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(2N )→ (2N ) ,

(N + 1)(2N − 1)
±

2N2

N2−1 N

N [ ] = 23
4

N [ ] = 2 3
40

N [ ] = 1 1
16

(2)

(2) γ∗



(2)

(2)

(2)

χ

±

(2)

(2)





(2)

(2)

(2)



(2)

γµ =

(
0 σµ
σµ 0

)
,

σµ = (1,σ) , σµ = (1,−σ) .

σ

σ = (σ1,σ2,σ3) ; σ1 =

(
0 1
1 0

)
,σ2 =

(
0 −i
i 0

)
,σ3 =

(
1 0
0 −1

)
.

γ5 = iγ0γ1γ2γ3 =

(
1 0
0 −1

)
.

ψ = Cψ = C0ψ
∗ ,

C = −iγ2γ0 =
(

iσ2 0
0 −iσ2

)
, C0 = −iγ2 =

(
0 iσ2
−iσ2 0

)
.

ψ = ψ .

ψ + =
ψ + Cψ

2
ψ − =

ψ − Cψ

2i
,

ψ = ψ + + iψ − .



ψ

(N)

N

ψ + =
ψ + ψ C

2
⇒ Cψ + =

ψ + Cψ

2
= ψ +

ψ − =
ψ C − ψ

2i
⇒ Cψ − =

ψ − Cψ

2i
= ψ − ;

ψ ± ψ ± ψ ±

χ

S = ψ/∂ψ +mψψ .

S ↔ S

ψ/∂ψ +mψψ ↔ ψ +/∂ψ + +mψ +ψ + + ψ −/∂ψ − +mψ −ψ − .

ψ +ψ + =
1

4

[
ψψ + ψ Cψ + ψCψ + ψ CCψ

]
=

1

4

[
2ψψ + ψ Cψ + ψCψ

]

ψ −ψ − = −1

4

[
−ψψ + ψ Cψ + ψCψ − ψ CCψ

]
=

1

4

[
2ψψ − ψ Cψ − ψCψ

]
,

CC = −1 ψψ =
(
ψψ
)

= −ψ ψ

ψψ = ψ +ψ + + ψ −ψ − .



(2)

ψ +/∂ψ + =
1

4

[
ψ/∂ψ + ψ C /∂ψ + ψ/∂Cψ + ψ C /∂Cψ

]

ψ −/∂ψ − =
1

4

[
ψ/∂ψ − ψ C /∂ψ − ψ/∂Cψ + ψ C /∂Cψ

]
,

ψ +/∂ψ + + ψ −/∂ψ − =
1

2

[
ψ/∂ψ + ψ C /∂Cψ

]
= ψ/∂ψ ,

γ0, γ2 C C = −iγ2γ0 γ1, γ3 C

γ1, γ3 γ0, γ2
←−
/∂

−→
/∂

S = ψ/∂ψ +mψψ = ψ +/∂ψ + + ψ −/∂ψ − +m(ψ +ψ + + ψ −ψ −) .

(2)

χ

(2)

(2)

ψ +

ψ −

O+−(x) = ψ +Γψ − ,

Γ γi

ψ +

O++(x) = ψ +Γψ + .



〈
O†(x)O(0)

〉

O+−

O+− =
1

4i

(
ψΓψ + ψ CΓψ − ψΓCψ − ψ CΓCψ

)

=
1

4i
((1) + (2) + (3) + (4)) .

(2)

ψ CΓψ = −ψ (CΓ) ψ ,

−

CΓ = −(CΓ) (2) = 0

(3)

(4)

−ψ CΓCψ = ψCΓ Cψ = ±ψΓψ ,

C ±

CΓ C = ±Γ Γ γi

C γi



(2)

Γ (4) = ±(1)

(1) + (4) =

{
0 (4) = −(1),
2× (1) (4) = (1).

(2) + (3) (1) + (4)

Γ (CΓ) ⇒ (2) + (3)
(
CΓ C

)
⇒ (1) + (4)

1 − (CΓ) " −Γ
γ0 +(CΓ) +Γ "
γ +(CΓ) +Γ "
γ0γ +(CΓ) +Γ "
γ5γ0 − (CΓ) " −Γ
γ5γ − (CΓ) " −Γ
γ0γ5γ +(CΓ) +Γ "
γ5 − (CΓ) " −Γ

"

ψ +Γψ − =

{
1
4i

(
ψ CΓψ − ψΓCψ

)
Γ = 1, γ5γµ, γ5

1
2iψΓψ Γ = γµ, γ0γ, γ0γ5γ .

O(x) = ψ1Γψ2

〈(
ψ1Γψ2

)†
(x)
(
ψ1Γψ2

)
(0)
〉
=
〈
ψ†
2(x)Γ

†γ0ψ1(x)ψ1(0)Γψ2(0)
〉

=
〈
ψ2(x)γ0Γ

†γ0ψ1(x)ψ1(0)Γψ2(0)
〉

=
〈
ψ2(x)Γψ1(x)ψ1(0)Γψ2(0)

〉
(Γ = γ0Γ

†γ0) ,

ψaψb Γ = γ0Γ†γ0

ψ1ψ2



〈(
ψ1Γψ2

)†
(x)
(
ψ1Γψ2

)
(0)
〉
= −

〈
Γψ1(x)ψ1(0)Γψ2(0)ψ2(x)

〉

= − ΓD−1 (x; 0)ΓD−1 (0;x) .

O(x) = 1
2iψΓψ

〈(
ψΓψ

)†
(x)
(
ψΓψ

)
(0)
〉
=
〈
ψ†(x)Γ†γ0ψ(x)ψ(0)Γψ(0)

〉

=
〈
ψ(x)γ0Γ

†γ0ψ(x)ψ(0)Γψ(0)
〉

=
〈
ψ(x)Γψ(x)ψ(0)Γψ(0)

〉

=
1

4

(
−
〈
Γψ(x)ψ(0)Γψ(0)ψ(x)

〉
+
〈
Γψ(x)ψ(x)Γψ(0)ψ(0)

〉)

=
1

4

(
ΓD−1 (x;x)ΓD−1 (0; 0)− ΓD−1 (x; 0)ΓD−1 (0;x)

)
.

O(x) = 1
4i

(
ψ CΓψ − ψΓCψ

)

ψ ψ

〈(
ψ CΓψ − ψΓCψ

)†
(x)
(
ψ CΓψ − ψΓCψ

)
(0)

〉

=
〈(
ψ CΓψ

)†
(x)
(
ψ CΓψ

)
(0)
〉
+

〈(
ψΓCψ

)†
(x)
(
ψΓCψ

)
(0)

〉
.



(2)

〈(
ψ CΓψ

)†
(x)
(
ψ CΓψ

)
(0)
〉

=
〈
ψ†(x)Γ†Cψ∗(x)ψ (0)CΓψ(0)

〉

=
〈
ψ(x)γ0Γ

†Cγ0ψ (x)ψ (0)CΓψ(0)
〉

= −
〈
ψ(x)ΓCψ (x)ψ (0)CΓψ(0)

〉

= − 1

Z

∫
DψDψ ψaA(x)ΓabCbcψcB(x)ψdA(0)CdeΓefψfb(0)e

−S

= − 1

Z

∫
DψDψ

[
ΓabCbcψdA(0)ψcB(x)CdeΓefψfB(0)ψaA(x)

− ΓabCbcψdA(0)ψaA(x)CdeΓefψfB(0)ψcB(x)
]
e−S

= −
[

ΓabCbcD
−1
dB,cA (0;x)CdeΓefD

−1
fA,aB (0;x)

− ΓabCbcD
−1
dA,aA (0;x)CdeΓefDfB,cB (0;x)

]

= − ΓCD−1
AB (0;x)CΓD−1

BA (0;x) +
(
ΓC
)

D−1
AA (0;x)CΓD−1

BB (0;x) ,

(ΓC) = −ΓC

〈(
ψ CΓψ

)†
(x)
(
ψ CΓψ

)
(0)
〉
= −2 ΓCD−1 (0;x)CΓD−1 (0;x) .

〈(
ψΓCψ

)†
(x)
(
ψΓCψ

)
(0)

〉

=
〈
ψ
∗
(x)CΓ†ψ

†
(x)ψ(0)ΓCψ (0)

〉

=
〈
ψ (x)γ0CΓ†γ0ψ(x)ψ(0)ΓCψ (0)

〉

= −
〈
ψ (x)CΓψ(x)ψ(0)ΓCψ (0)

〉

= − 1

Z

∫
DψDψ ψaACabΓbcψcA(x)ψdBΓdeCefψfB(0)e

−S



= − 1

Z

∫
DψDψ

[
CabΓbcψcA(x)ψdB(0)ΓdeCefψaA(x)ψfB(0)

− CabΓbcψaA(x)ψdB(0)ΓdeCefψcA(x)ψfB(0)
]
e−S

= −
[

CabΓbcD
−1
cA,dB (x; 0)ΓdeCefD

−1
aA,fB (x; 0)

− CabΓbcD
−1
aA,dB (x; 0)ΓdeCefD

−1
cA,fB (x; 0)

]

= − CΓD−1 (x; 0)ΓCD−1 (x; 0) +
(
CΓ
)

D−1 (x; 0)ΓCD−1 (x; 0)

= −2 CΓD−1 (x; 0)ΓCD−1 (x; 0)

= −2 CΓγ5D
−1† (0;x) γ5ΓCγ5D

−1∗ (0;x) γ5

= −2 D−1† (0;x)ΓCD−1∗ (0;x)CΓ

= −2
(
Γ
†
CD−1 (0;x)CΓ†D−1 (0;x)

)†

= −2
(
ΓCD−1 (0;x)CΓD−1 (0;x)

)†
,

γ5Γγ5 = ±Γ⇔ γ5Γγ5 = ±Γ

Γ† = ±Γ⇔ Γ
†
= ±Γ

γ5D−1† (y;x) γ5 = D−1 (x; y)

O(x) = ψ +(x)Γψ −(x)

Γ = 1, γ5γµ, γ5

〈
O†(x)O(0)

〉
= −1

8

[
F (0;x) + F † (0;x)

]
,

F (0;x) = ΓCD−1 (0;x)CΓD−1 (0;x) .

C

F (0;x) = ΓD−1 (x; 0)ΓD−1 (0;x) ,



(2)

F † (0;x) = D−1† (0;x)Γ†D−1† (x; 0)Γ
†

= ΓD−1 (0;x)ΓD−1 (x; 0)

= CΓCD−1 (x; 0)CΓCD−1 (0;x)

= ΓD−1 (x; 0)ΓD−1 (0;x) ;

F (0;x)

〈
O†

+−(x)O+−(0)
〉
= −1

4
ΓD−1 (x; 0)ΓD−1 (0;x) .

O†
+−O+− Γ

〈
O†

+−(x)O+−(0)
〉
=

⎧
⎪⎨

⎪⎩

−1
4 ΓD−1 (x; 0)ΓD−1 (0;x) Γ = 1, γ5γµ, γ5

1
4

(
ΓD−1 (x;x)ΓD−1 (0; 0)

− ΓD−1 (x; 0)ΓD−1 (0;x)
)

Γ = γµ, γ0γ, γ0γ5γ .

m =

∑
⟨∂0A0(x)P (0)⟩

2
∑
⟨P (x)P (0)⟩ ,

A0(x) = ψ +(x)γ0γ5ψ −(x)

P (x) = ψ +(x)γ5ψ −(x) .

Γ = γ5



〈(
ψ +γ5ψ −

)†
(x)
(
ψ +γ0γ5ψ −

)
(0)
〉
= −1

4
γ5D

−1 (x; 0) γ0γ5D
−1 (0;x) .

O++

ψ +Γψ + =

{
1
4

(
2ψΓψ + ψ CΓψ + ψΓCψ

)
Γ = 1, γ5γµ, γ5

0 Γ = γµ, γ0γ, γ0γ5γ ,

〈
O†

++(x)O++(0)
〉
=

⎧
⎪⎨

⎪⎩

1
4

[ (
ΓD−1 (x;x)

) (
ΓD−1 (0; 0)

)

−2
(
ΓD−1 (x; 0)ΓD−1 (0;x)

)]
Γ = 1, γ5γµ, γ5

0 Γ = γµ, γ0γ, γ0γ5γ .



(2)

Γ

1, γ5γµ, γ5

O+− =
1

4i

(
ψ CΓψ − ψΓCψ

)

〈
O†

+−(x)O+−(0)
〉
= −1

4
ΓD−1 (x; 0)ΓD−1 (0;x)

O++ =
1

4

(
2ψΓψ + ψ CΓψ + ψΓCψ

)

〈
O†

++(x)O++(0)
〉
=

1

4

[ (
ΓD−1 (x;x)

) (
ΓD−1 (0; 0)

)

−2
(
ΓD−1 (x; 0)ΓD−1 (0;x)

)]

γµ, γ0γ, γ0γ5γ

O+− =
1

2i
ψΓψ

〈
O†

+−(x)O+−(0)
〉
=

1

4

(
ΓD−1 (x;x)ΓD−1 (0; 0)

− ΓD−1 (x; 0)ΓD−1 (0;x)
)

O++ =
〈
O†

++(x)O++(0)
〉
= 0

β a

β

m

m

44

β
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(2)

V −am0 N N t n
16× 83 1.475 91.4
16× 83 1.500 90.9
16× 83 1.510 89.8
16× 83 1.510 92.4
24× 123 1.475 79.9
24× 123 1.500 78.7
24× 123 1.510 88.5
32× 163 1.475 90.6
32× 163 1.490 90.0
32× 163 1.510 89.4
32× 163 1.510 83.2
32× 163 1.514 89.8
32× 163 1.519 81.8
32× 163 1.523 88.0
48× 243 1.510 80.5
48× 243 1.523 91.4

V −am0 am amγ5

16× 83 1.475
16× 83 1.500
16× 83 1.510
16× 83 1.510
24× 123 1.475
24× 123 1.500
24× 123 1.510
32× 163 1.475
32× 163 1.490
32× 163 1.510
32× 163 1.510
32× 163 1.514
32× 163 1.519
32× 163 1.523
48× 243 1.510
48× 243 1.523



V −am0 a
√
σ am0++

16× 83 1.475 0.8422± 0.0968
16× 83 1.500 0.7320± 0.0885
16× 83 1.510 0.5690± 0.0585
16× 83 1.510 0.5873± 0.0553
24× 123 1.475 0.9582± 0.1174
24× 123 1.500 0.7296± 0.1092
24× 123 1.510 0.5284± 0.1494
32× 163 1.475 0.9654± 0.1057
32× 163 1.490 0.8265± 0.0644
32× 163 1.510 0.5985± 0.0573
32× 163 1.510 0.5901± 0.0438
32× 163 1.514 0.5530± 0.0415
32× 163 1.519 0.3689± 0.0437
32× 163 1.523 0.3146± 0.0278
48× 243 1.510 0.4609± 0.0553
48× 243 1.523 0.3595± 0.0219

V −am0 m 1
2

m1 mγµ mγ5γµ

24× 123 1.475
24× 123 1.500
24× 123 1.510
32× 163 1.510
32× 163 1.514
32× 163 1.519
48× 243 1.523

1
2

V −am0 a b
16× 83 1.510 −0.08876(7)
24× 123 1.510 −0.25534(3)
32× 163 1.510 −0.08542(5)
48× 243 1.510 −0.05136(2)
48× 243 1.523 −0.14952(2)

V (r) = a+b/r+σr
σ



(2)

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0  200  400  600  800  1000  1200  1400  1600
 240000

 260000

 280000

 300000

 320000

 340000

Pl
aq

ue
tt

e/
Lo

we
st

 e
ig

en
va

lu
e 

of
 th

e 
Di

ra
c 

op
er

at
or

Nu
m

be
r o

f a
pp

lic
at

io
ns

 o
f t

he
 D

ira
c 

op
er

at
or

Con guration

Number of applications of the Dirac operator
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∑
µν σµν [Fµνψ ±]

σµν = 1
2 [γµ, γν ]
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ν/V

Ω Ω

γ∗

a−4ν(Ω) ≈ a−4ν0(m) +A
[
(aΩ)2 − (am)2

] 2
1+γ∗

Ω

ν0 A m γ∗ m m



(2)

ν0 = 0

ν0 ∈ [0, 1000)

m

χ2

A m2 γ∗ ν0
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y
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