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In this paper, we present a comprehensive analytical model of Tm able to take into account direct cross-relaxation 
process. We show that by using an appropriate set of parameters the model is able to properly fit the first part of the 
fluorescence decay of Tm-doped tellurite glasses for different dopant concentration values. We also compare the 
model with a full numerical model to investigate its limitations. We assess the model is a valid tool to fit fluorescence 
properties but for predicting population inversion is limited to doping level up to about 1%. In case of higher doping 
the reverse cross-relaxation process becomes significant,.  
.  
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1. Introduction 

Thulium’s (Tm3+) wide emission spectrum plays a vital role in numerous 
infrared laser applications, including precision cutting, the surgical removal of 
body tissues, and sensing [1-5]. Furthermore, Tm3+ is characterized by the 
cross-relaxation process (3H4, 3H6→3F4, 3F4), which involves the promotion of 
two ions into the laser’s upper level with a single pump photon, making it a 
very efficient laser system. Although the consequence of this cross-relaxation 
process is the enhancement of pumping quantum efficiency, along with lasing 
at 1.8 µm, almost all laser simulations neglect to take into consideration, or 
alternatively, neglect to take direct measurements of the reverse cross-
relaxation process (3F4,3F4→3H6,3H4), which is noteworthy since it reduces the 
efficacy of cross-relaxation process [6, 7]. 

Several glass host materials have been use, among them we include 
tellurite, silica, germanate, and fluoride glasses [8-12]. Tellurite glasses, 
amongst of all the oxide glasses, have lower photon energies (approximately 
750 cm-1), and they also provide high rare earth ion solubility. Independently 
from the type of glass, the design process which underpins the development of 
lasers depends on precision modeling, along with the comparative 
examination of various doping levels [13, 14]. Despite the abundant evidences 
relating to lifetimes and cross-sections, the parameters associated with ion-ion 
interactions (i.e., cross-relaxation and the reverse transfer process) [6, 13-17] 
are more difficult to obtain or cannot be identified in a straightforward 
manner. For this reason in previous paper we carefully study a set of Tm-
doped glass samples [15] with doping level ranging from 0.36 mol% to 10% 
mol (corresponding to doping levels ranging from 0.82 to 22*1020 ion/cm-3) 
[6], and calculate the direct [6] and, recently, the reverse cross-relaxation 
parameters [18] with the results of being able to fit the whole set of samples 
and to show the impact on pumping efficiency [18]. While numerical 
modelling is a powerful approach, analytic modelling may lead to better 
understanding of the system and allow for find for example, intensity noise 
suppression guidelines allowing effective circuit design or modelling of 
chaotic behaviour, as done for Er-doped systems [19, 20]. For this reason in 
this paper, we present a new analytical model able for the first time, to the 
best of our knowledge, to consider the direct cross relaxation process. To 
evaluate the validity of this model we compare it with a set of experimental 
data and a full numerical model, including the reverse cross-relaxation process 
[18]. We show that our analytical model is able to fit the first part of the 
fluorescence decay signal but, as expected, fails when the reverse cross-

relaxation process becomes important. We quantify the discrepancy with 
comparison with the full numerical model we assess the analytic approach is a 
valid tool in case of limited doping level.  

2. Theoretical modelling 

The energy levels scheme and the transitions used in the model are 
depicted in Fig. 1 [14, 21]. 

 
Fig. 1: Energy level scheme and transitions of thulium considered for the 

analytical model 

Fig.1 shows the lowest four energy manifolds of the Tm3+ ion. In the 
figure, the laser transition, the pump transition, and direct and reverse cross 
relaxation processes are indicated, together with spontaneous decay paths. The 
corresponding set of rate equations is: 
 dN4

dt
= W14N1 −W41N4 −

N4
τ4
− P41N4N1                             (1) 

 dN3
dt
= − N3

τ3
+

β43N4
τ4

                                                    (2) 

 dN2
dt
= 2P41N4N1 −

N2
τ2
+

β42N4
τ4

+
β32N3
τ3

                                      (3) 
!"!
!"
=  W!"N! +W!"N! − P!"N!N! +

!!
!!
+ !!"!!

!!
+ !!"!!

!!
                     (4) 

where N1 ,N2 ,N3 and N4 are the population of the energy levels 3H6 
(ground level), 3F4 (upper laser level), 3H5 and 3H4 (pump level),  respectively; 
W14 ,W41 ,  are  the pump rates, τ! is the lifetime of the i-level, and β!" are 
branch ratios from the i- to j-level [15]. The coefficients P!"  describe the 
energy transfer processes: P41 (3H4, 3H6→3F4, 3F4) is the cross relaxation 
constant, which is proportional to doping level [15] The above set of equation 



is similar to the one used in Ref.	 [18], without the reverse cross-relaxation 
phenomenon (3F4,3F4→3H6,3H4) taken into account, we will assess its impact 
in section 4. 

Through solving the rate equations at steady state, we calculate the 
population values for each level mathematically as follow: 

In eq. (1) we set	𝐴! =
!

!!
,𝐴! =

!

!!
,𝐴!" =

!!"
!!
,𝐴!" =

!!"
!!
, and 𝐴!" =

!!"
!!
	

We rewrite eq.1 as 

−𝑁! 𝑊!" + 𝐴! + 𝑃!"𝑁! +𝑊!"𝑁! = 0	

This	gives	

𝑁! =
!!"!!

!!"!!!!!!"!!
                                                                                           (5) 

 

From	eq.	(2)	we	then	get		

𝑁! =
!!!"!!

!!"!!!!!!"!!
                                                                        (6) 

where   ℎ =
𝐴!"
𝐴!
	

From	Eq.	3	

2𝑃!"𝑁!𝑁! −  𝐴!𝑁! + 𝐴!"𝑁! + 𝐴!"𝑁! = 0	

We	obtain	

𝑁! =
!!!"!!!!!!!"!!!!!"!!

 !!
                                                                               (7)	

and by substituting  𝑁!and 𝑁! 	from	eq.	(5)	and	(6)	into	eq.	(7)	we	obtain.	

𝑁! =
!!!"!!

 !!
∗ !!"!!
!!"!!!!!!"!!

+ !!"
 !!
∗ !!"!!
!!"!!!!!!"!!

+ !!"
 !!
∗ !!!"!!
!!"!!!!!!"!!

(8)	

If we now use the constant total ion condition.  
𝑁!"! = 𝑁! + 𝑁! + 𝑁! + 𝑁!	                                                                            (9) 

We get 

𝑁!"! = 𝑁! +
!!!"!!

 !!
∗ !!"!!
!!"!!!!!!"!!

+ !!"
 !!
∗ !!"!!
!!"!!!!!!"!!

+ (!!"
 !!
∗

!!!"!!
!!"!!!!!!"!!

) + !!!"!!
!!"!!!!!!"!!

+ !!"!!
!!"!!!!!!"!!

																																																						(10)	

To simplify the expression we now define the following coeffients. 

𝑏 = !!!"!!"

 !!
  𝑎𝑛𝑑 𝑐 = !!"!!"

 !!
  𝑎𝑛𝑑 𝑟 = !!"!!!"

 !!
  		

And	we	rewrite	Eq.	10	as	
𝑁!"! 𝑊!" + 𝐴! + 𝑃!"𝑁! =	
𝑁! 𝑊!" + 𝐴! + 𝑃!"𝑁! + 𝑏𝑁!! + 𝑐𝑁! + 𝑟𝑁! + ℎ𝑊!"𝑁! +𝑊!"𝑁! 										   (11)	

If we now make N1 the subject of Eq.10 we obtain a quadratic expression 
which solution is: 

𝑁! =
!!! !!!!∗!∗!

!!!
                                                                                   (12) 

Where	A,	B	and	C	are	
𝐶 = 𝑁!"!𝑊!" + 𝑁!"!𝐴! 	
𝐵 = −𝑁!"!𝑃!" +𝑊!" + 𝐴! + 𝑐 + 𝑟 + ℎ𝑊!" +𝑊!"  	
𝐴 = 𝑃!" + 𝑏	

We note the chose one out of the two possible mathematical solutions 
since a Physical problem has only one solution, the other mathematical 
solutions has no Physical meaning. 
	
	
	
	
	
	
	
	
	
	
	

3. Simulation and comparison with experimental data 

To test the analytical model we fit the fluoresce decay curves of a set of 
Tellurite glass samples. The experimental data were reported in details in Ref. 
[15, 18]. Numerical values use in the simulations are listed in Table 1 for the 
four samples presented, with a doping level ranging from 0.36 mol% to 7 
mol%.  The pump cross section at 790 nm is taken from Ref [15] while the 
emission cross-section is calculated using Ref [22]. To simulate the pumping 
condition with non-instantaneous pump power decay, the pump intensity was 
set to 1.3*103 W/cm2, assuring a low excitation regime, and pump power 
decreasing is simulated by using an exponential decay curve with a 2 𝜇s time 
constant [18].  

Table 1: List of parameters  

Parameters symbols values Ref. 

Coefficient of Cross 
Relaxation  

Cr 1.81*10-23 m3 s1 mol-1 [6] 

Pump wavelength  𝜆! 790 nm   
Cross Relaxation 𝑃!" Mole of sample*Cr(m3 s-1 ) 

 
[6] 

Coefficient of 
Reverse Cross 
Relaxation 

         a 0.03 [18] 

Absorption pump 
cross section 

 𝜎!"  8*10-25 m2
 [15] 

Emission pump cross 
section 

 𝜎!" 2.2*10-25 m2
   [22] * 

Pump Intensity  𝐼! 1.3*103 W/cm2  
Branch ratio  𝛽!" 3H6→3H4 0.9038    [15] 

 
 

𝛽!" 3H4 → 3F4  0.0762    [15] 
𝛽!" 3H4→3H5 0.02  [15] 
𝛽!" 3H5→3H6 0.9793    [15] 
𝛽!" 3H5→3F4 0.0207  [15] 

Lifetime 0.36 mol%wet
 

 
𝜏! 2.9*10-3 [18] 

 𝜏! 443*10-6 [18] 
1.08 mol%wet

 

 
𝜏! 2.35*10-3 [18] 
𝜏! 245*10-6 [18] 

4 mol%wet
 

 
𝜏! 0.43*10-3 [18] 
𝜏!  8.2*10-6 [18] 

 7 mol%wet
 

 
𝜏! 0.16*10-3 [18] 

  𝜏! 6*10-6 [18] 
* Calculated by McCumber equation from [22] 

Fig. 2 (left) shows the experimental data fitting using the analytical 
program for the four samples with doping level 0.36 mol%, 1.08 mol%, 
4mol% and 7mol%. On Fig 2 (Right) is reported the same fitting using the full 
numerical model that consider reverse cross-relaxation[18]. We notice that we 
have an excellent fitting in the first part of the decay curve thus proving the 
validity of our approach and his suitability for spectroscopy and dynamic 
investigation [19]. However in Ref [18] we recently point out the impact of 
reverse cross-relaxation on the second part of the decay curve, with a longer 
time constant related to the reverse cross-relaxation process [6, 13-16, 23]. 
We demonstrated that when the 3H4 population is almost depleted, and almost 
all ions are back to ground state, a second exponential constant kick in 
experimentally, and this may effect pumping efficiency [18]. The evaluation 
of the discrepancy between the analytic model and a full numerical model, 
including reverse cross-relaxation process, is therefore important to assess the 
range of validity of our new analytical model when level populations have to 
be predicted.. This is discussed in the next section 
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c)	 d)	
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Fig. 2: Experimental data and comparison with analytical simulation (left) and with numerical 

simulation (right) [18]  
4. Comparison analytical and numerical simulation 

This section assesses the discrepancy with the full model, which includes 
the reverse cross-relaxation process. While this process was so far manly 
neglected, especially due to not available specific spectroscopic data, in Ref 
[18] we show that it could be one of the reason while Tm-lasers exhibits lower 
then expected efficiency [34]. For this purpose this paragraph deal with the 
error generated in calculating the population of main levels by neglecting the 
reverse cross relaxation phenomenon. 

Fig. 3 compares the four energy level population values normalized to the 
total number of ions, Ni/Nt  being Nt  the doping level of the specific sample.  

Fig. 4 shows instead of the same horizontal scale the normalised laser 
inversion (N2-N1)/Nt.  

 

 

 

 

 

 

 

 

 
 
a)	

	
b)	

	
c)	

	
d)	

	
Fig. 3: Normalised population of N1,N2,N3 and N4 levels for the four samples using both numerical (N) 
(solid lines) and analytical (A) (dot-dashed and dashed lines) 
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Fig. 4: Normalised Population Inversion calculated	with	numerical	model	(solid	lines)	and	analytical	
model	(dot-dashed	and	dashed	lines)	 

Fig. 3 and Fig. 4 shows a negligible difference between our model and the 
numerical one when low pump power is considered and therefore the 
inversion level is low, which is the common situation for spectroscopic and 
fluorescence measurements. However the discrepancy becomes noticeable as 
the pump power increases and for samples with higher concentration samples. 
In particular since the error in the calculation of N1 and N2 has opposite sign, a 
significant difference arises in case of larger doping level and high pump 
power when population inversion, key laser design parameter, is considered as 
shown in Fig. 4. his also indicates the systems which may suffer larger errors 
could be power amplifier devices where high inversion to suppress 
spontaneous emission is required. We notice that, as expected, as overall 
features the analytical model always overestimate N2 population and therefore 
the expected inversion. 

To better appreciate the difference in Fig. 5 we shows the error ratio for 
N1, N2 and N4 population, as defined as: 

Error ratio =  
N! − N!
N!

 

where NA is population calculated by the analytical simulation and NN is 
population calculated using the full numerical model. Note that in this case the 
normalization is with respect the numerical value and not the doping level.  
(a)	

	
(b)	

	

(c)	

	
(d)	

	
Fig. 5: Error ratio for each sample resulting of neglecting reverse cross relaxation 

 
Fig. 5 confirms that for doping level up to about 1% the difference is 

within about 10%-15%. Fig. 6 shows instead the normalized population 
inversion difference, [(N2-N1)A-(N2-N1)N]/Nt, between the two approaches. 
Again we see that above 1 mol% doping level the difference may become 
significant and the analytic model, as any model neglecting the reverse cross-
relaxation process [18] may fail. 

 
Fig. 6: Normalized Population Inversion Error 

 
5. Impact on device operation  

In Ref [18] we defined the impact of reverse cross relaxation process by 
introducing parameter a, and calculated the required pump intensity to reach a 
given value of inversion for each parameter a which were equal 0, 0.01, 0.03 
and 0.084.  By the above definitions a=0 refers to the case of no reverse cross-
relaxation, i.e. the analytical model, case a=0.03 to the set of tellurite glass 
samples we investigated [18] and a= 0.084 to silica host [13]  

 Fig. 7 shows, for a sample with 1.08 mol% doping level, the pump 
intensity required to reach a given inversion. Values have been normalized to 
the value at a= 0; The values chose for a are 0.01 to simulate a low reverse 
cross relaxation parameter Fig. 7 therefore shows the discrepancy in the 
calculated laser intensity required to achieved a stated inversion. The reason 
this discrepancy is larger then the one on laser inversion (see Fig.6) is because 
the well know non-linear dependence of population inversion with pump 
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power. This may explain some experimental discrepancy in laser performance 
but is only a first indication since in laser or amplifier operation where high 
doping level are requested other phenomena may interplay with reverse cross-
relaxation, like photodarkening, since pathways involve the population of Tm 
levels affected by reverse cross-relaxation [24-30].  

 
Fig. 7: Impact of reverse cross relaxation on inversion for T1.08 

6. Conclusion 
In this paper, we presented a comprehensive analytical model of Tm able 

to take into account direct cross-relaxation process. We showed that by using 
an appropriate set of parameters is able to properly fitting the first part of the 
fluorescence decay of Tm-doped tellurite glasses for different dopant 
concentration values. We also compared the model with a full numerical 
model to investigate its limitations. We assess the model is a valid tool in case 
of limited doping level (below 1%), or for higher doping level but with 
population inversion not exceeding 30%.  

In this paper we presented a new analytical model, which include the 
cross-relaxation process. We show this model is able to properly fit the first 
part of Tm fluoresce decay curve and is suitable for spectroscopic 
experiments. We also investigated his limitation due to neglecting the reverse 
cross-relaxation process and we demonstrated that in case of limited doping 
level (below 1%) is still suitable for predicting population inversion. This 
model can be used to further investigate the Tm doped system and better 
understand the role of all spectroscopic parameter. In addition the availability 
of an analytic model can help to investigate the intensity noise process in Tm-
doped laser by rate-equation system linearization [19]. 

We also plan to use the analytic model to evaluate the impact of Tm 
impurity on Photodarkeing process in Yb-doped glass materials [31-33].  
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