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Abstract

Let (Xt):>0 denote a non-commutative monotone Lévy process. Let w = (w(t)):>0 denote
the corresponding monotone Lévy noise, i.e., formally w(t) = %Xt. A continuous polyno-
mial of w is an element of the corresponding non-commutative L2-space L?(7) that has the
form 1 (w®, f@), where @ € Cp(R%). We denote by CP the space of all continuous
polynomials of w. For f(™ e Co(R? ), the orthogonal polynomial (P (w), f() is defined
as the orthogonal projection of the monomial (w®", f(™)) onto the subspace of L?(7) that is
orthogonal to all continuous polynomials of w of order < n — 1. We denote by OCP the lin-
ear span of the orthogonal polynomials. Each orthogonal polynomial (P (w), ) depends
only on the restriction of the function f(™ to the set {(t1,...,t,) ERY [t; >tg > - >t,}.
The orthogonal polynomials allow us to construct a unitary operator J : L?(1) — F, where
F is an extended monotone Fock space. Thus, we may think of the monotone noise w as a
distribution of linear operators acting in F. We say that the orthogonal polynomials belong
to the Meixner class if CP = OCP. We prove that each system of orthogonal polynomials
from the Meixner class is characterized by two parameters: A € R and n > 0. In this case,
the monotone Lévy noise has the representation w(t) = 8] + A(?;r@t + 0 + n@j@tat. Here, 8;
and 0; are the (formal) creation and annihilation operators at ¢t € R, acting in TF.

Keywords: Monotone independence, monotone Lévy noise, monotone Lévy pro-
cess, Meixner class of orthogonal polynomials.
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1 Introduction

The Meixner class of orthogonal polynomials on R was originally derived by Meixner
[28] as the class of all Sheffer sequences of monic polynomials that are orthogonal
with respect to a probability measure on R with infinite support. They include the
Hermite polynomials, the Charlier polynomials, the Laguerre polynomials, the Meixner
polynomials of the first kind, and the Meixner polynomials of the second kind (also
called the Meixner—Polaczek polynomials).



Let (pn)32, be a polynomial sequence from the Meixner class. Let us assume that
the measure of orthogonality of these polynomials is centered. Let 97 and O be linear
operators acting on polynomials on R that satisfy 0'p, = p,41 and dp,, = np,_; for all
n. Then there exist three parameters, A € R, n > 0, k£ > 0, such that

z =0 + 19 + kD + nd'00. (1)

In this formula, = denotes the operator of multiplication by the variable x, considered
as a linear operator acting on polynomials.

For each Meixner sequence of polynomials, its measure of orthogonality is infinitely
divisible. Thus, the Meixner class is related to Lévy processes.

It appears that the notion of the Meixner class of orthogonal polynomials admits
several generalizations. The first generalization is related to changing the definition
of the operators 9" and 0. Recall that, for ¢ € [—1,1], one defines the g-numbers
n], :==1+q+¢*+---+q¢" " Then, the ¢-Meixner class of orthogonal polynomials on
R is defined as the class of the polynomial sequences (p, )2, satisfying formula (1) in
which 8'p,, = pn41 and 9p,, = [n], pu_1, see [16,17] and the references therein.

Furthermore, it is also possible to generalize the notion of the Meixner class of
orthogonal polynomials to the (classical) infinite dimensional setting, as well as to
some non-commutative settings.

Let us briefly describe the extension to the classical infinite dimensional setting,
see [10,25,26] for details and [1, 23,24, 27, 33, 34] for related topics. Consider the
Gel’fand triple

D C L*(Ry,dt) C D

Here D is the nuclear space of smooth compactly supported functions on R, := [0, c0)
and D’ is the dual space of D, where the dual pairing between D’ and D is obtained
by continuously extending the inner product in L*(R,,dt). A continuous polynomial
P of w € D' is a function P : D' — R of the form

P(w) = Z(w@’i,f(i)}, weTD,
=0
where f) € D% (ie., f® belongs to the ith symmetric tensor power of D) and
(w®, f@) denotes the dual pairing of w® € D'® and f@ € D®. We denote by CP
the space of all continuous polynomials of w.
Let p be a Lévy white noise measure on D’. Thus, p is a probability measure on
D’ whose Fourier transform has the Kolmogorov representation

/D N () = exp ( /R + /R (cish®) _ 1 _ ish(t))s—l2 dv(s) dt) . heD. (2)

Here v is a finite measure on R. We assume that v has all moments finite. We also
assume, for simplicity, that v is a probability measure.



For f™ ¢ D" we define the orthogonal polynomial (P™(w), f™) as the or-
thogonal projection of the monomial (w®”, f() onto the subspace of L?(D’, u1) that is
orthogonal to all continuous polynomials of w of order < n — 1. We denote by OCP
the linear span of all orthogonal polynomials.

By using the orthogonal polynomials, one constructs a unitary operator

J:L*(D',pu) —F,

where

F = R EB @ LzymGR?H mn)
n=1

is an extended symmetric Fock space. Here m,, is a Radon measure on R} (which
depends on the Kolmogorov measure v in formula (2)) and L2, (R%,m,) denotes the
subspace of all symmetric functions from L*(R",m,,). The unitary operator J is given

by
J<P(n)()7f(n)> = (07"'707 f(n) 70707"'> SHE
~

nth place

For h € D, let us preserve the notation (w, h) for the operator of multiplication by
(w,h) in L*(D', u). In terms of the unitary operator J, we may also think of (w,h) as
a linear operator in F.

We say that the orthogonal polynomials (P™(w), f(™) belong to the Meixner class
if CP = OCP. Each system of orthogonal polynomials from the Meixner class is
characterized by two parameters: A € R and > 0. For each choice of such parameters,
we have the following equality for the action of the operator (w, h) in F: for each f € D:

(W, h) 7" =h© [ + Mn(hf) © fEOD
o / h(u) f(w) du f200 + nn(n — 1)(hf?) © 502, (3)
R

The choice A =7 = 0 gives the infinite dimensional Hermite polynomials with p being
Gaussian white noise measure; the choice A\ # 0, n = 0 gives the infinite dimensional
Charlier polynomials with p being a centered Poisson random measure; the choice
Al = 2y/n, n > 0 gives the infinite dimensional Laguerre polynomials with 4 being
the centered gamma random measure; the choice |A| > 2,/7, n > 0 gives the infinite
dimensional Meixner polynomials of the first kind with u being a centered negative bi-
nomial random measure; and the choice |A| < 2,/7, n > 0 gives the infinite dimensional
Meixner polynomials of the second kind with g being the Meixner measure on D’.

Let 0; denote the delta function at t. For each ¢t € R, we formally define operators
af, &, on F by

AN fEm =6, ® fE", O f®" = nf(t)fonY.



(To be more precise, 82 is a formal operator, while the operator d; is rigorously defined
on a subspace of F.) Then formula (3) can be formally written in the form

w(t) = O] + N3, + 8, + nd} 0,0, (4)

compare with (1). (Note that £ = 1 in our case since we chose v to be a probability
measure. )

In non-commutative probability, monomials (w, h) are replaced with non-commutative
operators (w, h) (so that w(t) can be thought of as a non-commutative noise), while
the probability measure p is replaced by a state on the algebra of polynomials gen-
erated by the monomials (w,h). There are several non-commutative generalizations
of independence. The most studied one is free independence, see e.g. [32,36]. In the
framework of free probability, the Meixner class of orthogonal polynomials of a free
Lévy noise was studied in [11,12]. This study led to a formula similar to (4). For other
studies of the free Meixner-type Lévy processes and the free Meixner polynomials on
R we refer to [2-8,15,18,19,35].

Furthermore, in [14], the notion of a non-commutative Lévy noise was introduced for
the anyon statistics, and in [13], the corresponding Meixner class of non-commutative
orthogonal polynomials was studied. Quite unexpectedly, this class was again fully
described by a formula similar to (4), albeit its meaning was quite different. Note that
the Kolmogorov measures v of the corresponding anyon noises are the same as in the
case of the classical Meixner noises.

In this paper, we will deal with another important example of non-commutative
independence: the monotone independence. This notion was introduced and studied
by Muraki [29-31], see also [20,21]. The Lévy processes of the monotone independence
were studied in [21,22]. Note that there is also the related notion of the anti-monotone
independence. We will not discuss it in this paper but only mention that, when trivially
modified, all the results of the present paper hold in the anti-monotone case.

The main result of the paper is a characterization of the Meixner class of orthog-
onal polynomials of a monotone Lévy noise. More precisely, let (X;):>0 be a (non-
commutative) monotone Lévy process. Let w = (w(t));>0 denote the corresponding
monotone Lévy noise, i.e., formally w(t) = %Xt. A continuous polynomial of w is
an element of the corresponding non-commutative L?-space L?(7) that has the form
S (W f®)) where f € Cy(R). We denote by CP the space of all continuous
polynomials of w. For f™ € Cy(R™), the orthogonal polynomial (P™(w), f() is
defined as the orthogonal projection of the monomial (w®”, f™) onto the subspace of
L?(7) that is orthogonal to all continuous polynomials of w of order < n—1. We denote
by OCP the linear span of all orthogonal polynomials. Each orthogonal polynomial
(P™(w), f(™) depends only on the restriction of the function f™ to the set

T o=A{(t1,...,t,) €ERY [ t1 >ty > -+ > 1, }. (5)



The orthogonal polynomials allow us to construct a unitary operator J : L*(7) — F,
where F now denotes an extended monotone Fock space:

F:R@éLQ(Tn,mn). (6)

n=1

Here m,, is a Radon measure on T,,, determined by the Kolmogorov measure v of the
monotone noise w. By using this operator J, we may think of the monotone noise w
as a distribution of linear operators acting in F.

We say that the orthogonal polynomials of w belong to the Meixner class if CP =
OCP. We prove that each system of orthogonal polynomials from the Meixner class is
again characterized by two parameters: A € R and 1 > 0. In this case, the monotone
Lévy noise has again representation (4). Here, for a point t € Ry, 8; and 0, are the
(formal) creation and annihilation operators at ¢ acting in F. It is worth noting that
the corresponding Kolmogorov measures v appear to be the same as in the case of free
independence.

Let us mention a drastic difference between the monotone case and all the other
cases mentioned above, see Remark 15 below for details. In the monotone case, it is
possible that a continuous monomial (w®", f™) is a non-zero element of L?(7) but
belongs to the space of all continuous polynomials of order < n — 1. A necessary
condition for this is that the restriction of the function f™ to T), is equal to zero.

The paper is organized as follows. In Section 2, we briefly recall the notion of
monotone independence, define a monotone Lévy noise and the corresponding non-
commutative L?-space. In Section 3, we formulate the main results. Finally, in Sec-
tion 4, we prove the results.

Among numerous open problems related to the monotone Meixner orthogonal poly-
nomials, let us mention only one: the explicit form of their generating function; compare
with the form of the generating function of the Meixner orthogonal polynomials in the
free setting [12], see also [2,4,5,35].

2 Monotone Lévy noise

Let us first recall the notion of monotone independence, cf. [30]. Let F be a real Hilbert
space and let £(F) denote the space of all continuous linear operators in F. Let Q € F
be a unit vector, and define a state 7 : L(F) — R by 7(A4) := (AQ, Q)#. Subalgebras
(not necessarily unital) Ay, Ay, ..., A, of L(F) are called monotonically independent
with respect to T if, for any i < j > kand A€ A;, B € A;, C € Ay,

ABC = 1(B)AC,



and any i; > - > 0, > j < k< -0 < ky, Ay € Ay, . AL €A
OleAkl,...,CneAkn,

BE.Aj,

T )

T(Ay - ApBCy---Cy) =7(Ay) - 7(An)T(B)T(Cy) - - - 7(C).

Operators Ay, ..., A, € L(F) are called monotonically independent with respect to T if
the subalgebras A; = 1.s.(A¥ | k € N), i = 1,2,...,r, are monotonically independent.
Here 1. s. denotes the linear span.

Let By(R, ) denote the linear space of all measurable bounded functions on R, with
compact support. We endow By(R.) with a topology such that a sequence (h,)5
converges to a function h in By(R.) if all functions h,, vanish outside a compact set in
R, and supeg, [hn(t) — A(t)] — 0 as n — oo.

Let ((w, h))hepor,) be a family of operators from L(F). We assume that the
operators (w, h) depend on h linearly, and if h,, — h in By(R,), then (w, h,) — (w, h)
strongly in £(F). We may formally think of w as an operator-valued distribution.

We will say that w is a monotone Lévy noise if the following conditions are satisfied.

(i) Let 0 <ty <t; <ty <--- <t and let functions hy, ho, ..., h, € Bo(Ry) be such
that, for each i = 1,2,...,7, by = h; X,_, - (Here xa denotes the indicator
function of a set A.) Then the operators (w, h;),..., (w, h,) are monotonically
independent.

(ii) For any hy,...,h, € Bo(Ry) and any u > 0,
T(<w, hy) - (w, hn>) = T((w,Suh1> . (w,Suhn>).
Here, for h € By(R;) and u > 0, we define S,h € By(R,) by

0, if 0 <t <u,
h(t —u), ift>wu.

(Suh)(t) := {

If w is a monotone Lévy noise, we define, for t > 0, X; := (w, xj0,4). Then (Xy)i>0
is a monotone Lévy process, cf. [22, Section 4].

By analogy with [21,22], we will now present an explicit construction of a monotone
Lévy noise. Let v be a probability measure on R with compact support. For eachn € N,
let T,, be defined by (5) and we denote

Spi={(t1, 81, tn.Sp) € Ry x R)™ | (t1,...,t,) € T, },
F® = LS, dty dv(sy) - dt, dv(s,)).

Let also F© := R. We define the monotone Fock space by F := D, F™ . The
vector @ = (1,0,0,...) € F will be called the vacuum. As usual, we will identify



f e F with the corresponding element (0,...,0, f™ .0,...) of F. We define
N

nth place
the vacuum state on L(F) by T7(A) := (AQ,Q)x for A € L(F).

Let h € By(Ry). We define a creation operator a*(h), a neutral operator a’(h),
and an annihilation operator a~(h) as bounded linear operators in F that satisfy the
following conditions. For the creation operator, we have at(h)Q = h (here h(t,s) :=
h(t)), and for f € F™ n € N, we have a*(h)f™ € Fr+D,

(a+(h)f(”))(t1, S1ye vy tpil, Sni1) = h(tl)f(")(tg, Soy ey tpit, Snt1)-
For the neutral operator, a’(R)Q2 = 0 and for each f™ € F n € N, we have
a®(h) fm e Fm,
(ao(h)f("))(tl, Si,... tn, Sn) = h(tl)slf(")(tl, S1yvyln, Sn)-
For the annihilation operator, a~ =0 and for f™ € F™ o= (h)f™ ¢ F=L and

(a’(h)f("))(tl,sl,... n—1sSn—1) / / f(" (u,v,t1,81, .. tn1,Sn—1) dp(v) du.

As easily seen, the annihilation operator a~(h) is the adjoint of the creation operator
at(h), while the neutral operator a®(h) is self-adjoint. Thus, for each h € By(R, ), we
define a self-adjoint operator

(w,h) == a* (k) +a"(h) +a (h).

Note that 7({w, h)) = 0. It can be easily checked that w is a monotone Lévy noise. In
fact, it follows from [22] that we have just described essentially all centered monotone
Lévy noises up to equivalence. (To construct all centered monotone Lévy processes,
one needs to assume that the measure v is finite rather than probability)

Let A denote the real algebra generated by the operators ((w, h))nep, &, ) and the
identity operator in F. We define an inner product on A by

(P17P2)L2(T) Z:T(Pz*Pl):(PlQ,PQQ)]:, Pl,PQEA.

Let A := {P € A | (P,P)2(-) = 0}. We define the non-commutative L*-space L?(7)
as the completion of the quotient space A /A with respect to the norm generated by
the scalar product (-, -)r2(r). Elements P € A are considered as representatives of the

equivalence classes from A /A, and so A becomes a dense subspace of L*(1).
Note that, for each h € By(R,),

({w, h) Py, Py)r2(ry = (P, (W, h) Pa)2(r), P, P2 € AL

Hence, A 3 P — (w,h)P € L*(7) is a well defined linear operator in L*(7), i.e.,
(w,hYP = 0 for each P € A, see e.g. [9, Ch. 5, Sect. 5, subsec. 2]. Furthermore, we
may extend this operator by continuity to a bounded self-adjoint linear operator in

L?(7). With an abuse of notation, we will denote this operator of left multiplication
by {(w, h) in L*(7) by (w, h).



3 The main results

We will now present the main results of the paper.

Theorem 1. The vacuum vector §2 is cyclic for the operator family (<w, h})heBO(R+),

i.e., the set {PQY| P € A} is dense in F. Hence, the mapping A > P+~ I[P := PQ e F
extends by continuity to a unitary operator I : L*(1) — F.

Note that the operator of left multiplication by (w, h) in L?*(7), which we denoted
by (w, h), is equal to I~'(w, h)I, in the latter expression the operator (w, h) acting in
F.

For any (hy,...,h,) € Bo(Ry)™, the function

(h1 @+ ®hy)(t1,...,tn) = h(t1) - h(ty)
belongs to By(R}). As easily seen, we can extend the mapping
Bo(R)" 3 (hy, ...y hy) = (W, hy) - {w, hy) = (W™ hy @ -+ @ h,) € L(F)
by linearity and strong continuity to a mapping
Bo(RL) 5 £ v (w7, f0) € £(F).

Furthermore, we may think of (w®", f(") as the element of L?(7) defined by
I~Hw®n fFmYQ.

We will call (w®", f™) a monomial of w of order n. Sums of such operators and
(real) constants form the space P of polynomials of w. Since A C P, P is dense in
L3(7).

It is now standard to introduce orthogonal polynomials. Indeed, we denote by P
the linear space of all polynomials of w of order < n. Let P( denote the closure of
P™ in L?(7), and let S™ := P o P(»~1). We thus get L*(1) = @5, S™.

Let f™ € By(R"). We denote the orthogonal projection of the monomial (w®", f™)
onto S by (P™(w), f™). We define the subspace OP of L?(7) as the linear span
of the identity operator and the orthogonal polynomials (P (w), f(™) with f™ ¢
By(R?) (the space of orthogonal polynomials of w). One can easily check that OP is
dense in L*(1).

Our next aim is to calculate the L*(7)-norm of (P™(w), f™) for f" € By(R7L).
Let (pr)22, denote the system of monic orthogonal polynomials in L*(R,v). (If the
support of v is finite and consists of N points, we set p := 0 for £ > N.) Hence,
(pr)p2, satisfy the recursion formula

sPk(S) = Pry1(5) + bepr(s) + arpr-1(s), Kk € Ny, (7)



with p_1(s) := 0, ar > 0, and by € R. (If the support of v has N points, a;, = 0 for
k> N.) We define

Ck = /pk—l(S)Q v(ds) = aoar ---ap1, keN,
R

where ag := 1. Note that ¢; = 1 and ¢, = 0 for £ > 2 if and only if the measure v is
concentrated at one point.

We denote by M the set of all multi-indices of the form (I, ...,l;) € N, i € N. Fix
any n € N. For each (ly,...,l;) € M, l; +---+1; + i = n, we denote

Tt = Ly, ) ERY [ty =ty =+ =41 >

> biao = tygs = =ty 4o > o > Uyplptetty i = Lytlpotly il = - = bn )

The sets TW4) with (Iy,...,1;) € M, Iy +---+1; +i = n, form a set partition of T},.
Consider the leeCthIl

T(l1,...,l¢') > (t17 . 7tn) — (tl1+17 tl1+12+27 tl1+l2+l3+37 .. 7tn) € E? (8>

where T; := {(t1,....t;) € Ry |t >ty > -+ > t} Note that the set T} \ T;
is of null Lebesgue measure. We denote by m{1-+4) the pre- 1mage of the measure
¢y - cdty -+ - dt; on T; under the mapping (8). We then extend m(+%) by zero to
the whole space T),. We define a measure m,, on T,, by

My, 1= E m(lh-u,li)'

(l1,...,li)€]\47 l1+-+l;+i=n

Theorem 2. For any f™, ¢ € By(R?), n € N, we have

((P(n) (w>7 f(n)>7 <P(n) (w)v g(n)>) (f(n) )L2 (Trymin)+

We define a Hilbert space F by (6). We will preserve the notation €2 for the vacuum
vector (1,0,0,...) € F.

Note that the space L*(T,,dt;---dt,) can be identified with the subspace
L2(T©9 'm,) of L*(T,, m,). Hence, the space F contains the subspace

R & @D L (T, dty - - - dty,),

n=1

which is a monotone Fock space. So it is natural to call F an extended monotone Fock
space.

Note that Theorem 2 implies, in particular, that (P™(w), f™) € L?(7) is com-
pletely determined by the restriction of the function f e By(R?}) to T,,, i.e., by

9



f™ € By(T,). Note, however, that such a statement does not hold, in general, for the
monomials (w®", f™) in L3(7).
Clearly, the set By(T},) is dense in L?(T,,m,). Hence, by Theorem 2, the mapping

JO(PM (W), f®)Y .= f™ e LA(T,, m,) (9)

can be extended by continuity to a unitary operator J™ : S — L(T},,m,). We can
now define a unitary operator J : L?(7) — I whose restriction to each S™ is equal to
J™ . (Here J© is the identity operator in R.) Note that we get the following diagram
of the unitary operators:

FLrXr)LF. (10)

Again with an abuse of notations, we will denote by (w, h) the operator J{w, h)J !
in IF.

Theorem 3. For each h € By(R,), consider (w,h) as a continuous linear operator

acting in F. Then
(w,h) = AT (h) + B°(h) + B~ (h).

Here, A*(h) is a creation operator: A*(h)Q = h and for f € L*(T,,m,), AT(h)f™ ¢
LH(To1mipsa),

(A+(h)f(n))<t1, taen) = h(0) P (o tag),

BO(h) is a neutral operator: B°(h)Q = 0, for each f™ € L*(T,,, m,) we have B°(h)f™ &
L*(T,,,my) and for each (I,...,l;) € M, i+ -+ 1li+i=n and (t1,...,t,) € Tl

(BY(R) ™) (t1, o ta) = by h(t) F™ (Fr, - t),

and B~ (h) is an annihilation operator: B=(h)Q = 0, for f1) € L*(Ty,m;) = L*(R,, dt)
B = [ b)) dus
Ry

and for n > 2 and f™ € L2(T",m,), we have B=(h)f™ € L*(T,_1,m,_1), and for
each (Iy,...,L,) EM, i +---+li+i=n—1and (t1,... ty_y) € Tl

(B~ (W) f™) (t1, ... tn1)
= / h(u)f(")(u, tl, e ,tn—1> du + all+1h(t1)f(”)(t1, tl, tg, . ;tn—l)-

t1

Let Cy(R%) denote the space of all continuous functions on R’} with compact sup-
port. Obviously, Co(R") C By(R"). If a polynomial P = f© + 3" (w® ) € P
is such that f® e Co(R%) for all i =1,...,n, we call P a a continuous polynomial of

10



w. We denote by CP the space of all continuous polynomials of w, and by CP™ the
space of all continuous polynomials of w of order < n. It follows immediately from the
proof of Theorem 1 that CP™ is dense in P(®. Hence, CP is dense in L?(7).

Further we define the subspace OCP of L?(7) as the linear span of the identity
operator and the orthogonal polynomials (P (w), f™) with f™ € Cy(T,,) (the space
of orthogonal polynomials with continuous coefficients). Clearly, OCP is dense in L?(7).

Thus, we have constructed the subspaces CP and OCP of L?*(7). We will say that
the orthogonal polynomials of monotone Lévy noise w belong to the Meizner class if
CP = OCP.

Theorem 4. The orthogonal polynomials of monotone Lévy noise w belong to the
Meizner class if and only if there exist X € R and n > 0 such that, in formula (7),
br = A for allk € Ny and a, = n for all k € N. In the latter case, for each h € By(R.),
the operator (w, h) in F has the following representation:

(w,h)y = AT (h) + AA°(R) + A7 (R) + A5 (R). (11)

Here, AT (h) is the creation operator defined in Theorem 3, A(h) is a neutral operator:

A%(R)Q =0, and for f™ € L*(T,,m,), A°(h)f™ € L*(T,,m,),

(A°(R) ) (1, t) = B(t) F O (- ),
A7 (h) is an annihilation operator of the first kind: A7 (R)Q = 0 and for f ¢
L*(T,,my), A7 (h)f™ € L2(T,,_1,m,_1) (for n =1 the latter space being R),

(AT (R) ™) (b1, ) = /OO h(u)f™ (u, ty,. .. te) du,

t1

and A5 (h) is an annihilation operator of the second kind: Ay (h) = 0 on R&L*(R,, dt),
and for each f™ € L*(T,,my), n > 2, A5y (h) € L*(T,_1,mu_1),

(Ag (W) F ™) (t1, . taet) = Bt FU (Bt byt ).

Following [29], for functions f™ : T,, — R and ¢ : T,, — R, we define their
monotone tensor product ™ > g™ as the function from 7T},., to R given by

(F > g™ty tgn) = L™ ) 9™ Bt - - b))
This operation is obviously associative.

Corollary 5. Consider the system of orthogonal polynomials from the Mexiner class
that corresponds to parameters A € R and n > 0. Then, for each h,hy, hy € Co(Ry),

(PY(w),h) = (w,h), (PP (w), hi>hs) = (W®?, hi®hy)—\w, hlhg)—/ hy(u)hy(u) du,

Ry

11



and forn > 2 and hy, ..., h, € Co(R,), the following recursion formula holds:

<P(n)<W), hyt> > hy) = <w,h1><P(”_1)(W), hyt> > hy,)
— MP" (W), (hhy) > hg > - - - > hyp) — (P™2(w), Z(hy, hg, hg) > ha > - > hy,)
— (P (W), (hihohs) > hy > - -+ > hy),

where the mapping T : Co(R )3 — Co(Ry) is given by

(Z(hy, oy o)) (1) = /t " (W) ho (1) du his(1). (12)

Let us now show that formula (11) admits a formal interpretation as in formula (4).
For each t € Ry, we set formally

o .= AT (%), 0= A7 (5),
so that, for each h € By(R}),

At (h) = / h(t)d] dt, A7 (h) = / h(t)0, dt.

Thus, for f(”) € L*(T,,m,),

(8;rf(n))(t17 s 7tn+1) = (575 > f(n))(tl, ce 7tn+1>
= Xitaro0) (000 (t1) 1 (b2, - Eny1)

and
(atf(n))(tla s 7tn—1) = X[t1,oo)(t)f(n) (ta ty,l9,. .. 7tn—1)~
We then calculate, for h € By(R,) and (¢4,...,t,) € T,,

(/ dth(t)ajatf(n)tl,..., /dth ) (3]0 f ™) (t1, ... s )
Ry Ry
:/ dt h(t)X(t2,00) ()0 (1) (Op f ™) (t2s . -, 1)
Ry

R

_ /oo dt h(t)6, (1) f ™ (t b, )

to
- h(tl)f(n) (tl, tQ, e ,tn),
since t; > ty. Thus,
/ dt h(#)010, = A%(h).
Ry

12



Analogously, it can be shown that
/ dt h($)01 0,0, = A; (h).
Ry
Thus, we can formally write formula (11) in the form
(w, h) = / h(t) (0] + \of0; + 0, +10]9,0;) dt. (13)
R4

If we also formally write
(w,h) = / w(t)h(t) dt, (14)
R4

then formulas (13) and (14) imply (4).

4 Proofs

Some parts of the proofs below take their ideas from the case of the free Meixner
orthogonal polynomials [11]. For the reader’s convenience, we will still present self-
contained proofs of the results from Section 3.

Below, for open intervals Ay, Ay C Ry, we write A; > A, if for any ¢; € A; and
ty € Ay, we have t; > to. This particularly implies that A; N Ay = .

In the lemma below, c.1.s. stands for the closed linear span.

Lemma 6. For n € N, we define closed subspaces X™, Y™ and Z™ of F by

XM .=c ls. {Q, (W, k) {w, hi)Q | ha, ... hy € Bo(Ry), i € {1,...,n}},
Yy =c.ls. {Q, (xa, ®s") > > (xa, ®%) | (lh,...,1;) € M,
L+ +L+i<n, Ay, ...,A; CR, are open intervals, A1>A2>--->Ai},
Z0) =18 {Q, Ot t)an(s1) - qu(si) | (Lo l) €M, i+ + 1 +i <,
f9 e LA(T,, dt, ---dt;), each qi,; is a polynomial on R of order lj}.

Then X™ = Y = z()

Proof. By definition, Y™ < Z( . Since the Lebesgue measure is non-atomic, it can
be easily shown that

y(n) =1.s. {Q, f(i)(lﬁ, e >ti)5l11 e Sf;i
FO e LT, dty -+ dt:) }.

(ll,...,li)EM, l1++ll+Z§7’L,

Hence, Y™ = Z™_ Using the definition of the operator (w,h) in F, one can easily
show by induction on n that X™ c Z™ . Thus, to prove the lemma, it suffices to

13



prove the inclusion Y™ C X . We prove this by induction on n. The statement is
obviously true for n = 1. Assume that it is true for up to n, and let us prove it for
n+1. Let (lh,...,;,) e M, 1 +---+;+i=n+1. If [; =0, we get (using the obvious
notations):
Xa, > (XAQ ® Slz) > B (XA«; ® Sli) = a+<XA1)(XA2 ® Sl2) > B (XAi ® Sli)
= {w, xa) (X2, ® 52) B> - > (xa, @ 87) € XY, (15)
Ifi, > 1,
(xa, ® ") > > (xa, ® ")
= a’(xa,)(xa, ® 8" 1) > (xa, @ s2) > - > (xa, ® 5")
= <w7XA1>(XA1 ® Sllil) > (XAQ ® 812) > D (XAZ ® Sli)
- (aJr(XAl) + a7<XA1>)(XA1 ® Sllil) > (XA2 ® 8l2) > > (XAi ® Sli)’ (16)

We get
a*(xa) (xa, © ") > (xa, @ 52) > > (xa, ® ")
= Xar B (X2, @77 B> (xa, @ 52) - B> (X, ® 8. (17)

It follows from (15) by approximation that the vector on the right hand side of (17)
belongs to X"+, Furthermore,

a”(xa,)(xa, ® "> (xa, ® %) > > (xa, @ s")

:/vll—ldu(v)(fJ@slz)>(XA3®313)>--->(><Ai®s“), (18)
R

where

9t) = xay(0) / du = ya,(¢) / du,
Alﬁ(t,oo) A1

since Ay > A;. Hence, the vector on the right hand side of (18) belongs to x (=1,
Therefore, the vector on the right nand side of (16) belongs to X ™*+1. O

Proof of Theorem 1. Since the probability measure v on R has compact support, the
set of polynomials on R is dense in L*(R, v). Therefore, the set [ J°°, 2™ is dense in F.
Hence, by Lemma 6, the set | J,~, X (") is dense in F, which implies the theorem. [

Lemma 7. For (Iy,...,l;) €M, let H;,

.....

Hiyg = {f(i)(th ot (s1) i (s) | 9 e LTy, dty - - dti)}-
Then

......



Proof. The statement that the subspaces H;, . ;, are orthogonal to each other follows
from the definition of the scalar product in F and the fact that the polynomials (px)32,
are orthogonal in L?(R, v). Since the polynomials are dense in L?(R, v), the statement
follows. m

We denote H(® := FO and for n € N we denote

HM = @ Hiy i (20)

(1,0 li)EM
L+t+li+i=n

Using Lemma 7, we get

F=EH™. (21)
n=0

Lemma 8. For each n € Ny, we have [(OP(")) =H™.

Proof. In view of (21), the statement of the lemma is equivalent to the statement

I (P(n)) ~ Pu. (22)
i=0
By (20) and Lemma 6,

éﬂ(i) — FO g @ Hyy ot = zmn) _ X(”),

(I1,enls)EM
li+-+li+i<n

which implies (22). O

For each h € By(R,), we will now represent the neutral operator a®(h) as a sum of

(h
three operators. To this end, we define bounded linear operators a®*(h), a®(h), and
a’=(h) in F by
a® (h)Q = a"(h)Q =a" (k)2 =0

and for any (I1,...,l;) € M and f@ € L*(T;, dt, - - - dt;),

HR) F Dty .t (s1) - o (si) = (tl)f(i)(tlw-~ati)pll+1(31)pl2(32)'"pli(si),
aoo(h)f()(tb--- ti)pn (s1) - pu, () = h(t) fO (b, . t)bypn (s1) -+ - i, (s2),
(M) Oty ) (s1) o (se) = () FO (b, -t a1 (s1)pig (s2) - - o (81).-

In view of (7), we therefore get

a’(h) = a"*(h) + a®(h) + a® (h). (23)
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Lemma 9. For any hy,..., h, € Bo(R,), we have
I{P™(w),h1 ® -+ ® hy) = (a¥(h1) + a™(hy)) -+ (@t (1) + a0 (hyo1))a ™ (hy,) Q.

Proof. Recall that (P™(w),h; ® ---® h,) is the orthogonal projection in L?(7) of the
monomial (w®" hy & -+ ® hy) = (W, hy) - (w, hy) onto OP™. Hence, by Lemma 8,
I{P™(w), hy®- - -®h,), is the orthogonal projection in F of the vector (w, hy) - - - (w, hy, )
onto H™. By (23), for each h € By(R,),

(w,hy = at(h) +a®"(h) +a”™(h) +a®" (h) +a” (h). (24)
From here the statement easily follows. O]

Lemma 10. For any hy, ..., h, € By(Ry), we have

I<P(n)(w)7 hl (SRR hn> = Z ((hl e hlﬁ-l) ®pl1) > ((hl1+2 T hl1+l2+2> ®plz)

(lyesli)EM
lit-+liti=n

> oo (g tyottsaii = n) @ 1)

Proof. By Lemma 9,

I(P™(w),hy @@ hy,) = Z a’(hy) - a"* (hy)a™ (hyy41)

(I1yeli)€M
li+-+li+i=n

x a*F (hyyy2) -+ @ (heyp) @™ (B igro) - @ (B igeegi ) -+ - @7 ()™ (o) Q.
From here the statement follows. O
Proof of Theorem 2. 1t suffices to show that, for any hq, ..., h, € By(R,),

(P (@), b ® -+ @ )2y = N1 > -+ > Bl T2z, s
or equivalently
(P (W), by ® - @ ha)|F = [[ha > - & hall T2z, -

But the latter formula follows immediately from Lemma 10 and the construction of
the measure m,,. O

Recall the diagram (10). We define a unitary operator U : F — F by U := JI L.
We will now present en explicit form of the action of U. To this end, we recall the
orthogonal decomposition (19) of F.
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Corollary 11. Let (Iy,...,l;) € M and let f© € L*(T;,dt, ---dt;). Denote

F<t17817 cee 7ti7si) = f(l)(tlv s 7ti)pll(sl) te plz(sl) € Hll ~~~~~ l;-

Letn =1, +---+1; +i. Define a function f™ : T, = R by

FO (g, ottt iy t) = fO (b, ) it >ty > e > 1 >0,
S—— —— N——
1 +1 times lg + 1 times l; + 1 times

and f™(ty,... t,) =0 otherwise. Then UF = f™. Furthermore, UQ = Q.

Proof. The statement UQ = ( is trivial. To prove that UF = f_ it is sufficient to
consider the case where ) € By(T;). Then, the function f™ defined in Corollary 11
belongs to By(T},). It follows from Lemma 10 by approximation that

L(P™(w), f) = fOtr, .t (s1)pi(s2) -+ pu(si) = F.
Thus, I7'F = (P™(w), f™). Hence, by (9), UF = JI'F = f™, O
Proof of Theorem 3. Recall formula (24). Denote, for h € By(Ry),
at(h) :=a®(h) +a""(h), a°(h):=a"(h), a (h):=a"(h)+a (h),

so that
(w,h) = a(h) + (k) + a” (h).

Recall formula (20). It is easy to see that at(h) maps H™ into H"V), a’(h) maps
H™ into itself, and a~(h) maps H™ into H™~Y. Furthermore, by using Corollary 11,
one easily shows that

Uat(h)U ' = A% (h), ULhU' =B%h), Ua () U= B (h).
O

Lemma 12. Assume that, in formula (7), by = X for all k € Ny and some A € R and
ar =1 for all k € N for some n > 0. Then formula (11) holds.

Proof. Immediate from Theorem 3. [

Forn € Nandi=0,1,...,n, consider a continuous linear operator R, ,, : Byo(R") —
By(R}). (For i = 0, we set By(R}) := R.) Then we define a mapping 1 ® R;, :
By(R ) — By(R3H) by

(1@ Rinf" ™) (t1, o tagr) = (RinfO TV (1, )) B2y - - o).

As easily seen, the mapping 1 ® R, ,, is continuous and linear.
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We define mappings D,_1, : Bo(R}) — BoR"™), Dy o By(RY) — By(R%732),
and T, 5, : Bo(R?) — Bo(R’?) by

(Dn_lynf(n)(tl,...,t ) L= f(n)(tl,tl,tg,... tn 1)
(Dpanf ™ (t1, oo tyea) o = (b1, b, bty o),

(Inﬁ,nf("))(tl,_.., . / ) (u, u,ty,to, ... ty_2)du.

(For n =2, Ty, f® = fR+ @ (u, ) du.)
Let A € R and > 0 be fixed. For n € N and 7 € Ny, ¢+ < n, we define continuous
linear operators R;,, : By(R"L) — By(R’.) by the following recursion formulas:

Ry =1, Ry1 =0,
Rop =1, Rio=—AD13, Rop= -1y,
Ripn=1®Ri_1n-1—ARipn-1Dn1p — Rin—o2Lyp—9p, —NRip-2Dy_2,, n>2. (25)

(In the above formula, we assume that R;,, = 0 if ¢ > n.) Note hat R, , = 1 for all
n € N.
For each (™ € By(R"), we define

(R (w), f) = Y (™, Rinf™). (26)
i=0
Lemma 13. Assume that the condition of Lemma 12 is satisfied. Then, for each
M € By(R™),
(RM(w), f™) = (P™(w), f™), (27)
the equality in L*(T).

Remark 14. Since (P™(w), f™) depends only on the restriction of the function f™ to
T, formula (27) means that the element of L?(7) given by formula (26) also depends
only on the restriction of the function f™ to T,,. However, this statement is not
true about each individual term of the sum on the right hand side of (26). Take, for
example, the term corresponding to i = n, i.e., (w®", f™). As easily seen, for n > 4,
this monomial does depend on the values of the function f™ outside 7).

Remark 15. It follows from Lemma 13 and formula (26) that, for each f™ € By(R")

i
D)

<w®n7f(n)> — (P(")(w), f(n)> _ <W®i7 Ri,nf(i)>-

i

Assume that f(™ =0 my,-a.e. on T},. Then (P™(w), f(™) = 0, so that

I
=)

—_

n—

(W, ) = =3 (W, Rinf¥) e PUY.

i

Il
o
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Note that the above monomial (w®", f(™) is not necessarily equal to 0 as an element
of L*(7).

Proof of Lemma 13. As easily seen, it suffices to prove formula (27) in the case where
f™ = h®---®h,, for some hy, ..., h, € By(R,). In this case, formula (27) is obviously
true for n = 1,2. Furthermore, it follows from the definition of (R (w), f™) that the
following recursion relation holds, for n > 3,

(R(W), 1 @ -+ @ hp) = (w, ) (PP D (W), he @ -+~ @ hn)
_ /\(R(n_l)(W), (hth) Qh3® - ® hn) — <R(n_2)(w),1371(h1,h2, h3) Qhy® - ® hn>

= (RO (W), (hhshy) © hy @ -+ @ hy), (28)
where the mapping Z : By(R,)? — By(R,) is given by formula (12). From here and
Lemma 12 the statement follows by induction on n. O

Lemma 16. Assume that the condition of Lemma 12 is satisfied. Then CP = OCP,
i.e., the corresponding orthogonal polynomials belong to the Meizner class.

Proof. For each n € N, we consider the topology on Cy(R") that is induced by the
topology on By(R, ). Thus, a sequence (h,)°, converges to a function h in Cy(R;) if
all functions h,, vanish outside a compact set in Ry and sup,cg, |ha(t) — h(t)] — 0 as
n — o0o. For n =0, we will also set Cy(R") := R.

Let n € Nand i = 0,1,...,n. If R;,, : Co(R}) — Co(R’,) is a continuous linear
operator, then so is the mapping 1 ® R;,, : Co(RT) — Co(RY). Hence, we eas-
ily conclude that the (restrictions of the) operators R;, defined by formula (25) are
continuous linear operators acting from Cy(R") to Co(R',), respectively. Therefore,
by (26), for each f € Cy(R7), (R™(w), f®) € CP. Now, Lemma 13 implies that
(P™(w), fM) € CP.

Let g™ € Cy(T;,). Choose any f™ € Cy(R™) such that the restriction of f™ to
T,, is equal to ¢™. Then, by the proved above

(P (w),g") = (P (w), f™) € CP,

hence OCP C CP.
Let us now prove the inverse inclusion. Since R,,,, = 1 for each n, it easily follows
from (26) and Lemma 13 by induction on n that, for each f™ € Cy(R%),

n

(w®", f(n)> - Z<p(i) (w),Li,nf(”)),

=0

where L;, : Co(R%) — Co(R%) are continuous linear operators. Let ¢ € Cy(T;)
denote the restriction of the function L, f (") to T;. Then

@, f0) =3 (PY(w), g9).

=0
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Hence, CP C OCP. O

Proof of Theorem 4. By Lemmas 12 and 16, it remains to prove that, if CP = OCP,
then the condition of Lemma 12 is satisfied.

So we assume CP = OCP. Let f™ € Cy(T;,). Then (P™(w), f®™) € CP. Since
CP is an algebra under multiplication of two continuous polynomials, we conclude
that, for each h € Cy(Ry), (w, h)(P™(w), f™) € OCP. Hence, by Theorem 3, there
exist continuous functions g™ € Cy(T},) and g™~ € Cy(T,,_1) such that

B~ (h)f™ = g™V m,_j-ace. (29)
BO(h)f™ = g™ m,-a.c. (30)

If ap, =0 for all k£ € N, we set n = 0 and A\ = by, and the condition of Lemma 12 is
satisfied. So, we only have to consider the case where a; > 0. Set n = a;. Using the
construction of the measure m,,, the definition of the operator B~ (h) and formula (29),
we get by induction on k that ay = n for all £ € N. But this also implies that ¢, > 0
for all k € N. Now set A\ = by. Using the definition of B°(h) and (30), we deduce from

(30) by induction on k that by, = A for all k£ € Ny. O
Proof of Corollary 5. Immediate from Lemma 13 and formula (28). ]
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