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ABSTRACT. Based on a recent result in [14], in this paper, we extend it to stochas-
tic evolution equations with jumps in Hilbert spaces. This is done via Galerkin type
finite-dimensional approximations of the infinite-dimensional stochastic evolution equa-
tions with jumps in a manner that one could then link the characterisation of the path-
independence for finite-dimensional jump type SDEs to that for the infinite-dimensional
settings. Our result provides an intrinsic link of infinite-dimensional stochastic evolution
equations with jumps to infinite-dimensional (nonlinear) integro-differential equations.

1. INTRODUCTION

The object of this paper is to characterise the path-independent property of the den-
sity process (via the exponent process) of Girsanov transformation for stochastic evolution
equations with jumps in Hilbert spaces, a class of semi-linear stochastic partial differen-
tial equations (SPDEs) with jumps. The latter class of SPDEs with jumps was studied
analytically in [11], which is continuously to be a hot topic nowadays. As a result, we
derive an intrinsic link of stochastic evolution equations with jumps in Hilbert spaces
to infinite-dimensional (nonlinear) integro-differential equations. The derived nonlinear
equations involve a Burgers-KPZ type nonlinearity, which should link very well to sta-
tistical physics, such as studies of infinite interacting systems with non-Gaussian noise
driven stochastic dynamics (cf. e.g. the discussions in [16]).

The investigation of path-indepedent property of the density of Girsanov transformation
for 1t6 type SDEs on R? started in [15, 18], which was inspired by interesting considerations
needed in economics and mathematical finance (cf. e.g. references in [18]). In [16], Wang
and the second author considered stochastic evolution equations in Hilbert spaces driven
by cylindrical Brownian motion, and obtained a characterisation theorem via Galerkin
type finite-dimensional approximations developed in [17]. Moreover, in [14], we studied
the characterising path-independence problem for non-Lipschnitz SDEs with jumps on
R?, where we derived a link of SDEs with jumps to integro-differential equations via a
proper setting of Girsanov transformation for SDEs with jumps.

AMS Subject Classification(2010): 60H15, 60H30, 35R60.
Keywords: An Ité formula, a Girsanov transformation, path-independence, characterization theorems.
*This work was partly supported by NSF of China (No. 11001051, 11371352).
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Due to the complexity of SPDEs with jumps, our extension can not be a straightforward
analogy to [16]. In fact, we have to overcome several difficulties arising from handling
equations with jumps in infinite dimensions, as well as need to establish a suitable Gir-
sanov transformation for such equations and most importantly the Ito formula for the
solutions of our stochastic evolution equations with jumps in Hilbert spaces, which we
could not find in the literature. The obtained results extend both characterisation results
in [16] and in [14].

The rest of the paper is organized as follows. In the next section, we will formulate
and prove a proper Girsanov theorem. The equations which we are concerned with are
introduced in Section 3, where we follow [17] to develop a Galerkin type finite-dimensional
approximation which extends the corresponding result in [17]. Moreover, we derive an
[t6’s formula for the solutions by utilising the Galerkin type finite-dimensional approx-
imation. Section 4 is devoted to proving the main results of the characterisation for
infinite-dimensional equations with jumps involving and not involving cylindrical Brown-
ian motion, respectively.

2. THE GIRSANOV THEOREM

In the section, we state and show a Girsanov theorem for Brownian motions and random
measures in a real separable Hilbert space. We introduce our framework first.

Give a filtered probability space (€2,.%, {Z; }icp,), P). Let {5i(t,w)}iz1 be a family of
mutual independent one-dimensional Brownian motions on (€2, .#, {%}icjo,00), P). For a
real separable Hilbert space (H, (-, -}u, || - |m), construct a cylindrical Brownian motion on
H with respect to (2, %, {% }icpo,00), P) by

W= Wiw) =Y Bi(tw)e;, weQ, te(0,00),
i=1
where {e;}i>1 is a complete orthonormal basis for H which will be specified later. It is
easy to justify that the covariance operator of the cylindrical Brownian motion W is the
identity operator I on H. Note that W is not a process on H. Tt is convenient to realize
W as a continuous process on an enlarged Hilbert space H, the completion of H under
the inner product

<x7y>[ﬁ1 = Zz_i<$7ei><yuei>v Yy € H.
i=1
Next, we introduce the jump measures. Let (U, %, ) be a given o-finite measure space
(which is interpreted as a parameter space measuring jumps) and let A : [0, 00)xU — (0, 1)
be a measurable function. Then, following e.g. Theorem 1.8.1 of [6], there exists an
integer-valued random measure on [0,00) x U

Ny : B([0,00) x U x Q2 — Ng:=NU{0} U {0}
with intensity measure (i.e., its predictable compensator) A(t, u)dtv(du):
EN,(dt,du, ) = A(t,u)dtv(du).

Set
Niy(dt, du) := Ny(dt, du) — A(t, w)dtv(du),

and then N, (dt,du) is the associated compensated martingale measure of Nj(dt,du).

Moreover, we assume that W, and N, are independent.
2



Fix arbitrarily 7' > 0 and Uy € % with v(U \ Up) < oo. Set for any ¢ € [0, 7]
t t
Zy = W, +/ (s, x)ds + / / (s, x,u)Nx(ds, du)
0 0 JUo
t
_'_/ lp(S,LE‘,U)N)\(dS,dU%
U\Ug

where 7 : [0, T] x Qx H +— H is P®.%(H)/%(H)-measurable, and ¢ : [0, T] x Qx Hx U,
His P ® B(H) @ U |y, /P (H)-measurable and v : [0,7] x Q x H x (U\ Up) — H is
PoBH) U v,/ P (H)-measurable, therein P stands for the predictable o-algebra on
[0,7] x Q. Put

A = exp{—/t<( /||73x“Hd5_//Uolog)\SUN/\(dS du)
//UO1— 5, 1) (du)d}

We will use A; to define a new probability measure P and show that under the measure
P, Z; has a simpler form, namely, we get the following Girsanov theorem in our present
framework.

Theorem 2.1. Assume that
E[Ar] = 1. (1)
Then under the probability dP := ArdP, the process Zy,t € [0, T, has the following form

Z, =W, —i—/ / (s, 2,u)N(ds,du) + / (s, z,u)Ny(ds,du), te€[0,T],
Uo U\Uo

where, on the new filtered probability space (Q, F, {,/t}te[o,T],IP’), W, =W, + fo s, x)ds
is a cylindrical Brownian motion, and the predictable compensator and the compensated
martingale measure of Ny(dt,du) are dtv(du) and N(dt,du), respectively.

Proof. For the cylindrical Brownian motion W, one could use the method similar to that
in [4, Theorem 10.14] with some slight modifications. The proof is then completed by
directly applying Theorem 3.17 in [7] to the random measure N (dt, du). O

In Section 4, the above theorem will be used to transform certain relevant processes.

Next, we would like to present a sufficient condition on v and A such that Ay fulfills the
assumption (1). Note that A, t € [0, 77, is the Doléans-Dade exponential of My, t € [0, 7],

M,: = —/Ot<fy(s //UO N,\(ds du), te][0,T].

Thus, we will analyze M; to get the desired sufﬁment condltion. Firstly, we have

1—A(t,u) 1
AM; = M, — M, = = —-1>-1 7).
0 0 0 N ) Nt ) >—1, tel0,T]

Secondly, we assume the following



(H2.1)

elew{y [ heoldss [ [ (5 )A<s,u>v<du>ds}}

< 0o0.

Then, under (H2.1), M, is a locally square integrable martingale. Moreover, let M¢ and
M? stand for continuous and purely discontinuous martingale parts of M, respectively,
then

1
E[exp{§ < MC M >p + < M% M >, }]

= wow () [k [ [ (5200) N untas)

< 0o0.

Thus, it follows from [12, Theorem 6] that A;,¢ € [0,7T] is a exponential martingale and
satisfies the condition (1).

3. STOCHASTIC EVOLUTION EQUATIONS WITH JUMPS ON H

In the section, we consider stochastic evolution equations with jumps in our infinite
dimensional setting. Let us begin with some notions and notations. For the Hilbert space
H given in the previous section, L(H) is the set of all bounded linear operators £ : H — H
and Lyg(H) is the collection of all Hilbert-Schmidt operator £ : H — H equipped with
the Hilbert-Schmidt norm || - || gs.

Fix a linear, unbounded, negative definite and self-adjoint operator (A, D(A)) on H,
where D(A) is the domain of the operator A. Let {e};>0 be the contraction Cj-
semigroup generated by A. Moreover, L 4(H) stands for the family of all densely defined
closed linear operators (£, D(L£)) on H so that AL can extend uniquely to a Hilbert-
Schmidt operator still denoted by e*AL for any ¢ > 0. And then L 4(H), endowed with the
o-algebra induced by {£ — (e Lz, y)g | t > 0,2,y € H}, becomes a measurable space.

Give T' > 0. Consider the following stochastic evolution equation with jumps on H

dX, = {AX; +b(t, X,)}dt + o (t, X,)dW, + [ f(t, X;—,u)Nx(dt,du), 0<t<T
Uo

Xo =9 € H,

(2)
where b : [0,00) x H — H, 0 : [0,00) x H — L4(H) and f : [0,00) x H x Uy +— H are
all Borel measurable mappings. Set ||z|jg = oco,x ¢ H. Let us give a definition of mild
solutions to Eq.(2), which will be used in the sequel.

Definition 3.1. A H-valued predictable process X;,t € [0,T) is called a mild solution of
Eq.(2) if for any t € [0,T]

t t
E / e 4p(s, X,)|%ds + E / 4o (s, X, )| sds
0 0

t
—i—E/ €A f (s, Xy, u) |ZA (s, w)r(du)ds < oo,
0 Up
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and P-a.s.

t t
X, = etAxo+/ e(t_s)Ab(s,XS)ds+/ e =g (s, X,)dW,
0 0

t
+ / / DA F(s X ) Ny (ds, du).
0 Uo

Next, let us derive existence and uniqueness for the mild solution of Eq.(2). To this
end, we assume the following

(H3.1) There exists an integrable function Ly : (0,7] — (0, 00) such that
les4(b(t, ) = b(t, )i < Lu(s)llz — yll. s € (0,7],t € [0, 7], 2,y € H,
and

T
/ sup |le*4b(r, 0)]|Zds < oco.
0 refo,T]
(H3.2) There exists an integrable function L, : (0,7] — (0, 00) such that Vs € (0,7],t €
[0,7] and Vz,y € H
le (o(t, 2) — o (t,9)) s < Lo(s)llw = ylliy
and
T
/ sup [l Ao(r, 0|2 sds < 0o,
0 relo,T]

(H3.3) There exists an integrable function L : (0,7] — (0, 00) such that Vs € (0,7],t €
[0,7] and Vx,y € H

; le*A(f (82, u) = £y, w))[EA(E w)v(du) < Ly(s)lle =yl

and

/0 /U sup ([le* f(r, 0, w)[[FA(r, w)) v(du)ds < cc.

o 7€[0,T]
Remark 3.2. (i) Under (H3.1)-(H3.3), the following hold
le*b(t, o)l < 2Lo(s) [l + 2lle™b(t, 0) |,
leto(t,2)hs < 2Lo(s)llzllf + 2lle*to(t, 0)|lFs,
g le £ (¢, 2, w) [EA(E wv(du) < 2Ly(s)llw]E + 2 s le* £ (£, 0, w)|EA(E, w)v(du).
0 0

These conditions are nothing but similar to linear growth conditions.
(i) Comparing (H3.1)-(H3.3) with those in [8, Theorem 2.3|, one could find that our
conditions are more general.

We are now ready to give the existence and uniqueness result of the mild solution of
Eq.(2) under (H3.1)-(H3.3).

Theorem 3.3. Suppose that b, o, f satisfy (H3.1)-(H3.3). Then there exists a unique
mild solution X of Eq.(2) with the following property
sup E| X% < oo.

te[0,7
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Proof. Denote by H the set of all H-valued predictable processes Y = (Y;)cjo,r) satisfying

sup E||Y;||4 < co. For Y € H, set
te[0,7T

t t
JY)(t) = ey + / e 4p(s,Y,)ds + / e =g (s, Y,)dW,

t
+ / / DA f (5, Y, ) Na(ds, du),
0 Uo

and then J(Y') € H. In fact, by the isometry formula and Remark 3.2, it holds that for
0<s<t<T,

t S
E| / / DA (Y, ) Ny (dr, dur) / / DA (1 Vi ) N (dr, du)%
0 Uop 0 Uo
2| / / DA f (Y )Ny (dr, du) — / / e Y ) Ny (dr, du) |2
0 Uop 0 Uo

/A

t
28| [ [ A N du)
s JUp
= QE/ 1€ Af (1, Vil u) — AL (r Yoo ) |3 (r, w)v(du)dr
0 Ug

t
+2E/ He(t_r)Af(r, Y,_,u) H?HI)\(T, w)v(du)dr
s Uo

/A

24 _ [|PE / 14, Yo, ) |2A(r, ) (du)dr

0 Up

t
—I—QIE/ €A F (Yl w) || 2N (r, w) v (du)dr
s Uog

N

et 12 sup BV [ L))
4l — g / [ s (400, A )v(duo)
U

o 7€[0,T]

t—

+4 sup IE||Yt||H/ L(r dr+4/ / sup ||6”Af(r,0,u)||§ﬂ)\(r, u))u(du)dv.
te[0,7 Ug r€[0,T

Taking the limits on two sides as s — ¢, we obtain that [, Jo, €A (Yo u) Ny (dr, du)

is mean square continuous in ¢. And mean square continuity of et4z, f(f =54 (s, Y, )ds,

f elt=944 (s, Y,)dW, is easy to verify. Therefore, J(Y)(t) is mean square continuous in ¢
and then is predictable.

Moreover, it follows from the above definition, the Holder inequality and the isometry
formula that

E[l7(Y) ()]

t t
< 4||et“4:)30||[2ﬁl+4tIE/ ||e(t_8)Ab(s,Y;)||§Hds—|—4IE||/ e(t_s)“‘la(s,YS)alVVSH]%I
0 0
6



t
B [ [ AV ) N s du)
0 Uo
t t
< e+ a8 [ s, Ylfds + 4B [ e (s, Y s
0 0

t
+4E/ ||e(t_5)“4f(s, Y,_, u)||%1)\(s, w)v(du)ds.
0 Uo

Remark 3.2 then let us to obtain further
ElJ(Y)(t)I5

t t
< alnl vt [ Lt - SEIY.IRds +8 [ Lot - E|Y.[ds
0 0
t t
+8/ Lf(t—S)EIIY;II%dSJré%/ {tlle(t_s)Ab(s,O)II%Jr =40 (s, 0)|[%s
0 0
[ 10 A (| as
U
’ t t t
< Afletald + 8 sup E|Yi|% <t/ Lb(s)ds+/ Lo(s)ds+/ Lf(s)ds)
te[0,T) 0 0 0
t
#8 [ [t sup im0+ sup 4ol 0
0 re[0,T] re[0,T]
+ / sup (HeSAf(r,O,u)||f{)\(r,u)>y(du)]ds.
Up 7€[0,T]
By (H3.1) (H3.2) (H3.3) again, it holds that sup E|J(Y)(t)||F < cc.
te[0,7
Next, let us calculate sup E||J(Y!)(s)—J(Y?)(s)||% for Y1, Y? € H. By similar deriva-
s€[0,t]

tion to the above, one could have

t t t
sup E|lJ(YH(s) — J(Y?)(s)||F < 3<t/ Lb(r)dr+/ Lo(r)dr—i—/ Lf(r)dr)
s€[0,] 0 0 0

- sup E|Y,) — V2|3

s€[0,t]
Since PI%?) (t fot Ly(r)dr + fot L,(r)dr + fot Lf(r)dr> = 0, there exists a 0 < ty < T such
%

that 3 <t0 [3° Ly(r)dr + [3° Ly (r)dr + [° Lf(r)dr) < 1. Thus on [0,%) the mapping J

has a unique fixed point Y which is a unique mild solution of Eq.(2). If ¢, = T', the proof
is finished. If t; < T, we repeat the above procedure to get a unique mild solution of
Eq.(2) on [ty, 1] for some t; € (to, T]. The approach is further utilsed till £, = 7" so that a
unique mild solution of Eq.(2) on the whole interval [0, 7] is obtained. We are done. [J

Next, we will construct a finite dimensional approximation to Eq.(2) to set up a rela-
tion between Eq.(2) and a finite dimensional SDE with jumps. To be more precise, we
will set up the Galerkin approximation to Eq.(2), for which we shall need the following

assumption:
7



(H3.4) The operator —A has the following eigenvalues
D<M <A< .. <N<. ..

counting multiplicities such that
i 1.
= A

We would like to emphasize here that the complete orthonormal basis {e;};en is
taken as the eigen-basis of —.A throughout the rest of the paper.

Remark 3.4. Note that by (H3.4), there are invertible operators on H in L4(H), such
as the identity operator I.

Recall that from now on we have the fixed complete orthonormal basis {e;};en for H
as specified in (H3.4). Set

7, H — H, :=span{ey,--- ,e,}, néeN,

n

TpX 1= Z<x>6i>]ﬂ16ia T ]HL

i=1
and then 7, is the orthogonal project operator from H to H,,. Moreover, m,e** = e*r,
fort > 0. Again set A, := A |n,, b, := m,b, 0, := m,0 and f,, :== 7, f. And then consider

the following SDE with jumps in H,

{pr = {AXP + b, XP) Yt + 0 (8, XP)AW, + [ fult, Xi0, w)NA(dt, du), )

X"™(0) = m,xo.
Under (H3.1)-(H3.4), one can justify that the coefficients b, o, and f, are Lipschitz

continuous and linearly growing. For example, for o,, noting that W; = Z;’il B;(t,w)e;,
we deduce that

> ot 2l
= ZZ| o(t, x)e;, ei)ul’ —ZZ(E%TI o(t,z)e;, e eyl
7j=1

]121 =1

(o] n
= Z Z e o(t,x)e;, eTAeZ->H|2 < 62A"TZ Z |(6T'40(t, T)e;, eiul’

=1 i=1 j=1 i=1
< T Ao (t, 1) s < T (2Lo(T) 2l + 2™ o1, 0)lhs)

i.e. o, is linearly growing. Thus, by [6, Theorem 9.1], there exists a unique strong solution
X e H,,t €[0,T] to Eq.(3). Moreover, we have the following result.

Lemma 3.5. Under (H3.1)-(H3.4),

lim E[| X — X,||3 =0, t€l0,T)]. (4)
n—oo
8



Proof. Note that X", the unique strong solution to Eq.(3), also satisfies the following
equation

t t
X! = 6tA"7Tn$0—|—/ e(t_S)A”bn(s,X;‘)ds%—/ ell=Mng (5, XM dW,
0

0
t
+ / / =04 b (6 X7 u)Ny(ds, du), te [0, (5)
0 Uo

Based on this and Definition 3.1, we compute E|| X} — X;||3. By the Holder inequality
and the isometry formula, it holds that

E[lX7 — Xl

/N

t
4Het“4"7rnxo — etAxOH%I + 4tIE/ ||e(t_5)“4”bn(s, X7 — e(t_S)Ab(s, Xs)||%1ds
0
t
+4E/ ||e(t_5)“4"an(s,X§‘) — e(t_s)Aa(s,Xs)H%{Sds
0

t
AR / €= £ (5 X7 ) — =94 F(s X, u)|BA(s, u)v(du)ds
0 Uo

= ]1—|—IQ+[3+[4.
For I;, since e*nrm,zo = m,et
Iy < 4wy — 2| |f- (6)

And then we deal with I5. It follows from (H3.1) that

Zo,

t
I, < 4tE/ {2He(t_s)Anbn(5an)_6(t_8)Anbn(s>XS)”I2HI
0
et (5, X,) — e<t-s>Ab<s,Xs>||%ﬂ} s
t
< 4tE/ [2||e(t_s)Ab(8,X§) — =94 (s, X,)|14
0
2, — I (s, X»Hﬁ] s
t
< st / Ly(t — )E| X" — X, ||3ds
0

t
+8t||7, — f||2/ Elle"b(s, X,)||&ds. (7)
0
By the similar deduction to the above, we obtain that

t
L+l < 8 / (Lot — 8) + Ly(t — 8)) BIX" — X,||ds
0
t
TR / Eflel940(s, X,)|3sds
0

t
sl =12 [ [ Bl s X M s (s ()
0 Uo
9



Combining (6) (7) with (8), we have further that
EIX7 - Xl < 4llma — TP ol + 8llm — 117U

t
+8/ (TLy(t — s) + Lo(t — s) + Lf(t —5)) E|| X7 — XsH[zHlds, 9)
0
where

¢ t
U, = t/ EH‘Q(t—s)Ab(SaXS)H]%IdS_l—/ EHe(t_s)AU(SaXS)H?‘{SdS
0 0

t
4[] Bl o, X ) M, ) ds.
0 Uog

By Definition 3.1 and Theorem 3.3, it holds that U; < oo and sup E||X;||% < cc.
t€[0,T

Next, we compute sup sup E|X7||4. For Eq.(5), by the similar calculation to that in
n>1 te0,7)
the proof of Theorem 3.3, one could have that

t t
BIXPIE < e ool + 8t [ Lt - BIXIEds +8 [ Lo(t— SJEIXTds
0 0

t t
+8/ Ly(t — s)E||I X7 ||fds + 8/ {tlle(t_s)Ab(S,O)II% + 1€ (s, 0[5
0 0

||e(t_5)“4f(s, 0,u)||HEA(s, u)y(du)] ds

Uo

t t t
< 4lleaol|E + 8 sup EHX”HH( / Lb(s)ds—i-/ Lg(s)ds+/ Lf(S)dS)
0 0

s€[0,t]

t
18 / [t sup [|eAb(r, 0)|3 + sup [lea(r, 0)|[%g
0 T]

rel0,T7] rel0,

+/ sup <||es“4f(r,0,u)||f{)\(r,u)>u(du)} ds.
Uo r€[0,T]

Furthermore, by taking t, with 8 (to f(fo Ly(s)ds + f s)ds + f ds) < 1/2, it
holds that

to
sup E[[XJ[F < 8||6t°A950||12a+16/ {to sup _[[e™b(r, 0)|[F + sup [le**a(r,0)|%s
s€[0,to 0 rel0,77] rel0,77]

+/ sup <H65Af(r,0,u)||%{)\(7’, u)) V(du)} ds.
Up r€[0,T

On [to, 2to], [2to, 3to], . . ., [mty, T] for m € N, by the same way to the above we deduce
and conclude that

m ) ito
sup BIXIIE < 87 e tal 416308 [ Tt s e 012

s€[0,7T i=1 (i—1)to r€[0,7]

©osup e o (r, 0)|s + / sup [[*4f(r,0, ) |BAr, whw(du) | ds
Te[ovT} Uo T’E[O,T]
10



T
116 / {to sup [[eb(r, 0)[13 + sup [|leo(r,0)|%s
mtg rel0,7] rel0,7]

# [ s (1m0 0lA )t | as.

0 T‘G[O,T}

This shows sup sup E|X7||4 < co.
n>1 t[0,7]

Thus, taking the super limit on two sides of the inequality (9) as n — oo, by the Fatou
lemma we obtain that

t
limsup E|| X7 — X¢||7 < / (TLy(t — s) + Ly(t — 9)
0

n—o0

+Ls(t — 5)) limsup E|| X7 — X, ||5ds.

n—oo

Based on the proof in [17, Theorem 3.1.2], one could get
limsup E|| X7 — X;||% = 0.

n—o0

Thus, the proof is completed. O

In the following, we will apply the Galerkin finite-dimensional approximation in the
above lemma to deduce an Ito formula for real-valued functions of the solution X;,t €
[0,7] to Eq.(2). Now, there exist some It6 formulas for real-valued functions of these
solutions processes for these infinite-dimensional semi-linear SDEs with jumps containing
Eq.(2), such as [2, Theorem 2.4] and [9, Theorem 27.1]. Unfortunately, they don’t work
here because of two requirements in them that the diffusion coefficient o in Eq.(2) is
a Hilbert-Schmidt operator and that the solution X; to Eq.(2) is a strong solution. In
present, we will prove an It6 formula for Eq.(2) with ¢ € L4(H) and a unique mild
solution X;. Therefore, the result is independently interesting.

Proposition 3.6. Assume (H3.1)-(H3.4), and let v : [0,T] x H — R be in Cp*([0, T] x
H) such that [Vo(t,x)] € D(A) for any (t,z) € [0,T] x H and ||[AVv(t,-)||n is bounded
locally and uniformly in t € [0,T]. Then we have

o(t, Xy) = U(O,xo)—l—/o [%v(s Xs)+ (Vo(s, X5),b(s, Xs))g + (AVu(s, Xs), Xo)m | ds

+ /0 (a*(s,Xs)Vv(s,Xs),dWs)ﬁJr% /0 Tr{(00")(s, Xo)V20(s, X,)|ds
—v(s, X

+/t/UO (s, Xoo + f(s, Xo_,u)

//UO v(s, Xoo + f(5, Xy u)) — v(s, X5_)

(F(s, Xoo, ), Vo(s, Xo )z | A(s, w)v(du)ds, (10)

)
s—)] NA(ds,du)

where o*(t, ) stands for the transposed matriz of o(t,x), V and V?* stand for the first

and second Fréchet operators with respect to the second variable, respectively.
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Proof. First of all, take the approximation sequence { X", ¢t € [0,7T]},en for the solution
{X:,t € 0,7} of Eq.(2). Note that {X/*,¢ € [0,T]} is a n-dimensional process. Applying
the It6 formula in [6] to v(¢, X}*) for any t € [0, 7], one could obtain that

v(t, X}') = (0, 7Tn$0)+/ (Vovu(s, X7, 0n(s, XM AW, )y
/ /U (5, X2+ fuls, X u)) — v(s, X)] Na(ds, du)

/0 [83 v(s, X7) 4+ (Vau(s, XI), Ay X7 + ba(s, X1))u]ds

NI

1/ Tr[Viu(s, X7)(on(s, X)(1d)?) (00 (s, X2)(Id)?)"]ds

//UO v(s, X+ fuls, X1 u)) —v(s, X7
—{falls, X2 ), Vo (s, XI))ge | Als, w)(du)ds
= (0, mpwo) + / t( (5, XY Vav(s, X1, dW)m
/ / (5, X2+ fuls, X u)) — v(s, X)) Na(ds, du)
+/0 [83 V(3. XY + (V(s, X7), Au X" + by(s, X)) ds
1/tTT[< o) (s, XJ)Viu(s, X7))ds
//UO (s, Xoo + fuls, Xy u)) —v(s, XgL)

_<fn(S>X;L—>u)> VNU(S>X;L—)>]HI )\(s,u)l/(du)ds, (11)
where V- :=>"" (V- e;)ue;.

7j=1
Firstly, by continuity of v(t, ), %v(s, x) with respect to x and Lemma 3.5, it is clear
that

lim v(t, m,x0) = v(t,x0),
n—oo
lim v(t, X7") = o(t, Xy),
n—oo
d 0
lim — XM = — X .S..
Jim asv(s ) 881)(3, s)  a.s

Those assumptions on v and self-adjoint property of the operator A admit us to obtain
that
t

i [ (039,05, X2). W) = /0 0" (s, X.), d W)=

n—oo

lim/ /UO 5, X" +fn(s X)) — (s, X1)] Na(ds, du)

n—oo



/0 / (05, Xo 4+ F(s, Xoe ) — v(s, X, )] Na(ds, du),

in the mean square sense and
t

t
lim (an(s,XS"),AnXS")Hds:/ (AVo(s, Xs), Xs)uds ,

n—oo fq 0
t

t
lim | (Voo(s, XT),by(s, X)) uds — / (Vo(s, X.), b(s, Xo))ads
0

n—oo fq
t

lim Tr[(anaZ)(s,Xs")Vflv(s,Xs”)]ds:/0 Tr[(oo*)(s, Xs)Vv(s, X,)]ds,

n—oo 0

lim /t/ [U(S,Xg_ + fuls, XI u)) —v(s, X{1)
Uo

n—oo

{fuls, X ), Vau(s, X ))H}A(s,u)y(du)ds

//UO v(s, Xoo + f(5, Xy u)) — v(s, X5_)

(s, X, ut), Vo(s, X, ))e }A(s,u)y(du)ds, @.s..

Finally, taking the limits on two sides of (11) as n — oo, by the above equalities we have
(10). The proof is completed. O

4. THE CHARACTERIZATION THEOREM ON H

In the section, we shall state and prove two characterization theorems, which are the
main results in the paper. First of all, consider Eq.(2), i.e.

AX, = (AX, + b(t, X))t + o(t, X)dW, + i, F(t, X, w)Na(dt, du), ¢ € [0,7],
Xo=1x9 € H.

Moreover, we assume:

(H3.3’) There exists an integrable function L : [0,T] — (0, 00) such that

e (f(tz,u) = f(ty, ) [EAE w)v(du) < Ly(s)lle = yllf, 5.t €[0,T],2,y € H,

Uo
and for ¢ = 2 and 4
le*A £ (t, 2, w) [EAE wr(du) < Li(s)(1+ [llw)".
Uo
(H4.1) (Non-degeneracy) o(t,x) is invertible for any (¢,x) € [0,7] x H and the inverse
operator of ¢(t,z) is uniformly bounded on (t,z) € [0,7] x H.
It is obvious that the assumption (H3.3’) is stronger than (H3.3). In the following, we

define the support of a H-valued random variable ([10]) and give out a support theorem
under these assumptions.

Definition 4.1. The support of a H-valued random variable Y is defined to be
supp(Y) :={x € H|(Po Y ") (B(x,r)) > 0, for allr >0}

where B(x,r) :={y € H|||ly — x|l < r}.
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Lemma 4.2. Under (H3.1)-(H3.2) (H3.3’) (H3.4) and (H4.1), supp(X;) = H for
te[0,7].

Proof. Since it is easy to see supp(X;) C H, we only prove supp(X;) D H. Moreover, from
Definition 4.1, we only need to show that for any x € H and r > 0,

P{||X; — z|lm <r} >0,

or equivalently,
P{[ X — zlla = r} < 1.

On one hand, by Lemma 3.5 and the Chebyshev inequality, it holds that for any small
0<e<rand0<n<l1,there exists a N € N such that for n > N,

P{[ X — XPllm > e/2} <n/2, P{lmz —zla = e/2} <n/2.
On the other hand, for X", [13, Proposition 2.4] admits us to obtain that
P{| X} —mzx|lm=r—c} <1—n.
Thus, combining these inequalities, we furthermore have that
PUIX, — ol >} < P{IX, — X7l > 2/2} + P{IXP — maln > — }
+P{||mpz — x||lg = €/2}
< 1.

So, the proof is completed. O

In order to give main results, we also need the following assumption.
(H4.2)

[exp{ / o (s, X.)b(s, X.) HHds+/ /U< )2)\(s,u)y(du)dsH

< 0o0.

Taking
Ay = exp{ /t(‘(sX)b( X,),dWy)g /Ha—lsX (s, X,) HHds

//log)\su]\f,\dsdu // (1 —A(s,u) (du)d}
Uo UO

by Section 2 we know that A; is a exponential martingale under (H4.2) and satisfies the

condition (1). Thus, by Theorem 2.1, one can obtain that under the measure P Eq.(2) is
transformed as

dX, = AX,dt + o(t, X,)AW, + [ f(t, X,_,u)N(dt,du),
Uo

where
t
W, =W, —I—/ o1 (s, X,)b(s, X,)ds.
0

Next, we observe A;. Set

Y, = —logh,;
14



= [ s i+ 5 [ o s b X s

//log)\suN,\dsdu // (1 = A(s,u))v(du)ds.
Uop Uo

Clearly, Y; is a one-dimensional stochastic process with the stochastic differential form

AV, = (o™ (6 Xb(t, X0, dWo)g + [l 6 Xob(r, X[

+/ logA(t,u)N,\(dt,du)+/ (1 = A(t,u))v(du)dt.

Now, we state and prove the first result of the section.

Theorem 4.3. Assume (H3.1)-(H3.2) (H3.3’) (H3.4) and (H4.1)-(H4.2). Let v :
[0, T]xH — R be a scalar function which is C* with respect to the first variable and C* with
respect to the second variable such that [Vou(t,z)] € D(A) for any (t,x) € [0,T] x H and
| AV v(t, ) ||m is bounded locally and uniformly int € [0,T), and || AVv(t,-)||m : H — [0, 00)
is continuous (in the variable x € H) for each t € [0,T]. Then the Girsanov density A\,
for Eq.(2) has the following path-independent property:

Ay = exp{v(0,29) —v(t, Xy)}, t€]0,7T], (12)

if and only if
b(t,x) = (o0*Vo)(t,x), (t,x) € [0,T] x H, (13)
AMt,u) = exp{o(t,z+ f(t,z,u)) —v(t,x)}, (t,z,u) €[0,T] x Hx Uy, (14)

and v satisfies the following time-reversed integro-differential equation(IDE),

0
av(t x)

= S Trlo0")VAl(t,2) — 5ot 2) Vot 2) s — (&, AV, 1))

— / [ev(tvx""f(tvxvu))_v(tvx) — 1 — <f(t’ I, u)’ V'U(t, l»)>H6U(t7x+f(tvxvu))_U(tvx) I/(du)
Uo
(15)

Proof. Firstly, let us show sufficiency. Assume that there exists a C1?-function v(t, x) sat-
isfying (13)(14)(15). For the composition process v(t, X;), the It6 formula in Proposition
3.6 admits us to get

do(t, X;) = %v(t, X,)dt + (AX;, Vo(t, X;))ydt
0t X0, Vot X)) adt + %[Tr(aa*)V%] (t, X,)dt
+ /Uo [U(ta Xt— + .f(t> Xt—a U)) - 'U(t> Xt—)
U X ), Vot Xt_)m] A(t, w)(du)dt

+/ [w(t, Xoe 4+ f(t, Xo—,u)) — v(t, X;_)] Nx(dt, du)
’ 15



+((o"Vo)(t, X)), dWy)g. (16)
Combining (13)(14)(15) with (16), one could have
d’U(t,Xt)

- E Ha‘l(t,Xt)b(t,Xt)H;IjL/ ((og At w))A(t w) + (1 - A(t,U))>V(du)] dt

0

+ / log A(t, u)Ny(dt, du) + (o= (¢, X,)b(t, X;), dW,) 5
Uo
= (o7 (t, X;)b(t, X;), dWy)g + % o= (¢, X¢)b(t, Xt)H;Idt

+/ log A(t, u) Nx(dt, du) +/ (1 = A(t,u))v(du)dt.

Uop Uo

Integrating the above equality from 0 to ¢ € [0, 7], we know that
v(t, Xy) —v(t,z9) = Y = —log Ay

By simple calculation, that is exactly (12).
Next, we prove necessity. On one side, there exists a Ch?-function v(t,z) such that
v(t, X;) satisfies (12), i.e.

dv(t,X;) = —dlogA, =dY, = [% o= (t, X)b(t, X0)||5
+/U <(log At w))A(t ) + (1 — A, u)))V(dU)}dt

+ / log A(t, w)Na(dt, du) + (o7 (t, X)b(t, X,), AWy (17)

Moreover, based on (17) we conclude that v(t, X;) is a cadlag semimartingale with a
predictable finite variation part. On the other side, note that X; solves Eq.(2) and v(¢, x)
is a CM2-function. Applying Proposition 3.6 to the composition process v (¢, X;), one could
obtain (16), i.e.

do(t, Xy) = %U(t,Xt)dt+<AXt7VU(t7Xt>>Hdt

+(b(t, X), Vo(t, X;))gdt + %[TT(UJ*)V%] (t, X,)dt
[ fote X g0 = o0,
C(f( X ), Vot Xt_)m] A(t, w)(du)dt

+/ [w(t, Xoe 4+ f(t, Xo—,u)) — v(t, X;_)] Nx(dt, du)
(o Vo)t X0, d W)

Thus, the above equality is another decomposition of the semimartingale v(t, X;). By
uniqueness for decomposition of the semimartingale ([5]), it holds that for ¢ € [0, T,

o t, X)b(t, X)) = o(t, X,)"Vu(t, X,),
log \(t,u) = v(t,Xem + f(t, Xe,u)) —v(t, Xio), ue U,
16



and

%\\a—l(t,xt)b(t,xt)\}%+/ ((log)\(t,u)))\(t,u) +(1- )\(t,u)))u(du)

0

ot
+ / [U(t,xt_ bt Xu) — o(t Xos) — (F(t, X, u), Vot Xt_)m] At w)v(du),  a.s.
Uo
Based on Lemma 4.2 and our assumptions on AVu(t, x), we have that

o't 2)b(t,x) = o(t,x)*Vou(t,z), (t,z) € [0,T] x H, (18)
log \(t,u) = v(t,x+ f(t,z,u)) —v(t,z), (t,z,u)€[0,T] xH x Uy, (19)

= O X)) + (XL Vot X)) + (b(E X0, Vot X)) + %[Tr(aa*)vzv](t, X))

and
- Ho— tx)b(t,:c)H;IjL/U ((10gA(t,u))A(t,u)+ (1—>\(t,u))>y(du)

- %“(t’ z) + (Az, Vou(t,x))y + (b(t, ), Vo(t, z))g + %[TT(UU*)Vzv](t,z)

+/U [U(t,x + f(t,z,u)) —v(t,x) — (f(t,z,u), Vo(t, x))ﬁ] A(t, w)v(du). (20)

By simple computation, (18)(19) correspond to (13)(14), respectively. Moreover, (18)(19)
together with (20) yield to (15). The proof is completed. O

The above theorem gives a necessary and sufficient condition, and hence a characteri-
zation of path-independence for the density A; of the Girsanov transformation for a SEE
with jumps in terms of a IDE. Namely, we establish a bridge from Eq.(2) to a IDE.

Remark 4.4. Let f(t,z,u) = 0, and then Eq.(2) has no jumps. In Theorem 4.3, based
on (14), we know that A\(t,u) =1 for u € Uy. Thus, FEq.(12) becomes

A, = exp{— / s, X,)b(s, X,), dW,)z ——/ [~ (s, X,)b(s, X,)||5, ds}

= exp{v(0,z9) —v(t, Xy)}.
By Theorem 4.3, the above equation holds if and only if
b(t,x) = (o0*Vo)(t,x), (t,x) € 10, T] x H,
0 1 1
av(t, xr) = —i[TT(UU*)Vzv](t,:ﬂ) - §||a(t, z)*Vo(t,z)||f — (z, AVo(t, 7))m.
This is exactly Theorem 3.1 in [16]. That is, our result is more general.

Remark 4.5. Let f(t,z,u) = 0, and then Eq.(15) becomes the following time-reversed
partial differential equation,

0 1 * 2 1 * 2
Ev(t x) = _i[TT(UU IV2|(t, z) — §||a(t,x) Vou(t, z) g — (z, AVu(t, z))m.

The above type of equations has been analyzed in [16]. Moreover, in some special cases
(cf. Ezample 3.1 and 3.2 in [16]) it is an infinite-dimensional analogy of the Burgers-
KPZ equation that is well known in statistics physics. If f(t,x,u) # 0, the special kind

of Eq.(15) appears in [3]. There its classical solution and viscosity solution are defined
17



and studied. Furthermore, it is worthwhile to mention that a family of option prices is its
viscosity solution.

Next, we consider Eq.(2) with o(¢,z) = 0, i.e.

{ dXy = (AXy +b(t, Xp)dt + [y f(t, Koo, u)Na(dt, du), ¢ € [0, 7],

21
XO = Zop, ( )

where b : [0,00) x H — H and f : [0,00) x H x Uy +— H are two Borel measurable
mappings. Since Eq.(21) is driven by a purely jump process, some conclusions about it
will be different from that about Eq.(2). Let us describe them in details. By Theorem
3.3, Eq.(21) has a unique mild solution denoted by X;. Assume:

(H4.3)
exp{/OT /U (%’(Z’f))zxs,u)y(du)ds} < oo.

et
Ay = exp{ - /Ot /UO log A(s, w)Nx(ds,du) — /Ot /Uo(l - )\(s,u))y(du)ds},

and then by similar deduction to the above, A; is an exponential martingale. Define a
measure P; via

S

dpP, -
» M

Under P, by Theorem 2.1, the system (21) is transformed as

AdX; = (AX, +b(t, X))dt + [ f(t, Xo_,u)N(dt, du).
Uo

Note that the drift term still exists. B
Now, we study path-independence of A;. By the similar proof to that in Theorem 4.3,
we obtain the following result.

Theorem 4.6. Assume (H3.1) (H3.3’) (H3.4) and (H4.3). Let v: [0,T] x H — R be
a scalar function which is C* with respect to the first variable and C*? with respect to the
second variable such that [Vo(t,z)] € D(A) for any (t,z) € [0,T] x H and || AV0(t,)|lm
is bounded locally and uniformly in t € [0,T]. Then the Girsanov density A; for Eq.(21)
has the following path-indenpendent property:

A = exp{0(0,70) — (¢, X;)}, t€][0,T],
if and only if
At u) = exp{o(t,x + f(t,z,u) —o(t,2)}, (t,z,u)€[0,T] x R x U,

and v satisfies the following time-reversed equation,

O stt,z) = _<Ax+b(t,a:),Vv(t,x)>H—/

T)(tvx"’_‘f(tvxvu))_{)(t?x)
e -1
ot . |

—(f(t,z,u), Vo(t,x et bt fteu)=v(ta) | (dy,).
H
18
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