bl 2"(t) - 2(Lt))Iy
t
< 3{E|( % —2n(e)I +E [ Jrm(lsD)IBrds
Lt]
t
+E [ e (Ls))lsds}

=: 3{Li(t) + L(t) + I3(1) }-
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Recalling the fundamental inequality 1 —e™¥ < y,y > 0, we get from (H1) that

n 2

14 — 1)y = |3 — 1)(z, e)me

i=1 H

< (1= LD o, (0:34)
< XNAYz|%4, ze€H,.
Therefore we arrive at
L(t) < M AE)Z" ([t (6.3.5)
Observe from the It6 isometry, (H1) and (H2) that
BT = [ et M08 ods
< [ H=Ar e (- A et MoBl s (6:39)

t
<=7 [ 1AM Bods < (- A) 2%,
0
Thus, by (6.2.3) and (6.3.6) it follows that
Iy(t) + Is(t) < AE{|(Y " (LeI)IE + ot (Y (L) s}
< 2LA{L+EIZ™([t)IF +EIY™(1t) 1%} (6.3.7)
< 2LA{1+ [[(=A)™ |26 + E| Z™([t))IF}-
As a result, (6.3.1) follows by substituting (6.3.5) and (6.3.7) into (6.3.3). O

Theorem 6.3.2. Let (H1)-(H4) hold and assume further that 2o + v > 0. If
A < min{1, (2a + 7)?/(4p%)}, then there exists C > 0 independent of A such
that

StggEIIY"(t)Ilfq <C, (6.3.8)

where p; = 2 + (|14a — 7|?/64 + 2L + |14a — 7|/8) 51 + 2(1 + 1 + A2L). Hence
Property (P1) holds whenever the stepsize A is sufficiently small.

Proof. Note that (6.3.2) can be rewritten in the differential form

dz™(t) = {AZ"(t) + et~ 1D, (Y7 ([t])) }dt

(6.3.9)
+ et lEDAg L (yn((¢]))dW (t)
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with Z™(0) = m,z. For any v > 0, applying the It formula we deduce from
(6.3.9) and (H1) that

E(e”2")I%) < ll=llk + E/O e (V| Z"(s)l5 +2(2"(s), AZ"(s))m
+2(2%(s), e Mo, (Y (L))
+ ([P (Y (s ))IFrs s

. (6.3.10)
<lally +E [ (- (a -zl
0
C+2(27(s), DA (Y(1s])))
+ ot (Y™ (Ls))) I35 }ds.
Since
n 2 _ n 2 n n _7n
1Zm @) = 12D +227((8)), Z2™(t) — Z(|t) = 6510
+1127@) - 2D
and

(27 (@), e (Y (1)) = (YD, b (D) + (Z27(8) = Z7(Lt]), b(Y ™ ([t])))
—{¥(1£)), 6(Y ™ (1t))) e
+(Z™(), (A — 1) (Y™(LE])) s
it follows from (6.3.10) that
E(e”|2"(1)II%)
< lzllf + E/O e {~ (20 =) Z*(LsDIlF + o (Y™ (Ls)D s
+2(Y"(Ls]), 6(Y™(Is))) e — 2(20 = v)(Z2"([s)), Z2™(s) = Z™([s]))w
— (2o = )| Z7(s) = Z"(IsDIF + 202" (s) = Z"([s]), b(Y"(Is]))

—2(Y™(Ls]), b(Y™(Ls)))) &1 + 2(Z7(5), (e@71D4 — )b, (Y™ (15]))) r}dis.
This, together with (6.2.4), yields that

E(e 2" (5)]3)
< llzllf, - Ga+ 7~ ¢ - V)E / &)1 27(1s)) I ds
+E [ e (=220 — v)(27(15)), Z7(s) — Z°(Ls)))m

— 2a =) Z2%(s) - 2" (I
+2(27(s) — Z2"(1s)), (Y™ (Ls)))xr }ds
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+2E / e5(27(s), (el 1DA — 1) (Y™ ([5])))ds
0
+E / 2L+ 1+ et — 2(7™(|s)), B(Y™ ()

—2(y — )(Y™(Is)), 2"(|s)))r — (v — )IY™(Ls]) I} }ds
=: Jl(t) + Jz(t) + Jg(t) + J4(t).
By the elemental inequality: 2ab < ka? + b?/k,a,b € R,k > 0, and (6.3.1), we

(6.3.12)

arrive at
5t <E | e ARz (s DI + 2 L A (L))
+{(12a = v+ 20)87F + |20 = v} 27(s) = Z7(Ls))I }ds
<E / t e {2nd|Z (sl + 2781 + AT (s DI
+{(12a - v+ 20)A74 + [2a = v} 27(s) - Z7(Ls)) }ds,

where in the last step we have used (6.2.3). Combining (6.3.1) with (6.3.6), we
thus obtain that

Jo(t)
< /Ot evs{{z + (|20 — v[? + 2L + |20 — v|)B Y AE| 2P (L)% (6.3.13)
+ {1+ [(—A) )26, + (2 ~ v|? + 2L + |20 — u|)ﬂ1}A%}ds.
On the other hand, we deduce from (6.2.3), (6.3.4), (6.3.6) and (6.3.11) that
Js(t)
<E / e A ZM DI + 284212, 2°() - Z7([tD)
+ 87| Z7(8) = ZM(LEDIE + A72 (D4 — 1)b, (Y (L))l }ds
<E [ otz (el +2642°0 - 2°(eDl (63.14)
+ A7 (l7LDA — 1), (Y™ (Ls]) [} }ds
< [[eriza+ i+ RDARIZ DI

+2(B 4+ A2L(1 + ||(—A) "% |26,)) A% }ds.
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Furthermore, due to (6.2.3) and (6.3.6), for arbitrary £ > 0 one has

0 <E [ et 14 e + 2P 1D b (Lo )l
w20y = e PNl Z (LDl + 1y — el - 17 (s }ds
<E [ o+ 1 e+ 1P + b (LI
by = PR (s Dl + A2 DI + [y — el - (LI s
< [l + (7 bR+ by ey = DAY
+2(L+ 1+ e Hpue™ + (14 2L)kE|| Z™(|s])||% }ds.

In particular, taking ¢ = v = (2a ++)/8 and x = (2a + 7)/(4(1 + 2L)) yields
that

Ja(t) < /0 "o (47120 + ME| 2[5 + C)ds. (6.3.15)

Putting (6.3.13)-(6.3.15) into (6.3.12), we deduce that

200+ v —2p;
2

A% t 14 n t vs
(e 2)|1%) < |lzll% — E / 1 27([s)) % ds + C / ¢ ds.

For A < (2a + v)%/(4p?), it is trivial to see that 2a + v — 2017 > 0. Thus we

have

E(|Z*(0)I%) < C.
Finally, (6.3.8) follows by recalling Z"(t) = Y™(t) — Y™(t) and (6.3.6). O

Let Y™*(t) and Y™¥(t) be the continuous EM schemes defined by (6.2.8) and

starting from the points z and y at time 0 respectively.

Theorem 6.3.3. Let the assumptions of Theorem 6.3.2 hold. If A < min{1, (2a+
7)?/(4p3)}, then

tlim E|Y™ () - Y™ (t)||3 =0 uniformly for z,y € U, (6.3.16)

where py := 6(A\2 + L)(|2a — 7| + 1) + 3+ 7L + X\2L + 672 with L := L? + L2
Hence Property (P2) holds whenever the stepsize A is sufficiently small.
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Proof. Let
Z™M®Y(t) = Y™ (t) — Y™Y(¢).

Note from (6.2.8) that
279(1) - 2 ((1]) = (104 — 1)gme((g))

+ / | e LD (b (Y™ (5])) — ba(Y™¥(5])))ds
1¢)

n / et 1sDA(GL(y™2(|5])) — o2 (Y™Y(|s])))dW (s).
1t]

Following the argument of that of (6.3.1), we derive that

E[|Z™=¥(t) — Z™=Y([t)F < 30\ + L)AENZ™>¥([t)II- (6.3.17)
For v := (2a + v)/2, by the Itd formula it follows from (6.2.8), (H1) and (H4)
that
E(e"|Z2™¥(t)II%)
t

<llo = ully + o [ 127 (o) s + E [ e (2(27(5), A2 (5
2275 [s1), BV () SV ()
o (Y™ (1s]) = o ()
+2(Zm=3(s) — 279 ((]), by (15])) - b(Y™ (L))
422753 (s), (e DA 1)(5,(¥%([5))) — ba™(L5)))))r}ds
<llo = ol - (Gay = )B [ e*7=¥((s)) s
+B [ e(-2(2a = )(25(15]), 25(5) ~ 25 (5]}
- a—0)|27*(s) = 2= (s,
£ 2(Z7=3(8) = 29[ ), bV () = B(Y™([s])))}ds
+2E [ e(275(5), (€0 = 1)(0n (" (L)) = Y (51D
= Ji(t) + Ja(t) + Js(t).

where we have also used the (6.3.11) with Z"(¢) replaced by Z™*¥(t). By (H3)
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and (6.3.17), one has

Jo(t) <E /0 e { A2 2MY(|s)) I + AF[b(Y™=(Ls])) = bY™¥(Ls )%
+{[2a = v| + (120 = v| + 1)A7F}|Z™=Y(s) — Z™=Y(|s])|[% }ds
<{6(M2 +L)(|2a—v|+1) +1+ E}A%]E/t e’ || Z™=¥(|s])||%ds.
0

On the other hand, carrying out a similar argument to that of (6.3.14) leads to

Ju(t) < 2E / e (A2 (s) — Z7(|s))

+ AR(ZM(s) — 2Y(|s)), Z™V(|s]))
+ 03127 (s
+ A3 ]| (eC DA — 1) (b (Y™2([])) — ba(Y™¥([5)))) 3 ds

t
<2+ XL+622+ SE)A%E/ e[| Z™=¥(|s]) I Hds.
0
Hence we arrive at

. 200+ —2p00% [t
B2 Ol < o~ ulfy - 52 [ e 2nm (s s

and then the desired assertion (6.3.16) follows by A < min{1, (2a + 7)2/(402)}.
(]

6.4 Limit Distribution

In the previous section we give some sufficient conditions such that (6.2.7) has
a unique stationary distribution 7% € P(H,,) for fixed n and sufficiently small
A. In this section we proceed to discuss the limit behavior of 74 € P(H,) and

give positive answers to the following questions:

o Will the stationary distribution 7™ (-) converge weakly to some probabil-

ity measure in P(H) whenever n — ooand A — 0 ?
o If yes, what is the limit probability measure ?

Denote by {X?(t)}:>0 the mild solution of (6.2.1) starting from the point

x at time ¢t = 0, which is a homogenous Markov process. For any subset I' C
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PB(H), let Py(z,T") be the probability measure induced by X*(t),t > 0, that is,
Py(z,T') = P(X*(t) € I").
Definition 6.4.1. X*(t) is said to have a stationary distribution n(-) € P(H) if

P(z, -) converges weakly to n(-) € P(H) as t — oo for every z € U, a bounded
subset of H, that is, tlim dp (Py(z,-),7(-)) = 0.

To reveal the limit behavior of 7%(-), we first give several auxiliary lemmas.

Lemma 6.4.1. Let (H1)-(H4) hold and assume further that 2o + v > 0. Then
the mild solution X#(¢) of (6.2.1) has a unique stationary distribution 7(-) €
P(H).

Proof. We remark that [5, Theorem 3.1] investigates the stationary distribution
of (6.2.1) with 0® = 0, that is, the diffusion coefficient there is a Hilbert-Schmidt
operator. For ¢® # 0, note that o is not Hilbert-Schmidt. Therefore [5, Theorem
3.1} is unavailable for (6.2.1). Let

Z(t) = / t et=45%4W (s) and X(t) := X (t) — Z(t).
0
Then (6.2.1) can be rewritten in the form
dX(t) = [AX(t) + b(X(¢))]dt + o (X (2))dW (¢). (6.4.1)

To be precise, (6.4.1) is first meant in the mild sense. But under (H1)-(H3)
it also has a unique variation solution, and therefore the It6 formula applies
to | X(t)||%. Carrying out similar arguments to those of Theorem 6.3.2 and

Theorem 6.3.3 respectively, we deduce that

supE[|IX(®)|? < C (6.4.2)
£>0
and
Lim E[|X*(t) - XY(t)||% = 0, uniformly for z,y € U.
Then [5, Theorem 3.1] yields the desired assertion. d

Lemma 6.4.2. Let (H1) and (H2) hold and assume further that there exists
d2 > 0 and 0, € (0,1) such that

A
/ le*Aa0| ods < 8,0, (6.4.3)
0
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Then
supE[|Z(t) — Z([t])|} < CANN, (6.4.4)
>0

where C > 0 is a constant independent of A.
Proof. Recall from [65, Theorem 6.13, p74] that there exists C; > 0 such that
I(=A)=e ) < Crt™, I(—A)™2(1 - )]l < Gy, (6.4.5)
for arbitrary oy > 0, o2 € [0,1], and that
(—A)®TMg = (—A)®(-A)™z, z€D((-A)), (6.4.6)

for any a3, a4 € R, where v := max{as, a4, a3 + a4}. In the light of Itd's
isometry and (H1)

_ _ 1t}
ElZ(t) - Z(1tDIF < 2/0 lI(e® 04 —1)e=9460) % ods

t
42 / et-9469|2, ods.
[t)
This, combining (H2), (6.4.3), (6.4.5) with (6.4.6), yields that
EIZ(t) - Z(tHI%
[t)
<2 / (= A4) 01 (6-1DA — 1)|2. | (= A)? =460 2, ds
° A
2 / #4002, 5ds
0
[t]
< 202N / (= A)e400|1% sds + 26,%

0
< 2(C25y + 8y) N2

and therefore the desired assertion follows. O

Remark 6.4.1. Let ¢® = 1 and A be the Laplace operator defined in Remark
6.2.1. A straightforward computation shows that

& 1o 1 2
sA||2 _ —2%2A
/0 le*4 (1% sds = 5’;lﬁu Y (6.4.7)
Recall that for arbitrary § € (0,1) there exists ¢; > 0 such that
le™® —e7¥| < cslz —yl°, z,y>0. (6.4.8)
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It then follows from (6.4.7) and (6.4.8) that

2 A2 ) § = 1
/0‘ ||e’ ||H5ds S 2 _ICJA Z ]{:27——63
k=1

Hence, (6.4.3) holds with 8, = 2°~'¢5 32| iy and 6, = 6 € (0,1/2).
Lemma 6.4.3. Let the assumptions of Lemma 6.4.1 hold and
7i=a 'Ly 4 (20)7Y2Ly € (0,1). (6.4.9)

Then
sup E|| X () — Y™ (&)} < C{EN/D 4 afin%e),
>0

where C' > 0 is a constant independent of n and A.

Proof. By (6.2.3) and (6.4.2), it follows that
StglglEHb(X(t))llif + StggElldl(X(t))llffs <C (6.4.10)

Note that (E||-||%)'/? is a norm and recall from [38, Theorem 202] the Minkowski

integral inequality:

(]E|/OtF(s)ds|2)1/2 g/ot (E]F(s)|2)l/2ds, £>0,

where F : [0,00) X 2 — R is measurable and locally integrable. Then, applying
the It6 isometry and using (H1), we obtain from (6.2.2) that

EIX () — X (L)IF)?
< ”eLtJA{e(t—LtJ)A — 1}z||5

t)
+ [ @A e~ 1gax (5) ) o
0

1t 12 (6.4.11)
+ ([ Bt~ 1)1 () )
0

+ [ @I s+ ([ Blo'(XDlsds)

= Fl(t) + Fg(t) + Fg(t) + F4(t) + F5(t).
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Let p := (01 A 03)/2. In view of (6.4.5), (6.4.6), (H1) and the boundedness of
(=A)~(=#/2) one has

Fy(t) = [|(=A)" 07 2eltA (= 4) =2 {74 1} (=~ A)a|lFy
< (= A)~CDeldA)E i (—a) o2 (el DA — 1} (=~ Az

< Cll(=A)~ PR || Azl F A%,

Also, by (6.4.5) and (6.4.6), we obtain from (6.4.10) that for § € (0,1)

5
D E(t)
k=2
Lt . <
<CAV? 4 C / (= Ayeellei=na)| . ||g1-DLei-n4)
0
x [|(=A) P {e"1¥h4 — 1}||ds
t - -
+ C(/H | (—A)PefLtl=)4)12 . || (1-0)1t)-5)4) 2 (6.4.12)
0
1/2
X f|(—A)*{el" D4 — 1}|%ds)
LA -
< CAYV? - CcAP / (6s)~Pe~o1-s g,
0
e - 1/2
+ CA”(/ (03)”2"6*2"(1_9)%3) .
0
Observe that
Lt - - oo .
/ s7Pe~(1-003qs < (o1 — 0))”_1/ s7Pe”%ds = (a(l — 6))P'T(1 - p),
0 0
and similarly
t) . -
/ s72e 200035 < (2a(1 — ))*7'T(1 — 2p),
0

where I'(+) is the Gamma function. Hence

4
ZFk(t) < C A01182)/2
k=2

This, together with the estimate of Fy(t), gives that

supE[| X (t) — X([t])IIf < CANM.
t>0
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Noting that X (t) = X(t) — Z(t) and utilizing (6.4.4), one has
sup E[|X () — X([t])[f < CAM=.
t>0

Since

0 = m=A) el = | 0 X% @ enmer]

k=n+1

<N¥|zlly, zeH,

we arrive at

11 = ma)(=A)" |7 < A%

(6.4.13)

(6.4.14)

By virtue of the It6 isometry, (H2), (6.4.14), (6.4.5) and (6.4.6), it follows that

EIZ() - 7l
<2 / e (1 — )03 sds
+2 [ 1A (1= el D A) AP s
< 201 m) (A / =4 el
+onm /0 (A e 400 sds
< O = m)(-A) 17+ 8%) [ (=40 fyods

<O + A,

Following the argument of (6.4.11), we have

(EIX (1) - Z"(t)lIF)

< 141 = mall
+ [ 16 = m K I s
([ 10— m PR (K6 )
[ 1A 6) X LI e

([ 1M PRIAOE ) — oA (XD rsds)
+ / e DA (Eba(X (L)) — bal¥™ (L)) 12 2ds
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+ ([ 1RGO (s)) - (Lo Esds)

+ /0 le®=14{1 — e LD EN(Y™([sD)IF) 2 ds

¢ 12 (6.4.16)
([ et = DAY PRt (5] sl
0
9
=) Gi(t).
i=1
A straightforward computation shows that
le (1 = ma)zlly = D e M, ek
t=n+1
This further gives that
let4(1 = m,)||2 < et (6.4.17)
and that
oo 6—2/\,'t 1/2
Gt < (Y SMmey) <A4ela (6.4.18)

i=n+l
by recalling that {);}:>1 is a nondecreasing sequence. By (6.4.10) and (6.4.17),

one has
Go(t) + Ga(t)
t t 1/2
<c / -4 (1 = m)ds + € / le=4(1 — x,)|ds)
0 0

t . e (6.4.19)
< C’/ e""‘(t‘”)ds+0(/ e'”"‘t_’)ds)
0 0
<SCOT+ AR,
Taking (H1), (H3) and (6.4.13) into account gives that
Ga(t) + Gs(?)
t t 1/2
< oAWf’z)/z{ / [let=514]|ds + ( / ||e(t“s)A||2ds) } (6.4.20)
0 0

< C A 01002)/2
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Next, note from (H1) and (H3) that
Ge(t) + G(t)
< [ R AN (L)) B (L)) ) s
+ ([ 1P (L)) - (L) sds)
< sup (BJBCX (L)) — b0 (L)) [ et s
+ sup (B0 (X((s]) - H(r(LsDIEV2( [ et-4pas) ™ (621
0<s<t 0
<™ sup (BIB(CX (1)) - b (s D))
+ (20077 sup (Ello*(X([s) - o*(Y™((5]))[3)1"
<7 sup (E|X(s) - Y"(s)][3)""

0<s<t

< 7 sup (E|X(s) = Z"(s)I%)"* + Toiugt(EIIZ(S) = Y™(s)lIF),

0<s<t

where 7 € (0,1) is defined by (6.4.9). Following the argument of (6.4.12) leads
to

Gs(t) + Go(t) < CAON2)/2Z, (6.4.22)

Substituting (6.4.18)-(6.4.22) into (6.4.16) yields that
sup(EJIX(8) - Z"(@)|3)2 < G2 + £ @00
£20

due to 7 € (0,1). Consetjuently the desired assertion follows from (6.4.15). O

Theorem 6.4.4. Let (H1)-(H4) and (6.4.3) hold. Then, for any € > 0, there

exist n > 0 and € > 0 such that
dp(r™2(:),7(-)) <e.

Proof. Fix x € H and let ¢ > 0 be arbitrary. By Lemma 6.4.3 there exist
A* € (0,1) and sufficiently large n > 0 such that

dL(Pra(z, ), P22 (zn, ) < €/3, A € (0,A%).
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For the previous n > 0, by Theorem 6.2.2, there exist Ay € (0,1) and T3 > 0
such that
dL(PZ‘A(a"ﬂ7 '))'/Tn,A(')) < 6/3

whenever A € (0,p) and kA > T;. Furthermore, due to Lemma 6.4.1 there
exists To > 0 such that

do(Pi(z, ), 7()) <6, 12 To.

Let T :=Ty\ VT, and k = [T/A] + 1 for any A < A* A Ay. Then the desired

assertion follows from the triangle inequality

du (™2 (), 7() < dL(Pra(z, ), 7()) + dL(Peala, ), Pp® (2, *))
+ dlL(]P?l:,A(‘rm ')’ ﬂ‘n’A('))'

a

Remark 6.4.2. For the finite-dimensional case, finite-time convergence of numer-
ical scheme is enough to discuss the limit of stationary distribution of numerical
solution [56, Theorem 6.23, p266]. While for the infinite-dimensional case, we
need the uniform convergence of EM scheme (6.2.8) to reveal the limit behavior
of 7™#, which is quite different from the finite-dimensional cases, and therefore
(6.4.9) is imposed. On the other hand, for the finite-time convergence of EM
scheme (6.2.8), condition (6.4.9) can be deleted by checking the argument of

Lemma 6.4.3 and combining with the Gronwall inequality.

Remark 6.4.3. By following the procedure of this chapter, numerical approxi-
mation of stationary distribution of SPDEs with jumps can also be discussed,

which will be reported in forthcoming paper.
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