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Abstract

In this thesis, we study some geometrical aspects of metric measure spaces (R™, P2, 1), where pisa
locally finite regular Borel measure and $*/? a metric on R™ which arises from a continuous negative
definite function 9 : R™ — R which satisfies ¥(€) > 0 with ¢(€) = 0 if, and only if, £ = 0. This
study is motivated by the investigation of a transition density estimate for pure jump processes on
a general metric measure space. To gain a better insight into the behaviour of transition functions
of symmetric Lévy processes in this general setting, it seems desirable to understand geometrical
properties of their underlying state spaces. More precisely, we show completeness of the metric
spaces (R™,%"?) and study under which circumstances open balls B¥(z,r), z € R, r > 0, with
respect to this metric are convex. Moreover, we focus on conditions of the metric measure spaces
(R™,4"/2, u) for the balls to satisfy the volume growth property

u(BY(z, R)) < Cy(r, R) u(B¥(z, 1))

for p-almost all x € R™, 0 < r < R and a constant Cy(r, R) > 1. Finally, we 'show that the
homogeneity property of a metric measure space can be applied to our case and provide some
results associated with the construction of a Hajlasz-Sobolev space over (R",w'/“,/\(")), where
A denotes the n-dimensional Lebesgue measure.
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Introduction

In this thesis, we study some geometrical aspects of metric measure spaces (R™,%"/?, u), where u
is a locally finite regular Borel measure and %"/? a metric on R® which arises from a real-valued
continuous negative definite function 9 : R® — R satisfying ¥(€£) = 0 if, and only if, £ = 0. Due
to a theorem by I.J. Schoenberg, the function "2 indeed gives an appropriate metric in order
to study the behaviour of Lévy and Lévy-type processes in terms of estimates of their transition
functions. In particular, the volume of metric balls is an essential part in the study of pointwise
transition function estimates.

It has been a well-studied topic in the past years to obtain upper and lower bounds for transition
functions of certain stochastic processes. The interest in estimates has not been restricted to
R™ only, but has included Riemannian manifolds and general metric measure spaces. To give a
brief overview about the contributions to this field we start with a diffusion process (X¢):>0, i-e.
a Markov process with continuous trajectories, on R®. A prototype of a diffusion process is the
Brownian motion. Starting at some point z € R™ its transition probability is given by

P (X, eA)=/Am(m.y)dy (1)

where A C R"™ is a Borel set and

2
pu(,1) = polz — ) = (4m1)~"" exp (—'—””—Mi) , ()

Equation (1) can be read as the probability that the process (X:):»0 hits the set A at a specified
time . From an analytic point of view, transition functions of diffusion processes are governed
by convection-diffusion equations. In fact, (2) is the fundamental solution to the heat equation
Otu = Au. More precisely, the integral

u(t, x) = /Rn pe(z, y) v(y) dy

for a continuous bounded function v on R™ is the solution of the Cauchy problem Ju = Au
with the initial condition u(0,z) = v(z). Adopting the viewpoint of functional calculus, p; can
be understood as the integral kernel of the operator e~*2 and the solution can be written as
u(t, ) = exp(—At)v. Due to its connection to the heat equation p;(z,y) is sometimes also called
the heat kernel. In particular, (2) is often named the Gaussian heat kernel and the Laplacian the
generator of the underlying stochastic process, which is the Wiener process.

In this work we will focus on Lévy processes of jump-type, which are generated by certain pseudo-
differential operators. Lévy processes are a special case of Feller processes which themselves form
a sub-class of Markov processes. A Lévy process is a stochastically continuous process (X:);>0
which has independent and stationary increments. Its generator —(D) can be represented as a

1



2 Introduction

pseudodifferential operator of the form

n

—p(DYu(z) = (2m)"2 / e E(E) a(€) de 3)

for u € §(R™), by which we denote the Schwartz space over R™. A special role is played by the
symbol ¢ : R® — C of such a pseudodifterential operator. Every Lévy process (X;):>0 with starting
point € R™ is determined by its characteristic function

E=[efXi—®)¢] = e‘tm, t>0,

where ¢ : R® — C is a continuous negative definite function and the symbol of the associated
generator. The function 1 is also called the characteristic exponent of the Lévy process, and ¥ has
the Lévy-Khinchin representation

CERRET ey

— ) . —emme -
Y(E) =c+i(d €)+q(&) + /Rm\{o}} <1 ¢ 1+1€[2)  |zI?

where ¢ > 0, d € R, ¢ > 0 a positive semidefinite quadratic form on R™, and u a finite measure
on R™ \ {0}. For more details and a proof of this formula see [45]. In this work we will restrict
ourselves to symmetric Lévy processes in which case 1(€) is real-valued. Moreover, we will only
consider Lévy processes (X;):>0 which have no diffusion part, i.e. they are of pure jump. Then the
Lévy-Khinchin representation of ¢ : R® — R reduces to

w(E) = / (1 = cos(y - €)) v(dy)
R\ (0}

with the Lévy measure v associated with the continuous negative definite function v, which satisfies
the integrability condition fR"\{o}ﬂsz A1) v(dz) < oco.

We assume that the Lévy process (X;);»0 possesses a density, which is of the form

pe(a) = (2m) " [ meemtvio gg
with a continuous negative definite function 9 : R®™ — R such that the characteristic function
e~t%() € L1(R"). For some continuous negative definite functions ¥ (€), the density p;(x) can be
given in a concrete form as in the diffusion case 1)(€) = |£|?, where the density is the Gaussian (2).
For instance, the negative definite function 1¢(€) = €| is related to the Cauchy process with the
corresponding density

#0e) =0("3) (@

2 (r(2+ |22)

and Yy (€) = /|€|2 + m2 — m for m > 0 yields a relativistic stable process with density
pf () = 202m) " m E et (122 + 2 F Ko (m /2P +82) . (5)

We will refer to these density functions in §3. These densities are related to continuous negative
definite functions which satisfy

Yu(§)

Ye(é)
hence they are in particular asymptotically comparable. The transition densities themselves, how-
ever, show a rather different qualitative behaviour. For example, the heavy tails of the Cauchy
density do not allow zp{ (x) to be in L!(R™), whereas we have zpf (x) € LP(R") for any p > 1,
i.e. all absolute moments of the underlying process exist. This already is an indication that it is
desirable to gain a better understanding of the behaviour of transition functions of Lévy processes.

-1 as|f|—> o0,
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In the Hilbert space setting L2(R™) transition density estimation has a close connection to symmet-
ric Dirichlet forms. For analytic and probabilistic aspects of the extensive theory of Dirichlet forms
see [52] or [26, 27]. Starting with a symmetric Markov process with generator —y¢(D) as given
in (3), which is a symmetric operator, we can introduce a bilinear form, the associated Dirichlet
form, by

E(wv) = (WD) "0, (D) 0)1a = [ (D)ula) iz da

for v € D(¥(D)"/?) and u € D((D)*?) N D(¥(D)). A characterisation of the domains of ¥(D) in
terms of function spaces was introduced by Farkas, Jacob and Schilling [25] and will be discussed
in §1.5. If —¢(D) is a differential operator £(u,v) is called a local Dirichlet form, whereas in
the case of —¢(D) being an integral operator involving difference terms, which is the case for
pure jump processes, the corresponding form €(u,v) is called a non-local Dirichlet form. Dirichlet
forms of either type have been employed frequently in the study of heat kernel estimates in the
L2-setting as they provide a powerful technique to handle symmetric Markov semigroups and their
corresponding processes.

Estimation of heat kernels has its origins in the works of Nash [54] and Aronson [2], both in the
context of elliptic and parabolic equations given in divergence form. From the probabilistic point
of view, it has become of interest to estimate the transition density of a process on a general
metric measure space (X,d,u), where (X,d) is a metric space and p a Radon measure on X.
In this setting, Sturm [58] has presented a method for constructing a diffusion process on X for
quasi-every starting point using Dirichlet form techniques. In the case of a diffusion process on a
metric measure space (X, d, 1) the aim is to get a Gaussian estimate of the form

~ Cl _dz(zay)
o)~ ey 2 (-G

where B%(z,7) denotes an open ball with respect to the metric d(z,y) of radius r > 0 centred at
the point £ € X. Here, =~ stands for the existence of an upper and lower bound. For example, in
(R™, ] -], A(™) this reads as

(6)

. z—yl?
~ Oyt exp (YY)
pe(z,y) 1 exp( Cat )

In a series of papers [3, 30, 31, 32, 36}, Grigor'yan et al. discuss heat kernel estimates of self-similar
type, as they appear in, e.g., fractals. They study bounds of the form

d(z, y))

tY/e

Pz, y) =t ( (7)

with parameters & and 8 and a function ® : Ry — R, on general metric measure spaces (X, d, u).
Under certain conditions on the space (X, d, u), and under the assumption that a heat kernel p;
satisfies (7) for p-almost all z,y € X, it is shown in [31] that the following scenarios occur. In the
case of diffusions on (X, d, ), which corresponds to a local operator as generator of the process,
the function @ and the parameter o and g satisfy the exponential estimate

¢(s)zc1exp(—C257£‘T), 2<B<a+1,
whereas @ is of the polynomial nature
B(s)~(1+s)" D 0<pf<a+1

in the non-local case. Recently, Grigor’'yan, Hu and Lau [35] studied the estimate (7) under the
assumption on the volume of metric balls in (X, d, 1) to be of doubling nature. For an overview of
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various equivalent characterisations of heat kernel upper estimates for regular local Dirichlet forms
on volume doubling metric measure spaces see [33].

Besides metric measure spaces see e.g. [31] for a survey about heat kernel estimates on Riemannian
manifolds for the Laplace-Beltrami operator A. Here, we name in particular the works of Li and
Yau [51], who, under certain assumptions on certain manifolds, derived an estimate of the form (6),
where d(z,y) is understood as the geodesic distance of  and y on the manifold. Results for more
general manifolds have also been achieved by Davies [19] and Grigor’yan [29]. Their contributions
technically work under a certain gradient assumption on the geodesic distance d on the manifold,
which is a property that typically fails in general metric measure spaces.

In the context of symmetric Markov processes a different approach has been taken by Davies
(17, 18], Varopoulos, Saloff-Coste and Coulhon [62], and Carlen, Kusuoka and Stroock [10]. In
our language, on a complete separable metric measure space (X,d, u) they used Dirichlet form
techniques provided in L2(X, 1) to derive the uniform upper bound

pilz,y) < Ct~* (8)

for its transition density from Sobolev- and Nash-type inequalities. For the transition density of
the Brownian motion (8) is fulfilled in particular if z = y. Therefore, it has become customary to
call this upper bound an on-diagonal estimate. We will discuss these results in some more detail in
§3.2. Moreover, Davies has given a method in [17] how to obtain a decay estimate for p; if z # ¥,
which is actually equivalent to (8).

In recent years research has been extended towards heat kernel estimates of symmetric jump
processes corresponding to non-local Dirichlet forms. In [48] Kolokoltsov obtained heat kernel
estimates for stable-like processes in the Euclidean space R™. More recently, in [4, 5, 6] estimates of
transition density functions of processes have been derived which are related to non-local operators
of fixed order. In the case of non-local operators of variable order contributions have been made by
Chen, Kim and Kumagai in (11, 12, 13, 14]. In [13] Chen and Kumagai, see also [14, 12], introduced
an estimate for the transition function of a symmetric jump process corresponding to fractional
Laplacian-like operators of variable order. An example for such a process is the relativistic stable
process, whose density function is given by (5). Under the assumption of a uniform volume doubling
property of the measure p in (X, d, u) they obtain the estimate

1 t
) =a (u(Bd(O, F1@) " WBA0,d(z,0))) 9lez d<z’0>>> ¥

by employing a strictly increasing continuous function ¢ : R, — R, satisfying ¢#(0) = 0 and
#(1) = 1, which can in fact be obtained from the jump intensity of the process under consideration.
For two examples the performance of the upper bound provided by (9) are studied in § 3. It turns
out that on the diagonal = 0 for all ¢ > 0 and also asymptotically for large ¢ and z, the estimate
(9) approximates the actual density very well. However, for moderate values of ¢t and z it does not
yield a good model of the shape of the transition function. This gives again an indication that it
is desirable to gain a better understanding of the behaviour of p; in geometric terms.

To sum up, in the diffusion processes case on (X, d, i), the aim is to get estimates of the Gaussian
form (6) as noted above. For the case of pure jump processes obtaining heat kernel estimates for
p involving geometric terms first requires a link between the metric d and and the process under
consideration. Here, a result by Schoenberg [55, 56, see also [8], comes into play. It ensures that a
metric space (X, d) isometrically embeds into Hilbert space (H, (-,-) ) if, and only if, for z,y € M
the metric satisfies d?(z,y) = ¥(z — y) with a continuous negative definite function v : R* = R.
We show in §3 that \/% indeed gives a.metric provided 4 : R® — R is continuous and negative
definite with ¥(£) = 0 if, and only if, £ = 0. As a consequence, if we equip the set X with
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d(z,y) = ¢¥"/*(z — y) we can embed the metric space (X,%"/?) into a Hilbert space while keeping
the distances. Eventually, this ensures that we can measure distances with the help of the inner
product (-,-) on the Hilbert space. More precisely, for x,y € X, paths v: [0,1] = X, 7(0) = z,
4(1) = y, on the metric space (X,%"?) have arclengths
1 1
(0 = [ Gosea= [ e a.

The aim of this work is to study the geometry in the metric spaces (X, Y/ %) involving a real-valued
continuous negative definite function ¥ : R® — R giving rise to a metric due to its properties. This
should give a basis for the analysis of transition functions p; of jump processes in geometric terms.
Very recently, V. Knopova and R. Schilling [49] obtained an on-diagonal upper bound for the heat

kernel in the symmetric jump processes case involving the measure A(™ (B¥(0, v/%)) of a ball with
respect to the metric 1"/2, where 1 is continuous and negative definite.

The outline of this work is as follows. In §1 we provide the analytic and probabilistic background,
introducing the concepts of continuous negative definite functions, strongly continuous contraction
semigroups and their relation to Lévy processes. We also introduce translation invariant symmet-
ric Dirichlet forms which appear in the context of estimation of transition density functions of
symmetric diffusion and jump processes in Hilbert space settings. The first paragraph is mainly
based on (44, 45, 25, 18, 62]. As a new result, we connect the notion of a weighted function space
by Triebel [59] to the definition of a symbol class by Hoh [42, 43], see also [46]. We show in §1.7
that the latter is a class of admissible weight functions in the sense of Triebel.

In § 2 we collect some analytic results in general metric spaces as provided in the monograph [40]. Tt
covers, amongst other topics, the Vitali Covering Theorem and function spaces over metric spaces,
in particular the introduction of Sobolev spaces on metric spaces. The latter needs a formulation
that is suitable for spaces on which a weak derivative is a priori not defined. In particular, we will
concentrate on the definition of Sobolev spaces according to Hajtasz [37].

In § 3 we study transition function estimates in various settings. We show how Dirichlet forms play
a role in the setting of symmetric Markov processes on L?(R™;R) and discuss the approach taken
by Davies (17, 18], Varopoulos, Saloff-Coste and Coulhon [62], and Carlen, Kusuoka and Stroock
[10] to derive heal kernel estimates from Sobolev- and Nash-type inequalities. We then turn to
the topic of transition function estimation on more general spaces and give a brief survey about
results obtained by Sturm [58] and Grigor’yan et al., where we mainly rely on the surveys [30, 31].
Finally, we focus on the heat kernel estimate for jump processes proposed by Chen and Kumagai
[13]. We use MATHEMATICA as a tool to compute the upper bound in (9) for p{’ and pf’ given by
(4) and (5), respectively, and to visualise the behaviour of the upper heat kernel for ¢ > 0. The
results provide a motivation to study geometrical aspects related to Lévy processes of jump type
more closely.

As motivated by the result of Schoenberg which we give in §3.4, we equip R™ with the metric
¥"?, where ¢ : R® = R is continuous and negative definite with ¥(¢) = 0 if, and only if, € = 0,
and we study properties of the metric measure spaces (R™,%"2, 1) in §4. In particular, we show
the completeness of the metric spaces (R”,1%"/?) and study under which circumstances open balls
B¥(x,p), z € R, p > 0, with respect to the metric 1"/? are convex. We then focus on the volume
growth condition in the metric measure space. In particular, we fix a metric dg : R* x R” — R and
a measure po on the o-algebra B(R™,dp) of Borel sets on R™ with respect to dp, such that open
balls in (R™, dg, uo) satisfy the growth condition

po(B%(z, R)) < Cyy(r, R) po(B™ (2, 7))
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for two radii 0 < 7 < R, a constant Cqg,(r, R) > 1 and po-almost all x € R*. We study how a metric
d: R*xR"™ — R isrelated to dy, and a measure u is connected to ug such that the spaces (R™, d, po)
and (R™,dp, u) also satisfy the volume growth condition, respectively. The results obtained can
be applied to metric measure spaces equipped with a metric that arises from a continuous nega-
tive definite function. Moreover, based on the homogeneity property of a metric measure space in
Chater III of [15] we note in § 4.3 that this concept applies to our settings. Finally, we provide some
results on the construction of a Hajlasz-Sobolev space M1P(R™, %2, A\(") in §4.4. We prove, anal-
ogously to the general case in [40], that M1P(R™,1"/2, \(")) is a Banach space and show that for
u € MLP(R™, "2, A(") a Poincaré-type inequality holds, which is an adaptation of a result in [39].



Index of Notation

N set of natural numbers

No =NuU {0}

Ng set of all multi-indices

R set of all real numbers
Ry={reR:z 20}

R™ Euclidean vector space

C set of all complex numbers

Bé(z,r) open ball of radius r with respect to metric d
D(zp,7) := {2 € C: |2 — 25| < r} closed disk in the complex plane about 2o
a A b= min{a, b}

a Vb= max{a, b}

A\ B set theoretical difference of two sets

A° complement of the set A

conv(A) convex hull of a set A

diam(A) diameter of a set A

{j closure of a set A

A interior of a set A

A o-algebra

(Q, A) measurable space

(Q, A, u) measure space

B(X,d) set of Borel sets in metric space (X, d)
o(0) o-algebra generated by O

B B(R™, |- |) set of Borel sets in (R™, |- |)

Xa(z) = { (1)’ 2 : 2 characteristic function of A

u|4 restriction of u to A
ut = 4 V0 positive part of u

u~ = —(u V 0) negative part of u
u
T 0
_ ) o u# ion of
sgnu = sign of u
& 0, u=0 &

Rewu real part of complex-valued u

Imu imaginary part of complex-valued «
(uy)ven sequence of functions u,

u o v composition of functions

u * v convolution of functions

Doy = 921 .- 9o

K, Bessel function of second kind and order 7
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i, Fu Fourier transform of u

F~1u inverse Fourier transform of u
Lu Laplace transform of u

supp(u) support of function u

R(u) range of a function u

ker(¢) kernel of a mapping ¢

A7) Lebesgue measure in R™

u regular Borel or Radon measure

€, Dirac measure at a € R

cap(A) capacity of set A

supp(u) support of a measure p

m)¢>o convolution semigroup of sub-probability measures

o
b= o [ 1

(X, d) metric space with metric d(-,-) on X x X

(X,d, 1) metric measure space with metric d and measure pu

By(€1) space of bounded Borel measurable functions

C(G) space of continuous functions on G

Co(G) space of continuous functions on G with compact support
Cw(G) space of continuous functions on G vanishing at infinity

Cp (@) space of bounded continuous functions on &G

C*(G) space of k-times continously differentiable functions on G
Ck(G) = C*(G) N Co(G)

C*(G) space of stnooth functions on G

C°°(R™; K) space of smooth functions on R™ with values in K € {R,C}
C§°(G) = C=(G) N Co(G)

LP(9), 1) Lebesgue space of u-measurable functions on

LP(G) = LP(G, \™)

LP(R™; K) Lebesgue space of functions on R™ with values in K € {R,C}
LY (G) = {u € B(G) : ux € LP(G) for all K C G compact}

W™?(@) classical Sobolev space

H™(G) = W™2(G)

H3(G) classical Bessel potential space over G

H;‘"‘“(G) 1-Bessel potential space over G of order s with respect to LP
HY*(R"; K) y-Bessel potential space of K-valued functions on R™ with K € {R, C}
8(R™; K) Schwartz space of K-valued functions on R™ with K € {R,C}

(X, - | x) Banach space with norm || - || x
X* dual space of a topological vector space
X — Y continuous embedding of X into Y
D(A) domain of operator A

R(A) range of operator A

(A,D(A)) linear operator with domain D(A)
gr(A) graph of operator A

" Ry = (A= A)~! resolvent of operator A
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p(A) resolvent set of operator A

o(A) spectrum of operator A

(D) pseudodifferential operator with symbol (&)

(Tt)t>0 (one parameter) semigroup of operators

(T,,(p))t;o (one parameter) semigroup of operators on LP(R"), 1 < p < 00
(Tt(w))tgo (one parameter) semigroup of operators on Coo (R™)

A®) generator of (T{P);50

A(®) generator of (T7°):z0

£(v) length of a curve

d(-,-) distance in arbitrary metric space

| | Euclidean distance on R™

[lull x norm of u in the space X

lulla = llullx + ||Au||x graph norm of A

Al = ||Allx -y operator normof A: X - Y

(-, ") Dirichlet form

(y)H, () inner product in the Hilbert space H
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§1 Preliminaries

This first paragraph has an introductory character and provides the necessary analytic and proba-
bilistic background. We start with some basic concepts formulated on general metric spaces (X, d).
We further collect definitions and well-known results on continuous positive and negative definite
functions on R™ that are related to certain one-parameter semigroups of operators which them-
selves can be associated to particular stochastic processes. In particular we focus on semigroups
of Feller and sub-Markovian operators and their generators which are pseudodifferential opecrators.
At the end of this paragraph we show that the symbol class studied by Hoh in [42, 43] is a class of
admissible weight functions in the sense of Triebel [59].

1.1 Basic concepts

We will start with summarising some basic notation from Analysis and Measure Theory.

Definition 1.1 (Metric space). A metric space is a pair (X, d) that consists of a set X # @ and
a distance function d(z,y), which is a real-valued function on X x X such that d(z,y) > 0 for
all z,y € X, d(z,y) = 0 if, and only if, z = y, the symmetry condition d(z,y) = d(y, z) for all
z,y € X as well as the triangle inequality

d(z,y) < d(z,z) +d(z,y) forallz,y,z€ X (1.1)

hold. The mapping d : X x X — R is called a metric. For a subset U C X we call the metric
diuxu the induced metric on U. Sometimes it is convenient to allow a weaker version of (1.1),
namely

d(z,y) < C(d(z,z) + d(z,y)) forallz,y,z€ X and C > 1,

in which case (X, d) is said to be a quasi-metric space and d a quasi-metric.

Note that in a metric space the condition d(z,y) = 0 follows from the symmetry condition, the
triangle inequality and the definiteness condition:

2d(z,y) = d(z,y) + d(z,y) = d(z,y) + d(y, x) > d(z,z) = 0.

However, giving this condition is essential when dealing with semi-metric spaces (X, d), in which
case we allow d(z,y) = 0 to hold without having z = y. A semi-quasimetric space is defined
accordingly. Recall the notion of a norm on X = R™.

13
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Definition 1.2 (Norm on R™). A norm on R" is a real-valued function N(z) such that N(z) > 0
for all z € R", the definiteness condition N(z) = 0 & = = 0, the homogeneity condition N(Az) =
[A| N(z), z € R™, c € R, and the triangle inequality

N(z+y) < N(z)+ N(y) for all z,yéR” (1.2)
hold. Again, a weaker version of (1.2) is given by
Nz +y) < C(N(z)+ N(y) forallz,yeR™ C 1,

in which case N is said to be a quasi-norm. If the definiteness condition is weakened so that z = 0
implies N(z) = 0, we say that N is a semi-norm.

If N is a norm on R™ then d(z,y) = N(z — y) defines a metric on R™.
We consider a metric space (X, d) and fix y € X and R 5 r > 0. Then we write
Bi(y,r) = {z € X : d(z,y) <7}

for the open ball with centre y and radius r. In our considerations it is often helpful to indicate
the dependence on the metric d. Whenever there is no need to emphasise which metric is used we
may sometimes write B(y,r) or B,(y) instead of B%(y, ).

Definition 1.3. A. For a non-empty set A C X of a metric space (X,d) we define its diameter
with respect to the metric d as

diam(A) := diamg(A) := sup{d(z,y) : z,y € A}.

Then A is said to be bounded with respect to d if diam(A) < oo.
B. A subset A C R" is said to be convez, if for any elements z,y € A and 0 < ¢ < 1 we have that
the convex combination tx + (1 — t)y also belongs to A.

We will first give the definition of a general measurable space. We quote the definition from [47].

Definition 1.4 (Measurable space). Let Q 5 0 be a set. A o-algebra A over Q is a collection of
subsets of  satisfying Q2 € A, A € A imnplies A€ € A, and Ax € A for k € N implies UkeN Ax € A.
The elements in A are called A-measurable sets and the tuple (2, A) is called a measurable space.

Using these concepts we define a measure on (2, A).

Definition 1.5 (Measure). Let (2,.A) be a measurable space. A function g : A — R U {oo} is
called a measure if

(i) u(A) >20forall A e A,
(i) p(@) =0, and

(iii) for all sequences (4;);en of pairwise disjoint sets in A we have the o-additivity property

u( D Aj) = iu(x‘%%
j=1 j=1
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If u(Q) = 1 the measure p is a probability measure.

Definition 1.6 (Measure space). Let (£, .A) be a measurable space, 1 a measure on A. Then the
triple (Q, A, ) is called a measure space. If u(2) =1, it is called a probability space.

In the following we will work with a special g-algebra on a metric space (X, d) which is generated
by open sets.

Definition 1.7 (o-algebra of Borel sets). Let (X, d) be a metric space. We consider the system of
open subsets O = {B C X : B open}. The system o(0) =: B(X, d) generated by O is the o-algebra
of Borel sets in X. The elements in B(X,d) are called Borel setsin X with respect to d.

Remark 1.8. In the metric space (R™,]|-|) we will sometimes denote the o-algebra of Bore! sets
by B™ for short, i.e. B := B(R", |- |).

We further need the following concepts.

Definition 1.9. Let (X, B(X,d)) be a measurable space.

A. An outer measure p is a Borel measure if all Borel sets B are measurable with respect to p, i.e.
if p(A) = p(AN B) + u(A\ B) for all subsets A C X.

B. 1 is locally finite if for every z € X there exists an r > 0 such that u(B%(z,r)) < oo.

C. An outer measure u is Borel regular if it is a Borel measure with the property that for every
set A C X there exists a Borel set B € B(X,d) such that A C B and u{A) = u(B).

D. u is a Radon measure if it is a Borel measure and

(a) p(K) < oo for compact K C X,
{(b) w is inner regular, i.e. for a Borel set B C X we have u(B) = sup{u(K) : K C B compact},

(c) w is outer regular, i.e. for a Borel set B C X we have u(B) = inf{u(U) : U D B open}.

An immediate consequence of Definition 1.9 is the fact that Radon measures are always Borel
regular. Examples for Radon measures are the n-dimensional Lebesgue measure A{™ on R?, and
also the Dirac measure
1, a€ A
8a(A) = = Xala
(4) { o aga =X4E@

is a Radon measure on any metric space X. Another example is the standard Gaussian measure
(™ on R" given by

~F™(4) = W/{qexp ( - % |T|2) AP (dz).

In later chapters we will deal with metric measure spaces, which consist of a metric space (X, d)
and a measure g which is assumed to be Borel regular. We denote these spaces by the triple
(X,d, ). Further, we assume that balls in X have a positive but finite measure, i.e. u is locally
finite in the sense of Definition 1.9.

For us, a central definition is the following.
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Definition 1.10 (Volume doubling measure). Let (X, d, 1) be a metric measure space with regular
Borel measure u. Let » > 0 and B%(x,r), z € X, be a ball of radius r centred at z with respect
to the metric d. The measure p is said to be a volume doubling measure if there exists a constant
Cq4 2 1, such that

u(B(z,2r)) < Cau(B(z,r)) (1.3)
for p-almost all z € X. Then the metric measure space is called a volume doubling space. We will
call u a locally doubling measure if there exists p > 0 such that (1.3) holds for almost all z and
r < p. Accordingly, we will call (X,d, 1) a locally doubling metric measure space.

Remark 1.11. Let us note that (1.3) implies that for any number A > 1 we get u(B(z, Ar)) <
Cy()) u(B(z,r)) and therefore

w(B(z, R)) < C4(R,7) u(B(z, 1))

for all positive radii R > r > 0.

Definition 1.12. A set X # @ equipped with a (quasi-) metric d is said to be a space of ho-
mogeneous type if for each z € X the balls B(z,7) of some radius r form a basis for the open
neighbourhoods at x, and if the homogeneity condition holds: there exists an N > 0 such that for
all z € X and all radii » > 0 the ball Bd(:r, r) contains at most N points z;, i = 1,...,n, such
that d(x;,z;) > § for i # j.

A fundamental reference for analysis on homogeneous spaces is [15]. When studying analysis on
doubling metric measure spaces, many results that depend on covering arguments can be gener-
alised to spaces of homogeneous type. These include e.g. the study of certain function spaces on
spaces of homogeneous type, which turn out to have properties comparable to the classical ana-
logues, see e.g. [50] and references therein.

1.2 Continuous negative definite functions

Continuous negative definite functions will play a central role in this work due to their property of
_giving rise to a metric if we restrict ourselves to real-valued functions. Therefore, this paragraph
serves to introduce these functions and, closely connected to them, positive definite as well as
(complete) Bernstein functions.

Definition 1.13 (Positive definite function). The function g : R® — C is a positive definite
function if for any k € N and €', ..., €% € R™ the matrix (g(&7 — ¢')) , 18 positive Hermitian,

ie. 35 9(67 —€YA; A > 0 forany Ay,..., Ak € C.

=1,

The Fourier transform of a bounded Borel measure g on R is given by

A(€) = (2m)~2 / e (dz) (1.4)

n

Since as a bounded Borel measure we have p € 8'(R™), its Fourier transform as defined in (1.4)
coincides with that obtained when considering u as a distribution, i.e.

wdr = [ deua) = e [ ][ o) ds] utas

I

/n [(2#)‘n/2 ./IR" e—u»eu(dg)] d(z)dz = (i, ¢)
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for all ¢ € 8(R™), where 8(R"™) is the Schwartz space of all rapidly decreasing functions on R® and
8'(R™) the space of tempered distributions, i.e. a distribution with continuous extension to $(R™).
The following lemma holds (see Lemma 3.5.4 in [45]).

Lemma 1.14. Let u be a bounded Borel measure on R™. Then i is a uniformly continuous positive
definite function.

The following theorem is fundamental in the theory of positive definite functions and relates these
functions to bounded and positive measures on R™. Its proof is given in [45], Theorem 3.5.7.

Theorem 1.15 (Bochner). A function g : R™ — C is the Fourier transform of a bounded Borel
measure p on R™ with total mass |u| tf, and only if, g is continuous, positive definite and g(0) =

A(0) = (2m)~™/|u].
Note that Bochner’s Theorem states the converse to Lemma 1.14, i.e. given a continuous positive
definite function g on R", then there exists a bounded Borel measure y on R™ such that 4 = g.

We define negative definite functions as follows.

Definition 1.16 (Negative definite function). A function ¢ : R™ — C is called negative definite if
the matrix (Y(€7) + v (&) — (& —‘fl))j.l=1,‘..,k is positive Hermitian for any k € N and €!,...,¢* €
R", i.e. .

k
D () + () — (€ - €N a2 0.

Hi=1

Note that Definition 1.16 is related to Definion 3.23 asfork € N, &1,...,& € R*and A\q,..., A, € C
with 5 A; =0,

k
0 < Y (w(E)+9(E) - - NN M

=1

[

k - k k ] k ) B
= (@) + Th(Tnue)) - 3 e -edn
7j=1 1=1 =1 j=1 Hi=1

k
= =) wE-HNN,

Hi=1

ie. Zf 11 Y€ = € 2 X < 0 and therefore some authors have called these functions (condition-
ally) negative definite, having in mind Definition 3.23.

Remark 1.17 (First properties of negative definite functions). A negative definite function always
satisfies 1(0) > 0 which follows immediately from the definition. Moreover, consider the 2 x 2-

matrix —_
( () +v(€) —¥(0)  ¥(€) +%(0) - w(&))
$(0) + ¥(€) — ¥(=€) ¥(0) + ¥(0) — %(0)

which is positive Hermitian. Since for a positive Hermitian matrix A = (a;;) we have a;; = aj; it
follows that

(1.5)
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which gives the symmetry ¥(€) = ¥(—€) if ¢ is real-valued. Considering the determinant of (1.5),
which is real, then we find

(0)[w(€) +¥(€) — 29(0)] > 0
if (&) + ¥(€) = 2Rep(€) > 24(0) or
Re(€) > ¥(0).

Further, the function £ — ¥(§) — ¥(0) is negative definite whenever ¢ is negative definite, and
& Y(€) := g(0) — g(€) is negative definite whenever g is positive definite.

The following theorem is fundamental in the theory of negative definite functions, cf. [45], Chapter
3.6.

Theorem 1.18 (Schoenberg). A function ¥ : R™ — C is negative definite if, and only if, ¥(0) 2 0
and the function & — e~ is positive definite for all t > 0.

Proof. Let ¢ : R* — C be a negative definite function. For any £ € N and £!,...,£F € R™ the
matrix

(aja) ;= (W(E) +¥(€) ~ (€ - €)1 &
is positive Hermitian. By a7 we denote the m-th power of each component in the matrix. Then,

by Lemma 3.5.9 in [45] the matrices with the entries aj; for some m > 0 and %,i are also positive

Hermitian. As the exponential function is holomorphic on the whole complex plane the power

a

series e%! = Y > -4 has infinite radius of convergence. Therefore, we may interchange the

sums to get E;?[:l % \; Ay > 0, and hence

' . -——_ i _ gl
(ea,‘,)j’l - (ew(é’)ww) (7 -¢ ))j,t=1..,.,k

is positive Hermitian. It follows

k . k . —_— - -
Z e V€= 5 = Z V@ HEN-E =)\ X, > 0
Jil=1 Fid=1

with 7; = A\; e~¥(€") € C. Hence & — e~¥(® is a positive definite function. Further, for a negative
definite function £ — ¥(€) and t > 0 we find that £ — ¢y(£) is negative definite and the arguments
above yield & ~ (27)~™/2e~t¥ is positive definite.

Conversely, let € — e~t¥(8) be a positive definite function and (€) be such that ¥(0) > 0. Then
e~ < 1 for all t > 0 and by the remarks above the function £ — 1 (1 — e=*(9)) is negative
definite. As the set of negative definite functions is closed under pointwise convergence, see Lemma
3.6.7 in [45], we find that

lim > (1 - e=(©) = (¢)

is negative definite. a

Without proof we quote the corollary below from [45].

Corollary 1.19. A negative definite function 9 : R™ — C that is continuous at the origin 0 € R™
18 continuous on the whole of R™.
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The following lemma provides useful properties of continuous negative definite functions.

Lemma 1.20 (Properties of continuous negative definite functions). Let ¥ : R* — C be a contin-
uous negative definite function. Then, for all €, € R™ we have

(i) [0 + )M < O + [/,

(i) |12 = (V2| < [w(E - n)?,
(iti) [$(€) +b(n) — »(€ £n)| < 2(Rev(€) Rey(n))'/?,
(iv) [¥(§)] < cy(1 + [€]*), where cy = 2 supp <1 [Y(M)!-

() (R <290+ e - ), s > 0,

(vi) 1+ |p(€ £ < (L+ (@D +wmI/?)?,
(vii) V(&) > co|€J2™, for co, 70 > O and |€] large.

The proofs of these properties are given in [45]. Since for the negative definite function ¥(€) = |¢|?
(see Example 1.27 below) the inequality in Lemma 1.20 {v) is called Peetre’s inequality, we call
it generalised Peetre’s or Peetre-type inequality for general negative definite functions. Corollary
1.19 can be proved with the help of Lemma 1.20 (vi). Moreover, Lemma 1.20 (i) ensures that a
triangle inequality holds for square roots of real-valued negative definite functions, which is due to
the fact that ¥ : R®™ — R is symmetric, see Remark 1.17. Later, we will restrict ourselves to work
with negative definite functions which only take values in R and are continuous at 0 € R™.

An important property of a continuous negative definite function is 1ts representation given in the
following theorem.

Theorem 1.21 (Lévy-Khinchin). For a continuous negative definite function v : R® — C there
ezist a constant ¢ > 0, a vector d € R™, a symmetric positive semidefinite quadratic form g on R™
and a finite measure p on R™\ {0} such that

1+ |z|?

O =eviOra©+ [ (1-emio ) T uan, o)

where ¢,d,q and p are uniquely determined by . Conversely, given c,d,q and u as above, the
function 1 as given in (1.6) is continuous negative definite.

Definition 1.22 (Lévy measure). Let p be the measure in the Lévy-Khinchin representation of
the continuous negative definite function vy : R® — C. The measure

1+ |zf?

v(dz) := FE p(dz)

defined on the o-field B(R™\ {0}) of all Borel sets on R™\ {0} is called the Lévy measure associated
with .

Corollary 1.23. Let ¢ : R® —» R be a real-valued continuous negative definite function. Then
there exist ¢ > 0, g and v as given in Theorem 1.21 and Definition 1.22 such that

WO =@+ [ (1= coslz)) (). an
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The formulae (1.6) and (1.7) are commonly referred to as the Lévy-Khinchin representation of 1,
depending on the context, i.e. 1 being either complex- or real-valued.

The measure v is a Radon measure on R™ \ {0} and satisfies
/ (|22 A1) v(dz) < oo
R™\{0}

Later, we will mainly restrict ourselves to cases in which ¢ : R* — R has the pure integral
representation

O = [ (1= cos(a-€)vlda). (18)
R™\{0}

Below we will give some examples of continuous negative definite functions and their relation to
certain convolution semigroups of measures. First, however, recall the following notions of conver-
gence of measures.

Definition 1.24 (Convergence of measures). Let @ C R™ be a locally compact set, (¢)izo0 @
family of bounded Borel measures on 2. Considering the limit

Jin [ @) wtda) = [ ula) potee), (19)

we say that (u;)ien converges weakly to ug if (1.9) holds for all u € C,(2), where C(2) is the set
of bounded continuous functions on . The sequence (u:):en is said to converge with respect to
Coo to po if (1.9) is satisfied for all u € Coo (), i.e. the set of all continuous functions vanishing at
infinity. Furthermore, we say that (u;),en converges vaguely to pg if (1.9) holds for all u € Co(Q2),
i.e. the set which contains functions of bounded support on Q.

Remark 1.25. Due to the inclusions Cp () C Coo () C C(£2) we have the following implications:

weak convergence => convergence with respect to Cs, = vague convergence.

Definition 1.26 (Convolution semigroup of measures). A family (t:):>0 of sub-probability mea-
sures on R™, i.e. 4, (R™) < 1 for all ¢t > 0, is called a convolution semigroup if p, * pus = pyys for
any s,t 2 0, pg = ¢ (Dirac measure in 0) and u; — g¢ vaguely for t — 0.

Example 1.27. Consider the family ()30 of measures on R™ having the functions (g;);>0 defined
by
gi(z) = (47rt)'"/ze_""|2/(“) for z € R"

as densities with respect to the Lebesgue measure on R™. For the Fourier transform g of g;, we
need to compute

n
(47rt)”"/2/ e~ € eIzl gy = H(47rt)‘1/2/ e %38 e7%] dr; .

Now consider only the integral over R,

/e-ity-y’ dy = / e~ W Hity) gy e-t’/4/ e~ (WHit/2)” gy,
R R R
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Use the change of variable z := y + it/2, then dz = dy and therefore

/ e~ itV=y" gy — o—t*/4 / e dz = et/ N
R

R
This yields

n
(47rt)_n/2/ e—iz~£—|x|2 dr — (47rt)—n/2 H \/;6—512/4 — (4t)—n/2 e—|f|2/4_
n e

Now, for £ € R™ and a € R, a # 0, the following formula holds:
e =l i(2),  eemn (1.10)

In this case, f(z) = e~ and a = (4t)~1/2, Together, it follows from (1.10) and the above
calculation that

9:(8)

(27r)_"/2 (47rt)""/2/ emiwE glal?/(at) gy

n

(2m)~™/2 (4t)="/2 ()2 e~ = (am) /2 emtlEl

This family (u:):>0 of measures forms a convolution semigroup on R", the Brownian (or Gaussian)
semigroup on R™. The associated continuous negative definite function i : R* — R is the function

£ ¢2

Given a convolution semigroup (g:);>0 on R™ then its Fourier transform can be characterised by
a continuous negative definite function as we have seen in Example 1.27. In fact, the following
theorem holds; see Theorem 3.6.4 in [45].

Theorem 1.28. For any convolution semigroup (u,)i>0 there exists a continuous negative definite
function ¢ : R™ — C such that
() = (2m) 2 e

By Theorem 1.15, each [i; is a continuous positive definite function.

Examples 1.29. A. For general 0 < a < 2 the function £ — |£|* is continuous negative definite.
The associated convolution semigroup (1&);»0 of measures on R™ is called the symmetric stable
semigroup of order v and is characterised by

AX(E) = (2m) ™2 e " fort >0, € € R™.

Since the function ¢ is integrable we get u& = g A(® where g is the inverse Fourier transform
of 4, i.e.

ke (z) = F7H (@) (@) = (2m) 2 /R () de = (2m) /R et gg,

which is now the density of the semigroup corresponding to £ — |£|* for 0 < @ £ 2. Here as in the
following we denote the inverse Fourier transform by F~!. For a = 1 we have an explicit form of
gy as the semigroup (u;);>0 becomes the Cauchy semigroup with g, having the density

fort>20,zeR,

gt(:r)=I‘(n+1)( t

2/ (m(t2 + |z]2)
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for t > 0 and z € R™. The symmetric stable semigroup of order 2 is the Brownian serigroup with
gi(z) = (4mt)~% e‘J‘:;[z3 as density, see Example 1.27.

B. For R* = R™ x R™ it follows from Lemma 3.6.7 in [45] that ¥(€,n) := ¢¥1(&) +¢2(n) : R® - C
is negative definite whenever ¢; : R® — C and ¢, : R*? — C are negative definite. Hence, in
particular, the function ¥(€,7) = [€|* + |n|? with o, B € (0,2], £ € R™, 5 € R™2, is a continuous
negative definite function, see Proposition 1.34 below.

We now define a further class of functions which, as it turns out, operate on the class of negative
definite functions.

Definition 1.30 (Bernstein function). A function f € C*°((0,00)) is called a Bernstein function
if

f>0 and (-1)%sk <o
for all K € N.

Note that a Bernstein function is positive, increasing and concave. The set of Bernstein functions
forms a convex cone which contains the positive constant functions. Similar to continuous negative
definite functions, Bernstein functions also have an integral representation.

Theorem 1.31. Let f be a Bernstein function. Then f has the representation

oo

f(:c)=a+ba:+/ (1-e"*)u(ds), z=>0,
0+

where a,b 2 0 are constants and u is a measure on (0,00) satisfying

/Ooo © u(ds) < oo.

+ s+1

Conversely, any f having this representation is a Bernstein function.

Below we consider an important subclass of Bernstein functions.

Definition 1.32. A function f: R; — R is called a complete Bernstein function if there exists
a Bernstein function g such that f(z) = z? Lg(x), where Lg(z) is the Laplace transform of the
function g defined by

Lg(z) = /Oooe_”g(s) ds.

Theorem 1.33. A function f : R, — R is a complete Bernstein function if, and only if, it has

the integral representation
® oz

flz)=a+bz+ /0 p(ds)

with a measure p on (0,00) which satisfies the integrability condition foo_i(l + 8)71 p(ds) < o0.

+ Stz

Examples of (complete) Bernstein functions and their respective representation formulae are given
in section 1.2 of [25]. An extensive list of complete Bernstein functions can be found in the Ap-
pendix of [47]; see also the forthcoming monograph by Schilling, Song and Vondragek [57].

Bernstein [unctions operate on negative definite functions in the following way:
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Proposition 1.34. Let f : Ry — R be a Bernstein function and ¢ : R™ — R a continuous
negative definite function, Then foy : R™ = R is also a continuous negative definite function.

Later, we will use this result to obtain more examples of continuous negative definite functions.

Definition 1.35. In the situation of Proposition 1.34 the continuous negative definite function
(f o ¥)(€) is called subordinate to £ — ¥(€) with respect to f.

In the following paragraphs we will often work with radially symmetric continuous negative definite
functions.

Definition 1.36 (Radially symmetric function). A function ¢ : R™ — R is called radially sym-
metric in n dimensions if it is a function of the Euclidean norm of its argument.

As we have seen in Example 1.27 the function £ — |£|? is continuous and negative definite for
€ € R™ and any n € N. Then by Definition 1.36 and Proposition 1.34 the function & — f(|¢|?) is
a radially symmetric continuous negative definite function for any Bernstein function f: Ry — R.
In fact, the converse also holds true, i.e. given that £ — f(|¢|?) is continuous and negative definite
then f is a Bernstein [unction; see Theorem 3.9.25 in [45]. The following theorem, taken from [45],
characterises those continuous negative definite functions that are subordinate to £ — |¢ |2 and,
hence, are radially symmetric.

Theorem 1.37. A continuous negative definite function v is subordinate to the function £ — |€|?
if, and only if, its Lévy-Khinchin representation is of the form

WO =90+l + [ (1= cosly- D) m(uf)
where m is the Laplace transform of a measure v on (0,00) satisfying
1 oo
/ 572 v(ds) +/ s~ % y(ds) < o0.
0+ 1

The Bernstein function f such that v(€) = f(|€]?) holds is given by
f@) =@ +br+ [ (- ) (ens)E @()(as),
0+

where ®(v) is the image measure of v with respect to the mapping s — ®(s) = (4s)~1.

Remark 1.38. We will later consider continuous negative definite functions with ¥ (¢) = 0 if, and
only if, £ = 0. Now, in order for the composition f o to satisfy (f o1)(0) = 0 whenever ¥(0) = 0,
it is a necessary and sufficient condition for f to be a Bernstein function with f(0) = 0; see Remark
3.9.24 in [45].

In general, a continuous negative definite function with Lévy-Khinchin representation (1.6) need
not be differentiable. However, a result due to W. Hoh [42], see also [45], ensures that a certain
integrability property of the Lévy measure of ¢ : R™ — R yields not only classical differentiability
up to a certain order, but also upper bounds for the derivatives for all multi-indices o € N§.
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Theorem 1.39. Let ¢ : R® — R be a continuous negative definite function with representation
(1.7). Assume that
M; = lyl? v(dy) < oo
R\ {0}
for2 £ j £ m, m € N. Then v is m-times continuously differentiable and for all multi-indices
a € N§ with |a| < m we find

Y(€) a=0
%€ < av/?(€) |af=1
Cla] laf > 2

with ¢; = (2 Mz)'/2+2/\1/2, c2 = My +2) and cjo) = M| for 3 < |a] < m. The constant A denotes
the mazimal eigenvalue of the quadratic form g(§) in the Lévy-Khinchin representation of ¢.

In § 1.7 we will use Theorem 1.39 to show that continuous negative definite functions ¥ : R® - R
are admissible weights in the sense of Triebel [59] for weighted function spaces.

We will need the following concept in the context of properties of metric measure spaces.

Definition 1.40 (Comparable negative definite functions). We call two continuous negative def-
inite functions 1,9y : R®™ — R comparable if there exist constants 0 < Ag € A; < oo such

that
P1(€)
P2(€)

Ao € < A1

Example 1.41. Let 11(€) = v/|£]? + m2—m, m > 0, and 92(€) = |€|. Then we find 0 z—;—((-g <1

for any m > 0 and
0i(§) _ VEPFm - m
¥2(€) l€l

The functions ; and 13, however, are not comparable in the sense of Definition 1.40.

=1 as|f]— o0.

If continuous negative definite funtions have the Lévy-Khinchin representation
W@ = [ (-l Ould), =12
R\ {0}

and if their Lévy measures v;(dy) = g;(y) A (dy) are such that 0 < Ao g1(y) < 92(¥) € M 1 (v)
then it follows that 1, and 1o are comparable in the sense of Definition 1.40.

1.3 On one-parameter operator semigroups

In this paragraph we give a brief survey of some general results for one-parameter semigroups
of operators and their generators on Banach spaces. An essential one in this context is the fa-
mous result by Hille and Yosida, whose theorem gives a characterisation of operators that generate
strongly continuous contraction semigroups. Studying operators of the formn Tiu = p; * u with a
convolution semigroup p; and a function u on an appropriate function space leads to special classes
of operator semigroups. For some of these there exist similar characterisations of their generators.
We start with the following essential definition, taken from [45].
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Definition 1.42 (Strongly continuous contraction semigroup). A family of bounded linear oper-

ators (T3):»0 on a Banach space (X, | - ||x) forms a one-parameter operator semigroup if the T,
satisfy
(]) TO = Iy

(i) Ts4y = T5 o Ty for all s,t > 0 (semigroup property).
We call the semigroup strongly continuous if

(ili) limyo4 (Tt — Nu|lx =0 for all u € X.
A semigroup is called a contraction semigroup if

(iv) ITillx < lforallt 2 0.

Example 1.43. For ¢ > 0 let us consider the operator
Toule) = u(a) = [ e = y) mldy) (L11)
va

with a convolution semigroup (g:);>0. The integral is well-defined for all 4 € Coo(R™;R) and on
S8(R™;R) we have

F(Tyu)(€) = iy * B(€) = (2m)™ 2 (€) A(E) = a(€) e~

for t 2 0, where ¥ : R®™ — R is the continuous negative definite function associated with the
convolution semigroup. Applying the inverse Fourier transform we see that 7 has the form of a
pseudodifferential operator acting on §(R™; R), i.e.

n

Tyu(z) = (21r)""/"/ ei”'fe“w(f)ﬁ(g) de .

The fact that F(Tyu) = @(€) e *¥® shows that for u € 8§(R™;R) we have 4 € S(R™;R) and
F(T,u) € L*(R™%;R). Now the lemma of Riemann-Lebesgue in the theory of Fourier analysis
ensures that the Fourier transform is a continuous linear operator from L!(R™;R) to Co(R™; R),
which implies that Tyu € Coo (R™; R). Moreover, for u € Coo (R™; R) we get

T < [ lule = 1)l ) < Iulleon®”) < fls

as gy (R™) € 1 by definition. Since the right-hand side is independent of ¢t and z, this inequality
implies that T} is a contraction on Cy (R™; R).

The operators T; also have the semigroup property Ti4su(z) = (T} o Ts)u(z). To verify this, we
need to recall the definition of the convolution semigroup, i.e.

pes(®) = o)) = [ paly = 2) )

This yields

Toi@) = [ we-ppenslds) = [ ue=9)( [y =2)ma(a2) @)

il

/n /n w(z — y) pay — z) ps(dz) (dy) = /n /" u(z — y — z) ps(dz) pe(dy)

/R" Tsu(z — y) u(dy) = Ty (Tsu(x)).
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Further, we have
Toutw) = | (e =) () = | e = )eoldy) = u(e)

and thus Ty = /. Further, it is shown in Example 4.1.3 in [45] that (7});>0 is strongly continuous
for t — 0+, hence a strongly continuous contraction semigroup on Cs (R™; R).

The above example motivates the definition of the following special classes of operator semigroups.

Definition 1.44. A. A strongly continuous contraction semigroup (T}):30 of real-valued operators
on Co(R™; R), equipped with the usual supremum norm || - ||oe, is called a Feller semigroup if Ty
is positivity preserving for any ¢ > 0, i.e. u 2 0 implies T;u > 0.

B. A sub-Markovian semigroup on LP, 1 < p < 00, is a strongly continuous contraction semigroup
(T%)¢>0 of real-valued operators on LP(R™;R) with the property 0 < u < 1 a.e. implies 0 < Tyu < 1
a.e.

C. A strongly continuous contraction semigroup (Tt)i>0 is called symmetric if (Tyu,v) = (u, Tyv)
for all u,v € LP(R™;R) N L2(R™;R) in the case of LP-sub-Markovian semigroups and for u,v €
Coo(R™;R) N L2(R™; R) in the case of Feller semigroups.

D. We call the semigroup (T}):>0 analytic if the operators T,u admit an analytic extension T,u to
a sector Xg g, = {2 € C: arg(z — dp) < 6}.

In the case of symmetric L?-sub-Markovian semigroups we have the following result, which can be
found in [16].

Theorem 1.45. Let (Tt(z))t>0 be a symmetric sub-Markovian semigroup on L*(R™). Then it
extends from L2(R™) N LP(R™) to a sub-Markovian semigroup (Tt(p))t>0 on LP(R™) for1 < p < oo.
Further, it holds that every symmetric sub-Markovian semigroup on L?(R™) and its extensions to
LP(R™) for 1 < p < oo are analytic.

A central notion in the theory of semigroups is that of an infinitesimal generator.

Definition 1.46 (Infinitesimal generator). Let (7});»0 be a strongly continuous contraction semi-

group on a Banach space (X, || - [|x). Its infinitesimal generator is given by the operator
T A
Au = lim —% (in the strong sense)
t—0+ t

for u € X on the domain

u . .
exists in X} .
t—0+

D(4) = {u € X: lim 1%
In § 1.6 we will introduce t-Bessel potential spaces and show that for certain generators (A®), D(A®)))
their domains coincide with these function spaces; see also [25] and [48].

Example 1.43 (rev.) By the discussion above it is clear that the family (7});>0 consisting
of operators (1.11) can be extended to a Feller semigroup, which we will denote by (Tt(m))tzo.
If fact, it can also be extended to a semigroup acting on L?(R";R). To see this we note that
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8(R™;R) C L%(R™;R) dense and use Plancherel’s Theorem, which says that the Fourier transform
is an isometric isomorphism from L? to L2. This yields

TeullLz = [F(Thu)l|Lz < [lullz2,

hence the extension is a contraction, too.

It is also of interest to obtain the actual form of the generator of (7});»0. Using the convolu-
tion theorem and the equality F(T,u)(€) = @(€)e *®) for t > 0, u € §(R™;R), we obtain the
representation

- —ty _
Au(z) = lim T Iu(a:) = lim f:r"'l(—c;-—l 11) (z)
=20+ ¢ t—0+ t

- 5w = - @0 [ TS ae) de.

Hence, not only T3, but also its generator is a pseudodifferential operator, but with the symbol

-¥().

The notion of an operator resolvent is essential in the study of generators of one-parameter semi-
groups. Its definition is as follows, taken from [435].

Definition 1.47 (Operator resolvent). Let A be a closed linear operator on a Banach space
(X, - llx) with domain D(A) C X. The family (Rx)acp(a) of operators Ry defined by

Ryu:= (A= A)"u,
wherc A — A is short for Al — A, is called the resolvent of A, and the set

p(4) = {AeC:\— Aissurjective and has a continuous
inverse defined on R(\ — A) = X'}

is called the resolvent set of A.

The resolvent of a generator (A, D(A)) of a strongly continuous contraction semigroup (7%):30 on
a Banach space (X, || - || x) has a representation as a Laplace integral

o0
R,\uz/ e MTudt
0

giving a way to express Ry with the help of the semigroup operators. For the resolvent set we have
{A e C:ReX >0} Cp(A).

The theorem of Hille and Yosida, cf. e.g. [16, 21], gives conditions for operators to generate a
general strongly continuous semigroup of contraction operators.

Theorem 1.48 (Hille, Yosida; 1948). Let A be a linear (and in general unbounded) operator on a
Banach space (X,|| - ||x). Then A generates a strongly continuous contraction semigroup if, and
only if, the following conditions hold:

(i) A is closed and D(A) C X dense,
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(ii) for all A > 0 we have A € p(A) with |A(A — A)71|| < 1.

To prove this result, Yosida used the Yosida approzimation in order to reduce the problem of
working with unbounded operators A to the case of bounded ones which we will denote by Aj.
The essential idea is to use the operator AR), which satisfies the condition of Theorem 1.48, is a
bounded operator and approximates the identity as A — oo, since for u € D(A),

A=A+ A=A u—ullx = AN - A) " ulx

(A= A) P Au|x < Ml;”—x — 0as A — o0,

IARAu — ullx

where we used condition (ii) of Theorem 1.48. Hence limy_00 AR u = u for all u € X, since
D(A) C X dense. The Yosida approximation is then defined by

Ay = AARy = MM - A7 =220 - A7 - I
for A > 0. Then the bounded operators A, approximate A, since for u € D(A) it follows

Ayu =AM - A) " lu= A\ - A)1(Au) - Auas A = 0.

Remark 1.49. Feller, Miyadera and Phillips (1952; see e.g. [21], Theorem 3.8) extended Theorem
1.48 to hold for strongly continuous semigroups (T});>0 that are not necessarily contractive. They
showed that a linear operator A generates a semigroup of operators that satisfy | T || x < M e“t with
M > 1 and growth bound w € R if A is closed, densely defined, (w, 00) € p(A) and |[(A—A)""||x <
M(XA—w)™™ for all A > w and n € N. A variant of the theorem by Hille and Yosida was found by
Lumer and Phillips, which does not need estimates for all natural exponents of the resolvent, but
instead uses the notion of dissipativity of the operalor A which is an easily verifiable condition.

Definition 1.50 (Dissipativity). A linear operator A : D(A) — X, defined on a subset of the
Banach space (X, || || x), is called dissipative if ||(A — A)ul|x > Al|jul|x for all A > 0 and u € D(A).

Theorem 1.51 (Lumer, Phillips; 1961). Let A be a linear operator on (X, || - [|x), where X is a
Banach space. Then A generates a strongly continuous contraction semigroup if, and only if, the
following conditions are satisfied:

(i) A is closed and D(A) C X dense,
(ii) A is dissipative and

(iii) the range R(A — A) is dense in X for some A > 0.

One major concern in the theory of semigroups related to Markov processes is to classify generators
of Feller and LP-sub-Markovian semigroups. It turns out that for the classification of generators
of Feller semigroups we need the following concept; see [44, 45].

Definition 1.52 (Positive maximum principle). Let A : D(A) = Coo(R™) be a linear operator on
D(A) C C(R™). Then A satisfies the positive mazimum principle if

u € D(A) and u(zo) = sup u(z) 2 0 imply Au(zo) 0. (1.12)
z€R"
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For these operators we have the following result; see Lemma 4.5.2 in [45].

Lemma 1.53. Let A : D(A) = Coo(R™) with D(A) C Coo(R™) satisfy (1.12). Then A is dissipa-
tive.

In [45], Chapter 4.5, it is also shown that the generator (A(°) D(A(®))) of a Feller semigroup
satisfies the positive maximum principle (1.12). The following theorem by Ph. Courrége provides
a characterisation of operators satisfying (1.12), hence it gives a characterisation of the generator
of a Feller semigroup (Tt(m)),zo. If the Feller semigroup arises from operators of the form (1.11),
see Example 1.43, we have already seen that its generator has the form of a pseudodifferential
operator. The theorem by Courrége gives this result for operators whose symbols are of a more
general form.

Theorem 1.54 (Courrége). Suppose A is a linear operator on C(R™) and satisfies (1.12). Then
A(®) has the representation

Au(z) = ~q(a, Dyula) = ~m) ™ [ ¢+ o(a, € ile) dg

as a pseudodifferential operator, where ¢ : R™ x R™ — C i3 a measurable locally bounded func-
tion such that £ — q(z,€) is continuous negative definite and therefore admits a Lévy-Khinchin
representation.

Now the following theorem gives a classification of those operators that generate a Feller semi-
group. It is a variant of the Theorems 1.48 and 1.51 taking the positive maximum principle into
account.

Theorem 1.55 (Hille-Yosida-Ray). A linear operator (A(>), D(A(*))) on the Banach space Coo(R™) D
D(A(®)) generates a Feller semigroup if, and only if,

(i) A(®) is closed and D(A(®)) C Co(R™) dense,
(i) Al®) satisfies the positive mazimum principle (1.12),

(iii) the range R(A — A(®)) is dense in Coo (R™) for some X > 0.

For an operator A to be the generator of a sub-Markovian semigroup on LP(R"™) it is necessary to
be a Dirichlet operator, which is a concept we will define in § 1.5. Before that, we will give a brief
introduction to subordination in the sense of Bochner of operator semigroups. It is a technique
used to obtain new semigroups from given ones.

1.4 Subordinating operator semigroups

This section gives only a short overview about obtaining new semigroups from given ones by sub-
ordination. We include this section in order to apply the subordination technique in the following
paragraphs, where we have to deal with operators of fractional powers. In particular, we will
encounter the I-transform of an LP-sub-Markovian semigroup (Tt(p ))t>0 in §1.6, which gives an
example of a subordinated semigroup. We will show that complete Bernstein functions, as intro-
duced in §1.2 play a central role. For a detailed discussion of this topic, see [45, 24, 25].



30 § 1 Preliminaries

Let (T})i>0 denote a strongly continuous contraction semigroup on LP{R™) or Coo(R™) with gen-
erator (A, D(A)). We consider a convolution semigroup of measures (n;);>0 supported in [0, 00).
Then we have the correspondence

o0
Ln(z) = / e " ny(ds) = e @) for z,t >0
0

between a convolution semigroup of sub-probability measures on [0, 00) and a Bernstein function
f. The convolution semigroup (n:):>0 is uniquely determined in this case, so we have a one-to-one
correspondence between f and (7;)¢>0, see Chapter 3.9 in [45]. Without proof we will quote the
following fundamental result.

Theorem 1.56 ([45], Theorem 4.3.1). Let (Tt)130 be a strongly continuous semigroup of contrac-
tions on a Banach space (X, | - ||x), the semigroup (n:)i»0 with corresponding Bernstein function
f be defined as above, and for u € X let

e
T/u :=/ Tsung(ds).
0

Then the integral is well-defined and (th )i>0 is again a strongly continuous contraction semigroup.

Definition 1.57. In the situation of Theorem 1.56 we call the semigroup (th)l.20 subordinate (in
the sense of Bochner) to (T})i>0 with respect to f.

The property of (T;)¢>0 being a Feller- or an LP-sub-Markovian semigroup carries over to the sub-
ordinated semigroup (th)i;o, see Corollary 4.3.4. in [45].

Our next goal is to determine the generator (A, D(Af)) of the semigroup (T} ).s0. For a repre-
sentation of 4/ we need the notion of a (complete) Bernstein function, see Definitions 1.30 and
1.32. It is shown in Theorem 1.4.3. in [25] that the generator of a subordinated semigroups with
respect to a complete Bernstein function f has the representation

o]
Afu= —au+ bAu + / A(s— A)"lup(ds), ue D(A)
0
with the domain D(A/) = D(A) if b # 0 and
k
D(Af) = {u € X : lim / A(s — A)"u p(ds) exists weakly in X} ,
k—oo Jg

if b = 0, where X is either the space LP(R™) or Cx(R™). As mentioned in [24] subordination of
operator semigroups brings forth a functional calculus which is in accordance with that of fractional
powers of operators, which we get in the special case f(s) = s for 0 < a < 1. More precisely, for

a complete Bernstein function f we can represent the generator A/ of a subordinated semigroup
as A/ = —f(—A), and f(A) is given by the Dunford integral

1) = 5 [ 16) 5= ) as,
v

where v is a closed path around the spectrum of the operator A in the complex plane.

For the remainder of this paragraph we want to give an example of a subordinated semigroup.
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Example 1.58 (I'-transform of an LP-sub-Markovian semigroup). The I'-transform (Vr<p ))r>0 of
an LP-sub-Markovian semigroup (Tt(p ))z>0 is given by

1 ® .
(P, — r_1 _—tm(p) P(RN
A u'_F(T/z)/O t2 et TP udt, ueL(R).
Its corresponding convolution semigroup is the I'-semigroup
1 .y —
ne(ds) = () silems X[0,00) (8) ds

and the corresponding Bernstein function f(s) = % log(1 + s).

The I'-transform of an LP-sub-Markovian semigroup is again an LP-sub-Markovian semigroup
obtained by subordination as we have

ViR yP = V;(lpl” (semigroup property)
IViPulf s < llull e (contraction property)
lim, 0.+ ViPly = 4 in LP(R™) (strong continuity in 0)

0<u<1ae implies 0 < ViPu <1 ae. (sub-Markov property)

A connection between the I-transform ( A ))1‘20 and the generator (A D(A®))) of the under-
lying semigroup (TL(’rJ ))g>0 is given in the following theorem.

Theorem 1.59. Let (T{"));>0 be an LP-sub-Markovian semigroup and (AP, D(A®))) its genera-
tor. For allT > 0 and u € LP(R™) we have

VPly = (I — AP)Y="/2y,

We will see in §1.6 that the operators r(p) appear in the construction of Bessel-type potential

spaces.

1.5 Translation-invariant symmetric Dirichlet forms

In contrast to Feller semigroups, where Courrége’s theorem classifies their generators, we cannot
make use of similar pointwise statements such as the positive maximum principle in any LP-setting.
It turns out that the following concept is essential to obtain a characterisation of generators of
sub-Markovian semigroups, see e.g. Chapter 4.6 in [45].

Definition 1.60 (Dirichlet operator). A closed, densely defined linear operator A : D(A) —
LP(R™), 1 < p < o0, with domain D(A) C LP(R"), is called a Dirichlet operator if

/Rn (Au)((u — 1)"’)1)_1 dz <0
for all u € D(A).
For any Dirichlet operator (A4, D(A)) on LP(R™), 1 < p < o0, it holds that
/Rn(Au)(sgn w)|ulP~tdz = /]Rn (Au) [ut|P~tdx - /R"(Au) [w=|P~tdz <0, (1.13)

see Proposition 4.6.11 in [45].
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Lemma 1.61. A Dirichlet operator A on LP(R™) is dissipative, i.e. ||(A — A)ullre 2 A ||u| Lr.

Proof. Using (1.13) and Hélder’s inequality we obtain
Muli, < A/ |ul|? dz —/ (Au)(sgnu)|ulP~tdz = / (A = A)u)(sgn w)|ulP~! dzx
R~ R" R" :

< N = Ao sgnw)ulP e = (A= A)ullzr ull7s,

where ¢ is the conjugate exponent to p. Dividing both sides by ||u||z/,§’ gives the result. O

" Note that due to Minkowksi’s inequality and the dissipativity of A with A = 1 we have the
continuous embedding D(A) «» LP(R"™), since

lullze < I = A)ullee < fluflee + (- A)ulLr = llulla,

where | - || 4 denotes the graph norm on D(A). The Dirichlet operator A is by definition closed and
densely defined. If we further assume that the range R(A — A) is dense in LP(R™) for some A > 0,
it follows from Theorem 1.51 that A generates an LP-sub-Markovian semigroup. Conversely, it can
be shown that every LP-sub-Markovian generator is necessarily a Dirichlet operator on LP(R"),
see the remarks in [45] leading to Lemma 4.6.6.

For the rest of this paragraph we consider the case p = 2 and work with symmetric sub-Markovian
semigroups (Tt(z))t>0 on L?(R™;R). In this setting the concept of a Dirichlet operator was intro-
duced by Bouleau and Hirsch [9]. In general, however, neither the definition of a sub-Markovian
semigroup unor that of a Dirichlet operator requires symmetry. For general p we can find the defi-
nition of the latter in [45]. The generator (4,D(A)) of a symmetric L2-sub-Markovian semigroup
is a self-adjoint Dirichlet operator. In fact, we can state the following theorem (see [44], Theorem
3.2) giving also the converse.

Theorem 1.62. A self-adjoint operator Let A : D(A) — L*(R™; R), D(A) C L?*(R™;R) dense, be a
self-adjoint linear operator. Then it is a Dirichlet operator if, and only if, it generates a symmetric
sub-Markovian semigroup on L*(R™;R).

The fact that A is a Dirichlet operator implies A
(—Au)udz = (—Au,u)2 20
R"

by using (1.13). Hence — A is a non-negative and self-adjoint operator. Then the following theorem
ensures the existence of (—A)"/? and of a positive semidefinite bilinear form (&, D(€)) on L2(R™;R)
defined by :
E(u,v) 1= (—Au,v) 2 = ((—A)?u, (- A)/?v) 12 (1.14)

for v € D(€) := D((—A)*?) and u € D(A) N D(€). We quote this result from [45], Theorem 4.7.5.

Theorem 1.63. Let (A,D(A)) be a closed and densely defined self-adjoint operator on L%(R™;R),
which satisfies (1.13). Then there exists a closed, symmetric and positive semidefinite bilinear form
(€,D(€)) on L%(R™;R) defined by (1.14), which satisfies the Cauchy-Schwarz inequality

(= Au,v) 12| < (=4)"ul 12 |(=A)v]l12, u € D(A), v € D(AY?).

Further, we have D(A) < D(€) — L%({R™;R), where these continuous embeddings are dense. In
particular, (D(A), || - lla) and (D(E),|| - |l¢) are Hilbert spaces equipped with the respective graph
norms flulla = [[ullLs + (= A)ullL2 and [ulle = [lullzz + /E(u,u).
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In this setting we can give an example of a translation invariant symmetric Dirichlet form involving
a real-valued continuous negative definite function ¢ : R® — R. For the general definition and a
detailed introduction into the theory of not necessarily symmetric Dirichlet forms, we refer to the
book of Z.-M. Ma and M. Réckner [52], which includes analytic as well as probabilistic aspects
of the theory up to the construction of the related Markov processes. Another reference is the
monograph by M. Fukushima et al. [27], which covers the purely symmetric case.

Definition 1.64 (Symmetric/Local Dirichlet form). A. Let (€, D(€)) be a closed bilinear form on
L%(R™). If it is symmetric and

Eut ALut Al) < E(u,u) for all u € D(E)),

then (€,D(€)) is said to be a symmetric Dirichlet form.

B. A Dirichlet form (&€, D(€)) having the property that two functions u,v € C§°(R™) with disjoint
support yield &(u,v) = 0, is called a local Dirichlet form.

Example 1.65. In this example we show how in the symmetric L2(R™;R) setting real-valued
continuous negative definite functions come into play as we can express the bilinear form (1.14)
with the help of a fixed ¥ : R* — R. Let (u;):>0 be the associated convolution semigroup of
measures and (73):;>0 be defined as in (1.11). As already noted in §1.3 each operator has an
extension from §(R™;R) to L?(R™; R) where it is — due to Plancherel’s Theorem — a contraction.
As we restrict ourselves to real-valued functions 1, we can exlend (T});»0 from S(R™;R) to a
symmetric semigroup on L?(R";R) by

Towve = [ e OuOTE de = [ a(6) @5 de = (. Tew)ss

JR

making use of Plancherel’s Theorem. For u € §(R™; R) the generator of the semigroup is given by
the pseudodifferential operator

Au(z) = ~$(D)u(z) = ~ (2r)~" / e €(£)(€) de .

R™

By the properties of the Fourier transform, the generator —¢(D) is invariant under translations,
see [45], Example 4.7.28. Substituting A = —(D) in the definition (1.14) of € we find

£(u,v) = (~Au )iz = [ p(Dpuleinlalds = [ w(©)a(eiE de. (1.15)
This bilinear form is an example of a translation invariant symmetric Dirichlet form.
Taking into account that 1(£) has a Lévy-Khinchin representation (1.7), we can reformulate (1.15)
for u,v € §(R™;R) as

su) =c [ 4OTOE+ [ (OUOTDL+ [ HOTO [ (1= cosla- ) vide) .

By the properties of the Fourier transform, Plancherel’s Theorem and by expressing cos(y - ) as
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1 (€€ + e~ W€) we arrive at

E(u,v)

c/" u(z) v(z) dz + /Rn q(z) Vu(z) - Vu(z) dz

T /,. /Rn (ule +v) - u(@)) (v(@ +y) — v(z)) v(dy) dz (1.16)

C/ @) viz)dz + / a(z) Vu(z) - Vo(z) dz
R~ R®
+/Rn /Rn (u(x) - u(y))(v(x) — U(y)) J(dz,dy),

where v is the associated Lévy measure to ¢ and J a symmetric measure without any mass on
the diagonal £ = y. The latter representation is often referred to as Beurling-Deny representation.
Note that if u and v are C§°(R™;R) functions with disjoint support it follows that the local part
of € vanishes, i.e.

/" u(z) v(z) dx + /R" g{z) Vu(z) - Vu(z)dz = 0. (1.17)

For this terminology, see [44].

According to the Beurling-Deny formula and (1.17), disjoint supports of u and v yield (u,v) =0
if, and only if, J = 0. The generator of a local form is in general a differential operator. This is not
true for non-local fortns whose generators are in general pseudodifferential operators. In this work
we are mainly interested in non-local Dirichlet forms having the Beurling-Deny representation

(o) = [[ (ule) - 1) () ~ 90 I(o,9) dyda (1.18)

with a jumnp kernél that has a density J(x,y) with respect to the Lebesgue measure.

1.6 On y-Bessel potential spaces

In this paragraph we study a family of Sobolev spaces related to continuous negative definite
functions ¥ : R* — R. They occur as domains D(€) of translation invariant symmetric Dirichlet
forms as in (1.15) and also as domains D(A()) of generators of LP-sub-Markovian semigroups.
In order to characterise D(A®)) for 1 < p < oo in terms of function spaces we fix a real-valued
continuous negative definite function % : R™ — R having the Lévy-Khinchin representation

wm=/ (1 - cos(y - £)) w(dy) (1.19)
R™\ {0}

and assume it satisfies properties (iv) and (vii) of Lemma 1.20. Let (Tt(p))t;o, 1 £ p £ o0, be the
associated LP-sub-Markovian or Feller semigroup with generator (A D(A®)) and D(A®) c
LP(R™;R) or D(A®)) C Coo(R™; R), respectively. In [25] we find the following result.

Proposition 1.66. Let ¥ : R™ — R be continuous negative definite with representation (1.19).
Then for 1 < p < oo we have that (R™;R) C D(A®) and for u € §(R™;R) the generator AP of the
semigroup (Tt(p)),;fJ can be represented as the pseudodifferential operator AP u(z) = —(D)u(z).
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Definition 1.67. Let ¢ : R® = R be a continuous negative definite function with Lévy-Khinchin
representation (1.19). Then the space

HY?(R™R) := {u € L(R™R) : llull grg.2 < 00}
with the norm
lull e = (T +$(D))ullco

is called the 1-Bessel potential space of order 2 with respect to LP(R™R), 1 < p < co.
Given that u € 8(R™;R), assuming that ¢ € C°(R™;R) and 9 and all its derivatives are polyno-
mially bounded we note that ¥4 € §(R™;R), hence (1 + )i € LP(R™;R) and F~1((1 + ¥ (-)i(-))
is defined. This gives

lull o2 = 107+ w(D)ullee = 1T+ w(NaAC))lle - (1.20)

Therefore, to define || - ||H:Jm with the help of the Fourier transform we need that ¢ € C°(R™; R)
which is in general not true. However, employing a decomposition of ¥ into the sum of two
appropriate continuous negative definite functions g, JR and proving norm equivalences using
these functions, we can show that (1.20) indeed makes sense. For a detailed derivation of this
result, we refer to [25]. Here, we will only quote some essential ideas.

First we decompose ¥ of the form (1.19) as ¥(€) = ¥ r(€) + Yr(£) with

Yr(§) = /

(1 - cos(y - €)) va(y) = / (1 - cos(y - €)) v{dy)
R™\{0} B(0,R)\{0}

for some R > 0 and

Bn©= [ oty )= [ (1= eosty-6)vid)

<(0,R)

and consider for u € §(R™; R) the operators

Yr(D)u(z) = (2m)~"7 / e Eyr(€) i(€) dg (1.21)

Pa(Dula) = (2n) [ e Ta(e)ale) de,

which gives ¥(D)u(z) = Ygr(D)u(z) + JR(D)u(x) for v € 8(R™;R). This makes sense due to
Proposition 1.66.

We assume that v(B°(0, R)) < oo and rewrite Y r(D)u(z) for u € S(R™;R) as

r(Du) = [ (ula) - ule - v) v(dy)

B<(0,R)

using the property u(z — y) = F~1(e~#¥€ 4(¢)). The operator ¥(D) extends from S(R™;R) to a
bounded operator in LP(R™;R), 1 < p < 00, and

l9a(D)lLr < 2lullzr v(B(0, R)) < co. (1.22)

Turning to the operator ¥ g(D) we note that ¥ g(£) € C*°(R™;R) as the Lévy measure vg supported
on the bounded set B(0, R) \ {0} satisfies the integrability property

/ Iyl va(dy) < oo
R"\{0}
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for all 7 > 2 and hence satisfies the condition of Theorem 1.39. Then, taking u € 8(R™;R) we get
Yr(€) 2(€) € S(R™;R) and Yr(D) u(z) = F~1(vr(€) 1(€)) is extendable to LP(R™;R), 1 < p < oo,
due to the density of 8(R™;R) C LP(R™;R). We use this to give the following definition.

Definition 1.68. For u € L?(R"; R} we define the norm

lully,rp := (I +wr(D))ullLs

where ¥ g(D) is the operator given in (1.21).

The following norm equivalences hold.

Lemma 1.69. For 0 < R < S the norms || - ||y,rp and || - |y,s5p and moreover, | - gy and
|- l4,rp are equivalent for all R > 0.

Lemma 1.69 justifies the definition of the norm |- || HP? via the Fourier transform as in (1.20). For

1 < p < oo the space $(R™) is dense in H¥*?(R™;R). Moreover, $(R™; R) is an operator core for
(AP D(AP)), i.e. §(R™R) C D(AP) is dense with respect to the graph norm of A®). Further,
the following theoremn can also be found in {25].

Theorem 1.70. Let 3 : R™® — R be continuous and negative definite with representation (1.19).
Then D(A®)) = D(~$(D)) = HY*(R"R).

Associated with the generator A® = —y(D) of the semigroup (Tt(p ))t>0 we can define 1-Bessel
potential spaces of higher order.

Definition 1.71. Let 9 : R® — R be continuous and negative definite. Then the space
H;,""(]R";R) = {u € LP(R";R) : ||u||H;p., < oo}

with the norm
lull ygs =11 +9(D))"*ull 1»

is called the 1 -Bessel potential space of order s with respect to LP(R™;R), 1 < p < oo.

In [25] it is shown that 8(R™;R) is a dense subset of HY**(R™R) for any s > 0 and 1 < p < oo.
Further, the domain of (I + (D))" coincides with H¥*(R™;R), and the continuous embedding
HYY(R™R) = HY*(R™;R) holds for any 1 < p < 0o whenever ¢ > s. Similar to the case s = 2 it
is possible to show, see [25, 48], that

lull oo = 15711+ ()72 v
for s 2 0 and u € §(R™;R) by the same cut-off argument using the function ¥g(€), R > 0. Later,
we will need the following norm equivalence result which is taken from [25].
Theorem 1.72. For u € 8(R™;R) there exist constants cg and ¢1 such that
co(IF @O ") e + llullze) < llullyys < (|15 ()0 Lo + ulL»)

forany 1 < p < oo.
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Note that in the L2-case we may drop the inverse Fourier transform which reduces the estimates
in Theorem 1.72 to

co(llw() gz + llullz) < Il g < e (I0C) 7l za + llull22) (1.23)

We will need the norm equivalence (1.23) when studying the domain D(€) = D((—A)"?) of the
Dirichlet form associated with a symmetric L2-sub-Markovian semigroup.

For p = 2 the -Bessel potential spaces H¥'*(R™; R) := Hg’ *(R™; R) are Hilbert spaces where the
norm is induced by the inner product

(o) i= [ (14 90N ule) T DN v@ do = [ (14+9(€)° ) TE) de.

n R™
Let us make some remarks about the relation of iy-Bessel potential spaces to classical function
spaces.

Remark 1.73. For the continuous negative definite function ¥(£) = |£|? the space H,I,"Q's (R R) =
Hg (R™;R) = W2P(R™; R) is the classical Sobolev space of order 2 with respect to LP. For arbitrary
order s we arrive at the classical Bessel potential spaces Hj(R™;R) in which the norm is given by

lullry = 1571+ 12 |er

Sometimes these spaces are also called fractional Sobolev spaces. Again, the inverse of the Fourier
transform is negligible when working in the fractional Sobolev space H§(R"; R). For any continuous
negative definite function 1 and all 1 < p < oo we obviously have H¥:*(R™;R) = L?(R™; R).

The domain D(E) of the translation invariant symmetric Dirichlet form (1.15) can also be char-
acterised in terms of a 1-Bessel potential space. By the fact that D() = D((—A)7?) with A
being the infinitesimal generator of a symmetric L2-sub-Markovian semigroup we may conclude
that D(€) = H;”'](Rn;R), i.e. the set of those functions u € L%(R™R) such that ||u||H;,,.x =

(1 + (€))/*1i| 12 < co. Note that
eu) = [ (+vEnla@Pas- [ 1R d
R R®
which is by Plancherel’s Theorem equivalent to
Euvu) + s = [ (14 w(EN1a(E) P de =l

Moreover, using Plancherel’s Theorem again and (1.23) with s = 1 we have the norm equivalence
of || - “H;“ and the graph norm | - ||¢, since

lelle = llullzs + 1%(D) " ull s = ffullzs + 1¥()allz = lull gy -

1.7 Negative definite functions and weighted function spaces

In this paragraph we study another property of continuous negative definite functions, namely
their connection to weighted function spaces in R™. More precisely, we assume that a real-valued
continuous negative definite function ¥(£) satisfies Theorem 1.39, i.e. ¥(€) has classical derivatives
up to a certain order with upper bounds for all multi-indices o € Nj. Then it is possible to show
that the class of these functions forms a class of admissible weight functions in the sense of Triebel
[59], Chapter 6.
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Definition 1.74. Let n € N. The class W™ of admisstble weight functions is the collection of all
w € C®(R™; R), w > 0, which meet the following conditions:

(i) For all multi-indices a € N there exists ¢4 > 0 such that [0*w(z)| < ¢ w(z) for all
r € R" and

(i) there exist ¢ > 0 and v > 0 such that w(z) < cw(y) (1 + |z — y[2)"/? for all z,y € R™.

Let ¢ : R — R be continuous negative definite with the general Lévy-Khinchin representation
(1.7), such that the Lévy measure v satisfies the integrability property

M, ;=/ P vr(dy) <00, 2<j<m,meR, (1.24)
R™\{0}

which is sufficient for ¥ to be m-times continuously differentiable with the bounds
2- o
10°(E)] < cia 9(§) =4, (1.25)

where p(k) := k A 2, see Theorem 1.39. We are studying smooth continuous negative definite
functions 9 : R™ — R that satisfy (1.25) for £ € R™. This implies that ¥ also fulfils

10%(1 + $(€))] < €l (1 + B(€)) =5 (1.26)

for a € N§, | > 0. This motivates the following definition for general m € R.

Definition 1.75. Let p(k) = k A 2. We define the class A,, as the class of continuous negative
definite functions 9 : R™ — R for which

18%(1 + $(€))™?| < cjog (1 +w(g)) =52

holds for all multi-indices o € Ng.

For m = 2 the set A := Ay was defined by Hoh in [42, 43], see also [46]. The following result is
proved in [46], Chapter 2.4.

Lemma 1.76. Assume that the Lévy measure v associated with ¢ : R® — R satisfles M; < oo for
2<j<m and m € R, with M; given in (1.24). Then ¢ € Ap,.

In this setting we can prove the following result.

Proposition 1.77. Let p(k) = kA2 and define the class Ay, as in Definition 1.75. Then A, C WT
formeR. ’

Proof. We need to check that a continuous negative definite function ¥ : R® — R in the class A,,,
m € R, satisfies conditions (i) and (ii) of Definition 1.74. By the definition of p(ja|) we have

m—-2_m—p(la)
<
2 2

s%, meR. (1.27)

Now, a continuous negative definite function ¢ € A,, satisfies

m— a
2

18%(1 + %)) ™| < Clag (1 + (€)% < cpay (1+$(€)™*,
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by definition and (1.27), i.e. condition (i) is fulfilled for w(-) = (1 4 ¥ (-))™>.
To show that (ii) holds we use the Pcetre-type inequality for general powers s € R, see Lemma
1.20 (v), i.e.
(1 + ¢Y(x)
1+ 4(y)

which gives together with the polynomial boundedness [(z)| < ¢y (1 + |2]?), see Lemma 1.20 (iv),

f<ﬂ“u+ww—mww

(11%2) < P+ pE-n) < @+ey 1+ —y?)"

(2(1+ |z —y®) +2¢y (1 + |z - y)"

N

29114 ) (1 4z =yl = o (1 + |z - y|P)e.
Hence, for s = 7, m € R,
(14 %(2))° < ey (14 9())° (1 + |z — y[3)™.
O
Proposition 1.77 ensures that the function w,(-) := (1 4+ 9(-))*? is an admissible weight function.

Hence, it shows that we can consider -Bessel potential spaces as weighted LP-spaces in the “Fourier
picture”, where the weights are coming from standard classes.
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§2 Some Aspects of Analysis on Metric
Spaces

In this chapter we provide an overview of basic concepts and general analytic results on metric
spaces (X, d, ), where p is a locally finite regular Borcl measure on X. The paragraphs included
here can be applied to the metric spaces we consider in §4. Topics include a covering theoremn
of Vitali type as well as Lebesgue spaces and different approaches to construct Sobolev spaces on
general metric measure spaces. Most parts of this chapter are based on [40], where a wide range
of results is provided in these spaces.

2.1 The Vitali covering theorem

This section is based on [40], [53] and [20]. We first provide a geometric result on collections of
balls ‘before applying it to get a Vitali-type covering for metric measure spaces. The following
Lemma is sometimes called the Vitali Covering Lemma and is a purely geometric result with no
measures involved. However, it is the main component of the Vitali Covering Theorem we give
below. We quote the version of {40], Chapter 1.

Lemma 2.1 (Vitali Covering Lemma). Let X be an arbitrary metric space, B = {B; : i € I}
a countable collection of balls B; = B%(z;,r;) in (X,d) with uniformly bounded diameter, i.e.
p := sup;c;diam(B;) < co. Then there exists a countable subcollection G = {B; : j € J}, where
J C I, of balls in B which is disjoint and

U Bd(a:,',ri) C U Bd(zj,5rj).

i€l jed
For the Vitali Covering Theorem, we need the following definition.

Definition 2.2 (Vitali covering). Let A C X be covered by a family of balls F = {B; : i € I}.
Then the family F is said to be a Vitali covering if for every 2 € A there exist balls of arbitrarily
small radii in F that contain z, i.e.

inf{r >0: B{z,r) € F} =0.

Using Defintion 2.2 and Lemma 2.1 we can now formulate the Vitali Covering Theorem for a dou-
bling metric measure space (X,d, ). This version can be found in [40].

41
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Theorem 2.3 (Vitali Covering Theorem). Let A C X be a subset in a doubling metric measure
space (X,d,p) and let F = {B(z;,7i): i € I, x; € X} be a Vitali covering of A. Then there exists
a countable subset J C I such that the family G = {B(z;,7;) : j € J, z; € X} consists of disjoint
balls and covers p-almost all of A, i.e.

u(A\ U B(xj,rj)) =0.
‘ jeJ
Proof. Assume first that u(A) < co. Let U be an open set that covers A and define the family
Fu = {B(l‘,,?‘l) i€ l,x; € X, B,—i C U}

of those balls that are contained in U only. Then Fy is still a Vitali covering of A C U, and the
balls B, have finite radii r; < oo. By Lemma 2.1 there exists a sub-collection Gy C Fy,

Gy = {B(.’Ej,‘l"j) 1j € J, T; € X, B,-j C U}
for a subset J C I containing disjoint balls B(z;,r;), z; € X. It follows for their measure that
p.( U B(xj,rj)) = Z,u(B(zj,rj)) <00,
jeJd jeJ
Using the doubling property of u, we arrive at

> u(B(z;j,57;)) < Ca y_ u(Blzj,75)) < 0. (2.1)

Jj€J jeJ

This implies that for a given é > 0 we can find a finite index set M C J such that

> wBlxs,ry)) <4, (2:2)
je€J\M
Thus, if we can show that
w(A\ U Blamrm)) < Y (B(z;,5r5) (2.3)
meM je\M

the Theorem will be shown by applying (2.1) and (2.2).
Now, for any finite set M C J it holds that

A\ | B@mirm)c |J Blzj,5r5)

meM JEIM

holds for disjoint and closed balls B,,,. Indeed, as we have a Vitali covering of A, a point z €
A\Upmem B(xm, m) is contained in an open ball B(zj;,7;), j € J, which is part of Gy and which
does not intersect the closed and finite union (J,,,¢ B(Zpm,m), i.e. there exists j € J such that

z € B(zj,r;) and B(z;,7)N U B(Zm,rm)=0.
meM
By Lemma 2.1, however, B(x;,r;) N B(x;,7;) # 0 for some ¢ € I and B(z;, 1) C B(xj, 5r;) by
the doubling property of u. It follows that z € B(z;,5r;) and j ¢ M, hence we arrive at (2.3).
Together this yields
u(A\ U B(z]-,rj)) < u(A\ U _E(xm,rm)) < ,u( U B(xj,5r]-))
meM

jeJ JjeJ\M

= Z w(B(z;,5r7) < Cq Z p(B(x;,75)) <6

jENM jeNM
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due to the disjointness of balls By, j € J, and the doubling property of u. As é can be chosen
arbitrarily small, the result follows in the case u(A) < oo.

Now, let u(A) = co. Define the open sets
n=B(0,n)\B(0O,n-1), neN.
Then X = |J,,cy Dn. Define a family Fp, of balls on each Dy, by
Fp, = {B(zi,r:):i€l,z, € X, By, C D"}’,

Then Fp, is a Vitali covering of AN D,. Similar to the argumentation above there exists a
countable subset J,, C I for each n € N, such that

gp, = {B(:I,'j,'r]‘) 1 j € Jn, T € X, Brj C Dn}
is a subfamily of Fp, consisting of disjoint balls B(z;,7;), z; € X, and we arrive at

w(AN D)\ | Blzjm)) <on

]GJ‘n

for given d, > 0 for every n € N, such that § = ) _y0,. Note that Gp_ is a family of disjoint
sets as Dy, is disjoint and B(x;,r;) C Dy, for all n € N. Hence

G:={B(zj,r;):j€J, z; € X},

where J := | J, ¢y Jn, is & family of disjoint balls. Using the fact that X = |

M(A\ U B(xjarj)) #(X“ vy U B(‘ci”"f))>

hen Dn, we arrive at

1l

jeJ neN j€Jn
= w((Ups)n (U U Besr)))
neN neN j€Jn
= p( ((D N A)\ U (zj,7; ))
neN J€Jn
= /t( (Dn N A)\ U Ba:J,rJ)) <4
neN JjE€Jn
which yields the result. 0O

2.2 Lebesgue spaces on metric measure spaces

Let (X,d, 1) be a metric measure space and 1 < p € oo. The Lebesgue spaces LP(X, u) form a
class of Banach spaces and are therefore of importance in many parts of analysis. In the following,
let K € {R,C} and we consider functions u : X — K. More precisely, we focus on measurable
functions u for which |u|P is integrable over their domain of definition and we denote

Il = ( [ W@Putda)” <oo. 4

The set of functions u such that (2.4) holds forms a semi-normed space, usually denoted by
LP(X,p), with || - |l being a semi-norm, as |ju|l, = 0 does not imply u = 0 but » = 0 up to
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a set of p-measure zero. However, if we identify two functions v and v, for which u = v p-almost
everywhere, then we consider in fact the quotient space

LP(X) = LP(X, p)/ (ker || - |l5)

being now a normed space with || - ||,. We will denote this norm by || - || ».

For the case p = 0o we define the space L (X, u) as the space of all measurable functionsu : X - K
which are essentially bounded. Again, L>°(X, 1) is an equivalence class of functions where u and
v are identified if they are equal p-almost everywhere. The space L®°(X, 1) becomes a normed
space with

lulloo := |lu|lLee = esssup |u(z)| = inf{c € R: p({Ju(z)| > c}) = 0}.

The LP spaces, 1 < p € 00, are all Banach spaces, L2(X, ) is a Hilbert space on which the inner

product is defined by [, u(z) v(z) u(dx).

Note that if v and v are p-times integrable functions, then so is u + v, as this follows from the
inequality |u + v[? € 2P71(|u|P + |v}P). Recall the Minkowski inequality which is the triangle
inequality in the space LP(X, u) and which ensures that the L? spaces are normed vector spaces.

Minkowski’s inequality. Let (X,d,u) be a metric measure space, 1 < p < oo and u,v €
LP(X, ). Then also u + v € LP(X, 1) and for its norm we get

e+ vliee < llullee + (vl -

An important property of LP spaces is that of embeddings. For 1 € p < ¢ £ o0 and a domain
2 C X with finite measure p, the estimate

1_1
lullze < ()%~ 7 llullLa (2.5)

foru € LI(), u) means that the space L9(Q) is continuously embedded in LP(£2), which is commonly
denoted by LI(Q2) — LP(Q) for ¢ > p. Note that the estimate above is a consequence of the Holder
inequality.

Hélder’s inequality. Let (X,d, ) be a metric measure space, 1 € p € o0, u € LP(X, u) and
v € LI(X, ). Then, uv € L(X, u) and

vl < fluflzellvllze .

In the following we define locally integrable functions on a metric measure space.

Definition and Theorem 2.4. Let (X, d, 1) be a metric measure space. For a functionu : X — R
the following are equivalent:

(i) For each compact set K C X, the function ujx is integrable over K.

(ii) For every point a € X there exists a neighbourhood V' C X such that uy is integrable over
V.

If a function u satisfies (i) or (ii) it is said to be locally integrable on X. The set of such functions
will be denoted by L} (X, ). Similarly, if [u|? is locally integrable on U we say that u belongs to
the space LY (X, p).
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Proof. (i) = (ii): Let u|k be integrable over the compact set K C X, i.e. ujx = u Xy is integrable.
Setting V := K, then V C K is open and bounded, hence Xy is integrable and bounded. It {ollows
that the product (uXx)Xy is integrable, but (uXg)Xy = uXy, so ujy is integrable.

(ii) = (i): Let K C X be compact, then there exist finitely many open sets Vi, ..., Vy, such that
K C U;’;l Vj =: V. By assumption u)y = ujym v, is integrable, hence vy, is integrable for each
4 =1,...,m. Moreover we can write K = U].=1(K NV;) and KNV, C V; is a bounded subset
for each j = 1,...,m. Therefore Xgny; is bounded and integrable and hence Xx = XU;](KQVJ.) is
bounded and integrable. It follows that (uXy,;)Xx = u Xk = u|k is integrable. O

Note that every LP function is locally integrable whereas the converse is not true in general. Locally
integrable functions occur frequently in distribution theory. In harmonic analysis, weak-LP spaces
play an essential role. We give their definition below.

Let (X,d, ) be a metric measure space and v an L' function on X. Then note that for a fixed
t > 0 we have

‘Am@nmwazﬂMxﬂwmmmmzlwxfuwm=tmw4>ﬁ»

or equivalently u({|u| > t}) < "—u—ll-"l This is an L! upper bound on the distribution function of

u. Note however, [or the case X = R, and u the Lebesgue measure we find that I—"—‘ITI‘-’— € L}M(Ry),
whereas pu({|u| > t}) € L' (R4), since

AuMMNDdﬂMm<w.

Generally, we have for u € LP(X,p) and t > 0
s = [ P utd) > [ ulda) = (> 1) (26)
X {lul>t}

for all ¢ > 0. This gives rise to the following definition.

Definition 2.5. Let (X,d,u) be a metric measure space. We call a function u to be in the
weak-LP (X, 1) space, denoted by LE (X, p), if there exists a constant C > 0 such that

e x> )< ()

for all £ > 0. For u € L (X, u) we define the quasi-norm

uwm=gymﬂw>mwf

Note that (2.6) implies the continuous embedding LP(X, u) < LP (X, ) and for bounded subset
Q C X it holds due to (2.5) that L9(Q, u) — L (Q, u) for any g > p. Further, it is ||u|| = 0 if, and
only if, u = 0 p-almost everywhere on X, and |[Au| 2 = |A| ||| Lr. Moreover, instead of the usual
triangle inequality we get

hetolly = sup (i uu+o] > )7 < sup (22 u(lul + o] > £)) "
t> t>0

N

2( sup (t? p(ju| > t))l/p + sup (¢ p(|v| > t))l/p)
>0 >0

= 2(llullez + lvlice)-
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Thus || - ||.z is a quasi-norm. Sometimes the weak-LP spaces are also called Marcinkiewicz spaces.

One application of the weak-L? spaces is Hardy-Littlewood’s maximal function theorem, which can
be formulated in the context of metric measure spaces, see Heinonen [40]. We consider a function
f € L'(X, u) on the metric measure space (X,d, 1). Then

(M f)(x) = sup

r>0 (B4 x,7)) Jpae,r) i o)

is its mazimal ﬂmbtion. The definition does not exclude M f = co.

Theorem 2.6 (Maximal Function Theorem). The Hardy-Littlewood mazimal function M f is of
weak-type (1,1) on the metric measure space (X, d, 11), i.e. there exists a constant ¢c; > 0 such that
for f € LY'(X, 1) we have

pllz e X (MH@ >t < E [ 1wludy),
X

if w(B%(z,0r)) < Ca(o) u(B%(z, 7)) for a constant C4(c) depending on the metric and the factor
o 2 1. Further, for 1 < p € oo we have the strong-type inequality

IMfllLe < cpllfllze

for f € LP(X, p) and a constant c, > 0, i.e. the operator f — M f is bounded in LP(X, p).

The first part of this theorem ensures that M maps L!(X, 1) into the weak-L! space, whenever u
is a doubling measure. The proof of this part needs the Vitali Covering Lemma 2.1.

Remark 2.7. Note that M is in fact a contraction on L*, as for f € L™(X, u)

1
(MA@ < 3 gy Wl [ 1) = [l forollz e X

)

Thus |[Mf|lLe < ||f|l= and for the operator norm we have | M| = -1~ < 1.

2.3 Sobolev spaces in a metric measure space framework

We consider the metric measure space (X, d, u) with a regular Borel measure u and discuss different
methods how to introduce a Sobolev space on X. Let us first recall the definitions of Lipschitz
and Holder continuous functions and somne properties of classical Sobolev spaces.

2.3.1 Lipschitz and Hélder continuous functions

Lipschitz continuity is a smoothness condition for a function stronger than continuity and can be
defined on a general metric space. We briefly introduce the definition of Lipschitz and Holder
continuous functions in order to use these concepts later in this paragraph.

Definition 2.8. Let (X,d) be a metric space, A C X, and let R be equipped with the usual
Euclidean distance | - |.
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A. A function f: A = R is called Lipschitz continuous if there exists a constant L > 0 such that
forallz,y€ A

|f(z) = fW)l < Ld(z,y).
The smallest constant L, for which this inequality holds, is called the Lipschitz constant of f.
Sometimes f is called L-Lipschitz in such cases. If L < 1, then f is called a contraction.

B. The function is locally L-Lipschitz if for every x € A there exists a neighbourhood U{z) C A
such that f|yy is L-Lipschitz.

C. The function f : A — R is said to be Hélder continuous of order e on A, 0 < a < 1, if there
exists a constant L > 1 such that

If(z) - f(y)| < Ld*(z,y)
for all z,y € A.

In particular, if f is Holder continuous of order & € (0,1] on (X,d), then this is equivalent to
f being L-Lipschitz on the metric space (X,d®). Later, we will denote the class of Lipschitz
continuous functions with compact support by C’g (X)) = C%1(X)N Cy(X) adopting the notation
of Hélder spaces, where C%!(X) is the space of continuous functions u : X = R for which

Ju(z) — u(y)|
S"p{ 4 y)

In Example 2.15 below we need the following result (see e.g. [22], Chapter 5.8, Theorem 6), which
is valid for Lipschitz maps between Euclidean spaces.

:m,yeX,a:aéy}<oo.

Theorem 2.9 (Rademacher). Consider the metric measure space (R™,| - |, A(™) with Lebesque
measure \™ and A C R™. A locally Lipschitz continuous function u : A — R is differentiable
u-almost everywhere on A.

2.3.2 Definition and properties of classical Sobolev spaces

Let §2 be a domain in R”, u € C1(2) and ¢ € C§°(£2). Then integration by parts yields
/(aziu)qﬁda: = —/ ud;,¢dx for all ¢ € C°(Q).
Q Q

The boundary terms vanish because of supp(¢) C 2 compact. Generally, for v € C™(f)) and
multi-index o € N}

/(D"u)¢dz = (-1)'04/ wD%¢dz  for all ¢ € CL(Q), (2.7)
Q Q

where D* = H;‘=1 877 = 021 .--92~. The relation (2.7) is well-defined for integrable D*u. How-
ever, it is sufficient to assume D%u to be integrable on compact subsets of 2, since ¢ has compact
support. Hence, (2.7) is well-defined for u, D*u € L}, .(2). In general we have the following defi-
nition.

Definition 2.10 (Weak derivative). Let @ C R™ be a Lebesgue measurable subset of R”, u,v €
LL.(9) and o € N}. Then v is called weak derivative of u of order a, i.e. v = D*u, if

/1,v¢da:=(—1)|°‘|/uD°¢d,m for all ¢ € C§°(Q).
Q Q
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We call
W™(Q) := {u € LL.(Q) : u has weak derivative v = D% for all |o| < m}

the space of m-times weakly differentiable functions.

Definition 2.11 (Sobolev space). Let @ C R" be a Lebesgue measurable subset of R", u € LP(Q2)
and o € Nj. We define the Sobolev space

W™P(Q) := {u € W™(Q) : D%u € LP(Q) for all |o| < m}

for 1 € p < 0o, i.e. we say that u belongs to the Sobolev space W™P(Q) if its weak derivatives of
order |a| < m belong to LP(2). For p = oo we define the Sobolev space W™ () as the space of
all u € L*®°(Q) which have weak derivatives D*u € L>() for all |a| < m.

Remark 2.12. Similarly, one can define W 2?(Q) for u, D*u € L (Q). The Sobolev spaces

loc loc

Wwm™P(Q), 1 £ p < 00, equipped with the norms

(3 1p=uz,)”

|al<m

llzllwm.e

max || D%ul|pe
lel<m

fullwn.e

are Banach spaces, whereas W™?2(Q) with the inner product

(u,v) 1= Z (Dau,Da’U)Lz(Qj

|al€m

is a Hilbert space.

A fundamental result in the theory of classical Sobolev spaces is the Sobolev embedding theorem,
which allows us to obtain bounds on a function using bounds on its derivative, see, e.g. [1, 22]. It
says that for a function u € W1P(R™) and 1 < p < n we have

ullLnpsn-» < Cln,p) [|VullLr, (2.8)

ie. WLP(R™) < LP"(R™), where p* = "2 with n being the space dimension. Inequality (2.8) is

n-p
also sometimes called Gagliardo-Nirenberg-Sobolev inequality, see [22]. For the case p > n we have

an embedding of the Sobolev space into the space of Holder continuous functions,
u(z) —u
1u2) = 2Ol ¢ o, p) [Vulur,
lz -yl "7
i.e. WLP(R?) — C%1-7/P(R™). Now, (2.8) can be used to derive another important inequality in
classical Sobolev spaces.

Consider a function u € C*(B) defined on a ball B := !l ¢ R, Then the Sobolev-Poincaré
inequality
lu = usllgnprin-m < Cln,p) IV e (2.9)

holds, where ug is defined as the mean value of u on the ball B, ie.

1
ugzl\(T(B)/Budzz]ﬁudx.
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Multiplying both sides by (A(™(B)) we obtain

n_p

(o [ w-uala) ™ < cpOnE) ([ (vepas)’

1

C(n,p) ()\(n)(B))%(I_;I /B |Vu|”d:1:) "

1 1
V,\ " . vV, \ "
=21 (2—n> = diam(B) (-27) ,

n/2 . . .
where V,, = ﬁ%; is the volume of the unit ball in R", we arrive at

(]élu —up|"F d:r) i < C(n, p) diam(B) (ﬁquF” da:)

and by applying Holder’s inequality

][]u ~ ug|? dz < C(n,p) (diam B)? ][ [{VulP dz . (2.10)
B B

N

I

(A™(B))% = (r™ Vp)

1
P

Inequality (2.10) is commonly called Poincaré inequality, see [40], Chapter 4, for this result on an
arbitrary metric measure space.

The space W1°(Q) with a domain 2 C R” is by Definition 2.11 the space of functions u € L=(f)
with weak derivatives of first order that are also essentially bounded on Q. Now, to cope with
the difficulty of not being able to define a gradient on general metric spaces a generalisation of
the classical theory to metric spaces is needed. Problems connected with metric spaces arise in
applications such as analysis on graphs, fractals or questions in probability theory. For a domain
Q0 C R”, the space W1°(Q) can be identified with the space of Lipschitz functions on £, see
e.g. Theorem 6.12 in [40]. Due to this identification a generalisation of W1 to a general metric
measure space makes sense. In §2.3.4 we will focus on the definition of the Hajtasz-Sobolev space,
which gives an appropriate analogon to W1?(£) on metric measure spaces for 1 < p < o0.

2.3.3 Sobolev spaces via upper gradients and the Poincaré inequality

There are several ways to generalise the notion of a Sobolev space to the setting of a metric space.
Some methods are based on the introduction of upper gradients in this setting (see, e.g. [40], 7.22).
First, we need some hasic terminology in connection with upper gradients. For the following con-
cepts, see [40], 7.1. '

Definition 2.13. Let (X, d) be a metric space and v : [a,b] = X a continuous map. The image
v([a,b]) in X is called a curve. Let a =ty < t; € ... < t, = b be a partition of the interval [a, b].
Then the arc length of v is defined as

n
oy) = €(v([a,b]) := sup Y d(v(t),(t;-1)),
a=to<...<tn=b 57
where the supremum is taken over all possible partitions of [a, b]. Then v is said to be rectifiable if
¢(v) < oo. For a rectifiable curve v with length £(y) = £(y([a,b])) we can define a continuous map
Sy i [a,b] — [0, £(7)] given by s,(t) = €(v(la,t])). Then there exists a unique map ¥ : [0, 2(y)] = X
such that
y=%o0s, with €(%([0,¢]))=t.

The curve 4 is then called parametrised by arc length.
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Definition 2.14. Given a real-valued function u on a metric space X, then a measurable function
g 2 0 is called an upper gradient of the function w if

lu(z) - u(y)] < / gds (2.11)

Y

holds for each pair z,y and all rectifiable curves v joining z and y.

Every function has g = 0o as an upper gradient. Upper gradients are not unique, but rather a
local concept in the sense that the minimal upper gradient of u is zero almost everywhere in the
set where the function u is constant. Then we can define a Sobolev space as a space consisting of
those functions u € LP(X) which have an upper gradient g belonging to L?(X), and we equip the
space with the norm

lullwrr = llullze + inf|lg]lze

where the infimum is taken over all functions g € LP(X) satisfying (2.11). For the following ex-
ample, cf. [40], 7.25.

Example 2.15. Consider a real-valued function v € 03 "1(X) and define for any point z € X

L,(z) :=liminf sup M . (2.12)

™0 dzy)gr r
Then L,(z) is an upper gradient in the sense of Definition 2.14. To see this, let u : X - R
be a Lipschitz continuous function on the metric space (X,d), z,y € X and v: [0,7] = X be a
rectifiable curve with v(0) = z, 4(T") = y and parametrised by its arc length. Then uoy : [0,7] = R
is also Lipschitz continuous, hence, as [0,T] C R, by Theorem 2.9 differentiable at almost every
point ¢ € [0,T] and we get

T
(@) —u@)] = [u(r(0) - u(v(T)| = } [ wonsnas
T T ° s+7))—=(uo S
< | fwerroe - [z )= ool
¢ Mimint s @90@) = o
g T +(7) T
d(x(s) A (1N LT

Thus, (2.12) is an upper gradient in the sense of Definition 2.14.

We note, however, that the technique of defining a Sobolev space using upper gradients fails if the
underlying space does not admit rectifiable curves. This also involves the choice of the metric. The
following example taken from [28] illustrates the phenomenon that some metrics lead to a rather
degenerate behaviour of L, given in (2.12).

Example 2.16. Let X = R", d(z,y) = |z —y|* for 0 < a < 1, and u : R® = R be differentiable
in y € X in the classical sense. Then

Lu(y) = lim [u(z) ~ u(w)| =4'(y) lim [z —y|'"* = 0.

Y |:L - y|°' Ty

In particular, if v : R™ — R is a function that is differentiable almost everywhere in X, then
||Lu|ILP = O.
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For general metric measure spaces with Sobolev space constructed via upper gradients we have the
following definition of a Poincaré inequality.

Definition 2.17. We say that (X,d, u) supports a weak (1, p)-Poincaré inequality if there exist
constants C' > 0, ¢ > 1 such that whenever B = B(z,r) C X and g is an upper gradient of u in
the sense of (2.11) on B(z,or), then

1/p

fB(W)W — ugl|? u(dz) < C(n,p)r (é(zm)g” p(dx)) . (2.13)

Remark 2.18. The space (X,d*) with 0 < a < 1 is a space which does not provide rectifiable
paths, and therefore, is a space which does not support a Poincaré inequality. More on this can
be found in, e.g., 38, 40, 41].

As in Definition 2.17 the notion of a weak Poincaré inequality is often used (cf. [38]) if both sides
involve a ball and the radius of the ball on the right-hand side is greater than the radius of the ball
on the lefi-hand side as it is the case in (2.13). In [38], Hajlasz and Koskela develop a theory of
Sobolev spaces from inequality (2.13), which includes the study the of relationship between (2.13)
and the construction due to P. Hajlasz [37) described below. We will come back to this in §4.4.

2.3.4 The Hajlasz-Sobolev space

In [37] Hajtasz introduced a Lipschitz-type characterisation of a Sobolev space over a metric mea-
sure space (X,d, u) with a Borel measure p which is locally finite. Unlike the construction via
upper gradients Hajlasz’s approach can be used without imposing additional assumptions on the
metric measure space. In the literature it is called a universal non-local construction. In fact,
this construction was one of the early attempts to generalise the concept of a Sobolev space to
the setting of a general metric measure space (X,d, ). For 1 < p < oo, Hajlasz [37] defines the
Sobolev space M!P(X) as follows.

Definition 2.19 (Hajtasz-Sobolev space). Let (X, d, 1) be a metric measure space, i < p < 00.
Define the space

M'2(X) = M'7(X,d,p)

{u € LP(X) : there exists an g € LP(X) such that

lu(z) - u()| < d(=,y)(9(z) + 9(y)) p-a.e.}.
Then M1?(X) is a vector space, and it becomes a normed linear space (MP(X), || - | apr1.0) with
lellar» = llullze +infligllc

where the infimum is taken over the set of functions g € LP(X), g = 0, which satisfy the defining
equation. More precisely, u € M1VP(X) denotes an equivalence class of functions which may differ
on a p-null set. The following result is taken from [40], Theorem 5.7.

Theorem 2.20. The space M1'P(X) is a Banach space for 1 € p < o0.
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In §4.4 we prove this result in the context of the metric measure spaces we are working with.

In the metric measure space (R?, |- |, A(™), where |- | is the Euclidean distance and A("™) the n-
dimensional Lebesgue measure, the isomorphy of M!?(B) and W?(B) is proved in [40], Chapter 5.

Proposition 2.21. Consider the metric measure space (R™,|-|,A() and let B = B!l c R
be a ball in R™ with respect to the standard Euclidean metric |- |. Then we have the continuous
embeddings W1P(B) < MYP(B) and M1P(B) — W'P(B) for all 1 < p < oo.

In fact, the embedding M!® — WP holds for general domains Q C R™.

Corollary 2.22. Let B C R™ be an open ball in the Fuclidean space R™ and 1 < p < oo. Then
MUYP(B) is isomorphic to WY P(B) and the correspondig norms are comparable, i.e. |ulwi» =~
[lull pr1p in the sense that there exist constants cp,c1 > 0 such that

co llullwre < llullprer < e llullwis

on B C R™.

We can show thal a Poincaré inequality is valid in the Hajlasz-Sobolev space with a general metric
space X as a domain.

Theorem 2.23. Let (X,d, [ '~ — -~ oo vy < o, Then for all u €
MYP(X), p > 1, we have /x lu —ux|P u(dz) < 2° (dlamX)”/Xg”u(d:r,) ,

/ [u —ux|P u(dz) < 27 (diamn X)”/ g® p(dx),
'S X
where g 2 0 is an LP function satisfying

lu(z) — u(y)| < d(z,y) (9(x) + 9(y)) - (2.14)

Proof. We first integrate inequality (2.14) with respect to y and obtain

14)

u(e) - ux| = |]f( (u(z)—u(y»u(dw] < ) 6@ + s ay

< diam(X) ]f( (o) + 9(v)) u(dy) = diam(X) (g(z) + 9x).

and then we integrate with respect to « which yields
(2.14) _
[ tute) - uxPutde) < o x) [ (o) + 920 u(da)
X X
< i x( [ o@rutan)+ [ )
X X

£ 2°(diam X)P /X 9(z)P u(dz) .
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Theorem 2.23 is only of interest in the case where diam(X) is finite. Alternatively, the theorem
can also be formulated for open balls B4(x,7) C X. However, as we do not need x to be a doubling
measure, it can be formulated to hold on the whole space X provided it is of finite measure.

Note that Corollary 2.22 only holds on a smooth and bounded domain in R™. For general domains
Q C R*, M1P(Q) is a smaller space than WP (1), i.e. M1P(Q) ¢ W1P(Q), which already follows
from the definition. The Hajlasz-Sobolev space is only determined up to a set of measure zero,
whereas no similar result holds for the classical Sobolev space. But it is also clear from Theorem
2.23, since not all domains @ C R™ with finite measure support a Poincaré inequality. See Remark
5.17 in [40] for an example of such a domain.
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§3 Transition function estimation

Pseudodifferential operators are linked to certain stochastic processes, which can be characterised
completely by these operators or, more precisely, by their symbols. In this section we establish this
connection first for symmetric Markov processes before we move to the subclass of (symmetric)
Lévy processes of jump-type which are closely related to (real-valued) continuous negative definite
functions. Finding upper and lower bounds for the transition densities of specific Lévy processes
has been of central interest in the past years. Several authors have studied relationships between
decay estimates for norms of semigroup operators and some Sobolev- and Nash-type inequalities.
In the case of symmetric Markov semigroups these inequalities can be formulated using the Dirich-
let form. Among the authors who have contributed to this field are Davies {17, 18], Varopoulos
(60, 61] and Varopoulos, Saloff-Coste and Coulhon [62].

3.1 Introduction and basic definitions

First, recall that a stochastic process (X;):>0 is a family of random variables which are all acting on
the same probability space (€2, A, P), where PP is a probability measure on (£2,.A). Unless otherwise
stated we consider the measure space (R", 3(")) as a state space of the process. Let (X;)¢>0 be a
given process. Then for any bounded Borel measurable function u defined on the state space R™
we can define an operator

Tiu(z) = E®[u(X:)] (3.1)

for each ¢ > 0, where the right-hand side denotes the expectation of u(X;) given that the process
starts in z € R™. In particular, setting u = X4 for a Borel set A € B we find

TiXa(z) = E* X a(X:)] = P*(X, € A) =: pi(z, A). (3.2)
This function denotes the probability of X, hitting the set A at time ¢, provided it starts in z at

time t = 0.

Definition 3.1 (Transition function). Let (X:):>0 be a stochastic process starting in z at time
¢t =0, and A be a Borel set. Then py(z, A} as defined in (3.2) is called the transition function of

(Xt)ezo-

Below we need the following concepts.

Definition 3.2. A. Let (©2,A),  C R™, be a measurable space. For any fixed ¢t > 0 we call p; ia
Markovian kernel if x — p,(z, A) is measurable for all A € A and if A — p;(x, A) is a probability
measure, i.e. py(z,2) = 1 for all z € Q. We call p, a sub-Markovian kernel if z — pi(z, A) is
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measurable for all A € A and A — p,(z, A) is a sub-probability measure, i.e. p,(z, ) < L.

B. A stochastic process (Xi)i>0 is a Markov process on © C R™ if its transition function satisfies
the Chapman-Kolmogorov equations

Ps+t(z, A) = /st(y, A) py(z,dy) .

For general u € By(R™; R) the identity (3.1) becomes
Tu(e) = EXu(X)] = [ P (Xoedn) = [ ulo)puedy), (33)

and il p, satisfies the Chapman-Kolmogorov equations then (7};);>¢ is a semigroup of linear oper-
ators on By(R™;R). If the restriction of the semigroup onto Co (R";R) gives a Feller semigroup
(Tt(m))tzo then the Markov process associated with Tt(°°) i Coo(R™R) = Coo (R™;R) is called a
Feller process. A subclass of these processes is formed by the Lévy processes which we define below.
In the following we will deal with transition functions of specific Lévy processes.

Definition 3.3 (Lévy process). A Lévy process is a stochastic process (X;):>o0 which has indepen-
dent and stationary increments, i.e. the increments X; — X, and Xy — X+ are independent random
variables provided the time intervals [s, t] and [s’, {] are disjoint, and the distribution of any incre-
ment X; — X, only depends on the length |t — s| of the interval, thus X; — X, is independent from
any Xy, u < s. The third requirement is the stochastic continuity lim; ey P(|X; — Xs| > €) =0
for all € > 0.

Every Lévy process (X;)i>0 with state space R™ is completely determined by its characteristic
function which is related to the continuous negative definite function i by

Ez[ei(xL—I)‘E] = e_tm, t>20.

The function 1 is sometimes also called the characteristic exponent, and the function v is called
the symbol of the process following the notion from the generator of the associated semigroup.

Definition 3.4 (Diffusion process). A continuous time Markov process with continuous sample
paths is called a diffusion process. :

The symbol of a diffusion process is in general a continuous negative definite function which has
a Lévy-Khinchin representation without integral part. We will briefly discuss estimates for the
transition function of diffusions on general metric measure spaces in §3.3. In §3.5 we will consider
symmetric Lévy processes (X¢):»0 which have no diffusion part.. The corresponding symbol ¢ of
the process is then a real-valued continuous negative definite function of the form (1.8), and we
will further restrict ourselves to those ¥ with 4(0) = 0.

Starting with a Lévy process (X;)t>0 a convolution semigroup of sub-probability measures (u;):30
on R™ is given by the distribution of the random variables X; — X with respect to P* provided
the process started in z at time t = 0 with initial distribution P% = €., i.e. s = P%, _x,. Since
a Lévy process has independent and stationary increments this distribution is the same whatever
the starting point z. Thus the semigroup {u).>0 is the same for all z. As (1¢):>0 is a convolution
semigroup of sub-probability measures on R™ the resulting Lévy process is always a Feller process.
In the case of y; being probability measures we arrive at a Markov process due to the extendability
from Coo(R™; R) to By(R™;R) as discussed above.
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Remark 3.5. Let us make a remark about the actual construction of certain processes starting
with (3.2). If (T}):30 is a Feller semigroup then we can construct p; by (3.2) and apply the theorem
of A.N. Kolmogorov (see e.g. [44], Theorem A.1) to obtain a Feller process. However, using this
approach with a sub-Markovian semigroup (7):»o of operators T; : LP(R™;R) — LP(R™;R) we
face the problem that p; can only be defined according to (3.2) for almost every point z € R™, To
be more precise, taking a representative of z — p;(x, A) then for every fixed ¢t 2 0 and every fixed
Borel set A we obtain a different exceptional set of points. Therefore, it is not possible to say that
pi(z, A) constructed by (3.2) gives a family of sub-Markovian kernels. Hence it is not possible to
construct the process pointwise as in the Feller case.

However, a fundamental idea of Fukushima [27] was to introduce a refined notion of exceptional
points which made it possible to overcome this problem. We have seen in §1.5 that in the case
of symmetric L2-sub-Markovian semigroups (7});>0 we may use the translation invariant Dirichlet
form (€, D(&)) to study the generator Au = —1(D)u and hence also the process (X¢):»0 associated
to it. Fukushima introduced the concept of a capacity of an open set A C R™ which enabled him
to associate to any (not necessarily symmetric) Dirichlet form a certain Markov process. Roughly,
the idea is as follows.

Definition 3.6 (Capacity). Let & be a Dirichlet form defined on D(€) C L?(R™;R) equipped with
the graph norm £¢ := || - ||e. For a Borel set A C R™ its capacity is defined as

cap(A) = inf{€g(u,u):u € D(E) and u 2 1 on A}. (3.4)

For an arbitrary set C we set.
cap(C) = inf{cap(A) : C C A and A open}.

The capacity cap(C) of an arbitrary sct C has then the property that A(™(C) < cap(C). Hence,
whenever C has capacity 0 it also holds A(™(C) = 0. This justifies to say that sets of capacity zero
are refined sets of Lebesgue measure zero. The capacity has the further property that cap(C) <
cap(D) whenever C C D and satisfies the subadditivity property cap(U,;en Cj) < 25 ;e cap(Cj).

Definition 3.7. In this setting, we call a set N an exceptional set if cap(N) = 0 and say that a
function u : R® — R defined on R™ \ N is quasi-continuous if for every € > 0 there exists an open
subset £ C R™ such that cap(F) < € and u is continuous on E°. It is called quasi-continuous in the
restricted sense if u is continuous on (R®U{8})\ £, where R™U{8} is the one-point compactification
of R™. If there exists a function v which is quasi-continuous in the restricted sense, then v is called
a quasi-continuous modification of wu.

From Theorem 3.7 in [44] we know that such a quasi-continuous modification v exists for each
u € D(E). Fukushima’s result was the observation that when defining the transition function p;
associated to a symmetric sub-Markovian semigroup on L?(R™; R), which is associated itself with
a symmetric Dirichlet form € via quasi-continuous modifications of u € D(€), then it is possible
to construct a Markov process. Some results on Markov processes and their construction with the

help of quasi-continuous versions of the associated sub-Markovian semigroups (7;):>0 can also be
found in [52].

Now we turn to an essential issue arising both in Analysis and Probability Theory, namely the
problem of estimating heat kernels or transition density functions, respectively. Seminal contribu-
tions to the field of finding upper and lower bounds for heat kernels have been made by J. Nash [54]
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and D.G. Aronson [2], both in the context of elliptic and parabolic partial differential equations.

Let A be a second-order elliptic differential operator on R™, then we can associate a diffusion pro-
cess (X¢)i>o0 with it, of which A is the infinitesimal generator. The fundamental solution for the
associated diffusion equation is then the transition function of the process (X:):>0. For example,
let A = A be the Laplace operator in R®. The associated diffusion process (X;)0 is the Brownian
motion, and the fundamental solution to the classical heat equation corresponding to A = A is the

GauB} kernel )
—n T —
pi(z,y) = (4nt) 72 exp < — %

More precisely, if v € Cp(R™;R), i.e. bounded and continuous on R™, then

), z,yeR*, t>0. (3.5)

u(z,t) = /npt(l'»y)”(y) dy

solves the heat equation (8; — A)u = 0 with initial condition u(0,z) = v(z). This is a parabolic
equation, and together with the initial condition, this problem is sometimes called the Cauchy
problem for the diffusion equation. In this analytic context p; is often called the heat kernel
referring to the associated heat semigroup generated by the Laplace operator A = A.

Now, upper and lower bounds for p;(z, y) serve to understand the behaviour of the kernel as t =& oo
and d(z,y) = |z —y| = co. We observe that for distances |z —y| < v/ct for t > 0 and some constant
¢ > 0 the equation (3.5) reads as

pu(z,y) < (dnt)*e 7t >0, (3.6)

i.e. the decay of p; is of order t~"/2. Hence, the exponential term becomes relevant for larger
distances |z —y| > v/ct. Note that an upper bound of the form (3.6) is especially satisfied if z = y.
For this reason an estimate of the form

pilz,y) S Ct™772

is often called on-diagonal estimate. In §3.2 we will focus on the derivation of on-diagonal esti-
mates for the kernels of selfadjoint operators forming a symmetric L2-sub-Markovian semigroup.
These operators arise as generators of symmetric Markov processes.

Before we do this, we will turn to LP-sub-Markovian semigroups of operators 7; having the rep-
resentation (3.3) and ask under which conditions the kernels p;(z,dy) have a density p:(z,y)dy
with respect to the Lebesgue measure. The answer is given by the Dunford-Pettis criterion, which
we quote from [44], Theorem 6.2. In the following, for an operator A : LP(R™;R) — L%(R™R),
1 < p,q < 00, we write

Al Lo—zs = inf{e: Aullze < cllullze for all u € LP(R™R)}

for its operator norm.

Theorem 3.8 (Dunford-Pettis). Let (Ti):>0 be a strongly continuous contraction semigroup on
LP(R™;R), 1 € p < oo, with Ty : LP(R™;R) - L°(R"™;R) bounded for each t > 0. Then, for
%+ ;11- = 1, there exist kernels k; : R™ x R® = R, ki(-,y) € L®(R™;R), ki(z,-) € LY(R™R) such
that the operators T; can be represented with the help of these kernels having density with respect
to the Lebesgue measure, i.e.

Tu(z) = /R" u(y) ki (z,y) dy a.e. for u € LP(R™;R). (3.7)
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Further, the kernel satisfies

ks+:(r,y)=/ ks(z,2) ke(2,y) dz, s,t>0,
R‘VI

and for the operator norm of Ty we have

l/q
I Til|Lr— Lo = esssup,cgn (/m |kt (z, y)|? dy)

The converse also holds true, i.e. if Ty has a representation (3.7) then it is bounded from LP(R™; R)
to L>®(R™; R).

In the particular case p = 2 and (T} );>0 being a symmetric sub-Markovian semigroup on L?(R™; R)
which satisfies the condition of Theorem 3.8, we get k:(z,y) = 0 and k;(z,y) = ki(y,z). An essen-
tial aim is to obtain estimates for kernels k, in cases where we have a representation (3.7). In the
case of symmetric L?-sub-Markovian semigroups, such estimates have been well-studied. In this
Hilbert space setting it turns out that the estimates have a close connection to symmetric Dirichlet
forms. In the following paragraph we will briefly present the essential ideas on how to obtain these
estimates based on the monographs by Davies [18] and Varopoulos et al. [62]. An overview of these
results can also be found in the paper by Carlen et al. [10].

3.2 Estimates for symmetric Markov processes

In this paragraph we will focus on symmetric sub-Markovian semigroups (73);>0 of operators acting
on the Hilbert space L2(R"; R). We will assume that they satisfy the assumptions of Theorem 3.8,
i.e. they can be represented as

Tyu(z) = /IR u(y) ki(z,y) dy

almost everywhere for u € L?(R™;R). The fist result in this section is taken from Davies [18]
and formulated adequately for our setting L2(R™;R). It relates upper bounds for the norms of
symmetric operators to the existence and boundedness of the kernel functions.

Lemma 3.9 ([18], Lemma 2.1.2). If (T})ix0 is a symmetric semigroup of bounded operators from
L*(R™R) to L®(R™;R) for all t > 0, then its operators have a kernel representation with kernel
ki(z,y) for all t > O satisfying

0 < ki(z,y) € I Tyallfoo e ae

Conversely, if (T;):>o0 admits a kernel representation with 0 < k(z,y) < a; a.e. for some constant
a; < 00, then (T)i>0 is a semigroup of bounded operators from L*(R™;R) to L=(R™;R) for all
t > 0 with operator norm

ITeZe o < -

In the following we will study estimates for the norms ||T¢||L»— L« for symmetric sub-Markovian
semigroups (T;):>0. For this we will need the notion of an equicontinuous family of linear operators.

Definition 3.10 (Equicontinuity). Let X,Y be Banach spaces and £ be a family of linear operators
mapping from X to Y. Then L is said to be equicontinuous if, and only if, suppc, | T||x-y < o0,
i.e. the family £ is uniformly bounded in the operator norm.
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Definition 3.11 (Bounded analytic semigroup). Let X be a Banach space. A semigroup (T1)30
of operators is called bounded analytic on X if

AT x-x < forallt >0,

=] Q

where —A is the generator of (T});>0.

Definition 3.11 is in fact (see [62], p. 13) an equivalent formulation of 7; admitting an equicontin-
uous extension to a sector ¥g := {z € C : arg(z) < 0} with 6 € (0, %) for all ¢ > 0. With the help
of Plancherel’s theorem one can show that symmetric L2-sub-Markovian semigroups of operators
are bounded analytic. Without proof we quote the following two theorems from the monograph
by Varopoulos, Saloff-Coste and Coulhon [62].

Theorem 3.12 ([62], Theorem I1.3.1). Suppose that (T3)t>0 is a semigroup whose operators T,
are equicontinuous on both L'(R™;R) and L™ (R™R). We assume there are 1 < p < q¢ < oo and
a constant o > 0 such that ||u||Le < C||A*/?u||L» is satisfied for u € LY(R™ R) and, moreover, T,
is bounded analytic on LP(R™;R). Then
I Tl —pee S CE772
1_1

for all t > 0, where v is determined by v := a(; - E)—l.

In [62], the number 2 < v < oo is called the dimension of the semigroup (Tt)t>0.

Theorem 3.13 ([62}, Theorem 11.3.2). Suppose that T; : L'(R™;R) — L!(R™;R) are equicontinu-
ous and v > 0. Assume there exist C > 0 such that ||u||§;"/'u < CRe(Au, u) ||u||Zl" with generator
A of T;. Then

(Tl S K™% fort>0.

If moreover T, are also equicontinuous on L (R™;R) then

ITllLi-ze < Kt~ fort>0.

In the case of a symmetric L2-sub-Markovian semigroups its generator A is self-adjoint and the
condition in Theorem 3.12 for p = 2 and g > 2 reads as

lullze < C Al za

with a = v(3 — é) In particular,

lulze < CIIAT U2 = C V/E(u, ) (38)
if v = 2% > 2. According to Remark I11.3.3 in [62] we also have the converse of Theorem

q—2
3.13 for symmetric L2-sub-Markovian semigroups, i.e. the norm estimates for T; imply that T} is

equicontinuous on both L! and L* and
lul33 < CRe(Au,u) llulfy < C (A7, AVu) Jullfy < CE(u,u) |lul7s - (3.9)

In view of Theorem 3.12 we then find that (3.8) and (3.9) must be equivalent. This equivalence is
shown in [10]. These results may be summarised in the following theorem (cf. Theorems 6.3 and
6.4 in [44]).
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Theorem 3.14. Let (T,);>0 be a symmetric sub-Markovian semigroup on L?(R™;R) with corre-
sponding reqular Dirichlet form (€,D(€)). Then the following estimates are equivalent.

lullfs < CE&(u,u) for allu € D(E), ¢>2,v= 25 >2 (Sobolev-type inequality)
||U||it4/ < Cé&(u,u) ||U||4L/1 for allu e D(E)N LY (R™R), v >0 (Nash-type inequality)
ITillr—pe S Ct="* forallt >0 andv >0

1Tillee—ra < Ct_7(%'%) forallt>0,1<p<g<oo,v>0.

We note that the last estimate holds due to Theorem 1.45, i.e. the extendability of a symmetric
L%-sub-Markovian semigroup to an analytic sub-Markovian semigroup on LP(R™;R). For the fol-
lowing example see [44], Chapter 6.

Example 3.15. In this example we will now apply Theorem 3.14 to the pseudodifferential operator
A® = _y(D) given by

~U(D)ule) = (2m) " [ =€ u(e) i) de.

For —1(D) to be the generator of a symmetric L2-sub-Markovian semigroup we must have that
R\ — A®) = R(\ + (D)) is dense in L2(R™;R) by the Hille-Yosida Theorem. Moreover, if
—(D) generates the semigroup (Tt(z))t;o then —(X\ + (D)) generates the semigroup (St)izo :=

(e"\‘TL(Z))go. Indeed, since the strongly continuous contraction semigroup (Tt(z))t>2 consists of

(2)
etA

operators of the form Ttm = = e~t¥(P) with bounded linear operator —y (D), we have

S, = e~ tOF¥(D) = o=M—th(D) e-,\th(2)
for t 2 0. Hence, if ||S¢||Lr—Le < C for some constant C > 0 then
1T Nr-z0 = XSl Lr-10 < C .
Now we may apply Theorem 3.14. As (Tt(z)),>0 is a symmetric sub-Markovian semigroup on
L?(R™; R) generated by the bounded linear operator —1(D), it extends — by Theorem 1.45 — to an

analytic sub-Markovian semigroup (Tt(p )),;o on LP(R™;R). Therefore, an application of Theorem
3.14 gives

1T erzn < C M8 (3-3)
forallt >0 and all 1 < p < g < oo. In particular, setting p = 2 and ¢ = co we obtain
ITPNa-1m < CMeTE.
But by Theorem 3.8 the operator norm of Tt(z) is given by

1/2 »
1T g2 - oo = esssupzemn( / |kt(m,y)|2dy) <CeMif. (3.10)
mn

Now, by the definition of k; via the Chapman-Kolmogorov equation, the Cauchy-Schwarz inequality
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and the symmetry of any ks, s > 0,

k(oy) = /R bya(@, 2) ka2, y) dz

1/2 1/2
(/ k:‘}2(x, z) dz) (/ k?/2(z,y) dz)
R® R®

1/2 1/2
(/ kya(z, 2) kyy(2, ) dz> (/ kya(y, 2) kya(2,y) dz)
R" R™

k(z, )" ky(y,y)"7?,

N

and hence,
essSup, yecpn ke(2,y) < esssup, ,cgn k/(z,2) k(v 9)
< esssup,cgn k,*(z, ) ess SUDy R k(. y)
= esssup,cgn ki, x)
< esssupg yepn Ki(Z,Y) -

This gives the equality esssup, yern kt(2,y) = esssupyern ki(z, ) and hence the estimate (3.10)
is in fact an on-diagonal estimate for the kernel k;(z,y).

In [17], Davies has constructed off-diagonal estimates for kernels related to elliptic operators of
second order. In [10] his approach has been generalised to work for symmetric Markov processes
which are not necessarily generated by a diffcrential operator.

3.3 Remarks on heat kernel estimates on metric measure
spaces

From the probabilistic point of view it has become of interest in the past few years to estimate the
transition density of a process in more general contexts, such as on Riemannian manifolds (M, g)
with Riemannian metric g, or on general metric measure spaces (X,d, u), where i is a Radon
measure on (X, d). In this setting we mention the work by Sturm [58] who constructed a diffusion
process on X for quasi-every starting point using the techniques of local Dirichlet forms that can
be associated with a diffusion process. In the setting of (Riemannian) manifolds contributions
have been made by Grigor'yan [29], Li and Yau [51] and Davies [17]. Works of Grigor’yan et al.
(30, 31, 32, 33, 35, 36] deal with heat kernel estimates for diffusions on general metric measure
spaces satisfying a certain volume growth condition.

On general metric measure spaces the idea is roughly as follows. Motivated by the classical Gauf3
kernel, the aim is to get an estimate of the form

N o . _d*(z,y)
o0~ ey o (-t G40

for diffusion processes on (X, d, u), where B(z, r) denotes an open ball with respect to the metric
d(z,y) of radius r > 0 centred at the point z € X. Here, ~ stands for the existence of an
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upper and lower bound with in general different constants. Note that in the metric measure space
(R™, |- |, A(™) the estimate (3.11) reads as

n z -yl
pu(z,y) =~ C1t™"/% exp (—lT;i/l—) (3.12)

and the constants with which we get equality in (3.12) can be given explicitly as C; = (4m)~"/2
and Cy = 4, see (3.5).

In a series of papers (3, 30, 31, 32, 36], Grigor’yan et al. discuss heat kernel estimates of self-similar
type, as they appear in e.g. fractals. They study bounds of the form

pi(z,y) ~ ¢~ @ (%) (3.13)

with parameter o and g, and a function ® : Ry — R, on general metric measure spaces (X, d, u).
Let pi(z,y) be a heat kernel on a metric measure space (X,d,u) which satisfies (3.13) for u-
almost all z,y € X. Then in Theorem 6.7 of [31] it is shown that the following scenarios occur
under certain assumptions on the metric measure space. In the case of diffusions, corresponding
to a local operator generating the process, the function ® and the parameter a, 3 satisfy the
exponential estimate

®(s) ~ ) exp(—czsﬁ%), 2<B<a+1,

whereas @ is of the polynomial nature
Os)~ (1+5)"™A 0<f<a+l,

in the non-local case. The following examples can also be found in [30].

Example 3.16 (Local case). For a =n, 8 =2 and ®(s) = exp(—s?) the estimate (3.13) becomes
the Gaussian estimate
_d(z, y)2>

Cot

for a diffusion process on the melric measure space (X,d, u).

pi(z,y) ~ Ct~"/* exp (

Example 3.17 (Non-local case). Let A = A'? be the fractional Laplace operator in the metric
measure space (R?, |- |, A(™). The associated process is a Cauchy process, which belongs to the

family of Lévy processes. The solution of the corresponding evolution equation (9, — A)u =
(8y — AY?)u = 0 is the heat kernel

e (14 =\ TF Ct
Pz, Y) = i e - (2 + |m_y|2)(n+1)/2

with the constant C = I'(%5) =" which is called the Poisson kernel and is the transition
density of the Cauchy process. Hence, if & = n and 8 = 1, the function ®(s) = (1 + s)~(@*+#) in
(3.13) leads to the Poisson heat kernel in the metric measure space (R?,|- |, A(™).

The parameter o and § given in the heat kernel estimate (3.13) do not only determine the actual
estimate, but also reveal properties of the underlying metric measure space. While o turns out to
be an exponent related to the volume growth of balls in (X, d, u), the parameter 8 characterises
properties of certain function spaces on (X, d, u). More precisely, Grigor’yan et al. [34] introduced
a family of Besov spaces W2(X, d, 1) on the metric measure space by

Wo?(X,d,u) := {u € LX) : il;po T—;a— /x ]{;ﬂx)lu(y) — u(z)|? u(dy) pu(dz) < oo}.
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Concerning the parameter a we have the following result, which is taken from [31], Theorem 2.10.

Theorem 3.18. Let (X, d, u) be a metric measure space, x,y € X and py(x,y) a heat kernel on X.
Let a,8 > 0 and @1, P2 : [0,00) = [0,00) be monotone decreasing functions such that ®1(s) > 0
for some s > 0 and P, satisfies the integrability condition

/ s 1 ®y(s)ds < 0.
0

A. If for p-almost all z,y € X and ollt >0

—e d(z,y)
/
pulz,y) 2t ﬁ®1< o )

then there exists a constant C such that
w(BYz,r)) < Cr*

forallz € X andr > 0.
B. If [, pi(z,y) u(dy) = 1 for p-almost all z € X, and

o d x, —a d €1
¢~/ <I>1( (twy)) < pula,y) <77 4’2(%)

for p-almost all z,y € X and all t > 0, then there exists a constant C such that

Clrxg ,u(Bd(z,r)) <Cr*.

As it is noted in [30], the functions ®(s) = exp(s?) and ®(s) = (1+s5)~("*1) satisfy the conditions
on ¥; in Theorem 3.18.

In recent years, an increasing interest has taken place in finding estimates for transition densities
of Lévy processes of jump-type using geometric properties of the underlying metric measure space
(X,d, ) such as the volume of metric balls. Before we study one of these proposed estimates
in §3.5 we first reveal an interesting link between the metric of the space and the process under
consideration.

3.4 Embeddings of metric spaces into Hilbert space

In this paragraph we note a result concerned with the embedding of certain metric spaces (X, d)
into a Hilbert space (H, {-,-)x). It turns out that negative definite functions play a significant role
in this context. The connection of these functions to isometric and uniform embeddings into a
Hilbert space originates in the work of Schoenberg [55, 56]. However, we take the results from the
monograph [8] by Benyamini and Lindenstrauss. First, we recall the following definitions.

Definition 3.19. Let (X;,d;) and (X2,dz) be two metric spaces.

A. An isometric embedding f : (X1,d1) = (X2,dz) is an injective map from X, into X, which
preserves the distance, i.e. da(f(z), f(y)) = di(z,y).

B. A uniform embedding h : (X1,d1) = (X2,d;) is a bijective mapping such that h and h~! are
uniformly continuous on their domain of definitions, i.e. h is a uniform homeomorphism between
X, and Xs.
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Definition 3.20. An Hermitian kernel K on a metric space (X, d) is said to be positive definite if
E?.j=1 K(z;,zj) M A; 2 0forall zy,...,z, € X and all scalars Ay,..., A € C.

Note that the positive definiteness of K means that the matrix (K(xi,:cj))iyjzlw,n is positive
Hermitian. Therefore, K is diagonalisable and all subdeterminants are nonnegative. For positive
definite kernels K, Ko : X — C we arrive at K := K; K> being again positive definite, since

n n n
Z K(zi,zj) M Aj = Z Ki(zi,x5) Mi A Z Ka(zi, ;) M Aj >0,

%,J=1 1,7=1 1,j=1

where Ay = v/A. Further, if K is a positive definite kernel then so is its complex conjugate K and
its real part Re(K).

Let U C C be an open set such that for some p > 0 the disk D(0,p) := {z € C: |2|] < p} is
contained in U. Let f be analytic in U, hence it has a representation as a convergent power series
f(z) = 352 akzk for z € D(0,p). Assume further that a; > 0 and that K : X x X = Cis a
positive definite kernel with R(K) C D(0, p). Then f(K) is also positive definite since

> F(K(moz) A Yo akK (i )k A,

i,j=1 i,j=1k=0

\

= n _
Zak Z K(:L‘i,.'ltj)k/\,')\j > 0.

k=0  4,j=1

Since a > 0 by assumption and the series is uniformly convergent on the compact set D(0, p)
and the set of positive definite kernels is closed under uniform convergence on compact sets. This
result holds in particular for f(z) = e* as it is an entire function, i.e. analytic on the whole com-
plex plane. In the special case X = R™, where the kernel is induced by a function in a way that
K(z,y) = g(z — y), we arrive at Definition 1.13 of a positive definite function. The above listed
properties carry over to positive definite functions. The following proposition provides a relation
of positive definite kernels K to mappings into a Hilbert space. Its proof is given in [8].

Proposition 3.21. A kernel K(z,y) on X x X such that K(z,y) = K(y,z) is positive definite
if, and only if, there is a Hilbert space H and a mapping T : X — H such that K(z,y) =
(T(x), T(y))yy, where {-,-) i is the inner product on H.

In particular, assume K : X x X — R symmetric, i.e. K(z,y) = K(y,z), with K(z,z) = 1 for all
z € X, and K(z,y) is induced by g(z — y). Then Proposition 3.21 yields the following result.

Corollary 3.22. Let g be a real-valued positive definite function with g(0) = 1. Then it holds
(1) lg9(=)| < 9(0),
(i) lg(x) — 9()|* < 2(1 - g(z - v)),

(iii) 1 - g(nz) < n?(1 - g(z))

forallz,y € X andn € N.

The proof of this result can be found in [8]. This corollary collects some properties of positive defi-
nite functions we introduced already in §1.2. It turns out that real-valued positive definite kernels
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K (induced by functions g) with the properties discussed in Corollary 3.22 play a fundamental role
when studying uniform embeddings of metric spaces into a Hilbert space. There are conditions on
K given in [8], Chapter 8.2, for this to be the case.

Closely related to the notion above are negative definite kernels N on general metric spaces (X, d).
They are defined as follows.

Definition 3.23. An Hermitian kernel /V on a metric space (X, d) is called (conditionally) negative
definite if szzl N(zi,x5) A 5\]- < 0 for all zy,...,z, € X and all scalars A1,..., ), € C that
satisfy 3°7_; A; = 0.

It follows immediately from Definitions 3.20 and 3.23 that 1 — K(z,y) is negative definite when-
ever K(z,y) is a positive definite one. As in the positive definite case a function ¥ on X = R™
is negative definite if the kernel it induces on R™ by N(z,y) = ¥(z — y) is negative definite. For
real-valued negative definite kernels on X we have the following relation to mappings into a Hilbert
space.

Proposition 3.24. Let N : X x X — R be a real-valued kernel with the property N(z,z) = 0
for allz € X. Then N is negative definite if, and only if, there erists a Hilbert space H and an
injective mapping T : X — H such that N(z,y) = || T(z) — T(y)||% holds for all z,y € X.

The proof of Proposition 3.24 is given in {8]. Transferring this result into the context of a met-
ric space (R™,d), Proposition 3.24 gives the necessary and sufficient conditions for (R™,d) to be
isometrically embeddable into a Hilbert space (H, (-,-)y), namely that d?(z,y) = ¥(z — y) is a
real-valued negative definite function with (z — y) = 0 if, and only if, z = y. By the properties of
continuous negative definite functions 1 : R® — R, see § 1.2, we can deduce that 1'/? indeed gives
a metric, as it is non-negative, symmetric and satisfies the triangle inequality by Lemma 1.20 (i).

In [13] Chen and Kumagai introduced a heat kernel estitnate for symmetric jump processes on
a class of metric measure spaces. The following paragraph is concerned with the performance of
their estimate in more detail. Motivated by Proposition 3.24 we will study the proposed upper
bound for two examples of Lévy processes with state space R™ employing '/? as a metric, where
1 : R™ — R is a continuous negative definite function.

3.5 Computation of a heat kernel estimate for a symmetric
Lévy process

In §3.3 we have given a brief overview about transition function estimation of diffusion processes
on general metric measure spaces. In recent years research has been extended towards heat kernel
estimates of symmetric jump processes. We will focus on an approach by Chen and Kumagai [13],
who introduced the two-sided heat kernel estimate

1 t
r(my)~a (u<Bd<y,¢-1(t»> N Bz 9) 8 d(x,y))> (3.14)

on metric measure spaces (X, d, u) for symmetric jump processes which correspond to fractional-like
Laplacian operators, valid for any z,y € X. They considered cases where the jump intensities J in
the associated Dirichlet forms are comparable to radially symmetric functions. In this paragraph
it is our aim to visualise the performance of the estimate (3.14) in the metric measure space -
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(R™, P2, /\(")) in two explicit cases. To obtain (3.14) the authors impose the condition of uniform
volume doubling in the metric measure space under consideration. This means that the balls
B4(y,r) with respect to the metric d in the space satisfy a volume doubling property which only
depends on their radius » > 0 and not on the points y € X at which the balls are centred. We will
show in §4 that the spaces (R™,%"/2, A\(™)) fulfil this condition.

We start with deriving the form of the transition functions we will be working with below. Consider
again the semigroup (7;):»0 of operators given in (1.11), i.e.

Tou(z) = woufe) = [ ule =) m(e)

with the convolution semigroup (u:)i>0. In Example 1.43 we remarked that on S(R";R) the
operators T; can be written in the form of a pseudodifferential operator involving a continuous
negative definite function ¥(£) emerging from Fourier transforming the measure yy, i.e. [1;(§) =
(2m)~"/2¢=1¥(€) Using the definition of the Fourier transform of u we get

Tafe) = (n)7 [ drfe O dg

Il

(271-)"”/ / e V=T € =10 ge y (y) dy

(Qﬂ)—n/ / ei(z—y)-fe—tw(f)déu(y)dy

| ope-nua = [ we-nnwa,
hence p, is of the form

plz —y) =T (B (@ - y) = F(a(y - z).

If we assume that i, € L}(R™;R) N Coo(R™;R) then by the Lemma of Riemann-Lebesgue p; €
LY(R™ R) N Coo (R™; R) and

pi(z—y) = (27r)_"/ ' @-¥) € g=t(&) ge (3.15)

n

We consider symmetric Lévy processes starting at a point y € R™ which have no diffusion part,
i.e. the respective continuous negative definite functions ¢ : R™ — R are of the form

b(E) = / (1~ cos(y - £)) v{dy)
R™\{0}

with their Lévy measure v. We will study two cases in which the Lévy process (X;):>0, Xo = ¥,
has a density (3.15) which is well-defined, i.e. ¢ is such that e~*¥®) € L}(R*;R). The transition
functions we consider are that of the a-symmetric stable and the relativistic symmetric stable
processes, which have the real-valued continuous negative definite functions

»i(€) =[¢**, O0<a<l, (3.16)

and
$2(6) = (l€* +m?)/* —m, m>o0, (3.17)
as symbols, respectively. Note that both functions are radially symmetric and subordinate to the

map & + |€|* with respect to certain Bernstein functions, hence, by Theorem 1.37, their Lévy-
Khinchin representations take the form

V(€)= / (1 — cos(y - €)) ma(ly[?) dy
R™\{0}
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where the m;(-), i = 1,2, are the Laplace transforms of the respective Lévy measure. In each case
we determine the corresponding non-local Dirichlet form, which reads as

u = 1 ulxr Y) —ulx 2’l’Tl' 2 1Yy AT
s = g [ ) s ml )y

N //(“(x)_“(y))ZJi(x,y)dydx.
R" JRn

Here, J; are the symmetric kernels Ji (z,y) = % m;(|z — y|?) for i = 1,2. For detailed calculations
of the kernels J; associated to (3.16) and (3.17) for general & € (0,1) and m > 0 see Appendix B.

We are now able to compute an upper bound for each J; and to visualise an estimate for each
heat kernel p; i(z,y), i = 1,2, both given in [13], corresponding to the symbols (3.16) and (3.17).
Following the approach by Chen and Kumagai we determine strictly increasing functions ¢; : Ry —
R4, 7 = 1,2, satisfying ¢;(0) = 0 and ¢;(1) = 1 using the equality

¢
A (BY(y, " (@ - 1)) iw* (@ — )

(cf. the two-sided estimate for the symmetric jump kernel in [13], p. 280). In each case the constant
¢y in (3.18) can be chosen such that

(3.18)

Ji(z,y) =

A (B (y, v, (z - y)) Ji(z, y)

satisfies the above conditions. The upper heat kernel estimates in the metric measure spaces
(R™,4,/%, A(")) then read as

¢} (z - y)) (3.19)

1 t
pund) <6 (A("’(B'”* 00 @) OB (59w - ) 40 (o - y))) S

1= 1,2, where ¢; : Ry — R, are the strictly increasing functions from above and determined by
(3.19), and B¥i(z,7) denotes the ball of radius r > 0 with respect to the metric w,:/z centred at
the point z.

In the following we assume that ¥ = 0 which is possible due to the translation invariance of 1"/?
as we will show in §4. This corresponds to the respective process starting in 0.

3.5.1 The estimate for the symmetric a-stable process

The process corresponding to (3.16) is a symmetric stable process of order 2a on R", 0 < & < 1,
and p; can be given in concrete form if a = % In this case we have '

) +1 t
z,y) = (2r _"/2/ elE-WEe—tlllge =1 (n ) —
pui(z,y) = (27) ) 7 ) T R

Without loss of generality we set y = 0. The kernel J;(z) := Ji(z,0) for the symmetric stable
process of order 1 is then given by

regt) 1

277'"/2 I‘(%) |xln+1 !

Jl (:L) =

and we use this to determine

&1 (¥ (2)) =

C1 _ C1
A (BY1(0, 9 (2))) Ji(z)  Frlel™!
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Figure 3.1. The Cauchy transition density and Figure 3.2. The upper bound by Chen and
how it evolves for 0.5 ~ ¢~ 2. Kumagai [13] for ¢ > 0.

Figure 3.3. The upper estimate of the Cauchy Figure 3.4. Cross-section of the estimate at
transition for 0 < ¢ " 1. time ¢ - 1.

with Cj,«] >0. The constant ¢1 can be chosen such that 0i(1) = 1. Then we can rewrite (3.20)
as

Pri(x) :=pti(r,0) A Cl ( ——eemememeeee ; A i (3.21)

The calculations leading to estimate (3.21) are provided in Appendix B.l.

We use MATHEMATICA as a tool to carry out the computations necessary tovisualise the upper
transition function estimates. Figure 3.1 shows how the density of the symmetric stable process of
order 1 evolves for + > 0, whereas Figure 3.2 shows the upper estimate

1 tJ(x)
A(M)(BVi(0,0f1(f))) ci

ci > 0.

The smallest constant Ci ~ 1 for which (3.21) holds pointwise for all x and ¢ > 0 can be calculated
as Ci = |. For small values of 7 on the left and a cross-section for larger ¢ on the right-hand side,
Figures 3.3 and 3.4 reveal the quality of the estimate (3.21). We can see that for both large Land
x the estimate approximates the actual density very well. The same holds for very small values of
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Figure 3.5: The transition function of the rela- Figure 3.6: The upper bound for this density as
tivistic symmetric stable process for proposed by Chen and Kumagai [13]
05<tr<2 for t > 0.

t and for x near the origin. However for moderate values of 7 the round shape of the curve is not
modelled properly by the upper bound.

3.5.2 The estimate for the relativistic symmetric stable process

The Levy process which corresponds to the continuous negative definite function (3.17) is a rela-
tivistic symmetric stable process on Rn. It has the density

Pu(x,y) = (2tt)-t‘/2j ei{x~y) *emt e -t{W2+rn2)l,i
R
= 2Q27r emLt(|z - y\12+ K«ti(my/b'- yl2+t2)m
Here. K T(z) is the modified Bessel function of second kind and order r > We set y = 0 again
which corresponds to the starting point 0 of the process. Then, for m = Figure 3.5 shows

Pt, () for variable time ¢ viewed as a function of the spatial variable x. The symmetric kernel
J2(x) 'w="2(",0) in the corresponding Dirichlet form is given by

- 1 _«xl  n  nil /<nxl(m|z]|)
h(x) = rr 2 2 n 2m 2
2T (i) H

Then we obtain the function fa mK| —>R+ as

« h'!nKn+i (rn |/

with positive constants G, /G>where G can be chosen such that fa(/) = 1. Note that fa is not
defined in x = 0, but we have liml_>os fa(rpz/2(x%)) = 0. Figure 3.6 shows the upper bound

1 tJ2(x
(x) >0
The constant C: ~ 1 such that the estimate

. tJ2(x)
pt.2(*) ==vt,2(*,0) * ¢2Q (rhD;, 7 T -1
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Figure 3.7: The upper estimate of the transition Figure 3.8: Cross-section of the estimate at time
function of the relativistic symmet- t=1
ric stable process for 0 < ¢ " 1.

holds pointwise for all x and ¢ > 0 can be determined to be C2 = 1.03203. Figures 3.7 and 3.8 show
the estimate for small values of # and a cross-section at time ¢ = 1, respectively. Again, we can see
that the estimate approximates the curve very well for large ¢ and x, but it does deviate essentially
from the actual density for moderate values of ¢ near the origin. Hence the characteristic round
shape of  2(') is not modelled by the upper bound.

All in all, we set' that incorporating geometric devices such as the volume of balls with respect to
certain metrics are indeed appropriate to get estimates. However, it seems essential to gain some
more understanding of the geometry of the underlying metric measure space to be able to obtain
somewhat refined estimates modelling the actual shape of the transition function. Therefore, in §1
we will study spaces equipped with as a metric and discuss some of their geometrical aspects
such as the convexity as well as volume doubling properties of balls B~(0,p), p > 0, in the setting
(Rn,i/d/2,A"). The overall aim is to provide a basis on the way to understand the behaviour of
Levy and Levy-type processes in geometric terms. The key to this goal seems to be Schoenberg’s
result, Proposition 3.24. In view of this, it is an interesting question to what extent we can draw
upon the theory of (possibly infinite dimensional) Hilbert spaces to gain a better understanding of
Levy processes on a metric measure space.
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§4 Metric measure spaces (R™, "2, 1)

In this chapter we will study properties of metric measure spaces (R", ¥"/?, u), where (R",%"/?) is
a metric space, the function v is continuous negative definite, and y a locally finite regular Borel
measure. This work should provide the basis for studying transition functions of certain Lévy and
Lévy-type processes by focussing on geometric aspects occuring in the associated metric measure
spaces. As we have seen, § 3.4 and § 3.5 serve as a motivation to study these metric measure spaces,
where it turns out that it is exactly a continuous negative definite function that gives the relevant
metric to study the transition functions of a Lévy process in geometric terms. The following para-
graphs now focus on some geometric aspects such as the volume doubling property, which turns
out to be a helpful tool in the study and computation of heat kernel estimates, the convexity of
metric balls and relations between metric measure spaces when switching to more complicated
continuous negative definite functions as metrics or when moving from the Lebesgue measure to
more general regular Borel measures. We finish this chapter by noting that it is possible to adopt
the construction of a Sobolev space introduced by Hajtasz, see §2.3.4, to our setting.

4.1 Some properties of the metric measure spaces (R", 42, u)

In this paragraph we state the basic setting first before we focus on properties such as the complete-
ness of the metric space, the volume doubling of balls in (R®,%"?, A{®), the study of the shape
of certain metric balls in (R™,%"?) and on relations between doubling metric measure spaces
(R™,%"?, 1) when varying the metric or the measure u, which we assume to be a locally finite
regular Borel measure.

Let ¢ : R™ = R be a real-valued continuous negative definite function which vanishes only at the
origin. By this assumption, together with the symmetry of ¥ and the triangle inequality for %"/2,
see Lemma 1.20, we find that do : R® x R® = R, do(z,y) := ¥"/?(z — y) satisfies the conditions of
a metric and hence (R",%"/?) is a metric space. The metric is translation invariant as for z € R®
we get do(z + 2,y + 2) = Y2((z + 2) — (y + 2)) = do(z,y), but not homogeneous in general.

Definition 4.1. For radii p > 0 we will denote balls in this metric by B¥(y, p) when centred at a
point y € R", i.e.
B¥(y,p) = {z e R™ : % (z — y) < p} = {zx € R" : dp(z, ) < p}

for p > 0, y € R™,

75



76 §4 Metric measure spaces (R™,¥"/?, 1)

From the translation invariance of ¥"* it follows
B¥(y,p) = {zeR":9"*(z-y)<p} = {x€R™:do(z—y,0) < p}

= {z+yeR":dy(z,0) < p} y+ {z € R": do(z,0) < p}

y+ BY(0,0).

We consider the measurable space (R™, B(R™, dp)) consisting of the state space R™ and the Borel-
o-algebra B(R™, dp) on which we may define a locally finite regular Borel tneasure yg : B(R™, dp) —
[0, 00]. We will mainly work with the n-dimensional Lebesgue measure A(™) which has the additional
property of being translation invariant. This yields

AN (BY(y,p)) = A (y + B¥(0,0)) = A™(BY(0,0)),

hence the Lebesgue volume of the metric ball remains the same no matter where we locate the
origin of the coordinate system. Therefore, from now on we shall always consider balls with respect
to the metric ¢"/2 to be centred at the origin in R™ unless stated otherwise.

4.1.1 Completeness of the metric space (R","?)

Before we study the fundamental property of completeness of the metric space (R?,%"?) we re-
mind of the concepts of convergence and Cauchy sequences and of some fundamental properties
and criteria for convergence in a general metric space (X, dp).

Definition 4.2. A. We call a sequence (zx)ken of vectors in R™ convergent to a limit x € R™, i.e.
ling 00 Zx = Z Or T — x as k — o0, if for all € > 0 there exists an N € N such that for all k > N
we get do(zg,z) < €.

B. A sequence (zk)ren is called a Cauchy sequence if for every € > 0 there exists an N € N such
that do(xk,zm) < € for all k,m > N.

The following theorem is valid in complete metric spaces only. In particular, it holds in the Eu-
clidean setting (R™, |- |).

Theorem 4.3 (Cauchy Convergence Criterion). In the metric space (R™,|-|) a sequence (i )ken,
zr € R, is convergent if, and only if, it is a Cauchy sequence.

Note that a convergent sequence in any metric space (X, dp) is always bounded.

Theorem 4.4 (Bolzano-Weierstrass). Every bounded sequence (zx)ren of infinitely many real
numbers contains at least one convergent subsequence.

The following proposition guarantees the completeness of the metric space (R™, 1"/?) under certain
assumptions.

Proposition 4.5. Assume that there exists a constant M > 0 such that for all £ € R™ with
|€] € M we have ¢'/2(¢) > c|¢|. Then the metric space (R™,1'/?) is complete.
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Proof. We have to verify that every Cauchy sequence in (R, wl/’) converges to a limit in the same
space. Let (£ )ken be a Cauchy sequence in (R™,4"/?). Then for all g > 0 there exists N = N(go)
such that

V(€ — €m) <o forallk,m> N.

Set € := <2, then by assumption
€0
|6k~ &m| < — =¢ forallk,m>N.

Therefore, (£x)ren is also a Cauchy sequence in (R™,|-|). By Theorem 4.3 (£)ken is convergent in
(R, | - |) to a limit ¢ € R™. Since ¢ : R* — R is continuous it follows that limy_, e ¥"/?(éx —€) = 0,
hence & — £ in (R?,9"?). : O

4.1.2 The volume doubling property in (R","/?, A\(")

In this paragraph we study the property of the metric measure spaces (R”, RAR A(™) of open balls
satisfying a certain growth condition. The growth constants are of use in the computations of the
upper heat kernel estimate by Chen and Kumagai [13], see §3.5 and Appendix B.

Proposition 4.6. Let (R?,¢"/2, \(™)) be a metric measure space and let 0 < r < R < co. Assume
there exist functions ¢, : Ry \ {0} = R4 \ {0} and cr: R; \ {0} = R, \ {0} only depending on r
and R, respectively, such that ¥"/*(z) < R = w’/’(fﬁ) <1land9'/*(E) <1=¢"*(z) <r. Then
we obtain the volume growth estimate

MM (BY(0, R)) < e(r, Ryn) A™(BY (0, 7)) (4.1)
in the metric measure space (R™, %2, A("),

Proof. Fix two radii 0 < r < R < 0o of balls BY around zero with respect to %'/? and assume the
mapping cr is such that ¥"/?(z) < R implies ¥"/2(Z) < 1. As R fixed, we have

CR

{ 1 if & e B¥(0,1)

X g (0,1) (i)
"\cr 0 otherwise

iy (Z) <1

otherwise.

i
——
[

Therefore
' T

A (B¥(0,R)) = / X g (z) dz < /
R™ R

and by the change of variable € := ciﬂ, d¢ = ¢} dz,

n

A™(BY(0, R)) < R A™(B¥(0,1)).

Similarly, by assumption we can find a mapping ¢, : Ry \ {0} = Ry \ {0} such that w'/z(c"—r) <1
implies ¥"/?(z) < r. Then again

i) _ 1 ifﬁEB‘p(O,l)
Cr

0 otherwise

_ {1 if¢‘/2(§)<1

XB"’(O,I)(

0 otherwise
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f(s) =57, 0<y<l1 f(s):log(-}f{%), ¥>6>0
f(s) =log(1 +3s), f(8)=Vs+m?Z-m, m>0
f(s)=1_e_7av ¥>0 f(S):s—f_:;, v>0
f(s) =log (*12), 7>0 ) =2 -5, v>0
f£(8) = v/3 log(1 + v/3) f(s)=Vs(1—e V).

Table 4.1. List of (complete) Bernstein functions used for doubling constant computations.

which gives

A (B¥(0,7)) = / X gu (z) dz > / X g (i) dz = c* AW (B¥(0,1)).
Rr n TL\Cr
Hence, (4.1) follows with ¢(r, R;n) := (-"5‘})” O

In Appendix A we provide computations of the volume growth constant c(r, R;n) in spaces where
the metric is given by the composition (f o %)"? of a continuous negative definite function with
a (complete) Bernstein function f : Ry — R, from Table 4.1. Moreover, not only s — f(s), but
also s =5 g(s) := f%(s), s > h(s) := f(s*) and s > k(s) := f/*(s%) for 0 < |a| < 1 are (complete)
Bernstein functions and hence g o 9, ho ¢ and k o ¢ are again continuous and negative defi-
nite. We show in Appendix A that (4.1) holds for metric measure spaces (R",(f o )72, Ay,
(R™, (h o )2, A™) and (R", (k o ¥)/2,A(™)) using the continuous negative definite functions
P(€) = |€|? and Y(€,n) = |€]* + |n|?, for (&,m) ER™ xR, n=n; +n2 and 0< o, < 2.

Examples 4.7. A. The study of the balls Bf°¥(0, p) of some radius p with respect to the metric
(f o)/2(€) = |€|]*, 0 < @ < 1, in the space (R™, (f o 4)"?, \(M) yields a doubling constant

nfe
AM(BI°¥(0, R)) = <§) A™(BI°¥(0,r))

for any choice of radii 0 < r < R < 00, see Example A.1.

B. For balls in the metric space obtained using the continuous negative definite function

FUE®) = VIEP +m2 —m, m>0,

we get the volume doubling constant

R* + 2mR?

'n/z
Trawr) AVEE),

A (BI*¥(0, R)) = (
for any choice of finite radii, such that 0 < r < R < 00, see Example A.23.

The functions £ — [€|*, 0 < a < 1, and £ — /|€|2+ m? — m, m > 0, are the symbols of the
symmetric a-stable process and of the relativistic symmetric stable process, respectively, which
play a role in § 3.5 together with the corresponding doubling constants computed in Examples 4.7.

Examples 4.8 (Local doubling). A. If we equip the space (R", (f o %)"?, A(™) with the metric
emerging from f(|€[?) = 1 — exp(=7[€[*), v > 0, we find

_ p2
- (25)

n

/2
A (BI*¥ (0, 7)), (4.2)
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a=0=1, ¢r, R) =3.815 a—0 =0.5, c¢(r, R) = 14.552 a=05 0—1 cr,RH) =9313

a=05 0=15 c(r,R) = 8.026 a=10= 15 cr, R) =3.287 a—0—15, c(r, R) = 2.441

Figure 4.1. Metric balls with respect to (£,7) = (£]Q+ [v|B) 1V ofradiir = 12and R = 15
and various values for a and 0. The exact volume growth constant c¢(r, R) = c(r, /7;3) is
computed numerically in each case.

see Example A.s. Tins gives an example of a local volume doubling property as we are restricted
to choose r and R such that 0 < r < R < 1. As this example shows we get local volume doubling
if the inverse function , -1 of the Bernstein function under consideration has arestricted domain
of definition. Due to the fact that

B/0*(o, P) BR":/(]{|12) < {/er:|f2<rV)}

(feR": I(/-1("2)12] <'}"

whenever p2 € R(/), we can express the identity (4.2) as

a<»>(b/°*(0,«))= 0 AL")(B/oV,(°'r))

with the inverse function f~ I(s) = — 1 log(l —s), which is only defined forradii r and R such
that r2,R2s R(/).

B. A similar result holds for the Bernstein function f(s) = log 727) for; > 6 > 0, where we
get the restriction 0 < » < R < log ” on the radii, as well as for the Bernstein function f(s) —

for 7 > o, for which we have the restriction o < r < R < | for the volume growth property to
make sense, sece Examples A.20 and A.29 in Appendix A, respectively.

Remark 4.9. From Examples 4.7 and 4.8 we observe that the mappings crR and cr introduced
in Proposition 4.6 can in fact be determined explicitly as f~ I(R2)72and / 1 (Z2)V2, respectively,
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whenever we consider metrics arising from ¥(£) = f(|€|?) with a (complete) Bernstein function f.
However, in some cases f has an inverse that cannot be given in a closed form, see e.g. Examples
A.16 and A.37. There, we make use of explicitly invertible Bernstein functions g and h which fulfil

g(0) = £(0) = h(0) = 0. (4.3)

This implies that the volume doubling holds only locally, i.e. for radii 0 < 7 < R < /5q.

{0<g(s)<f(s)<h(s) for 0 < s < s9,

In the remainder of this paragraph, we focus again on the metric balls with respect to ¥"/2(€,n) =
(|€]= + |n|#)"/2, where 4 : R™ x R™ — R, n; 4+ ny = n, and visualise balls for different choices of
@, B € (0,2]. The volume growth property in (R™, %2, \(")) reads as

ny

3)2(1«-"+ 2)

A (B¥(0,R)) = (7 A (BY(0, 7)), (4.4)
for 0 < r < R < 00, see Example A.2 in Appendix A for the detailed calculation. In Figure 4.1 the
effect of the volume doubling is shown for » = 1.2 and R = 1.5. Studying the shape of the balls
the question emerges which metrics (f o%)"? lead to convex balls. For ¢"/2(€,n) = (|€|* + |n|?)"/?
this is obviously the case for 1 € o, 8 < 2. For general metrics this topic is addressed in the next
paragraph.

4.1.3 On the convexity of metric balls in (R, "/?)

In this paragraph we study the aspect of convexity of balls in the metric spaces (R™,4"?). We
first focus on conditions under which convexity is preserved when the metric is changed. The first
result in this paragraph deals with metrics arising from the composition of a function ¥ with a
Bernstein function f. A direct consequence can be drawn from this for radially symmetric contin-
uous negative definite functions. Furthermore, we investigate the convexity issue for balls in the
metric ¥'/2(€,n) = (|€]* + |n|®)"/? for various values a, 8 € (0,2].

Proposition 4.10. Let '/* be a metric such that B¥(0, p) is a convez set for some p > 0. Let
f : Ry — R be a Bernstein function, and R > 0 be such that R?> = f(p?). Then B/°¥(0,R) is
also convex. Conversely, if (fo)? is a metric with B/°¥(0, R) convez, and "> is a metric then
BY¥(0, p) is convex, where p = ((f~1(R?))">.

Proof. Let 1"/? be a metric such that B¥(0,p) is convex, p > 0. Taking a Bernstein function
f:Ry = R, which has the property of being increasing, concave with f(0) = 0, we know that f~!
exists and is itself an increasing function. Hence (f o %)"/? is again a metric and the balls with
respect to this read as

BI*¥(0,R) = {§ € R™: (f o) "*(§) < R} = {€ € R™: 9'%(€) < (f'(R))V*} = B¥(0,p), (4.5)

where p = ((f~1(R?))"?. Thus, if B¥(0, p) is convex and p and R are related via R2 = f(p?) then
(4.5) holds and B/°¥(0, R) is also convex. Due to the equality (4.5) of the sets the converse also
holds true. More precisely, if B/°¥(0, R) is convex with respect to (f 0)"/?, where f is Bernstein
and ¥"/? a metric itself then B¥(0, p) is convex with p = ((f~1(R?))"/>. O

An immediate consequence of Proposition 4.10 for ¥(€) = |£|? is the following result.
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Corollary 4.11. The balls with respect to the metric arising from the radially symmetric function
(f o ¥)(€) = f(|€]?) with a Bernstein function f are convez.

Proof. This follows immediately from Proposition 4.10, since balls BI'/(0, p), p > 0, with respect

to the Euclidean metric are convex, O

Focussing again on the balls with respect to the metric arising from the function ¢ : R™ xR™? — R,
v(E,n) = |€]* + 9|, n1 + n2 = n, we observe that they are convex for 1 € a, 8 < 2. For a or 8
taking values in the interval (0, 1) we have the following result.

Proposition 4.12. Let B¥(0,p) be a ball of positive radius p with respect to ¢ : R™ x R = R,
v m) = (I€1* + Inlf)>.
A . If0<a<lor0< B<1 then

conv (B¥(0,p)) C B¥(0,Capp), : (4.6)

where conv (B) denotes the convez hull of a set B and Co g = gtmiplatl

B. If1 < a,B < 2 then B¥(0, p) is itself a conver set.

Proof. A. We have to show that for two points (z,y), (£,17) € B¥(0,p) C R™ xR™ the straight line
joining them in R™ x R™2 lies in B¥(0, Ca g p). Hence, we assume %"/?(z,y) < p and 9'/*(€,1) < p
and show that

PP+ (1=t ty+ (1 —t)n) < Capp for0<t<1.

First, let 0 < @, 8 < 1. Then by the triangle inequality for |- |* and |- |4,
VALE D+ A-0Em) = (tz+-0g+lty+ - tn)"
< (%l + Pl + (1= 0%+ (1 - 7 l)
Since t < 1 it follows
WPy + (1=t (Em) < (E™P (|2 + [y]f) + (1 - )min{@Bd ((g]e + [)9)) 7
< (gmin{ef} 41— t)"‘i“(“'ﬂ})l/zp.
For p := min{a, B} < 1 we use that a? + b? < 217P(a + b)? for a,b > 0, which implies
WP+ (-t (Em) < (P 4 (1 - gymintashyVe)
< (@mintad) gy (1 - gyl = Copp.

Now assume without loss of generality that 0 < @ < 1 and 1 € A < 2. Otherwise we may
interchange the roles of & and 8. Then

Wt (z,y) + (1 - 0) (€,m)

(ltz + (1 = )& + Jty + (1 — t)n]®) "2

N

1
(4] + (1 — £)[€]* + 28 Bly|® + 28 (1 — ) [n)®) /*

2% (1%]a] + (1 - )%l + 2yl + (1 - ) }nl?) V”

N

257 (1B (2 4 [yl) + (1 - ™= (g + nf?))

1-min{a,8}
2

N

1-8
72

< 2 p < Capp
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a o a

Figure 4.2. The convex hull of the ball of radius r = 1.2 with respect to {p/2and a = 0 = 0.5 lying

‘within the ball of radius R = 2
cross-section.

Ltninfa. . . . .
MY On the right-hand side a two-dimensional

by a similar argument as above and since » ' ~ L

B. Let. 1" a,/3 ~ 2. Then we have

PUAt(x,y) + - 1) (1)

(21"a falxla + 21 _a(l -«)akr + 21_/3<3|y|» + 21~ (1 - n
Since 21.Q ~ land 21" ~ 1for 1 * a.,/3 " 2,

(x,y)+a- 1@V < {talxF+ PsM's+ (1 - )“l«r + 1 - O"[DI'T) 12

analogous to part A and since Ca.,p * 1for 1 * a,/3 ~ .. It follows that conv (5”(0, p)) = B”(0,p),
ie. f1*(o,p) is convex. m]

Figure 4.2 illustrates the result of Proposition 4.12.A in the case ¢« = f3 = Obviously,

Caj; = 2~ (i 1is not the optimal constant satisfying (4.6) for every value of ¢ and 3 In
general, one can observe that Ca” approaches optimality the closer a and /3 are to L

On the basis of the results in Proposition 4.12 we can now give explicit volume growth constants
for the metric measure spaces (R7l,+///2, A(n)) with = (|£la + which ensure that
the equality (4.4) is satisfied for 0 < r < R < oo and imply that the convex hull conv (57(0, r)) of
the smaller balls are contained in the larger balls 5(0, R).

Corollary 4.13. Let (R7,ip/2, A™) be the metric measure space with ipt"2{"r]) = (|£]Q+ W\0)"2>
f 6 Rni, p GRn2, and n\ + n2 = n. Leto < a < 1 or 0 < /?< 1. Ifwe choose r, R with

0<r1r <R <o0 such thatj = CQOp =2 * in (4.4) then the convex hull of the ball B*(0, r)

is contained in D"{0, R).
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4.2 Relations between metric measure spaces

In this paragraph we examine relations between metric measure spaces which satisfy the volume
doubling property. More precisely, we assume that (R",dp, o) is a volume doubling space with a
metric dp : R* x R* — R. From now on, we assume B(") = B(R™,dp), i.e. that the o-algebra of
Borel sets with respect to dp is the same as B(™), so dy and | - | induce the same topology on R".
The metric space is equipped with a locally finite regular Borel measure ug on B(R"™, dp). We want
to investigate, on the one hand, the relation of a locally finite regular Borel measure p to pg such
that the doubling property also holds in (R™,dp, ). On the other hand, we study how a metric
d:R™ x R™ — R is related to dgy for (R™,d, po) to preserve volume doubling.

Let us start with fixing a volume doubling metric measure space (R™,dp, o) and focus on the
question how we can associate a metric d : R" x R™ — R with dp such that (R"™,d, o) also satis-
fies the volume growth condition. It turns out that the following two concepts play an essential role.

Definition 4.14 (Hommeomorphism). Let X,Y be two topological spaces. A function g: X = Y
is called a homeomorphism if it is bijective, continuous and the inverse g~! is continuous. The
function g is said to be an open mapping in this case, i.e. it maps open sets of X to open sets of
Y. If such a g exists X and Y are called homeomorphic or topologically equivalent.

Definition 4.15 (Equivalence of metrics). Let d; and dy be two metrics on the same set X. We
call them topologically equivalent if they induce the same topology on X, i.e. a subset U C X is
open with respect to d; if, and only if, it is open with respect to ds.

Remark 4.16. If there exist constants m, M > 0 such that
M di(z,y) < do(z,y) S mdi(z,y) (4.7)

for all z,y € X then d; and d; are topological equivalent. Hence, (4.7) gives a sufficient condition
for the equivalence of the two metrics. The converse only holds in normed spaces.

In this setting we can state the following result.

Proposition 4.17. Let (R", dp, o) be a volume doubling metric measure space with a locally finite
regular Borel measure pg on the measurable space (R™, B(R™, do)) that satisfies pp < \™). Assume
that the density g = d—‘f\ﬁf%; is locally bounded and bounded away from zero. Let d be another metric
on R™ which satisfies

MdO(Ivy) < d(z,y) < me(xxy) (48)
for some m, M > 0 and all z,y € R*, and cg4y(m,7),cqy (M, R) : R4 \ {0} = R4 \ {0} such that

d(q:,0)<R=>d0< ,0)<1 and do( <1=d(z,0)<r.

T T
ca, (M, R) Cdo (M, 1)’ 0)

Then (R™, d, 1) is a metric measure space that also satisfies the volume growth condition.

Proof. By assumption, (R",d) is a metric space which is topologically equivalent to (R™,dp) due
to d and dy satisfying (4.8) for some m, M > 0 and z,y € R™. Further, there exist R > 0 and a
mapping R — ¢q,(M, R) such that

B40,R) = {ze€R":d(z,0)< R} C {z€R"™: Mdy(z,0) < R}

. n. z
c {zera( —mg0) <1}
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Note that for M and R fixed, we have
y ( z ) 1 if m € BdO(O, 1)
Bro\ 7 o) =
O\ gy (M, R)

0 if —rmy ¢ B%(0,1)

1 ifdo(mﬁﬂ;)a
0 ifdo(m)m.

Since pg < A™ and A(™ is a o-finite measure, ug has a density g = d_tf\l% with respect to the
Lebesgue measure. As g is locally finite, we can compute

po(B4(0,R)) = /Rn X ga(o,r)(T) po(dz) = /Rn Xpa(o,r)(2) 9(x) dz

x
< / XBdo(o,n(m) g(z)dz.

The density g is assumed to be locally bounded, therefore gg := max{g(z) : € B%(0,1)} < oo
for any R > 0. Then

T
uo(B%(0,R)) < /Rn XBdo(o,l)(m) 9(z) dz

X
< X — \dz
g”/,kn Bd"(o'l)(cdo(M,R))

By the change of variable £ := m,
o (M,

BY0,R)) < X — % Vi
HO( ( )) dr /[Rn Bdo(o'”(Cdo(M, R)) &z

= grcl (M, R)A™M(B%(0,1)).

On the other hand, by assumption there exists r with 0 < 7 < R and a mapping 7 v cg4,(m,7)
such that

BY0,r) = {z€R":d(z,0)<r} D {IGR":mJO(z,O)<r}

n . T
> {xER 'do(cdo(m,'r)’o) < 1}'

Then, as before,

d _ b% ?/ X =
1o(B(0, 7)) fR sion(@ o) dn > | Xpwon| gy

) g(z)dx

and g, := min{g(z) : z € B®(0,1)} > 0 as g is assumed be bounded away from zero. It follows
that

X
po(B40,71)) > g /R" XBdo(o,1)<_—"5) dz

cdy(m, 7
= gr ¢} (m,r) A™(B%(0,1))

by a change of variable. Together,.the above estimates give the volume growth

gr cdo(R) " ,
(50, 7)) < 22 (2B o 0,
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and (R",d, ug) is a volume doubling space, where the doubling constant depends on the metric
do. O

Although it is not applicable to the metrics 1%"/?> we are considering, this result has an obvious
implication in cases where d : R™ x R™ — R is induced by a norm on R™.

Corollary 4.18. Let (R™, ]|, no) be a volume doubling metric measure space which satisfies the
assumptions on Proposition 4.17. Let d be any metric on R™ induced by a norm on R™ and assume
the eristence of mappings c.,cr : Ry \ {0} = Ry \ {0} such that d(z,0) < R = |EZE| <1 and
|Ez:| < 1=d(z,0) <r. Then (R"™, d, up) is also a volume doubling metric measure space.

Proof. Let d be any metric on R™ which is induced by a norm. As on R” all norms are equivalent
we can find m, M > 0 such that

M|z —y| < d(z,y) <mz —y

for all &,y € R™. Then the result follows from Proposition 4.17. 0O

Our aim is to apply Proposition 4.17 to metrics arising from continuous negative definite functions
¥ : R® - R. If we fix the standard Euclidean metric dyp = | - | as reference metric and assume
that pg is such that (R™,|- |, mo) satisfies the volume growth property, the question arises which
metrics d = ¥'/* with a continuous negative definite 1 are actually topologically equivalent to dg?
An obvious result is the following.

Proposition 4.19. Consider the metric space (R™, | |) and a radially symmetric continuous
negative definite function ¥(€) = f(|€|?). Then the balls B¥(0, R) of radius R > 0 with respect to
1"/* are homeomorphic to the unit ball B''1(0,1) with respect to the standard Euclidean metric.

2 1<

f1(R2)Y:

as every Bernstein function has a continuous inverse defined on R. Hence, the homeomorphism
g: R\ {0} - Ry \ {0} describing the deformation is given by g(R) = W. O

Proof. Note that we can write

BY(0,R)={zx € R": |z < f"}(R})} = {m eR™:

Let us now consider a continuous negative definite function ¥ : R™ x R™ — R, n; + ny = n,
of the form ¥(&,n) = ¥1(€) + ¥2(n). As before, we may ask under which conditions we obtain a
metric (13 (€) + ¥2(n))"/* on R™ which is topologically equivalent to the standard Euclidean metric
do =1-]onR"

Corollary 4.20. Consider the metric space (R™,|-|) and a continuous negative definite function

¢ :R™ xR™ — R: n1+nz =n, 1/)(61 77) = 'f’l (€)+'¢)2(T))‘ Ifwe can ﬁndfunctions C(wl,p),c(d)Z’ P) :
R, \ {0} = Ry \ {0} depending on the v;, i = 1,2, such that for radii 0 < r, R < 0o we have

BY0,R) {(é,n)e'R’“ xR™: cwf R)‘+ ) <1}
BY(0,r) > {(ﬁ»n)ERm xR™: c(l/j I C(wz r) <1}

and the mappings p — Rwll_p) and p — Twlz—/ﬁ are homeomorphisms, then the balls with respect to
¥'?(€,m) are topologically equivalent to the unit ball in the standard Euclidean metric.
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Corollary 4.20 is clearly valid for a continuous negative definite function ¥(€,n) = ¥1(€) +¥2(n) =
f1(€?) + f2(n)?), where f; and f, are complete Bernstein functions.

Example 4.21. Considering 9%(£,7) = [€|* + |n|® with £ € R™, 5 € R™, 0 < a, 8 < 2, we know
from Example A.2 that (31, p) = p”/= and c(v2, p) = p”#, which fulfil the conditions of Corollary
4.20. Hence, the metric balls with respect to 9"/ on R™ are topologically equivalent to the unit
ball with respect to |- | on R™.

Assuming that (R™, dp, to) is a doubling metric measure space we now turn to the question how a
measure 4 has to be related to o in order to obtain a doubling space (R™, dp, ). As volume dou-
bling is a property of the measure with which we equip the metric space, it is clear that changing
the measure might result in a different behaviour in this respect. A rather obvious result in this
setting is the following.

Proposition 4.22. Let (R™,do, tto) be a volume doubling metric measure space with o-finite mea-
sure po on (R™, B(R™,dp)). Let p be a locally finite regular Borel measure on R™ with p < pg.
Assume that g = Ed;% is locally bounded and bounded away from zero. Then (R",do, 1) satisfies the
volume doubling property.

Proof. Since (R™,dp, o) satisfies the volume growth condition, there exists C 2> 1 such that for
all0<r< R<oo
Ho(B*(0, R)) < C po(B*(0,7)) .

Let u be a locally finite Borel measure on R™ with p <« up. By assumption pg is o-finite, hence
g= ;ﬁ% exists. Moreover, we can find R > 0 such that g is locally bounded in B%(0, R), i.e. we

find gr := max{g(z) : z € B%(0, R)} < oo. It follows that
H(B (0, B)) < gn | Xgup (2) ho(ds) = am (B (0. B).

Now, fix some r with 0 < 7 < R. Then g is also locally bounded in B%(0,7) ¢ B%(0, R) and
bounded away from zero by assumption. Hence g, := min{g(z) : z € B%(0,7)} > 0, and we get

WB0,1) > 07 [ Xgao(2) o) = gr ol B2(0.7).

Therefore

u(B®(0,R)) < gruo(B*(0,R)) € gr C po(B*(0,7)) < C %ﬁ u(B%(0,1)),

giving the result with a doubling coustant C 99% > 1. : 0O

Example 4.23. Let 9, : R® — R be the negative definite functions ¥;(£) = v/|§|* + k2 —k, k> 0

and ¥2(€) = |£|. Figure 4.3 shows the behaviour of @ for the values k = 1,3,5. Both 1;
and 1 are radially symmetric functions to which Theorem 1.37 applies. For k = 1, the associated
Lévy measure is

_mil,_mol | _mdl
n(dy) =mi(ly?)dy =775 2777 |y|7F Kap(lyl) dy,
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49

T e t 0 2 =T m x
Figure 4.3: Graph of the ratio Mlzljzk’—k for Figure 4.4: Graph of the ratio of zhe corre-
k=1,3,5. sponding densities :2“:' § for the

space dimensions n = 1, 3, 10.

see, e.g., the calculations in Appendix B.2, and the corresponding Lévy measure to 15 is given by

_n S n+1
wa(dy) = ma(u?) dy = =% 0 (L )y,

Then
n+tl
my(y?)  Kep (W) I

n—1 k]

ma(lyl?) 2% I ()

see Figure 4.4.
Let M > 0 be a fixed constant and define the set

Kagr (lyl) vl ™

2°7 T (24)

Q= {yGR":
2

then for y € Qps we obviously have

K (|y]) [y
27 T (2f)

Let dp : R® x R® — R be a metric that is topologically equivalent to the Euclidean metric | - |.
So we assume the existence of functions ey, (R), cq, (r) : Ry \ {0} = Ry \ {0} such that for fixed
rR>0

B%(0, R) ¢ B'(0,cq,(R)) C Qpr
and

Qum D B%(0,7) > B'(0,cq,(r)).
Setting p(dy) := %I% dy this yields

ntl
Ky (1) [y]

_—vITT"—__—'d < / X pdo dy
ECI R S

WERO.R) = [ Xgulw)

< /,.’%"(ﬁ) dy = ¢k (RyA™(Bl(0,1)).
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Figure 4.5. Sketch of the location of the balls used in the proof of Corollary 4.24.

On the other hand,
|

(B%(0, 7)) / X ()K"zl(lyl)ly dy > M/ X pao (y) d
, T = d —_———ay 2 d 1
H R® BrO Yy 2_2_11_\(%1) Yy Rn BrlD Yy Y

> M[ XBL"(&%) dy = Mcl (r) A\M(B11(0,1)),

which gives the local doubling

n

u(B%(0, 1)) < —a'F)

B) o
MCQLO(T) w(B (07 ))

which holds for balls contained in 2,y C R™.

4.3 The metric measure spaces (R, 42, \(?)) as homogeneous
spaces

In § 1, Definition 1.12, we introduced the notion of a space of homogeneous type as a topological
space X equipped with a (quasi-)metric d such that the balls with respect to d form a basis of
open neighbourhoods of z € X and that the homogeneity condition

there exists N > 0 such that for all z € X and all r > 0 the ball B4(z,r) contains

oy ., HC
at most N points z1,...,zy with distance d(z;,z;) > § for i # j (HC)

is satisfied, see also the monograph [15].

The following corollary shows that the metric measure spaces (R™, "2, A(®)) with continuous neg-
ative definite functions 1) are homogeneous in the sense of Coifman and Weiss. According to [15],
the homogeneity condition is satisfied if the metric space is equipped with a regular Borel mea-
sure satisfying the doubling property. This is satisfied in particular for the metric measure space
(R™, "2, \(")) with a continuous negative definite function 1 : R® — R. For the sake of com-
pleteness we will provide the proof of the result in our setting. The general result for quasi-metric
spaces is given in [15], p. 67.
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Corollary 4.24. The volume doubling metric measure spaces (R™, "2, (M) satisfy the condition
(HC) and are therefore spaces of homogeneous type.

Proof. Consider the metric measure spaces (R™, "2, A(™) with volume growth condition
A (B¥(0, R)) < c(r, R;n) A™(B¥(0,7))

for balls of radii 0 < r < R < oo with respect to 1%"/?. Using this we are now in a position to
verify the homogeneity condition (HC). For some N € N let x1,...,zx be the points in BY(z,r),
r € R™, r > 0, such that 9" (zx; — x;) > 5 for i # j. Then the balls of radius § around z,...,zx
are disjoint, i.e.

N
n B‘”(zk, %) = 0
k=1

To see this, assume we found a point y € B¥(zk, §) NBY¥(z;, 7). then due to the triangle inequality

we would get ,

roT
Yo~ 25) <P -u) H - z) < G+ D=1
in contradiction to the assumption %"/?(z; — z;) > 5. Hence the balls are disjoint.

Let y € B¥(xx, %) for a k € {1,..., N} and z the centre point of the ball B¥(z,r). Then again by
the triangle inequality

S
Yz —y) S (x - zp) + 0P (xk —y) <7+ % = Zr .

This implies the inclusion BY(x, %) C B¥(z, %) forall k=1,...,N and hence
N
U B (e §) € BY(=. §).
k=1

As the balls B¥(zx, 1) are disjoint, and A(™ is finitely additive, it follows

N N
el UB () = SN (B (e 1)) <XV (BY (2, %)). (4.9)

Since y € BY (x4, nc BY(z, 54—r) forall k =1,..., N it holds

1 1/2 1/ 5 9r
6~ 9) V(- 2) + 0@ -y < (r4 ) =

and it follows that the ball BY(z, -i—r) is itself contained in BY¥(z, -94—’). All in all, for any k €
{1,..., N} we get the inclusions
B (50,5) € BY(3, %) < B0, %)
which lead to
A (B (2, 5)) < X (B* (z1, %) < clrim) AP (B* (a1, )

due to the doubling property. Because of (4.9) we obtain
N
3 AD(B¥ (4, 3)) < AP(B* (2, 5)) < elrim) AP (B* (a1, 5))
k=1

and therefore the number NV of points zx, k = 1,..., N, is bounded by N < ¢(r;n). ]
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Example 4.25. If we consider the metric measure space (R™, |- |?*, A(™) with & < 1. Then
Y/?(z — y) := |z — y|® gives a metric. We have shown in Appendix A, Example A.1, that for radii
R; and R, with 0 < Ry < Rz < oo the doubling property

A (BY(0, Ry)) = (%—2

n/a
) A (BY(0, Ry))
1

holds. Setting Ry = % and R, = 7 we obtain the volume doubling constant (%)"/“ = gn/e, By

the argument in the proof of Corollary 4.24, N € 9%/,

4.4 Remarks to the Hajlasz-Sobolev space over (R, "2, \(™)

In §2.3.4 we introduced the Sobolev space M!P due to Hajlasz based on a Lipschitz-type charac-
terisation, which was constructed to meet the constraints of a metric measure space a priori not
being equipped with a differential structure. We can adapt this construction to (R, "2, A(®)) and
define a Sobolev space on this metric measure space analogously to the set-up in §2.3.4.

Definition 4.26. We define the Hajlasz-Sobolev space M1P(R™, 1"/, A(?)) of all p-integrable
functions u € LP(R™) such that there exists g € LP(R™) that satisfies the inequality

|u(z) — w(y)l < (2 - y) (9(2) + () (4.10)

for all z,y € R™\ N, where N is a Lebesgue null set.

Theorem 2.20 can be transferred to the case d(z,y) = ¥”/*(z — y) giving that MVP(R?) :=
MUVP(R™, '/, X\(")) is a Banach space for 1 < p < oo.

Corollary 4.27. The space (MVP,| - ||m1.») is a Banach space for 1 < p < 0o, where
lullagse := llullze + inf figlze

and the infimum is taken over the set of functions g € LP(R™) with g > 0 satisfying (4.10).

Proof. We adapt the proof given in [37] to the case d(z,y) = ¥}/23(z — y). Let (up)nen be a
Cauchy sequence in MP(R™). Since u, are in LP(R™) by definition of M*P(R") and LP(R™) is a
complete normed linear space, it follows that u, — u in L? for some u € LP(R"). Let (un, )ren be
a subsequence of (Un)nen such that

enery = tneipre < 27% and wu,,— uae ask— 0.
By definition of M!P(R™) there exists a function g, € LP(R") such that
|(unk+l = un, )(x) — (u'nk+l —un, )(Y)| < W/’(x = y) (9 (z) + 9x(v)

and ||gk||» < 27%. Note that

oo o o]

o0
“ ng”u < Z llgelle < ZQ—k -9
k=0 paard ‘

=0



§4 Metric measure spaces (R™, P2, ) 91

It follows that for all 7 > k

(i, = ) @) = (1, = 1)) < 07z =) 5 i) + 5 i)

jooo | ae.
1 o0 o0
=)@ = @)@ < PE-9( 0@+ L aw).

Further, we have

Y llgiller < 227 =21

i=n
Therefore, u € MVP(R") and u, — u in M7, O
Assume that (R", ¥'/2, \(M) is a metric measure space satisfying the volume growth condition. Let

BY := BY¥(zx,r) be the ball of radius r > 0 centred at z € R™ with respect to the metric 1"/2.
Define the average value of a function u on BY by

1
= (n) T .
R e WL

Then we can adapt Theorem 7 (ii) in [39] to our case. Note that we do not need the volume
doubling property for this result.

Corollary 4.28. Let (R*, ¢/, A(™M) andr > 0. Assume that foru € MVP(BY), BY := B¥(z,r) C
R™, there exists a constant C(n) > 0 such that

|u(z) = u(y)] < C(n) ¥"* (@ —y) (9(2) + 9(y)) ace. (4.11)
for any two points z,y € BY. Then

- (n) (n)
]{3$|u ugv|dA SC(n)r]{#gd)\ .

Proof. We first integrate inequality (4.11) with respect to y and obtain

) = upel = £ @) - ulay < ) f 0@ - 0) 00e) + ot dy

< O f (6)+owdy = CT @) + 95),
and then we integrate with respect to z, which yields
/ |u(z) —uge|dz < C(n)r (/ g(z) dz + / dg¥ dz) £2Cn)r / g{z) dx
JB¥ " JB? JBY T BY

and therefore
][ lu — uge|dA™ <C’(n)rf gdA™
BY " BY

0

Since g € LP(B), we can apply the Hélder inequality and obtain the following result for a metric
measure space equipped with a doubling measure. For this result see [23, 38].
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Corollary 4.29. Let (R™,4%"/2, \)) be a doubling metric measure space, u € M'P(R™, 1"/2, \(")),
Let0 < r < R be such that /\(")(B”’(a: 7)) < k(r, Ryn) \™(BY(x, R)). Then there exists a constant
C(r,R;n) > 0 and a nonnegative function g € LP(R"), 1 < p < oo, satisfying inequality (4.11)
a.e. such that the following (1, p)-Poincaré-type inequality holds:

l/p
u—uqe|dA\™ < C(r, R, n)r g° dx(™
B
BY i B}

Proof. From Corollary 4.28 and by the Holder inequality for ’—1, + % =1, we get

][ [u—up,|dA™ < C(n)r][ gdA\™ < C(n)rk(r,R;n)][ gdA\™
BY BY B}

_ C(r,R;n)r/ gd/\(")
A (BY) gy

B g Yp y
ClrRin)r (/ g° d/\(")) (/ 19 d/\(”)> !
A(BR) N By B}

_ C(T,R;n)r</ gpd,\(n))l/p,\(")(Bﬁ)'/”
A(BR) ey

N

(n) (¥ (ny)7?
= C(r,Rin)r A" (BE) ”( wg”d)\ )
B

13

y
_ C(r,R;n)r(][wgpd/\(")) '
BH

O

Next, we show that under certain assumptions the Poincaré inequality implies that u and g satisfy
an equality similar to (4.11). This result is adapted from [38], Theorem 3.2, to our case.

Proposition 4.30. Let (R™, "2, A(™) satisfy the volume growth property. Assume u € Ll (R™)
and g > 0 measurable such that there ezist r, R > 0 and a constant C(r, R;n) > 0 such that

Y
][ [u — ugul d\™ < C(r,R;n)r (][ g° d/\(")) ’
BY i BY

forp>0. Then
lu(z) — u(y)| < C(r, Rin) ¥'/*(x — y) [(Mapg”(2))"” + (Ma,pg?(y))""]

for almost every z, y € R™, where

(M,f)(z) = sup f|f(y|dy

0<r<R<p
is the Hardy-Littlewood mazimal function restricted to the ball B¥(z, p) C R™.
Proof. We consider the balls B¥(z,r;) C R™ with

v/ —1)

o7 -0 asj— .

Ty =
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Note that r;_; > rj for j 2 0 and rg = ¥'/2(z — y). Let , y be Lebesgue points, i.e.

u(z) = lim u(s)ds, u(y) = lim u(s)ds,
I7ee JBY, (2) 370 JBY, (v)

where
1

u(s)ds = —)/ u(s)ds.
]{sf(z) Am(BY () /Bt (=)

Let p > 0 and R; be such that 0 < r; < R; < p. For a measurable function h define the
Hardy-Littlewood maximal function

(M,h)(z) = sup ]1 Ih(y)] dy
0<R,<p Bﬂ’j (z)

restricted to a ball BY(z, p) C R™. Then we obtain

oo oo
lu(z) — uB’fol < Z |uB:z,_l —ugy | < z][u [u(s) — ugy |ds
j=1 ! ’ Jj=1 Br;, !

oo
< ZC(rj,Tj-x;n)]iw IU(S)*”B;@'dS

j=1
by the volume growth condition and further

o Ve
|u(z) - “B;”0| < ZC(Tj,Tj-l;n) Tj-1 (][.’ 9°(2) dz)
=1 B

Rj

N

0o - 1/p
Y Clriri—rin) i ( sup ][¢ g"(z)dZ)
Bk]

j=1 0<R;<p

= ZC(rj,rj_l;n) Ti-1 (Mpgp(z))l/p
Jj=1

by the definition of the restricted Hardy-Littlewood maximal function. Set
C(p;n) :=sup{C(rj,rj—13n) : 7j < Tj_1 < p},

then

[o ]

lu(z) = ugy )| < Clpin) > 1 (MpgP()'" = Clpsn) v (z — ) (M,g”(x)) " .
=0 _

Analogously, we get

lu(y) - UB;I'D(y)l < C(p;n) "/)1/2(3 ) (Mpgp(y))l/p .

Moreover we have

st @ ~ Uzl < Tsg@ T vs W) T ey e T Usg, @]
< 2 s) — d:
b ]{azﬁ,(z)'u() VBt 4
< 2eof o) gy ol

2rg
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by the triangle inequality and the volume doubling property. By application of Corollary 4.29 and
the Hardy-Littlewood maximal function we get with constant C := 4c¢(rg) and ro = ¥"/*(z ~ y)

|uB'rp0(z) - uB?o(U)’ < 20(7‘0)]{314- lus) - uB;yro(I)l ds

27g (z)

1p
< CyPz—vy) (][ 97 (s) d8>
B;”Ro (z)

< CyVz —y) (MapgP ()",
where M, is defined as above. Combining the inequalities above we get
lu(@) —u@)l < [u(@) —upy o] + [upr @) — L @l + 180) — ugy, )
< Clon) 7z —y) (Mg (@) + C ' (x = y) (Mapg”(2))”*
+ Clpin) ¥ (z — y) (M,g? (9))""
Clpin) $"*(z — y) (Mz2p6”(2)) 7" + (Ma,pg? (1)) 7?).

N



Appendices

95



A Some doubling constant computations

In this appendix we will provide some examples of metric measure spaces (R”,wl/z./\(")) for
continuous negative definite functions £ — ¥(£) and the computation of the doubling constants
of the Lebesgue measure A(™ in those spaces. In particular, we will study the spaces (R™,(f o
P)V/2, MM, where f are (complete) Bernstein functions. We consider the continuous negative
definite functions € — [¢]? for € € R™ and also R™ x R™ 3 (£,1) — |€]* + |n]? for 0 < o, < 2
and the following list of complete Bernstein functions f: Ry — R.

f(s) = s, 0<y<1 f(s)=log(%:—j_'—g), N>8>0
f(s) = log(1 +s), f)=vVs+m2—-m, m20
f(s)=1-e"7, v>0 fls) = 3%, 7>0
f(s) = log (22}, ¥>0" fls) =32, ¥>0
f(s) = s log(1 + /), F(8) = /5 (1 - e~4V5).

Then also s — g(s) := f%(s), s = h(s) := f(s*) and s + k(s) := fY/*(s*) for 0 < || < 1
are complete Bernstein functions and [urther, (§,7) — (g o ¥)(&. 1), (&,17) — (ho¥)(£,7n) and
(€,m) = (ko)(&,n) are again continuous negative definite. Balls of a radius p with respect to a
metric 1"? around 0 are denoted by B¥(0, p) or B;,”(O) for short,.

Example A.l. Let us first consider the Bernstein function f(s) = s* for 0 < a < 1, and the
continuous negative definite function ¥(€) := f(|€[?) = |¢|?* with which we define the distance

PY2E-n)=1€-n* for0<a<l.
Then for some positive radius R > 0 we define the balls with respect to 1 around the origin,
¥ - n o _ O I
BY(0,R) = {z € R" : 2] <R}_{xeR .le/a| <1}.
This leads to

AM(B¥(0, R))= A Bw(&)R"/"‘ds RMe ) ("(BY(0,1))

- / Xgu () RY*dg = RMX™(B¥(0,1)

by the change of variable £ := ﬁ?ﬁ, therefore dy = R*/® d¢. Analogously, for a radius0 < r < R
and the ball B¥(0,r) we get

AM(BY(0,7)) = / Xp ( . )dy = /e )\ (BY(0,1)).
Therefore, we get the volume doubling
/o
A (B0, B) = (3) A (8Y(0,1)

97
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in the metric measure space (R™, ¢, A(M).

Example A.2. Let R®* = R™ x R™ and ¢ : R® — R be the continuous negative definite function
Y(&,n) = |€|* + n|? for 0 < a, B < 2. We consider balls of radius R > 0 centred at the origin with
respect to the metric /2, i.e.

B¥(0,R) = {(z,y) €eR™ xR™ : (|a[* +[y|*)"/? < R}

= {(z,y) e R™ x R™ ; ‘R::/a‘a-é— l%‘ﬁ < 1} ,

for which we get

)\(n)(Bw(O’ R))

xy B
/R /R X (Fa7 o7m) v 2

Rl [ [ xguenynds = RESRNOBEY(0,1),

where we have used the change of variable £ := 57z, 7 := zi5, therefore dz = R¥/ed¢ and
dy = R?™2/8 dy. Analogously, for balls B¥(0,r) with radius 0 < 7 < R around the origin,

AM(BY(0,7)) = r2(& ) A (BY(0,1)).

Hence, we obtain the volume doubling

1y

A (B¥(0, R)) = (?)2(%L+ )\ (8% (0,7))

in the metric measure space (R?, /2 A\("),

Example A.3. Let f be the Bernstein function f(s) = s” for 0 < v < 1 and the continuous
negative definite function 1 : R™ x R"2 — R be given by ¥(£,7) = [§|* + [n|? for 0 < o, B < 2,
R™ = R™ x R"2. Then we define the metric

(fo)/2(&,m) = (Ig1* + Inl?)™".
Consider balls of radius R > 0, centred at the origin, with respect to (f o 1)?, i.e.

BIY(0,R) = {(z,y) €R™ xR™: (|z|* + y|*)7 < R}

I

{@y) erm x| 2]+ ‘#Iﬂ <1} = BY(0,R").

Using the change of variable € := ng—;; and n = ?%—; we get

(n)(gfov _ L
@0 = [ [ o () e

R R%"*z/]R /RzXB;»(E,n)dndE
Yll T

= RE(E+H) A (BY(0,1)).
Analogously, for ball with radius 0 < r < R we obtain

A®(BIY (0, r)) = 3 (B+F) A (BY(0,1)),
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which implies the volume doubling

A (BI¥ (0, R)) = (%) HER) o prev o,

Example A.4. Let f be the Bernstein function f(s) = log(1 + s) and ¥ : R® — R the continuous
negative definite function () = |€|> with which we define the metric

(f o 9)"*(n) = (log(1 + [€[))">.
Note that for balls of positive radius R,

B/°¥(0,R) {z € R" : log(1 + |z|?) < R?}

2
{ac €ER™: < 1} = B¥(0, (R - 1)),

‘ T
(e — 1)

Setting & := fe_R’f_l)‘/—? we get

/\(n)(Bfow(O, R))

T
Jo B\ A ) &

= - [ Xy dg = (@ - )M (B(0,1)
and similarly, for any ball with radius 0 < r < R we obtain
A (BI¥(0,7)) = (7 — 1)72AM(B¥(0,1))
which implies

2
e —1

n/2
A(BI0,R) = () AW B0,

Example A.5. Let f be the Bernstein function f(s) = log(l + s) and ¥ : R™ x R* — R
be the continuous negative definite function (£,7) — %(&,17) = |€]* + 1|®, 0 < @, B < 2 on
R™ = R™ x R™, with which we define the metric

(f o 9)7*(€,m) = (log(1 + [€]* + InI?))"/*.
We consider balls of radius R > 0 with respect to (f o ¥)/2i.e.

B/*¥(0,R)

Il

{(x,y) € R™ x R™ : log(1 + |z|* + |y|?) < R?}

o
z

(€@ — 1)/

Y
et

B
<1

B¥(0, (e® - 1)'/).

Then using the change of variable £ := (e_H’_f'lTr/? and n := FC—H-_,J_/I—);/—[, we obtain

€z Y
/]R"l _/]an ((€R2 — 1)1/"“ (CRZ — 1)1/5) dyd.’L‘

@ -n2E 0% [ [ xpemdnde

A (BI°¥(0, R))

(eR* — 1)=+F A (BY(0, 1))
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Analogously, for any ball of radius 0 < r < R we get
AP (BI¥ (0, 7)) = (e — 1) HF AW (BY(0,1)),
and therefore the volume doubling to be

g
+ﬂ

A (Bfe¥(0, R)) = (:2 — 11) ) A (BI°¥(0, 7)),

Example A.6. Let h be the Bernstein function h(s) := f(s?) = log(l + s7), 0 < v < 1 and
¥ : Rm x R™ — R be the continuous negative definite function given by %(€,7) = |€|* + |n|?,
0<a, f<2, R" x R*™ = R", with which we define the metric

1/2
(how)72(6,m) = (log(1 + (I€]* + Inl*)™)) .
Consider the ball of radius R > 0 around the origin

{(z,y) € R™ x R™ : log(1 + (€| + |n|®)?) < R?}

(43

B"¥(0, R)

fl

Z
(R — 1)

Y
(eR* — 1)7s

8
<1

{(x,y) €R™ x R™ :

= BY¥(0,(e® - 1)),

Using the change of variable £ := Ze—},-y_—””l?m and 77 := (717—}1775 we obtain

/ / I Y dydx

R™1 JR™2 ( R? _ 1)a’y (€R2 — 1)

(e”‘2 - l) “l / / E, n) dn d¢
R?I] Rfl‘z

= (e® - 1)AH AM(BY(0,1)).

A (BR¥(0, R))

il

Analogously, for B¥(0,r) with R > r > 0 we get
AP (BR¥(0,7)) = (¢ — 1) 35 A (B¥(0, 1)),

which gives the doubling constant

632_1 ay By
AD(B¥(0, R)) = | —— A (B (0, 7))

Example A.7. Let k(s) := f}/7(s”) with f as in Example A.5, 0 < |y| < 1, be the Bernstein
function k(s) = (log(14s7))'/" and 9 : R™ xR™* — R be the continuous negative definite function
given by ¥(€,n) = |€|* + [n|?, 0 < , B < 2, R™ x R™ = R™. With respect to the metric

1/2
(k o 9)72(€,m) = ((log(1 + (IgI" + Inl*))")
we consider the ball of radius R > 0 centred at the origin

B*¥(0, R) {(z,y) € R™ x R™ : (log(1 + (|€|* + [n|*)"))/" < R?}

[+3

+

x

p n ny . )
{('I:’y) e R™ x R"2: I(eRh — 1)1/0,,

(eR‘21 _ 1)1/‘,.,

B
<1}

BY(0, (eR” — 1)),
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We use the change of variable £ := (e—H,%I),m and n := (E_HW_y_T)"/:s—w we get

(n)( pkoy _ i Y
A(BR¥(0,R)) = /anl /IR"2 XB;“ ((eR” — )Y (R = 1)1/,3,) dy dx

= @B 0B [ xgemands

= (B —1)&EH A (BY(0,1)).
Analogously, for a ball with radius 0 < r < R we get
A (BR¥(0,7)) = (e — 1)m7 T8 A (B¥(0,1)).
This implies

R -1 o
) AR (BR¥(0, 7)) .

er’ — 1

AR (BF¥(0, R)) = (

Example A.8. Let f be the Bernstein function f(s) =1—¢e~7, 4 > 0, and ¢ : R® — R be the
continuous negative definite function ¥(§) = |£|?, € € R™. With the help of f o ¢ we define the
metric

(Fo)'/2(€) = (1 =82 y>0,
and consider the balls B/°¥(0, R) of radius R with respect to this metric such that 0 < R < 1, i.e.
B/*Y(0,R) = {zeR":1-¢ 7K < g2}

r

(T Tog(L = RE))V:

{xER”:

2
<1} = B¥(0,(3 log(1 — R?))"?).

Then we get

T

AP (BI¥(0,R)) = / Xpy ((1 log(1 — Rz))1/2> dz = (5 log(1 - R?))" /Rn Xpy () d

(2 Tog(1 — B)”* A (B¥(0,1)),
and analogously for radii » with 0 < r < R < 1

AW (BI¥(0,7)) = (3 log(1 - 72))"/2 A (BY¥(0,1)).
This implies the volume doubling

log(1 — R?)

& (n)(glov
log(1 —r2)> ATBT0.)

A (B0, ) -
in the metric measure space (R", (f 0%)"2, A(™) provided that the radii of the balls are such that
0<r<R<1l.

Example A.9. Let f be the Bernstein function f(s) =1—e ™7 for v > 0 and ¢ : R x R"? — R
be the continuous negative definite function ¥(€,n) = €|*+ |n]?, 0 < o, B < 2. We define the
metric

(F o) 2(em) = (1 e—v(i¢|°+|n|"))”2
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and consider the balls of radius R satisfying 0 < R < 1,

B/*¥(0, R) {(z,y) € R™ x R™ : 1 — ¢~1(=1"+1u1") < p2}

o
x

(X og(1 - RE)7

Yy
T rogt - )

B
<1}

{(Ia y) € R™ xR™ :

BY(0, (L log(1 — R?)"2).

Then we get by a change of variable

A (BfY (0 R)) = / / X ad , Y 7y | dydz
BEEORD = s S22 Tl - )7 Toga - )7 )

(% log(1 — Rz))"}(% log(1 - R?))%z /]Rﬂl /"2 XB;J;(E,T’) dn d§

(L log(1 — R%)) ¥ % A™(B¥(0,1)),
and similarly for a radius r with 0 < r < 1,
A (BI¥(0,r)) = (L log(1 - r2)) <+ AM(BY(0,1)).

Therefore, we obtain the doubling constant

_p2)\ =+ F
A (Bfo¥ (0, R)) = (%%%) A (BIe¥(0,r))

forradii0<r< R< 1.

Example A.10. Consider the Bernstein function h(s) defined by h(s) := f(s®) = 1 — e~ for
v>0and 0 < é < 1. Further, let ¥ : R™ x R" — R be the continuous negative definite function
Y(€,n) = |€|* + [n|® with 0 < a, B < 2. We define the metric

e s\ 1/2
(how)/2(e,n) = (1 - et 41"
and study the balls B"Y(0, R) of radius R, where 0 < R < 1, centred at the origin,
B"Y(0,R) = {(x,y) €R™ xR"™:1- e~ +l")? < R?}

«
T

(3 log(l - R?))Y/=

+ Yy
(5 log(1 - R2))ee

B
<1

B {(z,w € R™ xR™ ;

B¥(0, (L log(1 — R2))¥=).

Then we obtain for the Lebesgue measure of these balls that

A0 (Bhe¥(0, R)) = / / X z , y dy dx
(BRORD = fes e 8t \ (T Tog1 - R)7 (o1 - B

/ X gy (&:m) dndg
R™2

1

— (4 loglt - BB (4 log(1 - R)# [

R™1

n

log(1 — R2))=s 5 A(M(B¥(0,1)).

=

= (4
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Analogously, we get for a ball of radius 0 < r < 1 that
Am(BP¥(0,7)) = (2 log(1 - r2))#+ 5 A (BY¥(0,1)).

Therefore, we obtain the doubling constant

ny,n2

_ R2 Za+ga
lOg(l R )) )\(n)(Bhow(O, T‘))

)\(")(th”/’(O, R)) = (]og(l =5

for radii that salisfy 0 <7 < R < 1.

Example A.11. We consider the Bernstein function k(s) := f/*(s%) = (1 - e""sﬁ)]/" for v > 0
and 0 < |§] < 1 and let 3 : R™ x R™ — R be the continuous negative definite function given by
(&, 1) = [€]* + |9/, 0 < a, B < 2, with which we define the metric

/26

(k °‘¢))1/2(§,77) _ (1 _ e—'r(lfl“+|’7|ﬁ)6)

Then we consider the ball B*¥(0, R) of radius R with 0 < R < 1 with respect to this metric
centred at the origin, i.e.

BkOW(O' R) = {(w,y) € R™ x R™ : (1 - e—v(|z|f~+|y|ﬁ)5)l/ﬁ < RZ}

xr
(3 Tog(1 - B¥)) 7

I

B
<1

rx+‘ y
(5 log(1 — R2é))Y/es
= B¥(0,(3 log(l + R¥))"/*).

Then we obtain

A (BEY (0, R / /'X¢ z , Yy — | dyd
( (0. 7)) ge1 Jroa O (% log(1 — R%))=s (% log(1 — R2))% .

= logt- B (L logt- DR [ [ xp(emdns
R?ll 7I2
= (4 log(1 - R¥))=+ 3 \m(BY(0,1).
Analogously, we get for a ball of radius r with 0 <r < R <1
A (BEY(0,1)) = (3 log(1 — 72)) = T3t A (BY(0,1)),
which implies the volume doubling

log(l - RM)) %+%% )‘(n)(Bkow(O’ ,r))

)\(n)(Bkow(O’ R)) = ( )

provided the radii of the balls are such that 0 < r < R < 1.

Example A.12. Let f be the Bernstein function f(s) = log %”1 for v > 0 and the continuous
negative definite function 1 : R® — R be defined by 1(¢) = |€|2. Then we define the metric

X 2 1/2
(row(e) = (10BN, 450,
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and consider the balls Bf°¥(0, R) of radius R > 0 with respect to this metric, i.e.

2
Bf°¥(0,R) = {z eR™: log'x—l’; < Rz}

z

2
2 1/,
| <1} = BY0.0eF - ).

= {xE]R":

Setting £ := 'yeR2 — v we get
n z ? ™ n
A(BIo¥(0, R)) = /R X gy <W> dr = (ye® — )2 A (B¥(0,1)),
and similarly for radii0 < r < R
AP (BIY(0,7)) = (ve" — )2 A (B¥(0,1)),

which implies the doubling constant

PL f
1) A™(BIo¥(0,r))

e’ —

A" (B/°¥(0, R)) = (

for any positive radii 0 < r < R."

Example A.13. Considering the Bernstein function f(s) = log ’—',tl, v >0, and (&,n) = ¥(En) =
|€]* + |n|®, where 0 < @, B < 2 and ¥ : R™ x R"2 — R, n; + np = n, we define the metric

lé|* + [nl? + v) 72
Y

Then the balls Bf°¥(0, R) of radius R > 0 with respect to this metric are given by

(f 0 )2(6,m) = (log

a B
BIVO.R) = {(@y) eRM xR :log LTI 1T +|79| 2 < R}
& 8
= {(z,y)ER"‘xR"’: 2x + y <1
(yef? —v)Ye (yeR® — y)Vs
2
= BY(0,(ve® -1)").
and we obtain by setting £ := (’771—7)17‘7 and i : —Ty_l_('ye RIS

AM(BIYV(0 R)) = / / < z y )d dz
(B0, R)) R Jres (ye® — )7 (yeP — )7 ) @
(veR —4) T (veR J/ / X gy (€,7) dn d€

Rﬂ.l R7l2

= (yef — )"t A (BY(0,1)).

Analogously, for a ball B/°¥(0,r) with radius 0 < » < R we get
XP(BIY(0,r)) = (ve' —7) S+ F AN (BY(0,1))

from which we conclude that the volume doubling
243

A(Bf¥(0,R)) = (CR — 1> Am(Bfev(0,r))

e — 1

holds for any positive radii 0 < r < R.



A Some doubling constant computations 105

Example A.14. Consider the Bernstein function h(s) := f(s%) = log ’d—;r"l fory>0and0<d <1
and the continuous negative definite function ¢ : R™ x R™ — R which is given by ¥(&,n) =
|€]1* + |n]?, 0 < @, B < 2. Then define the metric

a 86 /2
(how)/2(6,m) = (k,g W)

and the balls of radius R > 0 with respect to this metric,

a B\é
Bh°"’(0,R) - {(:c,y)eR"' x R™ : log (J=| +|3| )+ <7‘2}

o
z

e =

— ).

y
¥ '(veR” — )5

B
<1

= {(z,y) € R™ x R™

2

= B (o, ('YeR

With a change of variable we obtain

A1) (ghov 0,R — / / X z , Y
( ( )) o1 SR BY (’YCm _ 7)1/05 (76R2 _ ,Y)l/ﬁs dydx

(re® — e - [ [ xguemanas
R™ JR"2

(veR — a5 A (B¥(0,1)).

Analogously, we get for balls B*¥(0,r) with radius 0 <r < R

2 n

A (BPOV(0,7)) = (e —y) =t AW (B¥(0,1))

and therefore the doubling constant

A (BR¥ (0, 7))

er —

eRa -1 o+t
)\(n)(Bh.oﬂ;(O’ R)) - ( >

which holds for balls of any positive radii with 0 <7 < R.

l/,s
Example A.15. Consider the Bernstein function k(s) := f/%(s%) = (log L—;Lpl) for v > 0,
0 < |8] <1 andlet ¢ : R™ x R™ — R be the continuous negative definite function defined by
Y(&,n) = |€]* + |n|® for 0 < @, B < 2. Then we define the metric by

o B\é 126
(kolp)l/z(f»ﬂ) _ (log (¢l +|Z| ) +'Y)

and consider the balls B*°¥(0, R) of radius R > 0 given by

o B0 s
B*¥(0,R) = {(.r,y) e R™ x R : (log (el +ml7) +y +|Z| ) +‘Y) < Rz}

T
(y R — 5)/as

“ y
ey

B
<1

{(x,y) e R™ x R™: ‘

Bw(O, ('YCRN _ ,y)‘/aa) .
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Then, by a change of variable,

(n) ( pkoy X Y ,
/\ (B O R /‘lR"1 Anz l ( ’)’ERN 'Y)l/u's’ (’}’CRN _’)’)l/‘”> dyd.’.l,

268 n 28 n,
= (e —y)at(ye” —“r)ﬁ/]R /R X gy (€,7) dn d€
n1 JRn2

= (yeR" — )@+ A (BY(0,1)).
Analogously, for balls BX°¥(0, ) with radius 0 < r < R around the origin we obtain
A (BRY(0,7)) = (ver™ — 4) 7+ 5 A (BY(0,1)),

which leads to the doubling constant

Y
i

+5
AP(BEY(0, R)) = (——‘1) AP(BE¥(0,1)

)

-1

that holds for any R > r > 0.

Example A.16. Let f be the Bernstein function f(s) = /s log(1 + v/s) and ¢ : R* = R be the
continuous negative definite function 1(¢) = |¢|? which gives the metric

(f o 9)2(€) = (I€] log(1 + [€[))"* .

Note that for s > 0

f(s) = /s log(1 + v/s) > log (1 + g) =: flow(8) .

where s = fiow(8) is again a Bernstein function, and thus (fiow © %)"? gives a metric. Then

(flow 0 )/ (z) = (log(l+| |2)) <R

implies
2

z <1.

\ (2R — 2)'72

Thus, we consider open balls of radius R > 0, i.e.

Bf¥Y(0,R) = {zeR":|z|log(l+ |z|]) < R?}
2
c {xeR"'log(l+| 2 ) < R*} = Bi~v(0,R)

T

2
2
e~y <1} = BY(0,(2e™ - 2)).

= {xER”:

Setting € := (272—2)W we get

A (Bfe¥(0, R))

x
/Rn Xpgov(2)dz < /ﬂ Xy (W) dz

(2R — 2)7 / Xpp(@)de = (27 —2)7 AV(B(0,1)).
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On the other hand note that for0 < s < 1
J(s) = Vs log(l+/s) <log(l+s)= fup(s),

where s = fy,(s) is again a Bernstein function and thus (fup © %)"? gives another metric. Now
choose r such that 0 < r < R and (f o %)"*(z) < (fup 0 ¥)"/?(z) < 72, then we have

BY(0,r) = {zeR":|z|log(l+ |z]) < r?}

U

{.1: e R™: log(1 + |z[?) < 7-2} = B/wov(0,r)

2
<1} = BY(0,(e” - 1)),

n ., z
= {z eR™: ‘——_(eﬂ 7

; xr
/" XBT/ow(.'E)d.’L' < /an;b (m) dr

= (0 [ xau(©de = (@ - )TARB0,).
With the results above we get the estimates

AM(BIY(0,R)) < (26F —2)"2AM(B¥(0,1)),

By a change of variable

A®m(BI°¥ (0, 1))

AR (BIY(0,r)) = (€7 —1)72AM(BY(0,1), for v(&) = €2 < 1.
It follows that

"/2
R® _ 1
A (BIo¥(0, R)) < (2 ';, - 1) A®(BIY (0, 7))

provided that ¥(£) < 1.

Example A.17. Let f be the Bernstein function f(s) = /s log(1 + v/s), ¥ : R™ x R"2 — R be
the continuous negative definite function ¥(¢,7) = |€|* + |7/, 0 < @, B < 2 and thus the metric
given by

(F o)7(&,m) = [(IE1* + [nl®)"7* 10g(1 + (IE1* + Inl?)")] 7*.
For s > 0 we have f(s) > fiow(s) With fiow(s) as in Example A.16. Using (fiow © ¥)"* as a metric
we consider the balls of radius R > 0

BIY(0,R) = {(z,y) €R™ xR : (€] + |nl®)"* log(L + (I¢|* + In|*)/* < R?}

N

a B
{(z,y) € R™ x R™ :log (l + —————ITl + Iyl ) < Rz} = BJiv°¥(0, R)

2
B
<1

o
T

(2eR? — 2)V/=

Y
* ‘(%R’ —2)7s

{(:I:,y) € R™ x R"*; ‘

= B¥(0,(2¢%° —2)2).

By the change of variable £ := (27771—_25‘/_" and 9 := (—2?7-"'_7)17; we get

z Y
X
[R"x </]R"2 BY((QERZ — 2)1/0v (26R2 — 2)1/,9)dydx

_gyats /Rn /R X g (€,7) dn d

= (2% —2)FHF A (BY(0,1)).

/\(n)(Bfow(O, R))

N

(2R — 2)"/=(2¢R
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On the other hand we have f(s) < fup(s) for 0 < s < 1 with s = fy,(s) given in Example A.186.
Then we choose a radius 7 with 0 < 7 < R such that

BI¥(0,r) = {(z,y) € R™ x R™ : (|g|* + [n]®)"* log(1 + (I€|* + |n?)"?) < r*}
c {(I,y) ER™ x R™ :log(L + [z + yl¥) <72} = Bl»¥(0,1)
R R z | v [
= y 1 2. 0] p 1
(e ermsme | ot <}

B¥(0, (e” ~1)"?).

T Yy
/R /.R (( mya (erz—l)’/f*)dyd“

= (5 -1 THFAM(BY(0,1))

It follows that

Vv

A (Bfo¥ (0, 1))

and hence for ¥(£,n) = |€|* + |n|® < 1, we get the volume doubling
n1 o n2

)\(n)(Bwa(O’ R)) < (2 e - l) )\(n)(chﬂ/)(O’ r).

et —1

Example A.18. Let h be the Bernstein function h(s) := f(s”) = s log(1 + "), v < 1, and
¥ : R™ x R™ — R be the continuous negative definite function %(¢,n) = |£[*+[n|?, 0 < o, B < 2.
The metric is then defined by

(ho9)2(&,m) = [(I€1* + [nl®)/* log(1 + (Ie]* + Inl®)"*)] "*

For s > 0 it holds h(s) > hiow(s) with the Bernstein function hiow(s) := fiow(s?) := log(1 + ’—;—),
0 < v < 1. We use the metric

a B8 /2
(hiow ©%)"*(€,m) = (log (1+ ('5'—’;—'—"—'1)) , 0<y<l,

and consider the balls of radius R > 0 with respect to this metric, i.e.

B™¥(0,R) = {(z,y) €R™ xR™: (|¢|* + [n|®)"* log(L + (l€|* + n|®)"*) < R?}
o BYyY
c {(x, y) € R™ x R"™ : log (1 + Q’ﬂ—*—'ﬁ’—l—)—) < Rz} = Bhewo¥(Q, R)
2
= y)eRY xR |—— " | 4| Y ___ B<1
= (:c,y € : (26R2 — 2)1/0_' (2€R2 _ 2)1/‘97
= B¥(0, (2" - 2)").
This yields

(n) ¢ ghoy T y
ATBTRO,R) - < /Rnl /l;nz Xpy <(2eR2 — 2)Yev’ (2¢R* — 2)‘/ﬂv)dy dz

— (26R2 _ 2)n1/u7(26R2 _ 2)n2/ﬂ'v /R / XB;/) (& n)dndg
n1 JRn2

(2eR* — 2)@¥ 7 AM(B¥(0,1)).



A Some doubling constant computations 109

On the other hand we have h{s) < hyp(s) for 0 < s < 1 with hyp(s) 1= fup(sY) := log(1l + s7),
0 < v < 1. Then choose a radius r such that 0 < r < R and

B*¥(0,r) = {(z,y) € R™ x R™: ([€|* + [nl®)* log(1 + (I€]* + In}°)""?) < r?}

¢ {@w e R xR™ log(1 + (Is]* + yl")") <72} = BM¥(0,1)

B
<1}

o
T

(€ —1)7=

Y
+ 5 N
(er® —1)Yev

Ii

{(x,y) € RM x R™ ]

= B¥(0,(e” - 1)">).

Then by a change of variable,

A (Bhev (g, / / y dy da
( ") R JR™2 BY (er® — l)’/‘” (er® — 1)/ev yad

= (e - )T AM(BY(0,1))

and therefore the doubling

e 1 A+E
) A™(BR¥ (0, 7))

er’ —

A (BR¥(0, R)) < (2

for ¥(&,m) < 1

Example A.19. Let k be the Bernstein function k(s) := fY7(s”) = (s> log(1 + s7?))"/7, 0 <
l[v| < 1, and ¥ : R™ x R™ — R be given by ¥(£,n) = |€|* + |n]?, 0 < o, 8 < 2. The metric is then
defined by

/2y
(kow)2(€.m) = [(1€]° + Inl®)""* log(1 + (Ig]* + Inl®) ") ">
For s > 0 we have again k(s) > kiow(s) with the Bernstein function
1/y s Y
klow(s) := flo/w(.s") = (log (1 + -2—)) , O<v| <1,

We use the metric

L a BYY\\ Y2 ‘
(knowow)/’(ﬁ,n)=(log(lw‘ﬂé—l—zli)—)) . 0<yl <1,

and consider the balls of radius R > 0 given by

B*¥(0,R) = {(z,y) € R™ x R™ : ([€]* + nl®)"* log(1 + (|| + In|*)"*) < R*"}
a Byy
c {(z,y) € R™ x R™ : log (1 + L?M) < RZ’Y} — Bklowo’lll(o, R)

a
T

(2eR*T — 2)Y/an

¥
+ ’ (QCRM - 2}V

{(x,y) € R™ xR™:

B
<1

= BY(0, (2% - 2)V>).

With a change of variable this gives

(n) ko T Yy
A (B 0 R A"] ‘/an ( ZeRz-y 2)1/(111 (26H27 — 2)1/61)dyd7,'

= (2R —2)B+E AM(BY(0,1)).
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On the other hand we have k(s) < kyp(s) for 0 < s < 1 with
kup(s) := £l (s7) == (log(1 + s7))", 0 <yl < 1.
Then choose the radius r such that 0 < r < R such that

B*Y(0,r) = {(z,y) € R™ x R": (|¢|* + nI°)"* log(1 + (I¢]* + In|®)""?) < r*7}

N

{@v) eR™ xR™ :log(1 + (12l + ")) < r*'} = BFw=¥(0,1)

P
<1

«

Y
+ (eTZ'y _ l)l/ﬁ'Y

x
{(.'L', y) € R™ x R™ ‘(e'ﬂ‘r _ 1)1/rx'7

= BY(0, (" = 1)),

By a change of variable we obtain

(n)( ghoy z y ,
AT(BFY(0,r) 2 - /“2 XB;” ((e,.zv — 1)1/,,,7, (e — 1)1/;,.,)‘1:9 dzx

= (7 - )TN (BY(0,1)),

and therefore the doubling constant

e — 1

eRh—l ay T By
AP(B¥Y(0,R)) < | 2 —— A (BE¥(0, 7))

for 4 > 0 provided that ¥(€,n) <1

Example A.20. Let f be the Bernstein function f(s) = 1
1Y : R™ — R be the continuous negative definite function P(€

metric y
° 1/2 _ Z '§‘2+6 ] :
(7099 = Jiog ( )

and the ball B/°¥(0, R) of radius R with respect to this metric. We have to restrict ourselves to
0 < R < (log(7/s))"/?. Note that

og (
)

—i—) fory > > 0 and let
£|? with which we define the

2
v |z|2+6 2 .  06ef -3¢
1 - —_ — 3 @ = .
Thus,

B/°¥(0,R) = {r € R™ :log (% ::Il::i) < R2} = {xe R™: |—p(1§)1/2 2 <

and using the change of variable

T dz sef’ —§
= ———, d{= = d
¢ p(R)"/? : p(R)"/? <1 - % €R2> g

T
/ﬂ XB{!ow(fL‘)dx = </n;" XB;JJ (;)—(—R—)J;) dx

PR [ Xgy()ds = p(R)PA(BY(0,1),

1} = BY(0,p(R)"),

we get

A (BIev (0, R))

I
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Analogously, for the ball Bf°¥(0,r) with radius 0 < r < R we get
A(BI¥(0, 1)) = p(r)"/* A (B¥(0,1))

and hence

(n)(gfow p(R)\""? (n)(glov
p(r)
provided that the radii of the balls satisfy 0 < r < R < (log(7/6))"/?, where the doubling constant
is
o) _ (6e™ - 5)(1 - %eTZ) _(y=de)(1-eR)
pr) @ o) (1-2ef)  (y-dem)(i-em)’

Example A.21. Let f be the Bernstein function f(s) = log (% %), 7Y>6>0,9:R"xR™ - R

be the continuous negative definite function ¢(&,n) = |€|* + |n|? with which we define the metric

(7 09" (e.n) = 1og

i I£I°‘+|n|"+<s)]‘/*
§ [l +1nl? +~

We consider the metric ball Bf°¥(0, R) of radius R > 0 about the origin. Then, similarly to
Example A.19 use the equivalence

)

v |z|® + |y|f + 6 Sel —
1 (— I—ll——) <R & |m|"+|y|"<—ﬁ2—=p(1{)
Y

o fzle + |yl? + v 1

for 0 < R < (log 3)/2 to express B/°¥(0, R) as

Bfo‘ll)(o, R) = {(m,y) € R™ x R™ - I;(—%l—/: a

+ ’m%var < 1} = BY(0,p(R)").

Employing the change of variable

g 7 .y
T em7 T a(RyE

we obtain

,\(n)(Bfow(O’ R))

€T Y
/Rn, /m *5y (p<R)'/a’ p(R)'/ﬂ> dydz

R)™/= p(R)"/* gv(€,m) dnd
o) oBye [ [ Xgy(em)dn

= p(R)FTHFAM(BY(0,1)).
Analogously, for a ball with respect to (f o %)"/? of radius r with 0 < r < R we get
AW (B (0,r) = p(r) @ T # A (BY(0,1)),

which implies
a T

a0 r) = (BE) T Ao,

where the doubling constant %(;R% is as in Example A.20.
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Example A.22. Let h be the Bernstein function h(s) := f(s¢) = log (3 s<+ s.48) fory >4 >0 and
0 < ¢ < 1. Further, let i be the continuous negative definite function as given in Example A .21,
i.e. Y(€,n) = |€]* + |n|?, which we use to define the metric

v (€* + 17)S + a)} &
3 (el + mlP)S + v

Let B"¥(0, R) be the ball with respect to (h o 1)"? of radius R with 0 < R < (log })!/2 about
the origin. Note that

2 /<
v (=|*+ ylf)E + 6 2 o g[S -5 y
1 - <R & + < | — =: p(R)/¢.
(5 Gl P+ ) SR b PR

(how)”*(€n) = [log (

Then,

a

B
BRv(©, ) = {(@.y) € R x R <1} = B*(0.o(R)"*)

=l lm
PErr e

and by a change of variable

(n)( phovy ¥
AP (BRoV (0, R)) /R /R o s e

= "i/e¢ p(R)"/4¢ v(&,m)dnd
p(R)"™" p(R) /R"l /"2 X gy (§,m) dn d§

= p(R)FFRAM(BY(0,1))
and analogously, for a radius r with 0 < r < R we get
A (BR¥(0,7)) = p(r) st +5t A (BY(0,1)),

hence

452
) A (Bhe¥ (0, 7))

A5 0,R) = (48
with % as in Example A.20.

1/(
Example A.23. Let k be the Bernstein function k(s) := f/¢(s¢) = (log (3 & +_y)) for v >
0 >0and 0 < |{|] < 1and ¥ : R x R" — R be the continuous negative definite function
Y(E,m) = |€[* + [n|P. Then we define the distance

v (€= + [nl#) + a)] e
5 (€l + P ++

and consider the balls with respect to the metric of radius R about the origin, where we have to
restrict ourselves to 0 < R < (log })1/“. We have

2¢ 1/¢
v (el + |ylP)e + 6 2 §eR* — 5 .
log { 5 < R¥ z|* B ———— =: p(R, )Y
og (5 (zl> + [9P)s + 7) & =% + |yl 1= 2o (R, ¢)

(ko)) = [og

and hence

B¥¥(0,R) = {(z,y) €R™ xR™ : (ko¢)"*(z,y) < R}

T o3

p(R, Q)=

el <1} - oo

It

{(a:,y) eR™ x R™: ’
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By a change of variable

o = [ %o (g g s

p(R,¢)™ ¢ p(R, ()" / / X gy (€, m) dn d€
R™ n2

p(R, ()=t 5 A (BY(0,1))
and analogously, for a radius r with 0 < r < R,
A (BF¥(0,7)) = p(r, ) TE A (B¥(0, 1)) .

Hence
n

A0, R) = (%> Ao,

Rt

where , ,
PR _ (y—der)(1 - eR)
pr.) ~ (Y- R -e™)’

0<r<R<(log3)x.

Example A.24. Consider the Bernstein function f(s) = v/s + m? —m for m > 0 and the contin-
uous negative definite function ¥ : R® — R, ¥(€) = |€|?, with which we define the metric

fo)*(€) = (VIER +m? — m)"/2.
We consider the ball

Bf°¥(0, R)

{z € R™: /|z]2 + m2 — m < R?}

= {:cER”:

By a change of variable we obtain the volume

z
(R% + 2mR2) V-

2
< 1} = BY¥(0,(R*+2mR*)"?).

° xr
A0 = [ Yoy (G

Similarly, for balls of radius r with 0 <7 < R

) dz = (R + 2mR2)™* XM (B¥(0,1)).

A (BI¥(0,r)) = (r* + 2mr?)"2 AP (BY (0, 1)),

hence
R* + 2mR?

ABrov(0, ) = (L

n/a
) AM(BIY(0,7)).

Example A.25. Consider the Bernstein function f(s) = (s + m¥*)”? = m, 0 < @ < 1, m > 0,
and the continuous negative definite function ¢ : R* = R, ¥(&) = |€|2. Define the metric

(Fow)/2(6) = ((eP +m¥*)7 —m)"
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and consider the ball

B/°¥(0, R) {z € R™: (|z|2 + m¥*)"/* —m < R?}

= {zeR":|z]*+m"" < (R?+m)"*}

2
{:BERn: <1}

BY(0, (R? + m)"* — m™=)"?),

x
((R2 + m)¥~ — m?~)"/2

I

By a change of variable we obtain the Lebesgue volume

z

/n Xsy (((R2 +m)e — m2/°)l/2) dz

2™ (BIY(0, R))

(B +my = m¥) [ Xgy()de
= ((R24+m)7* —m¥)"2 A\ (B¥(0,1)).
Similarly, for any ball with radius r, 0 < r < R,
AM(BI¥(0,7)) = ((r? + m)¥= —m™=)"2 A" (BY(0, 1)),
which gives the general doubling constant

(R? + m)¥ — m*~
(r2 + m)¥= — m¥-

)\(n)(Bfow(O, R)) = ( )7 ,\(“)(Bf"w(o,r))

for balls with radii such that 0 < r < R.

Example A.26. We consider the Bernstein function f(s) = vVs+m2 —m for m > 0 and % :
R™ x R™2 = R, ¢(&,n) = [£[* + In|?, 0 < @, B < 2, and define the metric

(f o) 2(&m) = (Il + Inl8 +m? — m)¥*.

Then it holds for the balls of radius R > 0 with respect to this metric

{(z,y) € R™ x R™ : /|l + [yl# + m? —m < R?}

T
(R4 + 2mR2)Y-

B/°¥(0, R)

o3
x
* ‘ (Ri+ 2mR2) 75

B
= {(m,y)eR’“ x R™ : <1}
= BY¥(0,(R* + 2mR?)"?).
Employing a change of variable gives

(n)(gfov — z y
AT(BT 0, R)) /,R,q /an XBY((R4 +2mR?)7=" (R% + 2mR2)‘/ﬂ) ay dz

= (R oyt omm)y [ [ ) dnde

= (R'+2mR2)%+F AV (BY(0,1)).
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Analogously,

A (Bf¥(0, R)) = (

AM(BI¥(0, 7)) = (r* + 2mr?) 5+ F AM(BY(0,1))
for 0 < r < R, which implies

R+ 2mR?\ < *#
4 + 2mr? )

A (BFoY(0, 7)) .

Example A.27. We consider the Bernstein function A(s) := f(s?) = Vs* + m2 ~m for m 2 0,
0 <+v<1,andlet ¢ : R*™ x R* — R be the continuous negative definite function ¥(£,7) =
1€1% + 0|8, 0 < @, B < 2, with which we define the metric

B™¥(0, R)

(hop) V&, = (/2 + )7+ m2 —m) "

Then for the metric ball of radius R > 0 with respect to this metric we get

{(2.9) €R™ xR™ ([l + [ylf) + m? - m < R?)

x

o

x

Y ER™ X R™ ;
{l y € X ‘(RLl +2mR2)1/""

B¥(0, (R* + 2mR?)"/*"),

and therefore by a change of variable

AM(BR¥(0,R)) = /R /R XBI”((R4 +2

(R* + 2mR%)™/>¥(R* + 2mR?)"¥/#"

Analogously,

A

z

"

¥

(RT+ 2mR2)/s

1l

mR?)‘/a'y’ (R4 + 2mR2)1/B‘v

R7™3

(R* + 2mR2) =3+ 55 A("(B¥(0,1)).

AP (BRY(0,7)) = (r* + 2mr®) 335 A (BY(0, 1))
for a ball of radius r, such that 0 < r < R. Hence we get the volume doubling

R* 4+ 2mR?

™(B"¥(0, R)) = ( rd ¥ 2mr?

B
) A (BRe¥(0, 7)),

B
<1

) dydzx

/" X gy (§:m) dndE

Example A.28. Let k be the Bernstein function k(s) := fY7(s?) = (V57 + m?2 — m)/" for
m 20,0 < |y| < 1, and ¥ be the continuous negative definite function on R™ x R™* given by
W(€,n) = |€]* + |n}?, 0 < @, B < 2. We define the metric

and note that

B**¥(0, R)

Il

(ko w)72(6,m) = (/ (il + Inl#)7 + m?2 — m)’m

{(@.9) € R™ x R™ i \[(Jalo + [y}2)7 + m? - m < 27}

z

z

{.’Esye R™ x R™2 ; (R47+2mR27)1/“”

BY(0, (R* + 2mR?")Y/»),

«
Jr’(R‘l‘r-w

mR2‘y)‘/ﬁ7

B
<1}
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By the change of variable ¢ := z(R* + 2mR?")~"=" and n := y(R* + 2mR?7)~"/#7 we obtain

(n) ( pkoy — ] z Y
A(BTE(0, R)) /R,‘, /ﬂm XB}”((RM + 2mR2)Ya’ (R% + szzv)l/m) dy dz

= (RY + 2mR¥)"/*7(RYY 4 2mR?Y)"*/# A /R X g (& n) dndg
1 "2

"

= (RY + 2mR»)~ 55 A (BY(0,1)).
Analogously, for balls of radius r with 0 < r < R we get
AT (BROY(0,7)) = (147 + 2ma?7) 535S A (BY (0, 1))

and therefore the volume doubling

RY" 4 2mR2'7> o+

)‘(n)(Bkmb(o’ R)) = (W )‘(n)(Bkw(O,T))

forO<r<R.

Example A.29. Let f be the Bernstein function f(s) = - j,y for 4 > 0 and the continuous negative

definite function 1 : R — R be given by %(¢) = |£|%. Then we consider the metric

VN O A
(row™(©) = (= )

and the ball of radius R with 0 < R < 1 centred at the origin,

{x €R™: i < Rz}
=2+~

= {zeR":(1-RY)|z|* <yR?}

. 1/2
n. »yRZ —1/22 _ " 7R2
{xGR Ir( ) <1}—B 0, 12 .
It follows by change of variable

1- R?
AW (BI¥(0, B)) = / Xpy (1_(_1%)"/’) dz

B/°¥(0, R)

I
—
2
o]
]
~—
~
~N
>
3
~~
o
<
—~
(=)
—
~—
N

and analogously

2 n/g
n o ’)’T n
X (BI¥(0,r) = ({2=)  A™(BY(0,1)

for a radius r with 0 < » < R < 1. This implies

(EL=E) " asrov(0,m)

)\(n)(Bfow (0, R)) po Ty

(5) (1=5) @0,

1__,'_2 )11/2

where the doubling constant (f—)n iR > 1.



A Some doubling constant computations 117

Example A.30. Consider the Bernstein function f(s) = s+'y for v+ > 0 and the continuous
negative definite function ¢ : R™ x R™ — R with n; 4+ ny = n given by ¥(€) = |€]* + |n|?, where
0 < a, 8 < 2. Use these functions to define the metric

€| + [n]? )‘“
e+ mP+y)

and the balls B/°¥(0, R) of radius 0 < R < 1 with respect to this metric. For these we get the
equality

(f o) (€, m) = (

*+yP
BI°¥(0,R) = ,y) € R™M ><1R"2:—|“‘1'—<R2
©n) = {@y e <P

= {(z,y) €R™ xR™: (1~ R?) (|2|* + |y|*) < v R?}

B
z <1}

PCNTRE

{(I,y)GR"‘ XRM:’ : ' Y

p(y, R)/

= B¥(0,0(v, R)"").

with p(y, R) = 1—7_%;. Then we get for their n-dimensional Lebesgue volume

AW(BIY (0, R)) = / / y dy dz
( ( ) R™1 JR™2 P(’Y»R)l/" P(%R)l/‘i) v

= p(v R)FHEAM(BY(0,1))

and analogously for the balls of radius r with 0 < r < R < 1,
A(BI(0,1)) = plv, ) #+F A (B¥(0, 1))

leading to the volume doubling

of2

+F

AR (Bfow(o, R)) ) ,\(n)(Bfow (0,7))

]

(p(% R)
p(r,T)

- (7) (%ﬁz)(f =) e on).

Example A.31. Now we consider the Bernstein function h(s) := f(s%) = ;;% for v > 0 and
0 < 4 < 1, composed with the continuous negative definite function ¥ : R™ x R" — R, ¥(£,7n) =
1€]* + [n|?, 0 < @, B < 2, which gives the metric

/2
(el + )8\’
how)sem = (et )
(how) 6 = e+ Py v
Then it holds for the open balls of radius 0 < R < 1 in this metric that

a ﬁ)a
Bho’w 0, R = x, = Rnl X Rﬂz . (le + |y| < R2
OB = {@v s <X

{(z.y) e R™ xR™ : (1 - R?) (|2 + |y)°)’ < v R?}

B8
<1}

€T «@

p(y, R)Y/=¢

y
* ‘ p(y, R)Y#s

= {(r,y) € R™ x R™ : I

B¥(0, p(v, R)'/*),



118 A Some doubling constant computations

where p(v, R) is the same constant independent of  and y as in Example A.30. Then it follows
for the Lebesgue volume

A (B (0, R))

It

y
dy dx
oo oo o2 o s i)
= p(v, R A (BY(0,1))

and analogously for the balls of radius r with 0 < r < R < 1,
Am(BEV (0,7)) = p(y,7) =+ F A (BY(0,1)).

This yields the volume doubling for the Lebesgue measure

- (g)z(%“%%) (11__;22)%+%%A‘"’(Bh°’”(o, )

in the metric measure space (R™, (h o )"/2, A\(®),

Example A.32. Consider the Bernstein function k(s) := f7/%(s%) = (;;%)1/6 for v > 0 and

0 < |8] < 1, composed with the continuous negative definite function ¥ : R™ x R™ — R,
Y(&,n) = €]* + [n]|?, where 0 < a, f < 2, which gives the metric

oiiage (€ + 0P\
o en = (Eesmirey)

Then it holds for the open balls of radius 0 < R < 1 with respect to this metric that

a /3)5
pkov _ R™ x R™ : _M___ R?
(07 R) {(I:y) € x (l_,L-[a + Iylﬁ)é +9 < }

= {(z,y) €R™ xR™: (1~ R?)(lz* + |y|°)® < v R?}

{(x,y)eRme”Z:‘ z : \ Y ﬁ<1}
p(7,6, R)!/=¢ p(v, 6, R)/#s
= B¥(0,p(v,6, R)/*),
where p(v,d, R) = T‘Y-L;:T' Then we get for the n-dimensional volume of the balls,
AR (Bro¥ (0, R)) = / / . dyd:
( (0, R)) zm1 Jrma l)(’Y 5 R)I/QJ p(v, 8, R)l/ﬂ&) yax

= p(v,6, R)H*5E A (BY(0,1))
and analogously for the balls of radius r with 0 < r < R < 1,
A (BR¥(0,r)) = p(y,6,r) =5+ 58 A (BY(0,1)),

that leads to the volume doubling

5

n 3
..}4._1

p(7761R) e (n)( pkoy r
(M%&T)) NEEEEO)

A (Bk¥(0, R))

2(2+%32) 1
- (5) (

T

5o
m) A(n (B’“’w(O T))

in the metric measure space (R™, (k 0 9)"2, A("),
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Example A.33. Consider the Bernstein function f(s) = % - % = m, v > 0,'a.nd the
continuous negative definite function ¥ (€) = |£|?, € € R™. This gives the metric

vare 12\
(fow)/(é)_(v(WHEP)) '

Then for the balls Bf°¥(0, R) of radius 0 < R < % in this metric we get

B/°¥(0,R)

Il

|5‘U|2 2
{ Y(y + |z?) }

{z €eR™: (1 - R%)|z|* < +? R?}

T
p(v, R)'/?

{x € R™: ‘ : < 1} = BY¥(0,p(,R)"?),

where p(y, R) = 1—13—2}322—7, implying by a change of variable

ABIVO,R) = [ Xy (5] de = o0, RPN (BU0,1)).

Analogously, for balls of radius r such that 0 < r < R < %

A(BIe¥(0,7)) = p(v,7)*A™(B¥(0,1))

and therefore

A (B/°¥(0, R))

|
~—
3=
=
=

3
i ) ,\(n)(BfOVJ (0, ,,.))

(2 (t=5) oo

1— R2y

I

whenever the radii satisfy 0 < r < R < %

-1 _

Example A.34. We consider the Bernstein function f(s) = % = = m, v > 0, and the
continuous negative definite function ¥ : R™ xR™ — R given by ¥(£,1) = [£|*+[n]?, 0 < a, B < 2.
This gives the metric

Il + |n]® )‘/2
(v + [€]* + |n]#)

Then for balls B/°¥(0, R) of radius 0 < R < % in this metric we get

(f 0 9)(Em) = (

* 4 |y
BfY(0,R) = {(z,y) e R™ x R"?: i < R?
0.8) = {@ e <R

= {(=y) €R™ xR™: (1 - R*) (l2* + y}*) < v* R*}

€T @

: y
p(v, R)Y=

5
+‘p(“r.ﬁ’:)1/”l < 1}

{(rx;,y) € R™ x R™ . l

= B¥(0,p(v,R)"*),
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where p(v, R) is the same as in Example A.32. By a change of variable this implies

A (BIY(0,R)) = / / Y _)dyd
( ( )) R~ JRn2 p(’)’ R)l/,, (,Y,R)l/‘,) yaxr

= plnR)FHEAN(BY(0,1)).
Analogously, for balls B/°¥(0,r) of radius r that satisfies 0 < 7 < R < \/_ we have

AM(BIY(0, 7)) = ply,7) = HEAM(BY(0,1)),

and therefore

P, R\
A (Bfov(g R)) = <,~._’__) A plev(g
(B/°¥(0, R)) 2. 7) (B7°¥(0,7))
2(BH2R) /oy 2 BHF
- (R 1-ry AM (BT (0, r))
T 1— R2y
whenever the radii satisfy 0 < r < R < 71?
Example A.35. Consider the Bernstein function h(s) 1= f(s°) = 3 - =}y = m, v > 0,

0 < § < 1, and the continuous negative definite function % : R™ x R™2 — R given by %(§,7n) =
|€]* + 7|8, 0 < @, B < 2. This gives the metric

vare oy = (€l +mPP
(ho e = (3 (7+(!€I°‘+Inl")‘)) |

Then for the balls B*¥(0, R) of radius 0 < R < \/_ with respect to this metric we obtain

(2l + Jyl?)® )
T e L <R

{(z,y) €R™ x R™ : (1 - R?y) (|2* + |9/*)’ < +* R?}

ﬂ<1}

Bh¥(0,R) = {(x,y)eR"' x R™ :

T
o0, B

{(x, y) ER™ x R™2: ‘

[«3 + y
’ p(v, R)V/#s

I

B¥(0,p(v, R)"*),
where p(7, R) is the same constant as in Example A.33. This implies by a change of variable that

(n) ; phovy - Y
A (B (0, R)) /]R"l ./an p('Y R) Yas! (’7» R)l/‘” ) dy dz

p(y, R)= 5 XM (BY(0,1)).

Analogously, for balls Bf°¥(0,) of radius r such that 0 < r < R < % we have

(B (0,7)) = ply,r) = FFAM (B0, 1)),

which implies
1422

o R\ =07 P 0
A (BhY(0, R)) = (’;((YY T))) A (BR¥ (0, 7))
n n Ii‘L 2__2
r 1 - R2y ’

. . 1
for radii that satisfy 0 <7 < R < Wk
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Example A.36. Consider the Bernstein function k(s) := f'/%(s%) = (% - ﬁ;)w = (Tf;;zj)l/ﬁ,

v >0, 0 < |§] < 1, and the continuous negative definite function ¢ : R™ x R™ — R given by
»(€,n) = |€|* + |n|?, 0 < o, B < 2. This gives the metric

TN G (diakeal ] A N
enen = (7 e )

Then for the balls B*¥(0, R) of radius 0 < R < (%)‘/“ in this metric we obtain

B*¥(0, R)

Il

oy R™2 . (‘mla + |y|ﬁ)¢5 \ 24
o) € R xR e < 7

{(@,v) €R™ xR™ : (1 - vR¥) (jal* + [y)°)° < +* B}

B
<1}

T «@

(7,0, R)=*

Yy
* ‘p(%é, R)'/#s

Il

z,y) € R™ x R™2 ;
{@w) ,

= BY¥(0,p(v,6,R)"*),

where p(v,4d, R) = 17—25: , implying that

z Y
X , - dyd
A“l /]R"Z B;b (P(7| 5’ R)l/{.a p('yv 0, }?')]/ﬁ's ) ver

= p(y.6, R)SHFEAM(BY(0,1)).

XM (B*¥ (0, R))

Analogously, for balls of radius r with 0 <7 < R < (%)1/26,
A (B (0,1r)) = p(v,6,) S+ AM(BY(0,1)),

which leads to the volume doubling

243
A0 R) = (ARSI A gk, )
R 2(%+72) 1 — yr2s s +at D
- (& (52=)" " Ao

forradii0<r < R< (%)1/”.

Example A.37. Consider the Bernstein function f(s) = 1/5(1 — e~*V?) and the continuous
negative definite function ¥(€) = |€]?, € € R™. This gives the metric

1
(f ow)2(€) = (1€] (1 — e~41€))"".
Note that for s > 0
f8)=vVs(1—e™%) > 1 - e = fiou(s),
where s = fiow(s) is again a Bernstein function and thus (fiow © 1/))1/’ a metric. Then for a radius
R that satisfiess 0 < R < 1,

Bf°Y(0,R) = {zeR":|z|(1-e*1) < R?)
C {zeR":1-e2 < B2} = Bhwo¥(g, R)

x
' ‘(% log(1 - R2))1/2

{x €R" ]2 < 1} = BY(0,(2 log(1 — R%))"?).



122 A Some doubling constant computations

By a change of variable we obtain the volume estimate

NBHOR) = [ Xopu)dr < [ Xy z
( (0, R)) ) piov(z) dz . BY((% 10g(1_}22))1/2)dx

(% log(1 — Rz)) EAm(BY(0,1)).

On the other hand, for 0 < s < 1
f(s) = VE(L-e™®) <1—e™" = fup(s)

with the Bernstein function s — fup(s) giving the metric (fup o ¥)/?. Now choose the radius r
with 0 < r < R < 1 such that (f o 9)/*(z) < (fup o %)"/*(z) < r, then it follows

B/°¥(0,r) {z e R™: |z] (1 - e~*1oly < +2}
D {zeR":1- eIl < r?} = Blwo¥(0,r)

T
& og( - )72

{z ER": f < 1} = BY(0, (L log(1 — r2))"?).

Then we get a lower estimate of the Lebesgue volume

x

(3 log(1 - r2))% AM(BY(0,1)).

A (BI¥(0, 7))

Hence, the two estimates give the volume doubling

log(1 — R?)

log(1 — r2) ) NPBIY0n)

A (BFo¥ (0, R)) < 27 (

provided ¥(§) < land 0 < r < R < 1.

Example A.38. Consider now the Bernstein function f(s) = /5(1 — e~4V?) and the continuous
negative definite function 1 : R™ x R"2 — R given by ¥(€,1) = [€|* + [n]? with 0 < o, 8 < 2.
Using this we define the metric

. e /2
(F o) 72(&m) = (y/l€l> + Inl? (1 — e~ VIEITHI7) )

We use the Bernstein functions fiow(s) and fyp(s) from Example A.37 to determine a volume
doubling constant. We consider the balls of radius 0 < R < 1,

{(z,y) e R™ x R™ : \/[g]e + [n|8 (1 — e~4 VEIT+IIT) < p2}
{(z,y) € R™ x R™ : 1 — ¢ 2(=1"+W") < g2} — Bhiewov (g, R)

* [ <1}

B/°¥(0, R)

N

T @

: ‘(% log(1 — R2))'/=

{@y) eR™ xR™

B¥(0, (3 log(1 — R?))"*).
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Then, by a change of variables,

A™)(B/°¥ (0, R)) / / z y o
( ( n JRm2 (2 3 log(1 ~ R2))V/a’ (é log(1 - R2))1/B) yazx

ny
=7

- (5 1og<1—ffz>) A™M(B¥(0,1)).

Similarly, using the Bernstein function fyp(s), 0 < s < 1, from Example A.37 we obtain for the
balls of radius r with respect to (fup o ¥)"?, such that 0 < 7 < R < 1 and (f o ¥)"*(z) <

(fup© ¢)l/2(9’) <r,
BIY(0,r) = {(z,y) € R™ x R™ :y/[g|* + |8 (1 — e~ VIEIT+NITy < 12}

{(z.y) eR™ xR™ : 1 - e~ (=" Hl") < 2} = Bhewev (1)

U

’ T
(X log(1 - r2))1/=

{(z,y) € R™ x R™:

a1

I

BY(0, (4 log(1 - 12))/).

By a change of variables it follows

A pfev(q, > / z y i d
( (0] R™1 JR"2 (3 7 log(1 —r2))i/e’ (1 log(l _7~2)>1/ﬁ> yazr

+22
+F

= (1080~ ) A (B¥(0,1)).

The two estimales then give the volume doubling
42
nymg flog(l— RH\="7
(m)(pfov(p R)) g 2B+ F (BL 1) A (BIov(q,
A (0, R)) g Tog (T =9 ( (0,7))

provided that ¥(¢,7) <land0<r < R< 1.

Example A.39. We take the Bernstein function h(s) := f(s®) = V/s? (1 — e““‘/“‘_ﬁ) for0<d<1
and the continuous negative definite function ¥(€,7) = [¢]*+|n|®, where 0 < o, 8 < 2. We consider
the open balls with respect to the metric

(how)V#(€,m) = ((€l” + Inl) (1 e~ 0" +n72))

and determine a volume doubling constant using the Bernstein functions hiow(s) 1= fiow(s’) =
1-e 2" and hup(8) == fup(s?) =1 — e=43* which have the property Riow(s) < h(s) < hup(s)
provided that 0 < s < 1. For a radius R that satisfies 0 < R < 1 we study

B"°”’(0, R) {(:I:, y) e R™ x R™ : (I‘Sla + Inlﬂ)6/2 (1 _ 6—4(|E|"+|77|‘9)‘/2) < R2}

{(@,y) € R™ x R™ : 1 — ¢ 2(=1"+I")* < g2} — Bhiowev (o R)

z a Y B ]
(3 log(l—RZ))l/W)‘ +|(% log(l—Rz))l/(ﬁo')‘ < }

N

il

{(z, y) ER™ x R™ :

= B0, (4 log(1 - R2))”*).
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By a change of variables we obtain

)\(n) Bhow O,R < / / X v r y Y dyd
E0R) < [ Lo o (Tiogn v (est— e 4

e
_ be-ﬁg‘“MWany

Similarly, using the Bernstein function hyp(s), 0 < s < 1, we obtain for the balls of radius r with
respect to (hup © %) such that 0 < 7 < R < 1 and (ho9)"/? < (hyp 0 9)"/? < 7, that

B*Y(0,r) = {(z,y) € R™ x R™ : (|g|* + [n[f)%/2 (1 — =+ U817 +I")*/%y 12}
> {(z,y) €R™ x R™ : 1 — =4 (el™+WI*)’ 42} — Bhuwov(g )

o y 5
| ’L‘(% log(l—-v'?))l/(ﬁé)‘ <1}

xr
(I log(1 - r2))1/(@®)

{(z,y) €R™ x R™ :

= BY(0,(L log(1 ~ %)),

By a change of variable it follows

AM (Bhov (0. S / X T , Yy dyd.
B0 > [ fe ot (g e Tioga = myrem)

= (5 toste - r2>)%*+%* AW (BY(0,1).

The two estimates above them give the volume doubling
n g [(log(l — R2)\ = #
/\(n) Bhow O,R < 2% +—§ )\(n) Bhow 7
( (0, R)) Tog(1 =79 ( (0,7))

provided that ¥(§,7) < land 0 < r < R < 1.

Example A.40. Take the Bernstein function k(s) := f7°(s) = (Vs (1 - 6—4\/‘5_6))1/6 for 0 <
|6 < 1 and the continuous negative definite function % (€,7n) = |€|* + [n|?, where 0 < o, 8 < 2. We
consider balls of radii r and R satisfying 0 < r < R < 1 with respect to the metric

(ko )72(€m) = ((J61° + nlf)9/2 (1 = e=aCemi*r2)) 7

1- 6—2‘96) /e

and determine a volume doubling constant using the Bernstein functions kjow (s) := (
and kyp(s) == (1 - <a““"5)1/'s having the property that kiow(s) < k(s) < kyp(s) provided that
0 < s < 1. For a radius R that satisfies 0 < R < 1 we study

B*¥(0, R)

{(z,y) €R™ x R™ : (|¢]* + [n|P)¥/? (1 — e~ 4 (&I +n1")*"?)  p20}

{(z,y) €R™ xR™: 1 - e 20z°+lul")? R¥} = Bhew°¥(0, R)

N

24 + ‘ y i
(3 log(1 — R2))7*

B
<1}

X
,y) € R™ x R™2 ;
{0 (3 log(1— %))

BY(0, (§ log(1 ~ B%))"™).
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By a change of variable we obtain

)\(n) Bko’(/) O,R < / / Xy z _ Y dy d
( (0,R)) 21 Jrm B;"((% log(1 — R24))1/(ad)’ (% log(1 — RZJ))I/(BJ)) yaz

™ n
_Jﬁ+_2

= (% log(1 - R25)> e

A™(B¥(0,1)).

Similarly, using the Bernstein function kyp(s), 0 < s < 1, we obtain for the balls of radius r with
respect to (kup ©%)"/? such that 0 < 7 < R < 1 and (ko )"/ < (kyp 0 %)"/? < r, that

B*¥(0,7)

{(z,y) € R™ x R™ : ([¢]* + |n]#)¥/? (1 — =2 (€1 + )%y 26}

N

{(@,y) eR™M x R™ : 1 — ¢4 ="+ W) < 120} — BRuwov(q r)

xr o

(T Tog(1 - r20)) 2

{(a:,y) € R™ x R™

B
I een | <

B¥(0, (4 log(1 — 12))/2).

By a change of variable it follows

/\(Tl) Bk0¢' 0,7" ) > / / X = 1 Y dyd.l‘
( ©.r) R™1 JR2 BT((% log(1 - r28))=7 (1 log(1 - 7.26))£x)

nln
TR

A (BY(0,1)).

= (211- log(1 - %))

These two estimates finally yield the volume doubling

|

=+
log(l - R26)> A(n)(Bkow(O, T'))

(n)( gkow H+z
AMM(B*¥(0,R)) € 25477 (log(l_rzo‘)

provided that ¥(§,7) <1land0<r < R< 1.
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B Jump intensities and transition func-
tion estimates

B.1 Estimates for the Cauchy process

Let f be the Bernstein function f(z) = 2%, 0 < a < 1, with the integral representation

flz)= F(_a_ /°°(1 —e %) s 1 gs.

1—a) Jot

Then it follows for the continuous negative definite function & — f(]€|?) that

gl = ( - ) T ey st g
I'l -« o+
« o0 i _ Sl —a-1
= (1 —e W& (4ms) ™ 2e™ 5 dy s~ 1ds
Il-a) /o+ R"
) b 2
= I‘(l—a_)/ (1 —e"y'f)/ (4#.9)_"/26'17‘?s“”"ldsdy.
- n 0+

2
using the Fourier transform of (41rs)‘”/2e’b1"? being equal to e~%lé1*. Therefore, v(€) = [(€]?)
has the form ¥(€) = [fg. (1 — e~ 4) m(|y}?) dy with

oo ar(n
1“(1a @) (ams) 2 B2 _ 2Lz Ra) L
- 0+

and hence the symmetric kernel J is given by

sotl 7 prap(1—a) |yjpt2e”

m(jy*) =

_ a4l +a) 1
© 2an/2T(1 — q) |z — y|rt2e

1
J(@,9) = 5 mllz - yP)
As we are especially interested in the case a = %, the kernel used for the computations reads as

riz+1) 1

J(xyy) = 271-”/21_‘(%) IZ — y|n+1 .

In order to compute J(x,y) and the heat kernel estimate for p;(z, y) according to [13] we need the
volume of the open ball with respect to the metric . Note that due to translation invariance we
have the equality

AM(BY (y,4"*(z - y))) = A™(B¥(0, R))

when setting y = 0 and "/?(z) = R. Hence, the two-sided estimate (1.8) in [13] and also the
uniform volume doubling assumption (1.7) are satisfied in our case. More precisely, we are able to
reduce the computation of the volume of B¥ to that of the unit ball centred at the origin in the
Euclidean space by

n/2 n/2

[ R

AM(BY(0,R)) = R7°A™(BI(0,1)) = RY* — ——
(BY(0,R)) (B'1(0,1) FETT

r(z+1)
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with the Bernstein function f(z) = x. Using this we determine the function ¢ (see p. 280 in [13])
as

C1
AW(BY(y, 9z — ) J (z,9)
2¢1 (2 + 1)T(1 — @) |z — y|(n+2e)/2
ado (3 +a) (f~ o 9)"2(z — y)
a |13 _ y|n+2a

ki (f~1oy)/2(z —y)

¢ (z - y))

with
ad*T(3 + )

TTE+)I(l-a)’

K1

Note that with |z — y| = (/=Y o ¥)"/?(z — y) we can rewrite this as

c1
K1 |z — y|?>

s (z - y)) =

and solve
Cl (f_l(l))("+2°)/2

w1 (f7H(1))™/2

with respect to ¢; which gives the normalising constant ¢; = sy [f~2(1)]~%, which ensures that ¢
satisfies the conditions ¢(0) = 0 and ¢(1) = 1.

1=¢(1) =

In order to visualise the estimate

1 t
Pl@,y) <O (Aw(Bw(z, 510N " 3B (e 9 2 (e — 1)) $ P y))) (B.1)

with C > 1 as provided in [13], p. 282, we restrict ourselves to a = %, i.e. p is the transition
function

pe(z,u) =T I'—'«l—i : .
2 2/ m(lz-yl2+ tz)(n+1)/2

Using the definition of J note that

t _td(z,y)
AR(BY(y, 92 (z — y)) (b2 (x —y)) o

hence we arrive at (B.1) having the form

p:(x,y)SC( ! /\tJ(x’y)) .

A (BY(z, ¢=1(2))) e

Now it is possible to determine the constant C' > 1 such that the inequality holds pointwise for all
z,y€R" and t > 0.

B.2 Estimates for the relativistic symmetric stable process

Let f be the Bernstein function f(x) = (z + m?)"/? — m, m > 0, with the integral representation

— 1 oo —szxy ,—sm? -3
f(z)—QF(%)/(;Jr(I—e Je sT2ds.
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Then the continuous negative definite function ¥, (€) in (3.17) is of the form & — f(|€|?) for which
we can derive its integral form as

1 _ —sm? -3
") (5) — (1 s|£l ) sm® ¢ /2 ds
2 2I‘(%)
2
= “WE) (4ms) " e *smzdys‘a/’ds
oy /0+ Ju e

92
= 21“(5)/ (1) . " dms) e B oot = gs gy

by using the inverse Fourier transform of e=*1¢°. Thus, 1,(€) can be expressed in the integral form
P2(€) = [z (1 — eV ) m(ly|?) dy with

1 e . 2
m(lylz) = A (4’"8)" /2 e-l%sL e—sm2 s ds

wt1 _a wp1 K nil (m|yl)
mer —
ly| ™=

This implies for the symmetric kernel
wpr e Kop(mlz — )

Tmr —

lz—y|™

For the computation of the estimate for the transition function we need the volume of the ball
B¥(y,%"?(z — y)) with respect to the metric ¥/ centred at the point y € R, with fixed radius

¥'/?(z — y). Again, due to translation invariance of the metric we may shift the ball to the origin
and set 1"?(z) = R. Then it follows

Jz,y) = 5 mlle — o) = 5 (2n)"

/2
rg+1’

where f is the Bernstein function given above. For the doubling constant computation, see Example
A.24 in Appendix A. We determine the function ¢ as

$(¥'*(z - y))

,\(n)(Bw(O’ R)) — ((32 +m)2 _ m2)"/2 ,\(”)(BH(O, 1)) — (f—l(Rz))"h

c2
A (BY(y, %'/ (z - y))) J(z,y)

(B.2)
c2 |z -yl

sz (S (W (z - y))*(x - y) Koga (m |z - y)

where k7 is given by

ntl
m 2

7l'
F(3+1) 22+ /arE+1)

At this point we choose ¢z such that ¢(1) = 1. Note that |x| = f~(1(x))"/?, which we use to solve

ntl

of71(1)T
fHye Kap (mf- 1(1)'/2)

[SE

N =

1=¢(1) =

with respect to ¢;. This yields

wp (m 1))
as the normalising constant. However, the function ¢ as determined in (B.2) does not satisfy
¢(0) = 0, but, limt_.,0+ (b(t) =0.

co =Ko f7
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