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Abstract

The paper presents a new computational framework for the numerical simulation of fast large strain solid
dynamics, with particular emphasis on the treatment of near incompressibility. A complete set of first
order hyperbolic conservation equations expressed in terms of the linear momentum and the minors of
the deformation (namely the deformation gradient, its co-factor and its Jacobian), in conjunction with
a polyconvex nearly incompressible constitutive law, is presented. Taking advantage of this elegant for-
malism, alternative implementations in terms of entropy-conjugate variables are also possible, through
suitable symmetrisation of the original system of conservation variables. From the spatial discretisation
standpoint, modern Computational Fluid Dynamics code “OpenFOAM” [http://www.openfoam.com/] is
here adapted to the field of solid mechanics, with the aim to bridge the gap between computational fluid
and solid dynamics. A cell centred finite volume algorithm is employed and suitably adapted. Naturally,
discontinuity of the conservation variables across control volume interfaces leads to a Riemann problem,
whose resolution requires special attention when attempting to model materials with predominant nearly
incompressible behaviour (κ/µ ≥ 500). For this reason, an acoustic Riemann solver combined with a
preconditioning procedure is introduced. In addition, a global a posteriori angular momentum projection
procedure proposed in [1] is also presented and adapted to a Total Lagrangian version of the nodal scheme
of Kluth and Després [2] used in this paper for comparison purposes. Finally, a series of challenging nume-
rical examples is examined in order to assess the robustness and applicability of the proposed methodology
with an eye on large scale simulation in future works.

Keywords: First order conservation laws, Large strain solid dynamics, Finite Volume Method, Riemann
solver, OpenFOAM

1. Introduction

Current commercial (displacement-based) Finite Element Method (FEM) codes are extensively used
for the simulation of large strain fast solid dynamic problems in the aerospace, automotive, defence and
manufacturing industries. However, these commercial codes present a number of shortcomings [3, 4],
namely (1) reduced order of convergence for strains and stresses in comparison with that of displacements
[5, 6], (2) high frequency noise in the vicinity of shocks [7–10], and (3) hour-glassing and pressure checker-
boarding modes [11–17].

1 Corresponding author: c.h.lee@swansea.ac.uk
2 Corresponding author: a.j.gil@swansea.ac.uk
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In order to overcome some of these drawbacks, a number of methodologies have been proposed over the
years. One very popular option used in industry is to resort to a selective reduced integration procedure
[3, 18–21] along with (tri-linear) hexahedral elements. In this case, a reduced number of Gauss integration
points is utilised in order to under-integrate the volumetric component of the stress. However, as it is well
known, the resulting formulation is still incapable of addressing the existence of shear locking in bending
dominated scenarios [20, 21].

Alternatively, Bonet and Burton [22] introduced a FEM based nodally integrated procedure where
the pressure field is under-integrated at nodes when employing the linear tetrahedral element (usually
preferred in the case of complex geometries). Although this methodology was found to perform extremely
well in nearly incompressible impact problems, it behaved poorly in bending dominated scenarios resulting
in the appearance of hourglassing-like modes [23–25]. Several variants of the nodal pressure approach have
since followed, including the averaged nodal deformation gradient [26], the F-bar method [27] and the
Smoothed Finite Element Method [13]. However, all of these methods still suffer from spurious hydrostatic
pressure fluctuations when attempting to model nearly incompressible materials [14].

On another front, several attempts have also been reported at aiming to solve solid mechanics problems
via the use of (displacement-based) finite volume based discretisations [28–33]. Some interesting work has
also been recently explored using the open source platform “OpenFOAM”, with special attention paid
to the simulation of contact mechanics [34], orthotropic materials experiencing moderate strains [35] and
metal forming applications [36].

The earliest attempt at employing a (mixed) hyperbolic system of first order conservation laws in solid
dynamics originates from the work of Trangenstein and Colella [37, 38], where the conservation variables
were the linear momentum p and the deformation gradient tensor F . A second order Godunov-type finite
volume framework in conjunction with the use of a Riemann-based upwinding stabilisation was presented.
However, the examples presented in the paper were restricted to the case of small strain linear elasticity
in two dimensions [38]. With a similar philosophy, a node based Finite Volume Method (FVM), originally
proposed by Mazeran and Després [39] in gas dynamics applications [40–44], was adapted to the context
of hyperelastic solids in [2, 45]. Scovazzi and co-authors [46–49] also used a mixed based methodology for
a linear tetrahedral element by utilising a Variational Multi-Scale method.

In recent years, some of the authors of this manuscript have pursued the same {p,F } mixed-based
approach whilst exploring a wide range of spatial discretisation techniques, including: upwind cell cen-
tred FVM [1, 50], Jameson–Schmidt–Turkel vertex centred FVM [51], upwind vertex centred FVM [52],
two step Taylor–Galerkin FEM [53], stabilised Petrov–Galerkin FEM [54–57], Jameson–Schmidt–Turkel
SPH [58] and Streamline Upwind Petrov–Galerkin SPH [59]. Very recently [1], a mixed-based {p,F }
cell centred finite volume algorithm, entitled TOUCH, was successfully developed for three dimensional
applications, with a tailor-made implementation into the open source platform “OpenFOAM”. Crucially,
in order to fulfil the satisfaction of the inherent involutions within the system (also known as compatibility
conditions [60, 61]), two variants of the TOUCH scheme were proposed, namely (a) Constrained-TOUCH
(C-TOUCH) and (b) Penalised-TOUCH (P-TOUCH). In addition, an alternative Total Lagrangian ver-
sion of the node based scheme presented in [2], namely X-GLACE, was also explored and implemented
within the OpenFOAM environment. However, the methodologies introduced in [1] have been found to
be inefficient when approaching the extreme limit of incompressibility (κ/µ ≥ 500).

With this in mind, the main aim of this paper is the improvement of the robustness and effectiveness of
both TOUCH and X-GLACE schemes, extending their applicability to quasi incompressibility scenarios.
To achieve this, we propose to incorporate two additional geometric conservation laws, one for the co-factor
of the deformation (or area map) H and the other for the Jacobian of the deformation (or volume map)
J . From a spatial discretisation point of view, a cell centred finite volume algorithm in conjunction with
a monotonic slope reconstruction is employed. Discontinuity of the conservation variables across control
volume interfaces leads to a Riemann problem [1, 50, 52, 62], whose resolution however requires special
attention when attempting to model materials with nearly incompressible behaviour (κ/µ ≥ 500). In this
paper, an acoustic Riemann solver combined with a preconditioning procedure is introduced, with the aim

2
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Figure 1: Motion of a continuum body

to recover a correct scaling of the numerical upwinding stabilisation. This preconditioning procedure has
been previously used for the numerical simulation of the compressible Euler equations in the low Mach
number limit [63–66]. For a fair comparison across the various schemes (TOUCH and X-GLACE), a
global a posteriori angular momentum preserving procedure presented in Ref. [1] is now suitably adapted
to the case of the node based X-GLACE scheme. An alternative approach was introduced by Després and
Labourasse [67], which incorporates an angular momentum preserving reconstruction procedure within
every cell via the use of a Lagrange multiplier.

The paper is organised as follows. Section 2 summarises the extended {p,F ,H, J} system of first
order hyperbolic conservation laws for solid dynamics. Section 3 details some fundamental aspects of
the finite volume spatial discretisation procedure used in this work. An acoustic Riemann solver in
conjunction with a preconditioning procedure is shown in Section 4. Section 5 describes the one-step
two-stage TVD Runge–Kutta time integrator used for temporal discretisation. Section 7 presents the
algorithmic description of the complete {p,F ,H, J} TOUCH and {p,F ,H, J} X-GLACE schemes. For
benchmarking purposes, an extensive set of challenging numerical examples is examined in Section 8.
Finally, Section 9 presents some concluding remarks and future directions of research.

2. Reversible elastodynamics

Consider the three dimensional deformation of an elastic body of material density ρ0 moving from
its initial undeformed configuration occupying a volume Ω0, of boundary ∂Ω0, to a current deformed
configuration at time t occupying a volume Ω, of boundary ∂Ω (see Fig. 1). The motion is defined
through a deformation mapping x = φ(X, t) which satisfies the following mixed based set of Total
Lagrangian conservation laws [50–52, 54–59]

3
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∂p

∂t
= DIVP + ρ0b; (1a)

∂F

∂t
= DIV

(
p

ρ0
⊗ I

)
; (1b)

∂H

∂t
= CURL

(
p

ρ0
F

)
; (1c)

∂J

∂t
= DIV

(
HT p

ρ0

)
; (1d)

∂E

∂t
= DIV

(
P T p

ρ0

)
. (1e)

Here, p is the linear momentum, F is the deformation gradient (or fibre map), H is the co-factor of
the deformation (or area map), J is the Jacobian of the deformation (or volume map), E is the total
energy, P is the first Piola-Kirchhoff stress tensor, I is the identity tensor and b is the material body
force per unit of mass. The operators DIV and CURL denote the material divergence and material curl,
respectively, and denotes a tensor cross product between vectors and/or second order tensors as that
presented in Ref. [68].

In this paper, we restrict ourselves only to the use of isothermal elasticity. Expression (1e) is thus
redundant and is fully decoupled from the rest of the system equations (1a-1d). However, from a nume-
rical viewpoint, the above energy equation (1e) is still extremely useful when monitoring the numerical
dissipation (entropy) of the algorithm. Finally, the current geometry x can be obtained through time
integration of the velocity field as

∂x

∂t
=
p

ρ0
. (2)

It is now possible to combine all the balance equations described in (1a-1e) into a hyperbolic system
of first order conservation laws written under a Total Lagrangian formalism

∂U
∂t

+
∂F I

∂XI
= S; ∀ I = 1, 2, 3, (3)

where the Einstein’s summation convention is used such that the repeated indices I are to be summed
from 1 to 3. Here, U denotes the vector of conservation variables, F I is the flux vector in the I-th material
direction and S is a possible source term, described as follows

U =




p

F

H

J

E




; F I = −




PEI

1
ρ0
p⊗EI

F
(

1
ρ0
p⊗EI

)

H :
(

1
ρ0
p⊗EI

)

P :
(

1
ρ0
p⊗EI

)




, S =




ρ0b

0

0

0

0




. (4)

The corresponding flux vector associated with the material unit outward normal N can now be expressed
as

FN = F INI = −




PN
1
ρ0
p⊗N

F
(

1
ρ0
p⊗N

)

H :
(

1
ρ0
p⊗N

)
(

1
ρ0
P Tp

)
·N



. (5)
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Additionally, in the presence of non-smooth solutions, all of the above conservation laws described in
(1a-1e) are accompanied by appropriate Rankine Hugoniot jump conditions across a discontinuous surface
propagating with speed of c [1, 50–52, 57], defined as

c Jp K = −JP KN ; (6a)

c JF K = − 1

ρ0
Jp K⊗N ; (6b)

c JH K = −FAve

(
1

ρ0
Jp K⊗N

)
; (6c)

c JJ K = −HAve :

(
1

ρ0
Jp K⊗N

)
; (6d)

c JE K = −
(

1

ρ0
JP Tp K

)
·N . (6e)

Here, J· K := [·]+ − [·]− denotes the jump operator across a discontinuity surface with normal N moving
with speed c in the reference space and [·]Ave := 1

2

(
[·]+ + [·]−

)
being defined as an average state between

the left and right states of a discontinuity surface.
It is clear from equations (1b-1c) that two sets of involutions [60] must be satisfied by the geometric

strain variables {F ,H} of the system as

CURLF = 0; DIVH = 0. (7)

As a consequence, equations (1c) and (1d) can be further reduced to the non-conservative form of the
differential equations presented as follows

∂H

∂t
= F GRAD

(
p

ρ0

)
;

∂J

∂t
= H : GRAD

(
p

ρ0

)
, (8)

where GRAD is the material gradient operator defined as GRAD := ∂
∂X [19].

For the particular case of a reversible process, the closure of the system described in (1a-1e) requires
the introduction of a suitable constitutive law relating the stress tensor P with the geometric strain
measures {F ,H, J}, obeying the principle of objectivity [19] and thermodynamic consistency (via the
Colemann-Noll procedure) [69]. In this work, a polyconvex nearly incompressible constitutive model is
employed and will be summarised in Section 2.1. It is interesting to remark how the complete set of first
order conservation laws in (1a-1e) in conjunction with the polyconvex nature of the constitutive model (i.e.
a guarantor of material stability [70]), can be used for the transformation of the system of conservation
laws into a symmetric set of hyperbolic equations expressed in terms of the entropy conjugates of the
conservation variables [56, 57]. Finally, for the complete definition of the initial boundary value problem,
initial and boundary (essential and natural) conditions must also be specified as appropriate.

2.1. Constitutive model: Polyconvex elasticity

Polyconvexity [70] is a well accepted mathematical requirement that is satisfied by admissible multi-
variable strain energy functions used to describe large strain deformation of elastic materials. For a
polyconvex (nearly incompressible) Mooney-Rivlin material, the multi-variable strain energy W can be
decomposed into the summation of deviatoric Ŵ (F ,H, J) and volumetric U(J) contributions [56, 57, 70]

W = Ŵ + U, (9)

with
Ŵ = ζJ−2/3 (F : F ) + ξJ−2 (H : H)3/2 − 3

(
ζ +
√

3ξ
)

; U =
κ

2
(J − 1)2, (10)

5
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e
f

a

(a)

e

ef

ea
f

a

(b)

Figure 2: Nomenclature used for the finite volume spatial discretisation of (a) a quadrilateral mesh, and (b) an exploded
view of (a).

where ζ, ξ and κ (bulk modulus) are positive material parameters. By comparison of the tangent elasticity
operator at the initial undeformed configuration with that of classical linear elasticity [70], appropriate
values for the material parameters ζ and ξ can be defined in terms of the shear modulus µ, that is,
2ζ + 3

√
3ξ = µ [56, 58, 59].

Following Reference [56, 68] (see Section 3 on pg. 149), the first Piola-Kirchhoff stress tensor P can
be expressed as

P = ΣF +ΣH F +ΣJH, (11)

where the conjugate stresses {ΣF ,ΣH , ΣJ} with respect to {F ,H, J} become

ΣF :=
∂Ŵ

∂F
= 2ζJ−2/3F ; ΣH :=

∂Ŵ

∂H
= 3ξJ−2 (H : H)1/2H, (12)

and ΣJ := Σ̂J + p with

Σ̂J :=
∂Ŵ

∂J
= −2

3
ζJ−5/3(F : F )− 2ξJ−3(H : H)3/2; p :=

∂U

∂J
= κ(J − 1). (13)

It is worth noticing that the strain energy described in (9) degenerates to the case of a nearly incom-
pressible neo-Hookean model by imposing the values of ζ = µ

2 and ξ = 0 [56].

3. Finite volume spatial discretisation

3.1. Preliminaries

In order to present the spatial discretisation procedure used in this work, some basic nomenclature
will need to be introduced. For simplicity, let us consider a domain discretised with a quadrilateral
mesh in two dimensions. In Fig. 2a, e represents the control volume of cell e, f represents the surface
f connecting cell e and its neighbour, and a represents the node a of the underlying quadrilateral mesh.
For further clarification, an exploded view of Fig. 2a is illustrated in Fig. 2b. In this figure, ef represents
the elemental surface f associated with cell e and ea represents the elemental node a corresponding to
any given cell e.

6
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3.2. Finite volume method

Using a standard finite volume discretisation procedure [62, 71], the hyperbolic system described in
(3) is spatially integrated within a given control volume (cell) e, to give

dUe

dt
= − 1

Ωe
0

∫

Ωe
0

∂F I

∂XI
dΩ0 + Se. (14)

Here, Ωe
0 denotes the material volume corresponding to cell e, Ue and Se are, respectively, the average

values of the conservation variables and the source term within the cell e.
Application of the classical Green-Gauss divergence theorem on the flux term of (14) results in

dUe

dt
= − 1

Ωe
0

∫

∂Ωe
0

FN dA+ Se, (15)

with FN as defined in (5). For evaluation of the surface flux integral in (15), we will restrict to integrands
which require only one Gauss quadrature point (placed at the centroid of a surface) for exact integration,
seeking computational efficiency of the overall scheme. With this in mind, above surface integral (15) can
now be approximated by means of a Godunov-type spatial discretisation [50] as

dUe

dt
≈ − 1

Ωe
0

∑

f∈Λf
e

FC
Nef

(U−ef ,U+
ef ) ‖Cef‖+ Se, (16)

where Λfe represents the set of faces f associated with cell e, Nef := Cef/‖Cef‖ and ‖Cef‖ represent the
material outward unit normal vector and the surface area associated with face f of cell e, respectively, and
FC

Nef
represents the Godunov-type numerical flux evaluated at the centroid of the surface f belonging to

cell e. Upper index C will be used in the remainder of this paper to emphasise the notion of interface or
‘contact’ flux. The accuracy of FC

Nef
depends on the values of the left and right states of the variable U

at face f , namely U−ef and U+
ef .

For completeness, equation (16) can now be particularised for each individual component of U , yielding

dpe
dt

=
1

Ωe
0

∑

f∈Λf
e

tCf ‖Cef‖+ ρ0be; (17a)

dFe
dt

=
1

Ωe
0

∑

f∈Λf
e

pCf
ρ0
⊗Cef ; (17b)

dHe

dt
= Fe

1

Ωe
0

∑

f∈Λf
e

pCf
ρ0
⊗Cef ; (17c)

dJe
dt

= He :
1

Ωe
0

∑

f∈Λf
e

pCf
ρ0
⊗Cef ; (17d)

dEe
dt

=
1

Ωe
0

∑

f∈Λf
e

(
pCf
ρ0
· tCf

)
‖Cef‖, (17e)

where {tCf ,pCf } are the Godunov-type numerical approximation [1] for traction and linear momentum.
The new supplemented geometric strain updates for H (17c) and J (17d) are obtained through the use of
the non-conservative form of the differential equations presented in (8). As a result, the updates of (17c)
and (17d) now exclusively depend on the evaluation of pCf , exactly in the same way as those presented in
(17b) for the fibre map evolution.

7
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Finally, the current deformed geometry can be recovered by integrating in time the discrete (cell-based)
velocity field

dxe
dt

=
pe
ρ0
. (18)

In order to guarantee the existence of a single-valued deformation mapping φ, the time evolution
of {Fe,He} in (17b-17c) must ensure the discrete satisfaction of a set of compatibility conditions (also
known as involutions [60, 72]) in time

CURLḞe = 0; DIVḢe = 0, (19)

where overdot represents differentiation with respect to time. Above conditions need only be satisfied by
the time evolution operator provided that they are met by the initial conditions [60]. This implies that
expression (19), as opposed to a classical constraint, is not necessary to close the system of conservation
laws, but must be an inherent property of the evolution operator. This will be presented in Section 6.

Remark 1: As presented in Ref. [1], the spatial discretisation of Eq. (16) can be alternatively expressed
in terms of so-called nodal fluxes FC

Nea
(see Fig. 3b) [2, 40, 44]

dUe

dt
= − 1

Ωe
0

∑

a∈Λa
e

F C
Nea

(U−ea,U+
ea) ‖Cea‖+ Se, (20)

where the material nodal area normal vector Cea is defined as Cea :=
∑

f∈Λf
a

(
1
Λa
f
Cef

)
[2, 40–42, 44, 67].

Here, Λae and Λaf represent the number of nodes a associated with cell e and face f , respectively, Λfa
represents the set of faces f corresponding to node a and Nea := Cea/‖Cea‖ represents the material
outward nodal unit normal vector. For completeness, the system of semi-discrete nodal updates for the
enhanced {p,F ,H, J} formulation presented in this paper, named eXtended GLACE (X-GLACE), reads

dpe
dt

=
1

Ωe
0

∑

a∈Λa
e

tCea‖Cea‖+ ρ0be; (21a)

dFe
dt

=
1

Ωe
0

∑

a∈Λa
e

pCa
ρ0
⊗Cea; (21b)

dHe

dt
= Fe

1

Ωe
0

∑

a∈Λa
e

pCa
ρ0
⊗Cea; (21c)

dJe
dt

= He :
1

Ωe
0

∑

a∈Λa
e

pCa
ρ0
⊗Cea; (21d)

dEe
dt

=
1

Ωe
0

∑

a∈Λa
e

(
pCa
ρ0
· tCea

)
‖Cea‖. (21e)

Finally, the current deformed geometry x can be simply recovered through time integration of the discrete
(node based) velocity as

dxa
dt

=
pCa
ρ0
. (22)

Given the fact that the discrete velocity field expressed in terms of its nodal values is continuous across the
entire computational domain, the material curl of (21b) is thus naturally curl-free, and so is the material

8
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e F C
Nef

‖Cef‖ Ωe
0

(a) Godunov-type FVM

F C
Nea

‖Cea‖

Ωe
0

e

(b) Node-based FVM

Figure 3: Two families of cell centred Finite Volume Methods: (a) Godunov-type FVM; and (b) node-based FVM.

divergence of (21c), as their updates are formulated in terms of a discrete gradient of a continuous field
[72].

For evaluation of the interface values U+,−
ef described in (16) (or U+,−

ea in (20)), it is well known that
a piecewise constant approximation of the Godunov-type scheme leads to excessive numerical dissipation
[73, 74]. The physics of the problem can no longer be captured accurately unless excessively fine meshes
are used, which is clearly undesirable. To overcome this drawback, and to guarantee second order accuracy
in space, a linear reconstruction procedure in conjunction with an appropriate slope limiter is used. A
detailed discussion of this monotone reconstruction procedure can be found in Ref. [1].

The remaining unknowns to be discussed in equations (17a-18) (or (21a-22)) are the Godunov-type
numerical flux evaluation for {tCf ,pCf } (or node based numerical flux approximation for {tCea,pCa }). This
can be approximated via an acoustic Riemann solver and will be discussed in the following section.

4. Riemann solver

4.1. General remark

The finite volume spatial discretisation procedure presented in this paper requires an approximate
Riemann solver [62] for the evaluation of {tCf ,pCf } in (17a-18) (or {tCea,pCa } in (21a-22)). To achieve this,
recall first that the numerical interface (contact) flux across a discontinuous surface with normal Nef ,
namely FC

Nef
, is generally described as [71, 73]

FC
Nef

=
1

2

[
FNef

(U−f ) + FNef
(U+

f )
]

︸ ︷︷ ︸
Unstable flux

−1

2

∫ U+
f

U−f
|ANef

| dU
︸ ︷︷ ︸
Upwinding stabilisation

, (23)

where the absolute value component of the flux Jacobian matrix being defined as |ANef
| :=

∣∣∣
∂FNef

∂U
∣∣∣ =

1
2

∑6
α=1 |cα|RαLT

α (refer to Appendix A).
In this work, evaluation of |ANef

| is carried out at the initial undeformed configuration (i.e. origin)
by adopting F = H = I and J = 1. For this reason, the above numerical interface flux (23) can be

9



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

reduced to

FC
Nef

=
1

2

[
FNef

(U−f ) + FNef
(U+

f )
]

︸ ︷︷ ︸
Unstable flux

−1

2
|ANef

|
(
U+
f − U−f

)

︸ ︷︷ ︸
Upwinding stabilisation

. (24)

The first term on the right hand side of (24) denotes the unstable flux, whereas the second term (i.e.
upwinding stabilisation) can be interpreted as a numerical stabilisation that counterbalances non-physical
instabilities arising from the first term. A detailed derivation of the upwinding stabilisation term in (24)
can be found in Reference [1] (see pg. 417 to pg. 420 in Section 4.3).

Following the exact same procedure presented in Reference [1], and after some algebraic manipulations,
the Godunov-type numerical traction and linear momentum can be summarised here for completeness

tCf = tAve
f + tStab

f ; pCf = pAve
f + pStab

f . (25)

The average (unstable) states of both the traction and linear momentum are

tAve
f :=

1

2
(t−f + t+f ); pAve

f :=
1

2
(p−f + p+

f ), (26)

and the corresponding upwinding stabilisation terms are

tStab
f :=

1

2
Sp
ef (p+

f − p−f ); pStab
f :=

1

2
St
ef (t+f − t−f ), (27)

with the (acoustic) stabilisation matrices being defined as

St
ef :=

[
1

cp
(nef ⊗ nef ) +

1

cs
(I − nef ⊗ nef )

]
; Sp

ef := [cp(nef ⊗ nef ) + cs(I − nef ⊗ nef )] . (28)

In this case, cp and cs represent the elastic pressure wave speed and the elastic shear wave speed

cp :=

√
λ+ 2µ

ρ0
; cs :=

√
µ

ρ0
, (29)

respectively.

Remark 2: In the case of the nodal scheme [39–42, 44, 67], the nodal linear momentum pa can first be
obtained by solving the following system of equations (see Section 6.2.2 on pg. 423-426 in Ref. [1])

Aap
C
a = ba , (30)

where
Aa =

∑

e∈Λe
a

‖Cea‖Sp
ea; ba =

∑

e∈Λe
a

‖Cea‖Sp
ea pea −

∑

e∈Λe
a

PeaCea. (31)

The elemental nodal traction tCea then follows as

tCea := PC
eaNea = PeaNea + Sp

ea

(
pCa − pea

)
. (32)

Notice that the above stabilisation matrix Sp
ea is identical to Sp

ef presented in (28), but replacing the
subscript of ef with ea since nef 6= nea.

10
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4.2. Preconditioned dissipation

As will be shown in the numerical examples of this paper, the acoustic Riemann solver previously
presented is inefficient in the region of near incompressibility when the value of κ

µ tends to infinity. One
possibility to rectify this numerical shortcoming is the introduction of a preconditioning for the numerical
dissipation [63–65], which aims to recover a correct scaling for the stabilisation matrices {St

ef ,S
p
ef} in

(28). To achieve this, the upwinding stabilisation term of the flux approximation FC
Nef

described in (24)

can be modified by preconditioning [63–65], resulting in

FC
Nef

=
1

2

[
FNef

(U−f ) + FNef
(U+

f )
]
− 1

2
P−1|PANef

|
(
U+
f − U−f

)
, (33)

where P is a preconditioning matrix. With respect to the original flux computation (24), only the
upwinding stabilisation terms (also known as high order corrections) are altered and thus, the finite
volume spatial discretisation procedure presented in Section 3 still remains a consistent approximation
for the enhanced {p,F ,H, J} system.

In this paper, a very simple (diagonal) preconditioner is postulated

P =




I 0 0 0
0 β2I 0 0
0 0 β2I 0
0 0 0 1

β2


 , (34)

where the dimensionless parameter β is defined as β := κ̃
κ and κ̃ is a user-defined material constant,

usually taken in the neighbourhood of the bulk modulus κ of the material. The aim of this diagonal
preconditioner (34) is to re-scale the stabilisation coefficients of the system (i.e. cp and cs wave speeds) by
means of the dimensionless ratio κ̃

κ , without altering the characteristic structure (i.e. streamline direction)
of the upwinding method.

Remark 3: This simple preconditioner approach leads to a numerical scheme which can remind of the
artificial compressibility (AC) method [75, 76]. However, it is important to realise that contrary to the
AC method, the preconditioner only acts on the upwinding stabilisation flux and not on the averaging
flux. Hence, the size of the time step will still be dictated by the real volumetric wave speed. In the AC
approach, originally designed to deal with incompressible flows, the averaging flux is also modified as a
new (artificial) nearly incompressible constitutive law is put forward.

Referring to Appendix A, three pairs of non-zero eigenvalues corresponding to the volumetric and
shear waves are modified accordingly as

c1,2 = ±c̃p, c̃p =
1

β

√
λ+ µ(β4 + 1)

ρ0
; c3,4 = c5,6 = ±c̃s, c̃s = β

√
µ

ρ0
. (35)

In the case of near incompressibility, the stabilisation matrices (28) must be re-scaled by replacing {cp, cs}
with {c̃p, c̃s} presented in (35). Notice that the original elastic pressure wave speed cp (29a) and shear
wave speed cs (29b) can be simply recovered by equating the value of κ̃ with the bulk modulus κ of the
material.

5. Time integration

In order to update in time the resulting set of semi-discrete equations described in (17a-18) (or (21a-
22)), an explicit one-step two-stage Total Variation Diminishing Runge-Kutta (TVD-RK) time integrator

11
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has been used [1, 50–52, 77]. This is described by the following time update equations from time step tn

to tn+1

U?
e = Un

e +∆t U̇n
e (Un

e , t
n); (36a)

U??
e = U?

e +∆t U̇?
e(U?

e, t
n+1); (36b)

Un+1
e =

1

2
(Un

e + U??
e ). (36c)

The maximum time step ∆t := tn+1 − tn is governed by a standard Courant-Friedrichs-Lewy (CFL)
condition [78] to be computed as

∆t = αCFL
hmin

cp,max
, (37)

where cp,max is the maximum p-wave speed, hmin is the minimum (or characteristic) length within the
computational domain and αCFL is the CFL stability number. For the numerical computations presented
in this manuscript, a value of αCFL = 0.3 has been chosen to ensure both accuracy and stability of the
algorithm [50].

In this paper, the first Piola–Kirchhoff stress tensor is expressed as a function of a set of (weakly
related) geometric strain measures, that is P = P (F ,H, J). Thus, the resulting system does not intrin-
sically fulfil conservation of angular momentum. In order to rectify this, a global a posteriori projection
procedure as that presented in [1] (see Section 7 on pg. 429-432) is introduced and, moreover, has also
been adapted to the node based Total Lagrangian X-GLACE scheme.

6. Involutions

One of the challenging issues in the process of the time-evolving expressions (17b-17c) is the ability
to control the onset and propagation of spurious mechanisms over a long term response. Following
recent work by the authors [1], two different strategies are used in this work where the geometric strain
updates for {F ,H} described in (17b-17c) are solved subjected to the fulfilment of specific involutions
(7) [1, 50, 61].

The first algorithm, named Constrained-TOUCH (C-TOUCH), is based on the use of a constrained
transport algorithm [1], where the spatial discretisation is tailor-made to discretely satisfy the involutions
by construction. In this approach, the evolution of F and H is re-formulated in terms of a material
discrete gradient of a continuous velocity field. This can be achieved by replacing the Godunov-type
numerical linear momentum pCf described in (17b-17d) with a projected linear momentum p̃Cf , ensuring
that this specific update exactly coincides with the classical finite element discretisation when considering
linear interpolation with only one Gauss quadrature point at the centroid of the element [1, 50]. The
whole process for the computation of p̃Cf is illustrated in Algorithm 2 of Reference [1] (see pg. 423 in
Section 6.2.1).

The second algorithm, named Penalised-TOUCH (P-TOUCH), relies on the explicit addition of a
residual based artificial dissipation to the evolution equations of {F ,H}. The main aim of this approach
is to control the accumulation of non-physical involution errors, whilst still preserving the standard finite
volume update for the fibre map (17b) and area map (17c) equations, without the need to resort to
projecting interface values of the linear momentum. In this case, a geometrical penalisation of the time-
integrated fibre map equation is added to (17b), which gives

F n+1
e = F n

e +
∆t

Ωe
0

∑

f∈Λf
e

(
pC,nf

ρ0

)
⊗Cef + ξF [∇0x

n
e − F n

e ]︸ ︷︷ ︸
Penalisation

. (38)

12



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

Similarly, another geometrical penalisation of the time-integrated area map equation can also be incor-
porated in (17c)

Hn+1
e = Hn

e +
∆t

Ωe
0


F n

e

∑

f∈Λf
e

(
pC,nf

ρ0

)
⊗Cef


+ ξH

[
1

2
(∇0x

n
e ∇0x

n
e )−Hn

e

]

︸ ︷︷ ︸
Penalisation

, (39)

where ∇0x
n
e := 1

Ωe
0

∑
f∈Λf

e
xnf ⊗Cef and the non-dimensional parameters {ξF , ξH} are usually defined in

the range of [0, 0.5] [53–57, 59]. By setting the values of ξF = ξH = 0, the standard finite volume update
presented in (17b) and (17c) can be recovered.

7. Algorithmic description

For ease of understanding, Algorithm 1 summarises the complete algorithmic description of the fol-
lowing three methodologies, namely: (a) {p,F ,H, J} C-TOUCH, (b) {p,F ,H, J} P-TOUCH and (c)
{p,F ,H, J} X-GLACE.

8. Numerical examples

In this section, a series of challenging numerical examples is presented in order to assess the accu-
racy, robustness and efficiency of the proposed {p,F ,H, J} mixed-based methodologies, namely: (a)
C-TOUCH, (b) P-TOUCH and (c) X-GLACE. In this paper, we exclusively focus on the simulation
of isothermal processes that enable the total energy E of the system to be decoupled from the rest of
the system equations. This energy balance principle (1e) however can still be employed to measure the
numerical dissipation of the proposed methodologies.

In the following numerical computations, a piecewise linear reconstruction procedure (see Section 4.2.1
on. pg. 416-417 of [1]), Barth Jespersen slope limiter (see Section 4.2.2 on pg. 417 of [1]) and the global
a posteriori angular momentum projection algorithm (see Section 7 on pg. 429-432 of [1]) are activated
unless otherwise stated.

8.1. Convergence

The main objective of this example is to assess the convergence behaviour of the following three
{p,F ,H, J} methodologies, namely C-TOUCH, P-TOUCH and X-GLACE. A unit cube is considered
(see Fig. 4a) with symmetric boundary conditions (restricted normal displacement) at faces X = 0,
Y = 0 and Z = 0 and skew-symmetric boundary conditions (restricted tangential displacement) at faces
X = 1 m, Y = 1 m and Z = 1 m. For small deformations, the problem has a closed-form displacement
field of the form [1, 47, 50–52, 54, 56–59, 79]

u(X, t) = U0 cos

(√
3

2
cdπt

)



A sin
(
πX1

2

)
cos
(
πX2

2

)
cos
(
πX3

2

)

B cos
(
πX1

2

)
sin
(
πX2

2

)
cos
(
πX3

2

)

C cos
(
πX1

2

)
cos
(
πX2

2

)
sin
(
πX3

2

)


 ; cd =

√
λ+ 2µ

ρ0
. (40)

Parameters {A,B,C} are user-defined arbitrary constants, chosen such that A=B=C which ensures
the existence of a non-zero pressure field. For values of U0 < 0.001 m, the solution can be considered to
be linear and the closed-form expression (40) holds. The problem is initialised with the displacement field
u0 ≡ u(X, 0) according to Eq. (40) (see Fig. 4b) and subsequently, the initial deformation gradient, its
co-factor and its Jacobian can be obtained as F 0 = I+∇0u

0, H0 = 1
2F

0 F 0 and J0 = 1
6(F 0 F 0) : F 0.

A linear elastic material is chosen with a Poisson’s ratio of ν = (1−µ/κ)/2 = 0.3, Young’s modulus E = 17
MPa and density ρ0 = 1100 kg/m3. The solution parameters are set as A=B=C=1 and U0 = 5 × 10−4

m.
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Algorithm 1: Time update of conservation variables

Input : Un
e where U = [p F H J E]T

Output: Un+1
e , P n+1

e

(1) Calculate time increment: ∆tn ← Eq. (37)

(2) Store conservation variables: U old
e = Un

e

for Runge Kutta stage = 1 to 2 do

(3) Evaluate wave speeds: c̃p, c̃s ← Eq. (35)

(4) Apply linear reconstruction procedure: Sections 4.2.1 & 4.2.2 in Ref. [1]

(5) Apply acoustic Riemann solver:

if ( algorithm = TOUCH ) then

• Calculate face fluxes: pCf , t
C
f ← Eq. (25)

• Compute projected contact linear momentum: p̃Cf ← Section 6.2.1 in Ref. [1]

• Compute nodal linear momentum: pa ← Section 6.2.1 in Ref. [1]

else if ( algorithm = X−GLACE ) then

• Calculate nodal fluxes: pCa , t
C
ea ← Eqs. (30) and (32)

end

(6) Enforce strong boundary conditions on nodal linear momentum pa or pCa

(7) Apply angular momentum projection algorithm: Section 7 on pg. 429 in Ref. [1]

(8) Solve governing equations:

if ( algorithm = C−TOUCH ) then

• Ue = Ue +∆tn U̇e

(
p̃Cf , t

C
f

)

else if ( algorithm = P−TOUCH ) then

• Ue = Ue +∆tn U̇e

(
pCf , t

C
f

)
← Eqs. (17a) – (17e) and (18)

• Fe = Fe (1− ξF ) + ξF (∇0x)e

• He = He (1− ξH) + 1
2ξH (∇0x ∇0x)e

else if ( algorithm = X−GLACE ) then

• Ue = Ue +∆tn U̇e

(
pCa , t

C
ea

)
← Eqs. (30) – (32)

end

end

(9) Update conservation variables: Un+1
e = 1

2(Ue + U old
e )

(10) Compute PK1 stresses: P n+1
e ← Eq. (11)

14
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Fig. 5 shows the expected second order convergence pattern (e.g. L1 and L2 norm errors) of the
velocity v and the first Piola-Kirchhoff stress tensor P , as compared to the closed-form solution described
in Eq. (40) 3. It can be clearly seen that the C-TOUCH and P-TOUCH schemes produce practically
identical convergence patterns for both velocities and stresses. Their solutions are slightly more accurate
than the results obtained from the X-GLACE scheme, as can be observed by noticing the higher translation
error in the convergence patterns.

8.2. Momentum conservation

Following Reference [80], the motion of a satellite-like structure is studied in order to demonstrate the
momentum conservation characteristics of the proposed algorithm. The structure consists of a central
cylindrical section of diameter D = 1.5 m and height H = 3 m, along with four attached arms of cross-
section 1×1 m2 that extend 6.5 m from the center of the structure (see Fig. 6a). The problem is simulated
with an initial angular velocity field ω0 = [0, 0, 1]T rad/s resulting in an initial velocity distribution shown
in Fig. 6b. A neo-Hookean constitutive model is chosen to model the structure with material parameters
defined by density ρ0 = 1000 kg/m3, Young’s modulus E = 50.05 kPa and Poisson’s ratio ν = 0.3.

The time evolution of the deformation along with the expected smooth pressure representation is
shown in Fig. 7. It can be observed that the arms of the structure undergo large deformation without
experiencing spurious hourglassing-like modes. The cylindrical part of the structure is however dominated
by a rotational motion. Additionally, a mesh refinement study with respect to both the deformation
pattern and pressure resolution is presented in Fig. 8. Sequentially refined meshes of 4032, 16960 and
51336 hexahedral elements are used with the purpose to compare resolution of the deformed structure at
time t = 5.5 s. The use of finest mesh produces a very similar deformation pattern to that of the coarsest
mesh, but with a noticeably better pressure representation at the bending region of the four arms. Figs. 9
and 10 show the time history of the components of the global linear and angular momenta of the system,
simulated using both C-TOUCH and X-GLACE schemes. As expected, the global linear momentum
fluctuates around zero machine accuracy, whereas the angular momentum is perfectly conserved with the
use of angular momentum projection algorithm. Otherwise, significant reduction in angular momentum

X,x

Y, y

Z, z

(0, 0, 0)m

(1, 1, 1)m

(a) Configuration

Displacement (m)

(b) Initial deformed state and mesh

Figure 4: Low dispersion cube: Problem setup.

3 Given the fact that A=B=C, all the three components of velocities and stresses are of the same magnitude (i.e. vx=vy=vz
and Pxx=Pyy=Pzz).
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Figure 5: Low dispersion cube: L1 and L2 norm convergence of components of (a) velocities; and (b) stresses using the
{p,F ,H, J} C-TOUCH, P-TOUCH (ξ{F ,H,J} = 0) and X-GLACE schemes. Results obtained with A = B = C = 1 and
U0 = 5 × 10−4 m at time t = 4 ms. A linear elastic material is used with ρ0 = 1100 kg/m3, E = 17 MPa, ν = 0.3 and
αCFL = 0.3.
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(a) Initial configuration (b) Initial velocity (m/s) and mesh

Figure 6: Satellite-like structure: Problem setup.

can be noticed (denoted as dashed lines in Figs. 9a and 10a), specially in the case of X-GLACE scheme.

8.3. Bending dominated scenario

In this example, performance of the proposed scheme is assessed in nearly incompressible bending
dominated scenarios. Following [1, 52, 54, 55, 57], a 1 m squared cross section column clamped at the
bottom and free on all other sides is presented (see Fig. 11a). The column is subjected to bending by the
application of an initial linearly varying velocity profile given by v0 = V [(Y/H), 0, 0]T m/s, where V m/s
is the maximum velocity applied and H m is the height of column (see Fig. 11b). A nearly incompressible
neo-Hookean constitutive law is used where the material parameters are density ρ = 1100 kg/m3, Young’s
modulus E = 17 MPa and Poisson’s ratio ν = 0.45.

In the first part of this example a thick column of height H = 6 m is considered. The time evolution
of deformation along with pressure distribution is shown in Fig. 12. It is remarkable to observe the
locking-free deformation behaviour obtained by employing only 2 elements across the thickness of the
column. A mesh refinement is also carried out in Fig. 13 to show the deformation along with normal
(see Fig. 13a) and shear (see 13b) components of stresses. Both cases show that better stress resolution
is obtained as the mesh is refined without the appearance of any oscillations. Moreover, evolution of
horizontal displacement ux and horizontal velocity vx at the tip of the column X = [0.5, 6, 0.5]T m is
shown in Fig. 14a. As the mesh is refined convergence can be clearly observed. Furthermore, bending of
a thin column of height H = 30 m is also investigated. The mesh refinement of deformation of the column
along with normal and shear stresses are plotted in Figs. 15 and 16, respectively. Again, the horizontal
displacement ux and horizontal velocity vx of the tip of the column X = [0.5, 30, 0.5]Tm is monitored in
Fig. 14b. As the mesh is refined, practically identical solutions are obtained showing mesh convergence.

8.4. Highly non-linear scenario

A well documented twisting column example has been explored in References [1, 47, 48, 51, 52, 55–59],
which aims to examine the effectiveness of the proposed methodologies in highly nonlinear scenarios. A
unit squared cross section column of height H = 6 m is considered (see Fig. 17a). The problem is simulated
with an initial sinusoidal angular velocity field relative to the origin given by ω0 = Ω[0, sin(πY/2H), 0]T

rad/s, where Ω = 105 rad/s represents the magnitude of initial angular velocity (see Fig. 17b). The main
objective of this problem is to assess the capability of the proposed methodologies when approaching the
limit of incompressibility (κ/µ ≥ 500). To effectively handle this scenario, a preconditioned Riemann
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t = 0.5 s t = 2.5 s

t = 5.5 s t = 9.5 s

Pressure (Pa)

Figure 7: Satellite-like structure: Time evolution of the deformation along with the pressure distribution using the
{p,F ,H, J} C-TOUCH scheme. Results obtained using a discretisation of 51336 hexahedral elements with an angular
velocity ω0 = [0, 0, 1]T rad/s. A neo-Hookean material is used with ρ0 = 1000 kg/m3, E = 50.05 kPa, ν = 0.3, αCFL = 0.3
and ∆t ≈ 1.3× 10−3 s.
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Pressure (Pa)

Figure 8: Satellite structure: Mesh refinement of deformed shapes along with pressure distribution at time t = 5.5 s using
various mesh sizes: (a) 4032; (b) 16960; and (c) 51336 hexahedral elements. Results obtained using the {p,F ,H, J} C-
TOUCH scheme with an angular velocity ω0 = [0, 0, 1]T rad/s. A neo-Hookean material is used with ρ0 = 1000 kg/m3,
E = 50.05 kPa, ν = 0.3 and αCFL = 0.3.
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Figure 9: Satellite-like structure: Time evolution of the components of (a) global angular momentum with and without
the consideration of discrete angular momentum projection algorithm (AMPA); and (b) global linear momentum using the
{p,F ,H, J} C-TOUCH scheme. Results obtained with an angular velocity ω0 = [0, 0, 1]T rad/s with a discretisation of
51336 hexahedral elements. A neo-Hookean constitutive model is utilised with ρ0 = 1000 kg/m3, E = 50.05 kPa, ν = 0.3
and αCFL = 0.3.
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Figure 10: Satellite-like structure: Time evolution of the components of (a) global angular momentum with and without
the consideration of discrete angular momentum projection algorithm (AMPA); and (b) global linear momentum using the
{p,F ,H, J} X-GLACE scheme. Results obtained with an angular velocity ω0 = [0, 0, 1]T rad/s with a discretisation of
51336 hexahedral elements. A neo-Hookean constitutive model is utilised with ρ0 = 1000 kg/m3, E = 50.05 kPa, ν = 0.3
and αCFL = 0.3.
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H m

v0 = V [(Y/H), 0, 0]T m/s

(a) Initial configuration (b) Initial velocity for V=10 m/s and mesh

Figure 11: Thick column: Problem setup.

solver (see Section 4.2) is thus required. A neo-Hookean material is used with material density ρ0 = 1100
kg/m3, Young’s modulus E = 17 MPa and Poisson’s ratio ν = 0.4999, unless otherwise stated.

In Fig. 18a,b, two different formulations, namely {p,F } and {p,F ,H, J}, are presented. Both the
deformation and pressure field obtained are practically identical. Notice that the slightly discontinuous cell
pressure distribution along the longitudinal direction of the column does not correspond to any spurious
pressure instability, as it gets eliminated after mesh refinement (see Fig. 18c). Alternatively, a nodal
averaging (smoothing) process could have been used to display the results (refer to Fig. 18d). However,
it is known that this can lead to the removal of possible pressure fluctuations. It is for this reason why
we have explicitly decided not to do so in this paper, and we always depict cell values contour plots (see
18a,b)

For benchmarking purposes, Fig. 19 depicts a comparison of the proposed C-TOUCH, P-TOUCH and
X-GLACE methodologies against the recently proposed JST-SPH [58] and SUPG-SPH [59] mesh-free
methods. For completeness, the column is also simulated using the non-LBB compliant B-bar hexahedral
method (see Fig. 19d) and the LBB compliant Q2-Q1 hexahedral FEM (see Fig. 19e). Remarkably, all the
schemes described above produce very similar results both in terms of deformed shape and pressure field.
Insofar as an axisymmetric hexahedral mesh is employed, the column is expected to prevent out-of-plane
deformation. This can be easily shown by monitoring the displacement of a point located at the top
surface of the column along the central axis. Fig. 22 shows that the evolution of planar displacement
components (e.g. ux and uz) at point X = [0, 6, 0]T m is within zero machine accuracy.

The problem becomes significantly more challenging by increasing the initial angular velocity to a
value of Ω = 200 rad/s, thus leading to a pronounced twisting behaviour. A mesh refinement study is
shown in Fig. 20 at time t = 90 ms. In particular, the number of twists shown in the column is captured
extremely well even with the use of a coarse mesh. Aiming to prove mesh convergence, Fig. 21a illustrates
the time evolution of the ratio of current and initial heights of the column by using successive meshes of
4× 24× 4, 8× 48× 8 and 16× 96× 16 hexahedral elements. Moverover, the global numerical dissipation
introduced in the algorithm can be assessed by taking the difference between total conserved energy and
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t = 0.25 s t = 0.5 s t = 0.75 s
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Figure 12: Thick column: Time evolution of deformation along with pressure distribution using {p,F ,H, J} C-TOUCH
scheme. Results obtained with velocity v0 = V [(Y/H), 0, 0]T m/s where V = 10 m/s and H = 6 m using a discretisation
of 2 × 12 × 2 hexahedral elements. A neo-Hookean material is used with ρ = 1100 kg/m3, E = 17 MPa, ν = 0.45 and
αCFL = 0.3.
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(a) Normal stress PyY (Pa)

(b) Shear stress PxY (Pa)

Figure 13: Thick column: Mesh refinement of deformation plotted with (a) normal stress PyY ; and (b) shear stress PxY

using {p,F ,H, J} C-TOUCH scheme at time t = 0.5 s. Results obtained with velocity v0 = V [(Y/H), 0, 0]T m/s where
V = 10 m/s and H = 6 m using a discretisation of 2×12×2, 4×24×4, 8×48×8 and 16×96×16 hexahedral elements. A
neo-Hookean material is used with ρ = 1100 kg/m3, E = 17 MPa, ν = 0.45 and αCFL = 0.3.
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(b) Thin column: Horizontal displacement and velocity

Figure 14: Thick and thin columns: Time evolution of (a) horizontal displacement ux (thick column); (b) horizontal velocity
vx (thick column); (c) horizontal velocity ux (thin column); and (d) horizontal velocity vx (thin column) at material point
X = [0.5, H, 0.5]T m where H = 6 m and H = 30 m for thick and thin columns respectively. Results obtained using
{p,F ,H, J} C-TOUCH scheme with velocity v0 = V [(Y/H), 0, 0]T m/s where V = 10 m/s for thick column and V = 1 m/s
for thin column. A neo-Hookean constitutive model is utilised with ρ0 = 1100 kg/m3, E = 17 MPa, ν = 0.45 and αCFL = 0.3.
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(a) 2×12×2 cells (b) 4×24×4 cells (c) 8×48×8 cells (d) 16×96×16 cells

Normal stress PyY (Pa)

Figure 15: Thin column: Mesh refinement of deformation plotted with normal stress PyY using (a) 2×12×2; (b) 4×24×4; (c)
8×48×8; and (d) 16×96×16 hexahedral elements. Results obtained at time t = 12 s using {p,F ,H, J} C-TOUCH scheme
with velocity v0 = V [(Y/H), 0, 0]T m/s where V = 1 m/s and H = 30 m. A neo-Hookean material is used with ρ = 1100
kg/m3, E = 17 MPa, ν = 0.45 and αCFL = 0.3.
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(a) 2×12×2 cells (b) 4×24×4 cells (c) 8×48×8 cells (d) 16×96×16 cells

Shear stress PxY (Pa)

Figure 16: Thin column: Mesh refinement of deformation plotted with shear stress PxY distribution using (a) 2×12×2;
(b) 4×24×4; (c) 8×48×8; and (d) 16×96×16 hexahedral elements. Results obtained at time t = 12 s using {p,F ,H, J}
C-TOUCH scheme with velocity v0 = V [(Y/H), 0, 0]T m/s where V = 1 m/s and H = 30 m. A neo-Hookean material is used
with ρ = 1100 kg/m3, E = 17 MPa, ν = 0.45 and αCFL = 0.3.
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the summation of internal and kinetic energies. This is shown in Fig. 21b where the numerical dissipation
of the algorithm is reduced when increasing the mesh density.

8.5. Contact capability

Previously explored in [82] in two dimensions, an extension of this contact example to three dimensions
is carried out by considering the rebound of a hollow circular bar of outer diameter D0 = 6.4 mm, inner
diameter Di = 2 mm and height H = 32.4 mm (see Fig. 23). The bar impacts against a rigid frictionless
wall with an initial velocity of v0 = [0,−100, 0]T m/s where the separation distance between the bar
and wall is 4 mm. Upon impact, the bar undergoes large compressive deformation until t = 150 µs
when all the kinetic energy of the bar is converted to internal strain energy. Soon afterwards, tensile
forces start developing and a bounce-off motion begins. At approximately t = 250 µs the bar completely
detaches from the wall and continues to deform. A neo-Hookean constitutive model is chosen with density
ρ0 = 8930 kg/m3, Young’s modulus E = 585 MPa and Poisson’s ratio ν = 0.45. Due to the existence of
two symmetry planes, only a quarter of the domain is modelled with appropriate symmetric roller support
and free boundary conditions.

A sequence of snapshots displaying the deformation of the hollow bar along with its pressure dis-
tribution is shown in Fig. 24. No spurious pressure instabilities can be observed. In Fig. 25, a mesh
convergence study is carried out with a progressive level of refinement. It is remarkable that the defor-
mation obtained with the coarse mesh agrees extremely well with the fine mesh, although the pressure
contour is clearly enhanced as we increase the mesh density. In Fig. 26 and Fig. 27, two sequentially refined
hexahedral meshes of 512 and 13824 are used. Fig. 26 shows the time evolution of the global linear and
angular momenta, whereas Fig. 27 shows the time history of vertical displacement uy at the bottom plane

XB =
[
1/
√

2, 0, 1/
√

2
]T

mm (shown as red lines) and at the top plane XT =
[
1/
√

2, 32.4, 1/
√

2
]T

mm

X, x

Y, y

(−0.5, 0, 0.5)m

(0.5, 6,−0.5)m

Z, z

ω0 = Ω [0, sin(πY/2H), 0]T rad/s

H = 6m

(a) Initial configuration (b) Initial velocity (m/s) for Ω = 105 rad/s and mesh

Figure 17: Twisting column: Problem setup.
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(a) (b) (c) (d)

Pressure (Pa)

Figure 18: Twisting column: Comparison of deformed shapes along with the pressure distribution using (a) {p,F } (8 ×
48 × 8, cell based pressure); (b) {p,F ,H, J} (8 × 48 × 8, cell based pressure); (c) {p,F ,H, J} (16 × 96 × 16, cell based
pressure) with fine mesh; and (d) {p,F ,H, J} (8 × 48 × 8, node based pressure) using C-TOUCH scheme. Results obtained
at time t = 0.1 s with an angular velocity ω0 = Ω [0, sin(πY/2H), 0]T where Ω = 105 rad/s and H = 6 m. A neo-Hookean
constitutive model is used with density ρ0 = 1100 kg/m3, E = 17 MPa, ν = 0.4999, αCFL = 0.3 and ∆t ≈ 1.3× 10−5 s.
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(a) (b) (c) (d) (e) (f) (g)

Pressure (Pa)

Figure 19: Twisting column: Comparison of deformed shapes along with the pressure distribution using various numerical
schemes namely; (a) {p,F ,H, J} C-TOUCH (κ̃ = 3κ); (b) {p,F ,H, J} P-TOUCH (ξF = ξH=0.1); (c) {p,F ,H, J} X-
GLACE (κ̃ = 3κ); (d) B-bar hexahedral method; (e) Q2-Q1 hexahedral FEM [81]; (f) JST-SPH [58]; and (g) SUPG-SPH [59]
numerical schemes. Results obtained at time t = 0.1 s with an angular velocity ω0 = Ω [0, sin(πY/2H), 0]T where Ω = 105
rad/s and H = 6 m. A neo-Hookean constitutive model is used with density ρ0 = 1100 kg/m3, E = 17 MPa, ν = 0.495 and
αCFL = 0.3.
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Isometric view

Top view

(a) h = 1/4 m (b) h = 1/8 m (c) h = 1/16 m (d) h = 1/32 m

Pressure (Pa)

Figure 20: Twisting column: Mesh refinement of deformed shapes with pressure distribution obtained using an increased
angular velocity ω0 = Ω [0, sin(πY/2H), 0]T , where Ω = 200 rad/s and H = 6 m. Results obtained at t = 90 ms using the
{p,F } C-TOUCH scheme with κ̃ = 3κ using meshes with (a) 4×24×4; (b) 8×48×8; (c) 16×96×16; and (d) 32×192×32
hexahedral elements. A neo-Hookean material is used with ρ0 = 1100 kg/m3, E = 17 MPa, ν = 0.499 and αCFL = 0.3.
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Figure 21: Twisting column: Time evolution of (a) non-dimensionalised height of the column measured at the material
point X = [0, 6, 0]T m; and (b) numerical dissipation using the {p,F } C-TOUCH scheme with κ̃ = 3κ. Results obtained
using a discretisation of 4 × 24 × 4, 8 × 48 × 8 and 16 × 96 × 16 hexahedral elements with an increased angular velocity
ω0 = Ω [0, sin(πY/2H), 0]T , where Ω = 200 rad/s and H = 6 m. A neo-Hookean material is used with ρ0 = 1100 kg/m3,
E = 17 MPa, ν = 0.499 and αCFL = 0.3.
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Figure 22: Twisting column: Comparison of time evolution of horizontal displacements ux and uz of the point at top of
column along the central Y axis X = [0, 6, 0]T m using the {p,F ,H, J} C-TOUCH and X-GLACE schemes with κ̃ = 3κ.
Results obtained using a discretisation of 8×48×8 hexahedral elements with an angular velocity ω0 = Ω [0, sin(πY/2H), 0]T ,
where Ω = 105 rad/s and H = 6 m. A neo-Hookean material is used with ρ0 = 1100 kg/m3, E = 17 MPa, ν = 0.495 and
αCFL = 0.3.
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H = 32.4mm

(a) Initial configuration (b) Initial velocity (m/s) and mesh

Figure 23: Bar rebound: Problem setup.

(shown as blue lines). The difference between the red and blue lines indicates the amount of elongati-
on/reduction in bar length. Reasonably accurate deformation is obtained using a coarse mesh, showing
optimal convergence for the proposed method. Finally, we further examine this problem using a large
value of the Poisson’s ratio ν = 0.499. Fig. 28 shows a series of deformed states without experiencing any
locking difficulties.
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Pressure (Pa)

Figure 24: Bar rebound: Time evolution of the deformation along with the pressure distribution using the {p,F ,H, J} C-
TOUCH scheme. Results obtained with velocity v0 = [0,−100, 0]T m/s using 4096 hexahedral elements in quarter domain.
A neo-Hookean constitutive model is used with ρ0 = 8930 kg/m3, E = 585 MPa, ν = 0.45, αCFL = 0.3 and ∆t ≈ 7× 10−8 s.
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(a) t = 150µs
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(b) t = 195µs

Pressure (Pa)

Figure 25: Bar rebound: Mesh refinement of deformed shapes along with pressure distribution at times: (a) t = 150µs;
and (b) t = 195µs using meshes of 512, 4096 and 13824 hexahedral elements in quarter domain. Results obtained using
the {p,F ,H, J} C-TOUCH scheme with velocity v0 = [0,−100, 0]T m/s. A neo-Hookean material is used with ρ0 = 8930
kg/m3, E = 585 MPa, ν = 0.45 and αCFL = 0.3.
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Figure 26: Bar rebound: Time evolution of components of (a) global angular momentum; and (b) global linear momentum
using meshes of 512 and 13824 hexahedral elements in quarter domain. Results obtained using the {p,F ,H, J} C-TOUCH
scheme with velocity v0 = [0,−100, 0]T m/s. A neo-Hookean constitutive model is used with ρ0 = 8930 kg/m3, E = 585
MPa, ν = 0.45 and αCFL = 0.3.
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Figure 27: Bar rebound: Time evolution of vertical displacements uy of the points on the top plane XT =[
1/
√

2, 32.4, 1/
√

2
]T

mm and the bottom plane XB =
[
1/
√

2, 0, 1/
√

2
]T

mm. Results obtained with velocity v0 =

[0,−100, 0]T m/s using the {p,F ,H, J} C-TOUCH scheme. A neo-Hookean constitutive model is used with ρ0 = 8930
kg/m3, E = 585 MPa, ν = 0.45 and αCFL = 0.3.
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t = 50µs t = 100µs t = 150µs t = 200µs t = 300µs

Pressure (Pa)

Figure 28: Bar rebound: Time evolution of the deformation along with the pressure distribution using the {p,F ,H, J}
C-TOUCH scheme (κ̃ = 3κ). Results obtained with velocity v0 = [0,−100, 0]T m/s using 4096 hexahedral elements. A
neo-Hookean constitutive model is used with ρ0 = 8930 kg/m3, E = 585 MPa, ν = 0.499, αCFL = 0.3 and ∆t ≈ 5× 10−8 s.
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8.6. Algorithm robustness

In order to assess the robustness of the algorithm, two challenging examples are presented in this
section. A block, of 1 × 1 m2 unit squared cross section with a height of H = 0.5 m, with nine equally
spaced holes of diameter 0.2 m is considered (see Fig. 29a). The block is punched with a (compressive)
linear velocity profile of v0 = −V [0, 0, (Z/H)] m/s in quarter of the domain (X ≥ 0, Y ≥ 0) (see Fig. 29b).
A neo-Hookean constitutive model is used where the material properties are density ρ = 1100 kg/m3,
Young’s Modulus E = 17 MPa and Poisson’s ratio ν = 0.499.

Fig. 30 shows the time evolution of the deformation pattern with its pressure plot. The proposed
method can clearly capture the extreme deformation of holes near the bottom plane (Z = 0), as shown in
Fig. 31. No spurious pressure instabilities are observed despite simulating a complex geometry which is
made of a nearly incompressible material. A mesh refinement study has also been carried out in Fig. 32.
In this figure, right half of the domain has been partially clipped to show the interior pressure distribution
inside the domain whilst the wireframe mesh displays the deformed configuration. Remarkably, it is clear
that despite increasing the number of elements from 32400 to 86400, both the deformation and pressure
resolution obtained are practically identical. More importantly, Fig. 33 highlights the importance of
the dimensionless parameter β := κ̃

κ used in the preconditioned Riemann solver. When using the value
of κ̃ = κ (which recovers the elastic wave speeds {cp, cs} presented in (29)), spurious pressure mode
is accummulated over time which would eventually lead to breakdown of the numerical scheme. This
shortcoming can be eliminated when resorting to preconditioning with the value of κ̃ = 3κ in order to
obtain a correct scaling for numerical stabilisation.

In the very last example, robustness of the proposed C-TOUCH scheme on a rather complex geometry
is shown. The geometry 4 displayed in Fig. 34a is very similar to a cardiovascular stent widely used in
biomedical applications. This stent-like structure has an initial outer diameter of DO = 10 mm, a
thickness of T = 0.1 mm and a total length of L = 20 mm. For clarity, the dimensions of one of the
repeated patterns on a planar surface are shown in Fig. 34b. In this problem, we show crushing behaviour
of the stent-like structure by applying a constant traction of tb = [0, 0,−100]T kPa at the top and bottom
of the structure along the X-Z plane. Due to the presence of three symmetry planes, one eighth of

X, x
Y, y

Z, z

(0.5, 0.5, 0)m

H = 0.5m

(−0.5,−0.5, 0.5)m

D = 0.2mv0=−V [0, 0, (Z/H)]T m/s

(a) Initial configuration (b) Initial velocity profile (m/s) and mesh

Figure 29: Punch test: Problem setup.

4 The CAD is freely available at www.grabcad.com
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t = 3 ms t = 5 ms

t = 8 ms t = 13 ms

Pressure (Pa)

Figure 30: Punch cube: Sequence of deformed shapes plotted with pressure distribution using the {p,F ,H, J} C-
TOUCH scheme with κ̃ = 3κ. Results obtained with a discretisation of 32400 hexahedral elements using velocity
v0 = −V [0, 0, (Z/H)]T where V = 100 m/s and H = 0.5 m. A neo-Hookean constitutive model is used with ρ = 1100
kg/m3, E = 17 MPa, ν = 0.499 and αCFL = 0.3.
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Bottom view

t = 2 ms t = 4 ms

t = 6 ms t = 10 ms

Pressure (Pa)

Figure 31: Punch cube: Sequence of deformed shapes plotted with pressure distribution emphasising bottom view using the
{p,F ,H, J} C-TOUCH scheme with κ̃ = 3κ. Results obtained with a discretisation of 32400 hexahedral elements using
velocity v0 = −V [0, 0, (Z/H)]T where V = 100 m/s and H = 0.5 m. A neo-Hookean constitutive model is used with ρ = 1100
kg/m3, E = 17 MPa, ν = 0.499 and αCFL = 0.3.
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t = 3 ms t = 8 ms

(a) 32400 cells

t = 3 ms t = 8 ms

(b) 86400 cells

Pressure (Pa)

Figure 32: Punch cube: Mesh refinement of deformed shapes along with pressure distribution at times t = 3 ms and t = 8
ms using mesh sizes of (a) 32400; and (b) 86400 hexahedral elements. Results obtained using the {p,F ,H, J} C-TOUCH
scheme using κ̃ = 3κ with velocity v0 = −V [0, 0, (Z/H)]T where V = 100 m/s and H = 0.5 m. A neo-Hookean constitutive
model is utilised with ρ = 1100 kg/m3, E = 17 MPa, ν = 0.499 and αCFL = 0.3.
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Bottom view

t = 4 ms t = 13 ms

(a) κ̃ = κ

t = 4 ms t = 13 ms

(b) κ̃ = 3κ

Pressure (Pa)

Figure 33: Punch cube: Comparison of deformed shapes plotted with pressure distribution using the {p,F ,H, J} C-TOUCH
scheme with (a) κ̃ = κ; and (b) κ̃ = 3κ. Results obtained with a discretisation of 32400 hexahedral elements using velocity
v0 = −V [0, 0, (Z/H)]T where V = 100 m/s and H = 0.5 m. A neo-Hookean constitutive model is used with ρ = 1100
kg/m3, E = 17 MPa, ν = 0.499 and αCFL = 0.3.
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X, x

Y, y

Z, z

T = 0.1mm
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tb = [0, 0,−100]T kPaL = 20mm

(a) Initial configuration

L/4 = 5mm

π(Do−T )
8

≈ 3.89mm

0.4mm

(b) Planar 1/32th geometry

Figure 34: Stent-like structure: Problem setup.

the problem is simulated with appropriate boundary conditions. The structure is modelled with a neo-
Hookean material defined with density ρ0 = 1100 kg/m3, Young’s Modulus E = 17 MPa and Poisson’s
ratio ν = 0.45.

Fig. 35 shows the crushing behaviour pattern of the stent-like structure. Following the bending problem
analysed earlier in Section 8.3, only two elements (cells) are employed across the thickness to deform the
stent. It is remarkable seeing how the deformation behaviour of the structure can be captured on a rather
complex geometry. For visualisation purposes, Fig. 36 displays the overall deformation of the stent-like
structure at time t = 500µs, with zoomed views in critical areas of sharp spatial gradients. Very smooth
pressure field is observed around sharp corners of the structure. A grid independence study has also been
carried out in Fig. 37 at time t = 400µs. As the mesh is refined from 6912 elements (2 cells across the
thickness) to 43648 elements (4 cells across the thickness), practically identical deformation is obtained.
However, as expected, the pressure resolution is enhanced when more elements are employed. To further
examine the robustness of the algorithm, we use a larger value of Poisson’s ratio ν = 0.499 which leads
to the incompressible limit of κ

µ ≈ 500. As can be observed in the first row of Fig. 38, the pressure field
is plotted constant per cell without resorting to any sort of visual nodal interpolation. Alternatively, a
nodal averaging process could also be used to display the results, refer to the second row of Fig. 38. The
proposed framework, once again, seems very efficient when handling nearly incompressible materials on
complicated geometries. This will provide a platform for the modelling of biomedical applications in the
near future.

9. Conclusions

In this paper, we present a new computational framework for the numerical analysis of large strain
fast solid dynamics, with special attention paid to the case of near incompressibility. A complete set of
first order conservation laws [56–59] is presented, where the linear momentum p conservation equation is
solved in conjunction with three geometric conservation equations for the minors of the deformation tensor
(e.g. one for the deformation gradient F , one for the co-factor of the deformation gradient H and one for
the Jacobian of the deformation gradient J). For closure of the system, a polyconvex model is employed
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t = 200 ms t = 400 ms

Pressure (Pa)

Figure 35: Stent-like structure: Sequence of deformed shapes plotted with pressure distribution using the {p,F ,H, J} C-
TOUCH scheme. Results obtained with a discretisation of 6912 hexahedral elements using traction loading tb = [0, 0,−100]T

kPa. A neo-Hookean material is used with ρ = 1100 kg/m3, E = 17 MPa, ν = 0.45, αCFL = 0.3 and ∆t ≈ 5× 10−8 s.
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Front view Isometric view Top view
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Figure 36: Stent-like structure: Snapshot of deformed shape highlighting the pressure distribution in key region using
{p,F ,H, J} C-TOUCH scheme at time t = 500µs. Results obtained with a discretisation of 6912 hexahedral elements using
traction loading tb = [0, 0,−100]T kPa. A neo-Hookean material is used with ρ = 1100 kg/m3, E = 17 MPa, ν = 0.45 and
αCFL = 0.3.

44



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

(a) 6912 cells (b) 43648 cells

Pressure (Pa)

Figure 37: Stent-like structure: Mesh refinement of deformed shapes plotted with pressure distribution at time t = 400µs
using the {p,F ,H, J} C-TOUCH scheme. Results obtained with a discretisation of 6912 and 43648 hexahedral elements
using traction loading tb = [0, 0,−100]T kPa. A neo-Hookean material is used with ρ = 1100 kg/m3, E = 17 MPa, ν = 0.45
and αCFL = 0.3.
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Front view Isometric view Top view

Pressure (Pa)

Figure 38: Stent-like structure: Snapshot of deformed shape highlighting the pressure distribution in key region using
{p,F ,H, J} C-TOUCH scheme (κ̃ = 3κ) at time t = 500µs. The first row shows the cell center pressure whereas the second
row displays the interpolated/extrapolated pressure at the nodes. Results obtained with a discretisation of 6912 hexahedral
elements using traction loading tb = [0, 0,−100]T kPa. A neo-Hookean material is used with ρ = 1100 kg/m3, E = 17 MPa,
ν = 0.499 and αCFL = 0.3.
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guaranteeing the existence of real wave speeds, and thus material stability [2, 57]. The formulation has
an eye on bridging the gap between Computational Fluid Dynamics and large strain solid dynamics, with
its tailor-made implementation from scratch within the modern Computational Fluid Dynamics code
“OpenFOAM”.

From the spatial discretisation viewpoint, an acoustic Riemann solver combined with a preconditioning
procedure [63–65] is presented. It has been shown that the preconditioned Riemann solver (with a correct
scaling of the numerical stabilisation) effectively alleviates the appearance of spurious pressure modes
when attempting to model nearly incompressible solids (κ/µ > 500). For comparison purposes, an
alternative Total Lagrangian version of the nodal scheme presented in [2], in conjunction with a global a
posteriori angular momentum projection algorithm, has also been implemented in “OpenFOAM”. Finally,
an extensive set of challenging numerical examples is presented in order to assess the accuracy, reliability
and robustness of the proposed methodologies. The proposed framework shows excellent behaviour in
nearly incompressible bending dominated scenarios, yielding second order of convergence for velocities,
deviatoric and volumetric components of the stress.

Taking advantage of the new {p,F ,H, J} computational framework, the authors will now further
explore (1) the adaptation of Roe-type Riemann solvers [83] to solids, (2) the ability to model large
strain thermoelasticity problems, and (3) an alternative Arbitrary Lagrangian-Eulerian description in
large strain solid dynamics [15–17].
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Appendix A. Hyperbolicity

This Appendix is included to present the eigen-structure (consists of eigenvalues and eigenvectors) of
a modified flux Jacobian matrix AN . This is necessary when considering the acoustic Riemann solver in
conjunction with a preconditioning procedure, described as follows

FC
N =

1

2

[FN (U−) + FN (U+)
]
− 1

2
P−1|PAN |

(U+ − U−) .
︸ ︷︷ ︸

Preconditioned numerical stabilisation

(A.1)

To achieve this, and for simplicity, a compressible Mooney Rivlin model described in Reference [57] (refer
to equations (20), (22), (24) and (27) in Section 3.3 on pg. 694-695) is considered [57]

W (F ,H, J) = α(F : F ) + γ (H : H) + f(J), (A.2)

where f(J) = −4γJ − 2αlnJ + λ
2 (J − 1)2, {α, γ, λ} are material parameters defined such that α+ γ = µ

2
[57] and µ represents the shear modulus.

Analogously to the procedure presented in [1] (see Appendix A from pg. 451 to pg. 453), with the aid
of (34) and (A.2), the modified eigen-problem by considering each individual component of this system
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becomes

cαpα = −2αFαN − (2γF Hα)N − f ′′JαHN ; (A.3a)

cαFα = −β
2

ρ0
(pα ⊗N) ; (A.3b)

cαHα = −β
2

ρ0
[F (pα ⊗N)] ; (A.3c)

cαJα = − 1

β2ρ0
pα ·HN , (A.3d)

with f ′′ := d2f
dJ2 = λ+ 2α

J2 .
As a consequence of the high level of redundancy in the system of equations being considered, only

six wave speeds are different from zero. These can be readily identified by substituting the last three
geometric strain equations (A.3b-A.3d) into (A.3a) to give:

[
2αβ2pα +

f ′′

β2
Λ2
A (n⊗ n)pα + 2γβ2

(
Λ2
T I −ΛT

)
pα

]
= ρ0c

2
αpα, (A.4)

where the following notations have been used

ΛAn = HN ;

Λ2
A = HN ·HN ;

ΛT = FT1 ⊗ FT1 + FT2 ⊗ FT2;

Λ2
T = FT1 · FT1 + FT2 · FT2 = trΛT .

(A.5)

Note that T1,2 denote an arbitrary pair of orthogonal unit vectors on the reference plane with surface
normal N and n is a unit vector orthogonal to the vectors FT1,2 which lie on the propagation surface.
The first set of eigenvalues corresponding to p-waves is obtained by taking pα = n to give,

c1,2 = cp; cp = ±

√√√√
(

2αβ2 + 2γβ2Λ2
T + f ′′

β2Λ
2
A

)

ρ0
. (A.6)

The remaining four eigenvalues correspond to shear waves where the vibration takes place on the propa-
gation plane. The corresponding velocity vectors are orthogonal to n and in the directions of the unit
eigenvectors {t1, t2} of the rank two tensor ΛT . The wave speeds are given by c3,4 = cs1 and c5,6 = cs2 ,
where

cs1 = ±β
√(

2α+ 2γ
(
Λ2
T − λ2

1

))

ρ0
; cs2 = ±β

√(
2α+ 2γ

(
Λ2
T − λ2

2

))

ρ0
(A.7)

and λ2
1,2 are the eigenvalues of ΛT .

In the case of neo-Hookean model (i.e. by imposing the values of α = µ
2 and γ = 0), both the pressure

and shear wave speeds evaluated at the initial undeformed configuration (F = H = I and J = 1) become

c1,2 =
1

β

√
λ+ µ(β4 + 1)

ρ0
; c3,4 = c5,6 = β

√
µ

ρ0
, (A.8)

where the dimensionless parameter β is defined as β := κ̃
κ and κ̃ is a user-defined material constant, usually

taken in the neighbourhood of the bulk modulus κ of the material. The wave speeds c1,2 presented in
(A.8a) reduces to

c1,2 ≈
1

β

√
κ

ρ0
, (A.9)
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when approaching the limit of incompressibility (κ� µ).
Utilising equation (A.3), the corresponding right eigenvectors are obtained after some simple algebra

R1,2 =




n

− β2

ρ0c1,2
n⊗N

− β2

ρ0c1,2
F (n⊗N)

− ΛA
β2ρ0c1,2




; R3,4 =




t1

− β2

ρ0c3,4
t1 ⊗N

− β2

ρ0c3,4
F (t1 ⊗N)

0


 ;

R5,6 =




t2

− β2

ρ0c5,6
t2 ⊗N

− β2

ρ0c5,6
F (t2 ⊗N)

0


 .

(A.10)

Finally, evaluation of the set of left eigenvectors now follows in an analogous manner [1]

L1,2 =




n
− 2α
c1,2

[n⊗N ]

− 2γ
c1,2

[F (n⊗N)]

−f ′′ΛA
c1,2


 ; L3,4 =




t1
− 2α
c3,4

[t1 ⊗N ]

− 2γ
c3,4

[F (t1 ⊗N)]

0


 ;

L5,6 =




t2
− 2α
c5,6

[t2 ⊗N ]

− 2γ
c5,6

[F (t2 ⊗N)]

0


 .

(A.11)
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