=
&

Swansea University ‘C I'OIlfa

Prifysgol Abertawe Setting Research Free

Cronfa - Swansea University Open Access Repository

This is an author produced version of a paper published in:
Composite Structures

Cronfa URL for this paper:
http://cronfa.swan.ac.uk/Record/cronfa37347

Paper:

El-Borgi, S., Rajendran, P., Friswell, M., Trabelssi, M. & Reddy, J. (2017). Torsional Vibration of Size-dependent
Viscoelastic Rods using Nonlocal Strain and Velocity Gradient Theory. Composite Structures
http://dx.doi.org/10.1016/j.compstruct.2017.12.002

This item is brought to you by Swansea University. Any person downloading material is agreeing to abide by the terms
of the repository licence. Copies of full text items may be used or reproduced in any format or medium, without prior
permission for personal research or study, educational or non-commercial purposes only. The copyright for any work
remains with the original author unless otherwise specified. The full-text must not be sold in any format or medium
without the formal permission of the copyright holder.

Permission for multiple reproductions should be obtained from the original author.

Authors are personally responsible for adhering to copyright and publisher restrictions when uploading content to the
repository.

http://www.swansea.ac.uk/library/researchsupport/ris-support/


http://cronfa.swan.ac.uk/Record/cronfa37347
http://dx.doi.org/10.1016/j.compstruct.2017.12.002
http://www.swansea.ac.uk/library/researchsupport/ris-support/ 

Accepted Manuscript
COMPOSITE

STRUCTURES

Torsional Vibration of Size-dependent Viscoelastic Rods using Nonlocal Strain
and Velocity Gradient Theory

S. El-Borgi, P. Rajendran, ML.I. Friswell, M. Trabelssi, J.N. Reddy

PII: S0263-8223(17)33221-X

DOI: https://doi.org/10.1016/j.compstruct.2017.12.002
Reference: COST 9159

To appear in: Composite Structures

Please cite this article as: El-Borgi, S., Rajendran, P., Friswell, ML1., Trabelssi, M., Reddy, J.N., Torsional Vibration
of Size-dependent Viscoelastic Rods using Nonlocal Strain and Velocity Gradient Theory, Composite Structures
(2017), doi: https://doi.org/10.1016/j.compstruct.2017.12.002

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to our customers
we are providing this early version of the manuscript. The manuscript will undergo copyediting, typesetting, and
review of the resulting proof before it is published in its final form. Please note that during the production process
errors may be discovered which could affect the content, and all legal disclaimers that apply to the journal pertain.



Torsional Vibration of Size-dependent Viscoelastic Rods using Nonlocal Strain
and Velocity Gradient Theory

S. El-Borgi®!, P. Rajendran®®, M.I. Friswell®, M. Trabelssi®¢, J.N. Reddy/

@ Mechanical Engineering Program, Texas A&M University at Qatar, Engineering
Building, P.O. Box 23874, Education City, Doha, Qatar.

b School of Mechanical Engineering, SASTRA University, Thanjavur - 613 401, Tamil Nadu,
India.

¢ Swansea University, Bay Campus, Fabian Way, Swansea SA1 8EN, UK.

¢ Applied Mechanics and Systems Research Laboratory, Tunisia Polytechnic School,
University of Carthage, B.P. 743, La Marsa 2078, Tunisia.

¢ Department of Mechanical Engineering, Tunis Higher National Engineering School, Uni-
versity of Tunis, Tunis 1008, Tunisia.

f Department of Mechanical Engineering, Texas A&M University, College Station,

Texas 77843-3123, USA.

Abstract

In this paper the torsional vibration of size-dependent viscoelastic nanorods embedded in an
elastic medium with different boundary conditions is investigated. The novelty of this study
consists of combining the nonlocal theory with the strain and velocity gradient theory to cap-
ture both softening and stiffening size-dependent behavior of the nanorods. The viscoelastic
behavior is modelled using the so-called Kelvin—Voigt viscoelastic damping model. Three
length-scale parameters are incorporated in this newly combined theory, namely, a nonlo-
cal, a strain gradient, and avelocity gradient parameter. The governing equation of motion
and its boundary conditions for the vibration analysis of nanorods are derived by employing
Hamilton’s principle. It is shown that the expressions of the classical stress and the stress
gradient resultants are only defined for different values of the nonlocal and strain gradi-
ent parameters. ‘The case where these are equal may seem to result in an inconsistency to
the general equation of motion and the related non-classical boundary conditions. A rigor-
ous investigation is conducted to prove that that the proposed solution is consistent with
physics. Damped eigenvalue solutions are obtained both analytically and numerically using
a Locally adaptive Differential Quadrature Method (LaDQM). Analytical results of linear
free vibration response are obtained for various length-scales and compared with LaDQM
numerical results.

Keywords: Torsional nanorod; nonlocal strain and velocity gradient theory; viscoelasticity;
Kelvin—Voigt model; torsional vibration.

1 Introduction

Over the past few decades the demand of nanomaterials has been increasing enormously
in various applications like actuators, sensors, microscopes, micro/nano electro mechanical
systems (MEMS)/(NEMS). This is due to their superior properties such as high mechanical
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strength and modulus, electrical conductivity, thermal conductivity etc. Micro/Nano-scaled
structures are made of structural elements whose characteristic size (thickness, diameter,
etc.) is in the order of micro/nanometers. These elements can be in the form of bars, rods,
beams, plates or shell structures.

Two different modeling strategies have been adopted for modeling nano-structures, namely
molecular dynamics (MD) simulation and continuum mechanics. The MD approach requires
intense computational labor with a huge number of atoms. The continuum mechanics ap-
proach can also be used as an alternative, but it is incapable of predicting the size-dependent
static and dynamic behavior of micro/nano-scaled structures. Recently, several non-classical
continuum theories that incorporate the effect of material length scales have been proposed
in the literature to predict the behavior of nanostructures. These include nonlocal, gradient
elasticity and couple stress theories or a combination of these theories:

Unlike classical continuum mechanics, nonlocal theories assume that the stress at a point
is not a function of the strain at that point but is a function of thestrain in the entire domain
containing the points [1]-[3]. These theories consider the body to be made of collection of
particles modeled as mass points, take into account the inter-atomic long-range force and
similar to classical elasticity do not consider the microstructure deformation mechanism.
Nonlocal elastic models can only model nanostructures exhibiting softening behavior which
indicates that "smaller is more compliant" [4]. Nonlocal theories have been used extensively
in several studies including bending, buckling, vibrations, and wave propagation of nanoscale
beams [5]-]7] and a review of these investigations can be found in [§].

On the other hand, the gradient elasticity theory stipulates that nanostructures should
be modeled as atoms with higher-order deformation mechanism rather than collections of
points, and the total stress should account for some additional strain gradient terms [9]-[11].
However, this theory does not consider the inter-atomic long-range force. Furthermore, gra-
dient elasticity theory can only model nanostructures exhibiting hardening behavior which
indicates that "smaller is stiffer" [4]. Therefore, it can be concluded that the nonlocal
elasticity and gradient elasticity theories describe two completely different size-dependent
nano/micro-mechanical properties of materials. Stated differently, combining both theories
allows the modeling of nanostructures exhibiting at the same time hardening and softening
behavior.

Experimental measurements on certain nanostructures revealed that the stiffness en-
hancement and softening effects may both be observed [12|. This indicates the need for a
unique theory capable of capturing both size-dependent stiffness-softening and hardening
phenomena. Recently, Lim et al. [13| introduced a nonlocal strain gradient theory which
stipulates that the stress tensor should account for the effects of both nonlocal stress tensor
and strain gradient stress tensor, thereby combining nonlocal and strain gradient theories
into a unique theory. It was shown that the nonlocal strain gradient (NSG) theory ex-
hibits a stiffness-softening and a stiffness-hardening effect when the nonlocal parameter is,
respectively, larger and smaller than the material length scale parameter. Very recently,
some researchers have exploited NSG theory to investigate the size-dependent mechanical
behavior of nanorods [4, 14|, nanobeams [18]-[24] and nanoplates [25]-[27].

Micro/nano rods subjected to torsional loads have been widely used in various types of
MEMS/NEMS applications including torsional springs in NEMS oscillators [28], torsional
micromirrors [29]-[30] and torsional microscanners [31]. Therefore, the accurate modeling
of the static and dynamic torsional behavior of micro/nano bars seems to be essential in
order to understand the mechanical behavior of these micro/nano systems. There have been
few studies related to the size-dependent torsional vibration of nanotubes/nanorods. Most



of these studies utilized the differential nonlocal model and the following is a brief review.
Lim et al. [32] obtained analytical solutions for the free torsional vibration of nanorods
and concluded that the nonlocal parameter induces higher torsional stiffness which in turn
increases the vibration frequency. In another study, Lim et al. [33] utilized the finite element
method and the integral form of the nonlocal theory to study the torsional static and dynamic
response of circular nanostructures. Demir and Civalek [34] developed a finite element model
to investigate the torsional and axial vibration response of a microtube. Arda and Aydogdu
[35] investigated analytically the static and free vibration response of a carbon nanotube
(CNT) embedded in an elastic medium. Islam et al. [36] obtained analytical solutions for
the wave propagation problem of an infinitely long torsional CNT rod. Li‘[37] developed
two different nonlocal elasticity models to study the torsional vibration response of CN'Ts.
Li and Hu [38] examined the free torsional vibration behavior of nanotubes made of a bi-
directional functionally graded (FG) material. On the other hand, Kahrobaiyan et al. [39]
used strain gradient theory to obtain closed-form analytical solutions for the static and free
torsional vibration of a microbar.

Damping plays a vital role in the dynamic analysis of structures. Damping mechanisms
are often complex and damping is considered either proportional external damping or in-
ternal damping based on viscoelastic models which include Kelvin—Voigt model and the
Generalized Wiechert model [40]-[41] . Despite the tremendous interest in studying the
dynamic behavior of nanosystems using size-dependent theories, there are, however, a lim-
ited number of investigations which accounted for damping. Lei et al. [42] investigated the
dynamic behavior of nonlocal viscoelastic damped Timoshenko nanobeams using the Kelvin—
Voigt viscoelastic model and velocity-dependent external damping. It was concluded that
the external damping has an important effect on the natural frequencies. Karlicic et al. [43]
studied the free longitudinal vibration of a nonlocal viscoelastic double-nanorod systermn.
Polyzos et al. [44] used strain<gradient theory of elasticity to study the torsional vibration
of a nano-column assuminga viscoleastic material. Li et al. [21] investigated on the basis of
NSGT and Kelvin—Voigt viscoelastic model the wave propagation problem of fluid-conveying
viscoelastic single-walled carbon nanotubes (SWCNTs). Ebrahimi and Barati [45] studied
the damped vibration characteristics of hygro-thermally affected FG viscoelastic nanobeams
based on NSGT:

To improve material stiffness and fracture toughness, composite structures use nano-
materials reinforcement such as polymer/CNT nanocomposites (PCNTs) [46]. Thanks to
their excellent properties, nanomaterials have been used along with matrices of many poly-
mer resins for CNT-nanocomposites, such as CNT /Polypropylene [47], CNT /Nylon [48] and
CNT/Polycarbonate [49]. This type of composite structures and especially the interaction
of the nanomaterial with the surrounding elastic medium has attracted the interest of re-
searchers. Three types of interaction models have been mainly utilized, including Winkler
type [17, 35, 50|, Pasternak type [51] and a combination of Winkler and Pasternak types
[45].

From the above literature review, it can be concluded that the works related to torsional
vibration of nanorods/nanotubes were either based on non-local elasticity theory or strain
gradient theory and did not account for viscoelastic effects. To fill these gaps in the literature,
the novelty of this paper consists of combining the nonlocal theory with the strain and
velocity gradient theory to capture softening and stiffening size-dependent behavior to study;,
analytically and numerically, the torsional vibration of a viscoelastic nanorod embedded in
an elastic medium. This theory involves three length-scale parameters, namely, a nonlocal,
a strain gradient and a velocity gradient parameter denoted, respectively, po, ls and lg. It



will be shown that the expressions of the classical stress and the stress gradient resultants
are only defined when pg # l5. The case pp = I; may seem to result in an inconsistency to
the general equation of motion and the related non-classical boundary conditions. In fact,
the expression of the stress gradient resultant may suggest an infinite value when pg = I
[52]. However, as an additional novelty of this work, it will be shown that calculating the
limit of the stress gradient resultant is finite and, therefore, the proposed solution will- not
show any inconsistency.

The paper is arranged as follows. Section 2 describes the nonlocal strain gradient vis-
coelastic theory. The equation of motion of size-dependent torsional rods is derived in
Section 3. The analytical solution of the vibration problem is established in-Section 4. The
formulation and solution for the particular case where jig = l; is outlined<in Section 5. The
numerical formulation using a Locally adaptive Differential Quadrature Method (LaDQM)
is summarized in Section 6. Analytical and numerical results are presented and discussed in
Section 7. Finally, concluding remarks are provided in Section 8.

2 Nonlocal strain gradient viscoelastic theory

The nonlocal strain gradient theory proposed by [13, 14| stipulates that the total stress
tensor t accounts for both the nonlocal stress tensor ¢ and the higher-order strain gradient
nonlocal stress tensor Vo1, in which o(!) is the higher-order nonlocal stress tensor. Stated
differently, the total stress at a reference point x depends not only on the strain € and its
gradient at that location but on the strains and their gradients at all other points within
the domain V. This can be written mathematically as

t=0—Voll (1)

where V is the gradient operator and o and (1) are given by

o = /ao (|x = x| ;epa) C: e (x') dV (2a)
v

l?/ o (‘X—X,
Vv

in which e(x’) and Ve (x') are, respectively, the classical strain tensor and its gradient
at point x’, C'is the fourth-order elasticity tensor, I is the strain gradient length-scale
parameter; ega and eja are nonlocal parameters representing the significance of the inter-
atomic long-range force, and g and «y are kernel functions.

In view of the difficulty in using the integral constitutive relations (1), (2a) and (2b),
Eringen [2| proposed an equivalent differential model. Thus, assuming epa = e1a = ea = o
and for a suitable choice of the kernel functions o and «aq, Egs. (2a) and (2b) become

ey

,e1a) C: Ve (x) dV (2b)

(1-ugV¥)o = C:e (3a)
(1—pdv?) et = ’C: Ve (3b)

where V? is the Laplacian operator. Substituting (3a) and (3b) into (1) yields
(1— @3V t=(1-12V*)C:e (4)

Furthermore, for a torsional rod-type structure defined in a cylindrical coordinate system
(r,0,x) where r is the radial axis, € is the angular axis and x is the longitudinal axis, we



assume the size-dependency is only accounted for in the longitudinal direction and neglected
in the other directions. Therefore, Eq. (4) can be reduced to the following:

0? 0?
<1 - M3M> lro = <1 - 138932) Gerg (5)

where V2 was replaced by 82/8:1:2, trg is the total shear stress, €,¢ is the shear strain and G is
the rod’s modulus of rigidity. This model combines Eringen’s nonlocal elasticity theory and
strain gradient theory to obtain the Nonlocal Strain Gradient (NSG) theory. The following
limiting cases correspond to existing theories:

e Setting s = 0, Eq. (5) reduces to (1 —u%%) trg = Gepg which corresponds to
Eringen’s nonlocal theory.

s Ox2

e Setting o = 0, Eq. (5) simplifies to ¢, = (1 — 128—2) Ge, g which is the strain gradient
theory.

Viscoelastic damping may be added to the constitutive relation (5) by incorporating the
Kelvin—Voigt viscoelastic model [53] which then becomes

0? 2 o 92
1— 2 Y (1~ 2 v . —(1 o 1— 2 07
< Ko 81,2) tro ( Iy 8x2> G (ero + géro) ( +95 t) < I (%2) Gerg  (6)

where g is the damping coefficient and &,9.= Oz,9/0t is the rate of shear strain with respect
to the time variable t. For subsequent derivations, it will be useful to rewrite Egs. (1), (3a)
and (3b) for the case of torsional rods with viscoelastic damping as

80'(1)
tr@ =0rp — 8;6 (7)
, O )
1 — MO@ Org — 1 + g& Gé}-@ (8)
82 1 (9 68 0
1— i ol =12 (1+g= r
< Ko 8.%'2) 019z ZS < +gat> G Oz (9)

(1)

. 1) . .
Here 0,4 is the nonlocal shear stress and o, is the higher-order nonlocal shear stress.

3 'Equations of motion of size-dependent rods

The displacement field in a rod of volume V', length L and cross-sectional area A takes the
following form:

91 :9(.1‘,75>, 92 :0, 93:0 (10)

Here 61, 6> and 63 denote the time dependent rotations about the x, y and z directions,
respectively. The shear strain of a torsional rod can be written as

00
Erg = Taix (1].)
and its gradient with respect to x is
020
57'9,:6 = T@ (12)



The strain energy, U, after integrating by parts and using Eq. (11) and (12), is then
_ (1) d
U= OrgErg + 0,0.Er0,x V
1%
(1) (1) r
= / <U7’057”6 — VO'N%,&?T@) dV + |:/ O‘TexergdA]
Vv A 0

L L
= / / trocrodAdr + [ / aﬁélergdA]
0o Ja A 0

L 90 201"
— ov (1) 9%
/()Taxdx—i—[T 8:6]0 (13)

where T and T™) are the stress resultants of, respectively, the total stress and the higher-
order stress which are given by

T = / TtTQdA (14&)
A

T — / roty) dA (14b)
A

and the stress resultant of the classical stress T can be defined as
7O = / ro,gdA (15)
A

The stress resultants 7, T© and 7™M can be related by multiplying both sides of Eq.
(7) by r and integrating over the cross-sectional area of the rod, to give

oTW

T =70 _
Ox

(16)

TO and T are; respectively, solutions of the following ordinary differential equations
which are obtained by multiplying both sides of Egs. (8) and (9) by r, integrating over the
cross sectional area of the rod and substituting Eq. (11) into the resulting equations:

52170 0 o0
T - M%W - <1 +gat> G‘]% (17)
92T 9 9%0
1 2 2
T - Ho—gp2 = <1 +g@t> ZSG‘]ﬁ (18)

By observing the above equations, it can be concluded that TO and T are related as

follows: ©
(1) _ l2 8T

TV = 19
o (19)
Substituting Eq. (19) into Eq. (16) gives an expression of T in terms of T as
927
T=T10 22— 20
gk (20)



7(0)

Solving the above equation for 2 d and substituting the above expression in Eq. (17)

2
yields the following expression for 7O in terms of T

2 2
0 _ (M (5 9 9
g <ﬂ3 — l?) g (u% - l?) (1 " 315) > 21

Considering the torsional motion of the rod and its velocity gradient, the kinetic energy,
K, can be written as

1 06 1, %0
= oo [ (2 e o [ (22w "

where p is the density of the rod and [ is the kinetic material length-scale parameter
associated with the velocity gradient.

The surrounding medium is assumed to be a Winkler type model [50], where kg is the
linear torsional stiffness. Then, the external work done by the surrounding medium is

L
W=— / kga0*do (23)
0

The equations of motion are obtained by applying Hamilton’s Principle and the funda-
mental lemma of calculus variations. After integration by parts with respect to ¢ as well as
x, and setting the initial conditions to zero, the following equation of motion can be derived:

2 4
T
020 L or (24

I
—rIam +rllig e o

Substituting Eqgs. (17) and (18).dnto Eq. (16) yields
o0°T d 0? 06
i 2F - il _7? -
T—u08$2+<1+gat> <1 lga Q)GJG (25)

Differentiating the equation of motion, Eq. (24), with respect to x and substituting %
into Eq. (25) gives the expression of 7" in terms of the rotation as

2 3 4
T = GJ(‘% 69>—GJZ§<M+ 89>+

3 3
0 I ouot 0 7 9a301 (26)
930 0°6

06
2
HopJ <8x8t2 g 3&52) +pghen g

Furthermore, differentiating this expression for T with respect to x and substituting into
Eq. (24) gives the equation of motion in terms of the rotation as

SO0 e 20 L, 9],
P02 TRz T MO\ 9202 T P ortor

920 90 (0% 00 , 020
¢J [a 2 T 9520 (8:64 +98x46t)] ~ kM <6_“Oax2> =0

This governing equation of motion for ¢ is subjected to the following classical and non-
clagsical boundary conditions specified at each of the ends x =0 and x = L:

(27)

T=0 or =0 (28)



00
71 — — = 2
0 or o 0 (29)

The stress resultants 7', is given by Eq. (26), however, an expression for the higher order
stress M) needs to be obtained.

Substituting the expression of 7" from Eq. (26) into Eq. (21) gives the stress resultant
of the classical stress T(?), defined in Eq. (15), in terms of the rotation as

4 00 %0 %0
70 - _Ho | Y _2 _
2 [Fevgy TP ua T ausan

uoz? 0 o 00 %
ar <8x3+ o550 ) T\ o T 9aan

(30)

Likewise, substituting this expression for T() into Eq. (19) gives the resultant of the stress
gradient (W defined in (14b), in terms of the rotation as

472 2 4 6
W _ _Hols o0 070 00\
T p2— 12 [kEMa 2 TP Gerare ~ kgaiare

214 4 5 2 3
B (0% 000 L (0% 0%
Gl <6x4+ 99e108) T\ a2 T a2

(31)

Using the following non-dimensional parameters:

R [Lo R g (; A ls A lk A ]{:EMLQ
[ e— — S —_ ls = -, l = —, k = 5 2
Ho=T7 92T\ 5 L kT MEM GJ (32)

the governing equations, Eq. (27), along with the associated boundary conditions, Eqs. (28)
and (29), can be written in non-dimensional form as

—@—l—l? 0% + a2 00 2 0% n
a2 " kog2or2 T\ 9202 T R oagtar (33)
0 1§20 — 2 P05 20N i (0— 1220 =0
9e2 9 pea; oct " Yoagtar ) T MU T Hoge ) T
subject to the boundary conditions specified at each of the ends € =0 and £ =1
T=0 or =0 (34a)
7MW =0 or gz =0 (34b)

The non-dimensional expressions of the stress resultants 7', T(® and T(!) can be written as

L0 L[ 6 . 6
T:M%kE]Mafg-i-ug <a§a 5 _lk8§3a7-2> _

2 830+ o'\ (00, . 5%
ae3 T Iae30r oc " Yocor

(35)




A4 3 5
=an [’“EM G (353 2~ kpgior
272 3 4 2 (36)
agls 80+A89 n 89+ 0“0
p2— 2 \og " ogdor Iocor
~4 2 4 6
S R S o' . 0% N\
T roe (’“EM%? oe7or? ~ Fagior i

fikte: <a49+A 89 >+z <a29+ 9% >
22 \oet " Yociar aez " Yac2ar

4 Analytical solution of the vibration problem

The solution of the non-dimensional PDE in Eq. (33) proceeds in_the usual way by assuming
a separable solution of the form (¢, 7) = ¢(£)e®. The resulting ODE for ¢(€) is then

2 ~
( lkuo+gsfz+f2) Zf(f - ( Z+s uo+kEMuo+98+1> dgf <32+kEM) ¢ () =0
(38)
or equivalently A )
d d
a(s) Jot + B9 T A 756 =0 (39)

where
a(s) = s 2 + sl + 2
B(s) == (5282 + 823 + knefid + s+ 1) (40)
Y(s)= 2+ kv

Since Eq. (39) isa linear ODE for fixed s, the solution is of the form ¢(£) = Ce?¢, which
gives a quadratic equation in \? as

a(s)X" + B(5)A% +7(s) = 0 (41)
which has four solutions A;(s) for i = 1,...,4. Note that we may assume that A3 = —)\;
and Ay = =X9. The general solution for the mode shape is

B(€) = CreM€ + Cre™® + O™ + Cyetit (42)

for some constants C;. Note that Eq. (42) may also be written in terms of hyberbolic or
trignometric functions, which can make the solution easier for some boundary conditions.
The four boundary conditions required for the fourth order differential equation allows
the constants C; and the eigenvalues, s, to be calculated. Note that for the free vibration
problem the amplitude of the mode shape is arbitrary, which means that there are essentially
only three independent unknown C; constants. Each boundary condition gives a linear



equation in the C; constants. Thus, for example,

»(0)=0 implies C1+Co+C5+Cy=0
0

o(1) = implies  CheM 4+ Cae™? + O3 + Cpe™
d
d?(()) =0 implies A1Cp + A2Co + A3C35 + A\4Cy =0 (43)

T(0)=0  implies C; <>\1 1+ §s) (1 . EA%) + 282 (1 _ fm) n ggz%EMxl)
YO (. )+ )+ Cu(.)=0

Note that the \; depend on s. For the last example boundary condition; T(O) = 0, is
obtained by substituting Eq. (42) into Eq. (35). The coefficients for Cy, €3 and C4 are
similar to the coeflicient for C1 with A; replaced by the corresponding A;. The 7 boundary
condition may be obtained in a similar way using Eq. (37).

The four boundary conditions give four linear homogeneous equations in the C;, and for
a non-trivial solution the determinant of the coefficient matrix, which only depends on s,
must be zero. This gives an equation for s, although often this equation is highly nonlinear
and difficult to solve analytically. Even obtaining all of the solutions numerically is difficult,
and would be helped by reasonable initial estimates, perhaps from the undamped case.

Three sets of boundary conditions are now considered for the torsional rod, where the
mode shapes may be determined directly. These special cases are (a) Clamped Forcing-
Clamped Forcing (CF-CF), (b) Clamped Forcing - Free Strained (CF-FS), (¢) Free Strained
- Free Strained (FS-FS). Table 1 givesthe mode shapes, where C,, is an arbitrary constant,
and it is straightforward to verify that these functions satisfy the given boundary conditions
by directly substituting into the expressions for T and T given earlier. Here we will assume
that fig # [, for the CF-CF and FS-FS cases, since (M) given by Eq. (37) is not defined
when jig = ls; s; the solution for fig = I, is considered in detail in the next section. The mode
shapes in Table 1 give direct expressions for );, which may be substituted into Eq. (41),
using the expressions for «, § and 7 from Eq. (40), to give the following quadratic equation
for s:

as® +bs+c=0 (44)

where the expressions of a, b and ¢ for the three boundary conditions CF-CF, CF-FS and
FS-FS are given in Table 2. This quadratic equation is easily solved to obtain the solutions
for s,;and hence the corresponding natural frequencies and damping ratios.

For each set of boundary conditions, solutions for particular cases of interest can be obtained,
namely, local undamped (fig = I = I = § = 0), local damped (fig = Iy = s = 0) and
asymptotic cases. In the last case, the asymptotic frequencies are obtained by taking the
asymptotic expansion of Eq. (44) when n — oo and then keeping the leading terms of order
n* before solving for s to give the natural frequencies and damping ratios. All these solutions
are summarized in Table 3. It is worth noting that the solutions for the CF-CF and FS-FS
boundary conditions are identical because the ordinary differential equation (39) contains
d*¢

@t and 4 d§2 and the mode shapes for these boundary conditions are, respectively, given by

sin(nn§) and cos(nzf).

10



Table 1: Boundary conditions (BC) and modeshapes for the analytical solution.

BC BC Equations Mode shape A2
5 6(0)=0, TM(0) =0, $(€) = Cpsin(nme) —n?r?
<3 3
o) =0,TW) =0 n=l
. e 2

% $(0) =0, TM(0) =0, ¢(€) = Cp sin (21 7¢€) ~(n—13%)"n?
e
© W =0, 7(1) =0 n>1
% %(50) =0, T(0) =0, ?(&) = Cycos(né) —n?n?
%

W — 0, T(1) =0 n>0

Table 2: Expressions of the constants of the characteristic polynomial asociated with the
analytical solution.

Case Polynomial constants
CF-CF a = n47r4l%ﬂ% + n2772l2 +n?r?pd +1
& FS-FS b = §n47r4l2 + gn’m?

c = n47r4l2 + nQWQI%EMﬂ(Q) +n’r? + ]%EM

. 2 .

a = (n=)' w B+ (n—4)" 7 (B +3) +1

CF-FS b = g(n—3)'nR+g(n-1)°x
4 2 A -
c = (n—3) 2+ (-5 "= ( EMIG + 1) + kgm
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Table 3: Eigenvalues for particular cases of the analytical solution.

CF-CF and FS-FS CS-FS

ii\/n2w2+/%EM :ti\/ﬁ-l—];?EM

Local undamped case

o=l =l=g=0

Local damped case

o —1gmn? + \/ig27r4n4771’2n2 — kpu —1gkF %512/@27&71%51\4
fo=1l=1s=0
Asymptotic case i A _ _ Same as CE-CF case
b (ol o~ i)
n — 00 'k MO

where i = /—1 and Kk = (n — %)27r2

5 Formulation and solution for particular case iy = l;

The partial differential equation for 6 given in Eq. (33) is well defined for iy = [, and is
given by
0%0 ., 09 0% 030

og "ot

9 %0 0% ot 00 - 0% (45)
8 (e ~ K omigrs ~ gg1 ~ Doy * kg ) =0
This differential equation can be conveniently written as
,
(1- g ) £ =0 (46)
where %0 00 0% 030 -
L (0) :—WM,%WJF@MW—@MG (47)

However, the expressions for the classical stress and the stress gradient {esultants given
in non-dimensional form in Eqs. (36) and (37) are not defined when fiyp = l5. In this case,
using Eqgs.(17) and (20), the total stress resultant given by Eq. (35) degenerates to

. 00 020
T = =—= 44§ 48
(¢ +93e27) )
Consider now the calculation of the higher order stress 7 when fiy = l,. This cannot
be calculated from Eq. (37), because the denominator term fi3 — (2 is zero. To determine
T we have to consider the solution for 6 and integrate the non-dimensional form of Eq.
(18) directly. The solution proceeds in the usual way by assuming a separable solution of

the form (&, 7) = ¢(€)e®, which gives a linear fourth order ODE for ¢(£). The general

solution is

b(&) = CreM®8 4 Che= )€ 1 Cyefof 4 e ok (49)

where ) is obtained from

A2 (fﬁshugs) S - (50)
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Table 4: Expressions of the constants of the characteristic polynomial and the corresponding
eigenvalues for the particular case fig = ls.

Case Polynomial constants Eigenvalue solution
a = n?rl2 41
b+ Vb? -4
CF-CF & FS-FS b — gn2n? ; ac
a
c = n271'2 + kEM
a = (n—%)27T2l,%+1
—b+ Vb —4
CF-FS b o= g(n—13)7a? s & L
a
c = (n—%)27r2+k:EM

The key issue in integrating Eq. (18) is now apparent in the treatment of the e*#0¢ terms.
However the integration is easily performed by introducing £e®70¢ terms to give

C1eM + Oge ¢ B Cséefos — C4§eﬂ05) (51)

S(1) ey LN a2
70(6) = (1-+.95) i3 [ o
This gives the relationship between the C; coefficients to implement boundary conditions
for 7™ when fo = I

For the three boundary conditions CF-CF, CF-FS and FS-FS, and using the same mode
shapes as in the general case, the eigenvalues s, are the solutions of the quadratic equation
in Eq. (44), where expressions for a, b and ¢ are given in Table 4.

To show the consistency of the solution, Figs. 1 and 2 illustrate the variation of the first
three frequencies and damping ratios as a function of Auls = Is— fio for CF-CF/FS-FS and
CF-FS boundary conditions, respectively. When [ig is close to l;, the solution is computed
based the equation of motion (33). For the particular case where jig = I, the solution is
computed based on the equation of motion (46) and is shown with the symbol o in Figs. 1
and 2. It is evident from these figures that the frequency and damping ratio solutions are
continuous-and do not show any sign of inconsistency.

6 'Numerical solution of the vibration problem

The derivation of the equation of motion resulted in a linear PDE subjected to a combi-
nation of four types of boundary conditions with two applied at each boundary. Due to
the complexity of the problem, a solution of the equation of motion cannot be easily ob-
tained analytically for certain combinations of the boundary conditions. For these cases,
it is preferable to rely on a numerical method such as the Differential Quadrature Method
(DQM). To reduce the presence of spurious complex eigenvalues that generally occur in some
DQM implementations, the equation of motion is discretized based on a Locally adaptive
Differential Quadrature Method (LaDQM). LaDQM is based on the same DQM matrices,
but uses external additional nodes to apply multiple boundary conditions. This ensures
that all the internal nodes obey the equation of motion. This section briefly details the
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implementation of the LaDQM based numerical method; Trabelssi et al. [54] give further
details.

LaDQM requires the discretisation of the spatial variable, and here the mesh coordinates
are given by

&1 —0 (& — &) l—-np<i<l
¢ = En + 6 (&n — Ean—i) n+ng>i>n 52)
tanh il _ 1
v e (G -Y)
2 2tanh(%)

where n is the number of internal nodes and ng and ny, denote, respectively, the number of
external nodes at the right and the left sides and ¢ represents a bias adjustment parameter.
In the DQM approach the m-th derivative at the nodes is approximated by M,,Y where
Y is the displacement vector with i-th element Y; = 0(&;,t); for 1= ny < i <n+ng. The
matrices, M,,,, are given by [55, 56|

( I1E; o
T AL m =1, i#j
(T1&; [Ag]5)
Myl = o L Mm—aliy .
[ ] 7 m {[Ml]m [Mm—l]z,z 2 ﬁ} m > 1, Z;ﬁj (53)
ZZi?fnL,k;ﬁi[Mm]i,k m>0,1=7
where [M;,]; ; is the (i, j)-th element of M, and
[Agi; = &—¢&, 0<ij<n+1
n+ngr
ng = [ Ak,  0<i<n+1 (54)
k=1-nyg,

In addition; My is defined as the identity matrix of the same order as the rest of the DQM
matrices. The velocity and acceleration vectors are given by Y and Y.
The D@QM discretization of the equation of motion, Eq. (33), is given by

[Mg ~PM, — 2 (M2 - z“,iM4)] ‘a [Mg - ZZM4} Y
— [(MQ — lezl) — ke (Mo — /1(2]1\/12)} Y =0 (55)

This equation represents a system of n coupled ordinary differential equations, where the
basic structure of the mass, stiffness and damping matrices are clearly defined. There are
a total of n + nr + ny equations, and a few of these will be replaced with the boundary
condition equations. Four boundary equations are required for the nanorod system, and
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Table 5: LaDQM mesh convergence for CF-CF case; ZS = Zk = 0.4, o = 0.08, I;:EM =1,
§=0.02.

No. Nodes 19 17 15 13 11 9
w1 3.1098 3.1098 3.1098 3.1098 3.1098 3.1094
wo 5.6260 5.6260 5.6260 5.6264 5.6355 5.8296
w3 7.5298 7.5298 7.5296 7.5280 7.4958 7.7505
S| 0.0298 0.0298 0.0298 0.0298 0.0298 0.0298
9 0.0560 0.0560 0.0560 0.0560 0.0561 0.0581
S3 0.0752 0.0752 0.0752 0.0752 0.0749 0.0774

take the form

H‘fb =0
T‘fb =0
oo
876‘&; =0
TWlg, =0 (56)

where & = 1 or 0. After rearrangement, the discrete expressions of the above boundary
conditions can be written as

MoY],, = 0

[ (v - l“,ng) Yot (My - 2M3) (Y +Y) + My Y| L= 0

MY, - 0

i (M2 = BMI)Y + (8 - 12) My — 32My ) (9Y + Y ) + jilpn Mo Y| =0
(57)

where ny= 0,1,n or n+ 1. The boundary condition of the Dirichlet type should replace the
equation of motion at the corresponding boundary node. The remaining boundary equations
will replace the equation of motion at the external nodes. Once the boundary conditions
have been introduced into Eq. (55) the result is a standard second order differential equation
where the mass, damping and stiffness matrices are clearly identified. For the damped
case the equations should be written in state space form. Standard methods to estimate
the eigenvalues (natural frequency and damping ratio) and the corresponding eigenvectors
(mode shapes) may be employed.

To assess the accuracy of the LaDQM results, a mesh convergence study is conducted on
the nanorod in which high values of the length-scale parameters were employed and several
boundary conditions were tested. Results include the first three natural frequencies and
damping ratios. A sample of these results corresponding to CF-CF case are reported in
Table 5 where the number of nodes is varied from 9 to 19. Based on a thorough convergence
study, it is decided that a total of 15 nodes is sufficient to reach the required accuracy using
the LaDQM approach.
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7 Results and discussion

7.1 Validation study

The equation of motion (27) describes a damped free torsional vibration of a nanorod. A
similar equation of motion was obtained by Li et al. [14] for longitudinal vibration of size-
dependent rods via nonlocal strain gradient theory:

0? 0%u 0%\ 0%u
l—pd - |pA—s —BA(1 -2 =) -5 =0
< “Oaaﬂ) P2 o < 883;2) 12
which is equivalent to Eq. (27) when setting the velocity gradient length-scale parameter
I, the damping coefficient g and the stiffness of the surrounding medium kgjs to zero and

noting that pA = pJ, FA = GJ and u = 0. Knowing that the non-dimensional natural

frequency w = wL\/g, performing an analogous normalization of the natural frequencies

obtained by Li et al. [14] gives

2 2,2 I 22
Lo E(L -l—l;nﬂ) 5= (1—1—{52717r) OF — OF
L\ p(L? + pgn?n?) (14 fign’n2)
(58a)
on — 1w [E(4L% 4+ 14(2n — 1)2x2 on —1 1+ [,(2Ly272
oo @n=tr [BUL +L(n—D2w)Y _ n >w\/< LOELP)  p g
2L p(4L? + pg(2n = 1)2m?) 2 (1 + ag(=5=)*m?)
(58b)

which are the same the frequencies obtained in this study by solving (44) and using the
appropriate expressions of a, b and ¢ provided in Table 2. This completes the validation of
the obtained results with those of Li et al. [14].

7.2 Comparison between analytical and numerical results

This section presents a comparison between analytical and numerical torsional vibrational
non-dimensional frequencies of a size-dependent viscoelastic nanorod embedded in an elastic
medium: Table 6 summarizes the considered sets of boundary conditions (CF-CF /FS-FS
and CF-FS) and the values of the input parameters for the following three special cases: (i)
NSG damped case where nonlocal and damping effects are accounted for; (ii) Local damped
case where nonlocal effects are neglected and (iii) Local undamped case where both nonlocal
and damping effects are neglected. It is worth noting that the results for both CF-CF and
FS-FS boundary conditions are similar due to their identical characteristic polynomial and,
therefore, the corresponding results are also similar. Non-dimensional values of the length-
scale parameters, stiffness of elastic medium and damping coefficient are assumed since the
literature does not provide experimental or verified simulated values. The analytically and
numerically obtained eigenvalues are complex and the damping ratio and natural frequency
are extracted from these eigenvalues.

It is also worth mentioning the importance of choosing the right ranges for the length-
scale parameters. Ideally, the calibration of these parameters can be done either through
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experiments conducted at the nano-scale which is almost impossible or through Molecular
Dynamics (MD) simulations as was done by Ansari et al. [57] and this is also prohibitively
computationally expensive. In the absence of experiments and MD simulations, reasonable
ranges of these length-scale parameters were chosen, as indicated in Table 6. In selecting
the ranges of these parameters, [ip and [; are chosen such their effect will not cancel out as
they have opposing effect and [, is in the same range as k.

Table 7 compares the analytical and numerical non-dimensional first three natural fre-
quencies (w1, wy, ws) in addition to the asymptotic natural frequency we, where the wave
number n goes to infinity and the corresponding damping ratios ({1, (2, (3, (s0)- It is ob-
served that numerical solutions are in good agreement with analytical solutions up to the
second decimal digit for most of the cases in the CF-CF/FS-FS boundary conditions. It
is also noticed that the same trend is followed for the CF-FS boundary conditions. The
asymptotic frequency estimated using LaDQM was obtained by increasing the mesh size
until a frequency convergence is reached, that is when a number of higher modes all have
the same frequency.

Table 6: Definition of parameters used in Table 7.

CF-CF & FS-FS

Case Description 10 l s Zk g l;:E M
1.1 NSG Damped 0.2 0.05 0.05 0.02 1
1.2 Local Damped 0 0 0 0.02 1
1.3 Local Undamped 0 0 0 0 1

CF-FS

Case Description o ls I, g kem
2.1 NSG Damped 0.2 0.05 0.05 0.02 1
2.2 Local Damped 0 0 0 0.02 1
2.3 Local Undamped 0 0 0 0 1

7.3 Parametric study

This section presents results of the non-dimensional natural frequencies and damping ratios
of the size-dependent viscoelastic torsional nanorod embedded in an elastic medium. In this
parametric study, it was verified that numerical and analytical results show good agreement
for all three cases of boundary conditions and therefore analytical results will be used in all
figures except otherwise mentioned. The primary objective of this study is to investigate
the effect of the length-scale parameters, namely, nonlocal, strain gradient and velocity
gradient parameters denoted, respectively, i, [s and lk In addition, the effect of viscoelastic
parameters g, stiffness coefficient of elastic medium kg and different boundary conditions
is also examined. After several iterations, it was decided to consider the following values of
the input parameters: o = 0,0.08, § = 0.01,0.015,0.02, kg = 0,2 while I; and I, were
varied in the interval [0.1,0.4].
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Table 7: Comparison between analytical and numerical solutions.

Analytical LaDQM
n n

Cases 1 2 3 00 1 2 3 00
1.1 w 28376 4.0270 4.5086 5.0000 2.8336 4.0148 4.4929 4.9975

¢ 0.0250 0.0380 0.0433 0.0500 0.0249 0.0378 0.0430 0.0499
1.2 w 32969 6.3623 9.4777 3.2968 6.3601 9.4857

¢ 0.0299 0.0621 0.0937 0.0299 0.0620 0.0938
1.3 w 32969 6.3623 9.4777 3.2968 6.3602 9.4857

¢ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
21 w 1.7999 3.5648 4.3193 5.0000 1.8577 3.6432 4.3632 4.9948

¢ 0.0125 0.0330 0.0412 0.0500 0.0132 0.0339 0.0417 0.0493
22  w 1.8621 48173 79174 1.8690 4.8387  7.8946

¢ 0.0133 0.0461 0.0779 0.0133 0:0463 0.0777
23 w 1.8621 48173 79174 1.8690 < 4.8387 7.8946

¢ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

7.3.1 CF-CF and FS-FS Cases

The analytical results for both CF-CF and FS-FS boundary conditions are similar due to
their identical characteristic polynomial. Figure 3 shows the variation of the non-dimensional
first mode frequency and damping ratio for increasing values of [, and fixed values of 110, Ik,
kg and g. The upper four plots indicate an almost linearly increasing trend of the first
mode frequency for increasing values of ls. The trend for the damping ratio is also similar
and varies linearly, as evident from the lower four plots. It can also be observed that the first
mode frequency and damping ratio decrease as the kinetic length scale parameter [}, increases
for fixed I;. In addition, increasing the viscoelastic coefficient § seems to have no effect on
the natural frequency but increases linearly the damping ratio. Furthermore, accounting
for the medium stiffness kg increases slightly the frequency however slightly decreases the
damping ratio. Moreover, increasing fig has a tendency to decrease the frequency and to
a lesser extent the damping ratio. The opposite effect is observed when increasing [s as
mentioned above.

Figures 4 and 5 illustrate, respectively, the effect of the variation of the non-dimensional
second and third mode frequencies and damping ratios for increasing values of [, and fixed
values of [, I, kgar and g. Similar observations can be made as the first mode of vibration.
However, the frequencies and damping ratios curves shift to higher values for the second and
third modes.

7.3.2 CF-FS Case

The analytical results of the torsional vibrational size-dependent viscoelastic nanorod for
CF-FS boundary conditions are presented now. Figures 6, 7 and 8 illustrate, respectively,
the effect of the variation of the non-dimensional first, second and third mode frequencies
and damping ratios for increasing values of [; and fixed values of o, Ik, kg and g. The
same remarks made about the CF-CF boundary condition are also valid in this case apart
from a few exceptions. From Figure 6, it can be observed that the variation of frequencies
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and damping ratios curves seem to be small and of about the same amount as compared
to the CF-CF boundary condition. The effect of damping ratios curves decrease as the
[, value increases and the remaining predictions are the same as the first mode with the
CF-CF boundary condition. Moreover, the first mode frequency increases significantly and
decreases the damping ratio drastically when accounting for the stiffness medium k.

Figure 7 and 8 show similar trends as the second and third modes with the CE-CF
boundary condition. It is also clear that the variation of the frequency curves appears to
be large for increasing values of [ whereas the variation of the damping ratio curves seems
to be substantial and decreases as the fk value increases for the second and third modes of
vibration.

7.3.3 CS-CS Case

The Clamped Strained-Clamped Strained (CS-CS) configuration is one of the cases where
an analytical expression of the mode shapes is difficult to obtain. Thus the results were com-
puted numerically using LaDQM. Based on Eqs. (34a) and (34b); the boundary conditions
for this case are § = 0 and ‘g—g = 0 specified at each of the ends € =0 and £ = 1.

The results are plotted in Figures 9, 10 and 11 and are similar to the previous cases.
Compared to the CF-CF case the CS-CS case plots show similar trends for both frequencies
and damping ratios especially the hardening and softening effect associated with the different
material length scales. However, compared to the CF-CF case, the results show a rise in all
natural frequencies and damping ratios. It is also observed that the impact of foundation
stiffness is severely reduced even for the first mode. Compared to the CF-CF case, the first
mode frequency displays a linear like dependency on I, and a higher non-linear dependency
on Ij,. Such behavior was observed for higher modes in the CF-CF case.

A shift to higher mode behavior is also observed in the damping ratios plots. The first
mode damping ratios show a severe dependence on lk and l However, unlike kEM, the
influence of the damping coefficient ¢ is still visible in the first three modes.

8 Conclusion

A combined nonlocal strain and velocity gradient theory was used to study the size-dependent
torsional vibration of a viscoelastic nanorod embedded in an elastic medium. Three material
length-scale parameters were incorporated in the model namely nonlocal, strain gradient and
velocity gradient parameters with the capability of modeling both softening and hardening
behavior: The Kelvin—Voigt viscoelastic damping was integrated to account for the vis-
coelastic behavior which added a damping term to the constitutive equation. The equation
of motion and the related boundary conditions were derived using the Hamiltonian principle.
The linear free vibration of the nanorod embedded in an elastic medium was investigated
with a combination of clamped forcing and free strained boundary conditions. Frequencies
and damping ratios were obtained both analytically and numerically using a Locally adap-
tive Differential Quadrature Method (LaDQM). Analytical results were obtained for various
length-scales and compared with LaDQM numerical results.

The parametric study investigated the effect of the length-scale and viscoelastic param-
eters, medium’s stiffness and different boundary conditions. The main conclusions can be
summarized as follows: (a) the strain gradient and nonlocal parameters Is and po seem to
have opposite effects resulting, respectively, in a hardening and softening behavior; (b) the
effect of the medium’s stiffness kgps is small and limited mainly to the first mode but its
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effect might increase if a larger value was used; (c) the effect of the damping coefficient g
is limited to the damping ratios and significantly affected by I, and pg especially for high
modes and (d) the effect of the velocity gradient parameter [ resulted in a space dependent
and thus a mode dependent effective mass, thereby, causing a decrease of the frequencies
particularly for high modes.

The case where the strain gradient and nonlocal parameters are equal (Is = po) may
seem to result in an inconsistency to the general equation of motion and the related non-
classical boundary conditions. A study of this case was treated thoroughly in this paper
demonstrating that the proposed solution would not show any inconsistency.
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Fig. 10: Effect of length-scale parameters, stiffness of surrounding medium, and damping
coefficient on the second mode frequency and damping ratio for CS-CS boundary conditions.
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Fig. 11: Effect of length-scale parameters, stiffness of surrounding medium, and damping
coefficient on the third mode frequency and damping ratio for CS-CS boundary conditions.
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