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Continuous reducibilities are a proven tool in Computable Analysis, and have applications in other fields such as
Constructive Mathematics or Reverse Mathematics. We study the order-theoretic properties of several variants
of the two most important definitions, and especially introduce suprema for them. The suprema are shown to
commutate with several characteristic numbers.
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1 Introduction

Studying discontinuity of functions is an interesting topic on its own, an observation that is fortified by noting
that continuity behaves similarly to computability in the framework of Computable Analysis. This suggests to
compare the discontinuity of functions through continuous reducibilities. In the present paper, a continuous
version of bounded Turing reducibility (<) and a continuous version of many-one reducibility (<) are studied.

While the implicitly involved concept of an Oracle-Type-2-Machine as defined in [16] is significantly more
complicated than its classical counterpart, the resulting properties are basically the same. As we are primarily
interested in the topological variants of the relations of relative computability in the present paper, we do not need
to consider any details.

Another motivation for the study of these relations stems from parallels between Computable Analysis and
Bishop’s Constructive Mathematics ([1]) for <y and <5 and between Computable Analysis and Reverse Mathe-
matics ([18]) for <5. As spelled out in [20], statements of the form f <, g often correspond to set inclusions in
Constructive Mathematics. The relationship between discontinuity and inconstructibility was studied in [21]. In
Reverse Mathematics, f <5 ¢ can correspond to the observation that a statement A can be proven with no more
axioms than needed for proving B, as demonstrated in [8]. Neither of the two parallels is strict, but both were
successfully used to derive new insight in one of the respective fields.

An even stronger link between continuous reducibilities and the foundations of mathematics was suggested
recently in [4]. Through careful identification of mathematical theorems with sets of (discontinuous) functions,
the reducibilities discussed here can be used to compare the effective content of these theorems. For a further
presentation of this approach, we refer to [4].

2 Preliminaries

2.1 Topology

Given a set X, a topology T on X is a set of subsets of X including () and X, which is closed under formation
of arbitrary unions and finite intersections. The elements of a topology are called open sets, their complements
are called closed sets. Since any union of open sets returns an open set, any intersection of closed sets is closed,
enabling the definition of cl U as the smallest closed set containing U C X. For each set X, the discrete topology
is given by 7q = 2 and the indiscrete topology is given by T; = {0, X }.

* e-mail: Arno.Pauly@cl.cam.ac.uk
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A topological space is a set equipped with a topology. Given a set-indexed family (X, 7;);c 7, the coproduct
;e (Xi, Ti) is the set | J,; ({i} x X;) equipped with the smallest topology 7 satisfying {({i} x U) | U € T;}
is a subset of 7 for all ¢ € I. The product [ ], ;(X;, 7;) is the set [ [, ; X; equipped with the smallest topology
containing {[[,.,; Us | (Vi € I)U; € Ti,[{i € I | Us # X;}| < [N|}. For a topological space (X,7) and a
subset Y C X, the subspace topology on Y is defined as Ty = {UNY | U € T}.

A function f between topological spaces (X,7) and (Y,S) is a function f : X — Y. It is continuous,
if it satisfies f~'(U) € T forall U € S. The injection ¢; : (X;,7;) — [l;c;(X;,7T;) defined through
tj(z) = (j,x) is continuous, as well as the projection 7; : [],.;(Xs,T;) — (X}, T;) to the jth entry. The
inclusion — of (Y, Ty) in (X,T) for Y C X is also continuous. If f : (X,7) — (Y, S8) is continuous, and
Z C X,s0is fiz:(Z,Tz) — (Y,S).

For a family of continuous functions (f; : (X3, 7;) — (Y3, Si))ier we define by [, fi(i,2) = (4, fi(x))
their coproduct [[;c; fi : [1;e;(Xi, Ti) — 1;e;(Yi, Si). The function [, f; is continuous. Analogously,
[Lic: fi i [Lie/(Xi, Ti) — Il;e;(Yi, Si) is defined through [T, ; fi(II;c; z:) = [1;cs fi(w:). As abbrevia-
tion, fi X fz stands for [[,¢ 4 oy fi- For continuous functions f : (X,7) — (¥, S) and g : (Y,S) — (Z,R),
the composition go f : (X,T) — (Z,R) is continuous.

As the specific topologies are not relevant for the rest of the paper, we will use the notation X to indicate
that a set X is equipped with a certain topology. Subsets are equipped with the restriction of the topology of the
superset and (co)products of sets with the (co)product topology. A standard reference on topology is the book [6].

2.2 Order and lattice theory

A preorder on a class is a binary relation < that is reflexive and transitive. Each preorder defines an equivalence
relation 2 viaa =2 b <> a < b A b =X a. On the equivalence classes regarding =, < becomes a partial order,
as it is antisymmetric. In the following, we will not distinguish between a preorder and the partial order on its
equivalence classes, the interpretation will be clear from the context.

A partially ordered class (P, <) is said to be an a-complete join-semilattice, for a cardinal «, if for each
P C P with |P| < « there is an element sup P € P so that < sup P holds for all € P, and where for each
z € P satisfying (Vy € P) y < z also sup P =< z is true. The dual notion is an a-complete meet-semilattice,
where the existence of inf P with inf P < z for « € P is required, so that (Vy € P) z < y implies z < inf P.

If a partially ordered class is an a-complete join-semilattice for all cardinals «, it is called a complete join-
semilattice. A partially ordered class that is both an a-complete join-semilattice and an «-complete meet-
semilattice is called an a-complete lattice. The definition of a complete lattice is straightforward.

If Q is a subclass of P, then (Q, <) is called a sub-join-semilattice of (P, <), if sup P € Q holds for all
P C Q, the definition of sub-meet-semilattices and sub-lattices is straight-forward.

By choosing P = (), each a-complete join-semilattice has a least element sup ), and every a-complete meet-
semilattice has a maximal element inf (). Note that not all results on partially ordered sets are valid for proper
classes. An important distinction is that a complete join-semilattice that is defined over a set is also a complete
lattice, while this is generally not true for an underlying proper class.

Among the realm of further interesting properties of (semi)lattices is distributivity. While distributivity in
the common sense is only defined for lattices, there are several possible ways of extending distributivity to
semilattices. We will call a complete join-semilattice distributive, if x < sup,.; y; implies the existence of a
family (x;);er satisfying x; < y; forall i € I and x = sup;¢; x;. For complete lattices, distributivity as defined
above is equivalent to the more familiar equation inf{x, sup;c; ¥} = sup;c;(inf{z, y;}).

A treatment on lattices over sets can be found in [5] or [9].

2.3 Partial functions and problems

While we use the word function only to denote total functions, it will be convenient to use partial functions,
as well. A partial function f :C X — Y is a function f : Z — Y with Z C X. A partial function
f:C X — Y will be called continuous, if f : Z — Y is continuous. A statement such as f(z) = g(x) for

1) For a set P C P, the infimum can be constructed as inf P = sup{z € P | (Vy € P) z < y}, provided the right side exists. If the
join-semilattice (P, <) is complete, the right side will exist, as long as {x € P | (Vy € P) x < y} is a set. This is guaranteed only if P is
a set.
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partial functions means that either both sides are undefined (that is « is not a member of the respective subspace),
or equal.

For some applications, functions are not necessarily an adequate formalisation for the notion of a problem to
be solved. In some cases, a problem can be represented by a binary relation linking instances with solutions. We
will employ an even more general notion, defining a problem” P : X — Y to be a set of partial functions
from X to Y. It is straight-forward to identify a function with the singleton set containing it, which allows us to
consider functions as a special case of problems. For relations, we will choose another way, and call problems
satisfying a certain locality property relations.

Definition 2.1 A problem P : X — Y is called a relation, if f € P follows for all partial functions
f:C X — Y that fulfill (Vz € X) (39, € P) f(z) = ga().

Especially, both the problem @ and the problem {0} (with all possible domains and codomains) are considered
as relations due to our definition, the latter being the set containing only the nowhere defined function. The
problem { is the problem without solutions, the problem {(} is the problem without instances. The notion of
problems was taken from [22].

2.4 Strongly zero-dimensional metrisable spaces

For applying the results of the present paper to computable analysis, the topological spaces of particular im-
portance are the strongly zero-dimensional metrisable spaces. The most important examples for this class are
the spaces ol for a cardinal number a. The set o' is defined as o/ = {f | f : N — a}, with the topology
derived from the metric d(f, g) = 2~ ™ir{n€NIf(M)#9(m)}  Of particular relevance is N as it serves as foundation
for the theory of representations. A representation of a set X is defined as a surjective partial function
§:CNY — X.

We will now define a strongly zero-dimensional metrisable space as a topological space that admits a metric d,
so that the range of d is {0} U {27" | n € N}. Clearly, each space ol is a strongly zero-dimensional metrisable
space. On the other hand, each strongly zero-dimensional metrisable space with weight « is homeomorphic to a
subspace of o,

Subspaces, coproducts and countable products of strongly zero-dimensional metrisable spaces are strongly
zero-dimensional metrisable spaces. For each o > 1, all coproducts of not more than « subspaces of o are
homeomorphic to a subspace of oY, the same holds for countable products. The results in this subsection are due
to [10] and [7].

3 Definitions

A function f is many-one reducible to a function g, if there is a computable function G with f = g o G.
Analogously, <g reducibility is defined using continuous functions. Clearly, the codomain of all functions to be
compared with <g has to be fixed. Additionally, a topology on the codomain is not needed.

Definition 3.1 Let f : X — Zand g : Y — Z be functions. Then f <, g holds, if there is a continuous
function G : X — Y with f = goG.

The primary application of < is given by its interpretation as translatability of representations ([23], [22],
and [17]). In this case, the domain is usually restricted to be subspaces of N~. Some results for comparing the
discontinuity of functions in general with <, can be found in [10].

The version of bounded Turing reducibility that is analogous to <s-reducibility states that f is reducible to g,
if f can be computed using a single oracle call to g. To replace oracle calls with compositions of functions, the
continuous function Ay : X — (X x X)) defined through A x (z) = (z, z) has to be introduced for topological
spaces X . Furthermore, the identity on a topological space X is denoted by idx.

Definition 3.2 ¥ Let f : X; — Yi and g : Xo — Y, be functions. Then f < g holds, if there are
continuous partial functions I :C X; x Y5 — Y3, G :C X; — Xy with f = Fo (idy, x (90 G))oAx,.

2 There is a close analogy to the notion of mass problems used by Medvedev [11].

3) In some of the older literature, <» is called Wadge-reducibility (<), recently the name Weihrauch-reducibility (<yy) was suggested
in [3].
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Note that in Definition 3.2, GG could also be required to be a function, while requiring F' to be a function leads
to a different reducibility, as pointed out in [14, Subsection 1.6.3], using an example from [10, Theorem 2.5.5].

The Definitions 3.1, 3.2 are often restricted through placing certain conditions on the occurring topological
spaces. For <o, [22], [19], [12], [13] only consider subspaces“) of certain products of N and NN or equivalent
spaces, [14] restricts considerations to metric spaces, while [2] studies computable metric spaces. [10] presents
some results for <o restricted to functions with strongly zero-dimensional metrisable spaces as domain and
discrete codomain.

While any restrictions on the kind of topological spaces to be considered can be employed for <, as the
definition of <5 contains some products of the involved spaces, as well as partial functions, it seems reasonable to
restrict <o only to classes of topological spaces that are closed under formation of binary products and subspaces.

An extension of 3.2 to problems is presented in [22], the same approach can also be used for extending <g to
problems. The uniform approach employed here, as the functions F', G in the following definitions do not depend
on g, is justified by the interpretation of problems as sets of possible solutions.

Definition 3.3 Let P : X — Zand Q : Y — Z be problems. Define P <y @, if there is a continuous
partial function G :C X — Y satisfyinggo G € P forall g € Q.

Definition 3.4 Let P : X; — Y and ) : X» — Y5 be problems. Define P <, @, if there are continuous
partial functions F, G with F o (idx, x (9o G)) o Ax, € Pforallg € G.

It is easy to see that Definitions 3.3 and 3.4 extend the Definitions 3.1 and 3.2 when functions are identified
with the singleton set containing them. Note especially, that while G was required to be a continuous function
in Definition 3.1, but a continuous partial function in Definition 3.3, in the case of singleton sets of functions,
G turns to be a (total) function even in Definition 3.3.

There are further variants of <o that are not restrictions of Definition 3.4, such as the realizer reducibility
introduced in [2] or the reducibility for multi-valued functions generalizing realizer reducibility on represented
metric spaces from [8]. However, the corresponding partial order of Brattka’s realizer reducibility is isomorphic
to the restriction of <, as defined here for relations to subspaces of NN,

In the following, we will study equivalence classes for both <y and <. The class of equivalence classes
of functions regarding <; is denoted by F;, the class of equivalence classes of relations by R; and the class of
equivalence classes for problems by IP; for ¢ € {0,2}. Note that despite not having been defined explicitly, the
reducibilities for relations are obtained as restrictions of the reducibilities for problems.

4 The induced partially ordered classes

4.1 Suprema for <,

Since every preorder induces a partial order on its equivalence classes, in particular (Fy, <5) is a partially ordered

class. As will be proven below, it is even a complete join-semilattice. We start with recalling a definition from
Subsection 2.1.

Definition 4.1 Let (f; : X;,— Yi);cs be a set-indexed family of functions between topological spaces.
Define [[,; fi : [1,c; Xis — [l;c; Yi through [, ; fi(i, ) = (i, fi(z)).

Theorem 4.2 (I3, <5) is a complete join-semilattice. The suprema are given by sup S = ers f-

Proof. We have to show the following claims:

1. Forall j € I, f]‘ <o Hie] fi~

Define G(z) = (j, ), F(z,4,y) = y. Both functions are continuous with respect to the relevant topologies.

2. fi <g gforalli € Iimplies [[,.; fi <2 9.

fi <o g implies the existence of suitably defined continuous functions F;, G; with f;(z) = F;(z, g(G;(x))).
Define F through F(i,z,y) = (4, F;(x,y)) and G through G(i,2) = G;(z). The properties of the coproduct of
topological spaces ensure that F' and G are continuous with respect to the relevant topologies. O

Theorem 4.2 can be transferred to restrictions of <, to suitable classes of topological spaces, as long as these
are closed under formation of coproducts. While not all natural examples are closed under arbitrary coproducts,
the following theorem provides results for almost all studied restrictions.

4 The consideration of subspaces is hidden in the use of partial functions.
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Corollary 4.3 The partial order induced by the restriction of <5 to a class of topological spaces that is closed
under formation of a-coproducts, is an a-complete join-semilattice.

Starting from the definition of | [ for functions, a definition of [ for problems can obtained. For that, we need
to define the coproduct of a family of partial functions, which can be done by reading partial functions instead of
functions in Definition 4.1. A separate definition for relations will not be given, but can be obtained as a special
case of the following.

Definition 4.4 Let (P; : X; — Yj)ics be a set-indexed family of problems. Then we define ||
{Iicr fi | (Vi€ D) fi € P}

Theorem 4.5 (P2, <) is a complete join-semilattice. The suprema are given by sup S = [[pg P.

ier P as

Proof. We have to show the following claims:

1. Forallj el, Pj <5 HiEI P;.

Define G(x) = (j,z) and F(z,4,y) = y. Both functions are continuous with respect to the relevant topolo-
gies. Foreach [[,.; fi € [1,c; Pi, F(z,[1;c; fi(G(x))) = f;j(x) and f; € P; hold, proving the statement.

2. Py <o Qforalli € I'implies [],.; P; <2 Q.

If P, <5 @, then there exists suitably defined continuous functions F;, G; with x — F;(z, g(G;(x))) € B,
forall g € Q. Define F through F(i,x,y) = (i, F;(x,y)) and G through G(i, ) = G;(x). The properties of the
coproduct ensure that F' and G are continuous with respect to the relevant topologies. x — F'(i,x, g(G (i, x)))
forany g € Q and fixed i € I'isin P;, so (i,x) — F(i,z,9(G(i,x))) isin [, P;. O

To cover relations, a new definition of suprema is not needed. Straight-forward observation of the relevant
definitions is sufficient to obtain the next proposition and the following corollary:

Proposition 4.6 If the problem P; is a relation for all i € I, then [ [, P; is also a relation.

Corollary 4.7 (R, <) is a sub-join-semilattice of (Po, <2). In particular, (R, <5) is a complete join-semi-
lattice with suprema given by sup S = [[pcq R.

Through identifying a function f with the problem { f}, the partially ordered class (F3, <5) is a substructure
of the partially ordered class (Rz, <3). As suprema are formed in a compatible fashion, the complete join-
semilattice (Fz, <2) is even a sub-join-semilattice of (Ry, <5), and hence of (P, <5).

Similar statements to Corollary 4.3 can be phrased and proved for (Rz, <5) and (IP3, <), which is not exer-
cised here.

As the coproduct of an empty family of topological spaces is the space (0, {0}), the minimal element
in (Fy, <) is the equivalence class containing exactly the functions with domain (). The minimal element
in (P, <5) is the equivalence class containing all problems that contain a function with domain (). The con-
tinuous functions with non-empty domain form the second-least element of (Fo, <5), the problems containing a

continuous function with non-empty domain are the second-least element of (Po, <5).

Definition 4.8 A function f : X — Y is sequentially continuous, if lim,,_, f(z5) = f(lim,— 0 ) holds
for each sequence (x,,),ecn in X. A topological space X is called sequential, if every sequentially continuous
function on X is continuous.

The restriction to sequential topological spaces even yields a third-least equivalence class of functions con-
taining the function cf : NN — {0, 1} with ¢f~*({1}) = {0N}. This can be rephrased to yield a characterization
of sequential topological spaces:

Theorem 4.9 A topological space X is sequential, if and only if cf <5 f holds for all discontinuous functions
[ X — Y with some topological space Y .

Proof. As all continuous functions are sequentially continuous, our claim is equivalent to: cf <, f holds, if
and only if f is not sequentially continuous.

As sequential continuity is preserved under composition and products, sequential continuity of g and f <5 g
implies sequential continuity of f. It is trivial to see that cf is not sequentially continuous, hence, one direction
of our equivalence.

For the other direction, assume that f is not sequentially continuous. Then there is a converging sequence
(zn)nen in X with

Fimy, o0 ) # limy, oo f(24).
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The limit on the right side might not exist, and both limits are not necessarily unique. In any case, this means that
there is an open neighbourhood U of f(lim,,_,~ ), and a subsequence (2, )ken Of (Zn)nen With f(zn,) ¢ U
forall k € N.

Define a continuous function G : NY — X by G(z) = z,,, if (0, z) = 27%, and G(0V) = lim,, o0 Tp.
Due to the properties of a metric, G is continuous. A partial function F' : X x Y — {0, 1} is defined via
F(0N,y) = 1 and F(z,y) = 0 for z # 0. The domain of F is

({0} x {limp o0 2n}) U (N {01}) x (X \ U)).

To show that F is continuous on its domain, we have to show that both ({0} x {lim, , x,}) and
((NM\{0N}) x (X'\U)) are closed subsets of their union. By ({0} x {lim,, 0 2, }) = ({0N} x X) N dom(F)
and (NN {0N}) x (X \ U)) = (NN x (X \ U)) N dom(F) this is indeed the case. Now F and G witness
cf SQ f O

However, even if one regards only problems with domain N, there exists a decreasing chain between the
continuous problems and {cf}, as shown in [21, Section 4].

For (Pq, <5), there exists a maximal element, this contains all empty problems. For functions, however,
no maximal element exists, proving that (Fa, <) is not an a-complete meet-semilattice and therefore not an
a-complete lattice for any o > 0. This claim follows from the examples given at the end of Subsection 5.1
utilizing the concept of Basesize. Note that all specific problems mentioned here are relations, so the statements

hold for (Rg, <3), as well.

4.2 Infima for <,

Recently, Brattka and Gherardi presented a construction of binary infima of relations for computable Weihrauch
reducibility in [3], which can be transferred to the topological setting in a straight-forward manner.

Definition 4.10 Define A\,.; R; : [[;c; Xi — [l,c;Yi, where (R; : Xi — Yi)ies is a set-indexed
family of relations, by f € A,c; Ry, if forall Z € [],.; X; we have f(Z) = (4,y) and there is a g € R; with
9(mi(T)) = y.

Theorem 4.11 (Ry, <5) is a complete meet-semilattice. The infima are given by inf A = A\, R.

iel

Proof. We have to show the following claims:

1. Forall j € I, A\,c; Ri <2 Rj holds.

For g € Rj, we have T — 1;(g(m;(7))) € A,c; Ri. As both the projection m; and the injection ¢; are
continuous, this concludes the proof.

2. If S <5 R; holds forall i € I, then S <y /\iEI R; is implied.

Suppose that the witnesses for S <, R; are G; and F;. Define G by G(z) = [[;o; Gi(w), and define F' by
F(z,(j,y)) = Fj(x,y). Then F' and G witness S <o A\;c; R;. O

An extension of the concept to problems is possible, also, by utilizing injections and projections even more:

Definition 4.12 Define M P; @ [[;c; Xi — [l;c; Yi, where (P; : Xi — Y3)ier is a set-indexed family

of problems, by f € M;cr P, if thereisan j € Tandag € P; with f = ¢j0gom;.
Theorem 4.13 (IPy, <5) is a complete meet-semilattice. The infima are given by inf A = MpeaP.

Proof. We have to show the following claims:

1. Forall j € I, Mjer P; <o P; holds.

Both injections and projections are continuous.

2. If @ <5 P; holds for all ¢ € I, then () <5 M, P; is implied.

Suppose that the witnesses for Q@ <, P; are G; and F;. Define G by G(z) = [[;c; Gi(w), and define F' by
F(z,(j,y)) = Fj(z,y). Then F and G witness Q) <o M;cr P;. O

Note that despite the similarity of Definition 4.10 and Definition 4.12 the former is not a special case of the
latter: Even if all problems P; are relations, for |I| > 1 the problem ;< P; is not a relation. In particular, the
conjecture that (Ro, <) is not a sub-lattice of (P, <5), although both share suprema, seems reasonable to us.
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4.3 Suprema and infima for <
Using a very similar construction to Definition 4.1, suprema can be introduced for all variations of <, studied
here. Again, we will start with considering functions only.
Definition 4.14 Let (f; : X; — Z);cr be a set-indexed family. Define 1 f; 1;c; : [
T fitier(i,2) = filz).

Theorem 4.15 (Fy, <g) is a complete join-semilattice. The suprema are given by sup A =1 7 fea

ier Xi — Z through

Proof. We have to show the following claims:

1. For all] S I, fj SO Tfszel
Choose G : X; — ][, X; defined through G(z) = (j, ).

2. If f; <o g holds for all j € I, then 1 f; T;c; <o g holds.

There are continuous functions G, so that f; = g o G; holds for each j € J. Define G by G (i, z) = G;i(x).
G is continuous, and satisfies 1 f; T;c; = g 0 G. 0

For representations, binary suprema® for <, have already been introduced in [22]. Taking into consideration
that N* and N“ | [ N* are homeomorphic, Definition 4.14 extends [22, Definition 3.3.11], while the Theorem 4.15
extends [22, Theorem 3.3.12 1.]. As the restriction of < to functions with domain in a class of topological spaces
closed under formation of a-coproducts yields an a-complete join-semilattice, also countable suprema exist for
representations.

By extending [22, Definition 3.3.7], a definition of binary infima for representations, (Fy, <¢) is shown to lead
to a complete lattice.

Definition 4.16 Let (f; : X — Z);c; be a set-indexed family of functions. Define | fil;c; : B — Z,
where B = {[[;c; i € [[;e; Xa | (Vi € I)(Vj € I) fi(w;) = fj(x;)} is equipped with the restriction of the
usual product topology, through | f; ;e (I;c; z:) = fi, (2i,) for an arbitrary fixed ig € 1.

Theorem 4.17 (Fg, <g) is a complete meet-semilattice. The infima are given by inf A = | f | Fea-

Proof. We have to show the following claims:

l. Forallj € I, | filier <o f;-

Choose G : p — X as the restriction of the projection 7; to the jth entry.

2. Letg: Y — Z be afunction. If g <¢ f; holds forall ¢ € I, then g < | f;];c; follows.

Assume the existence of continuous functions G;, so that g = f; o G; holds. Then f;(G;(y)) = f;(G,(y)) for
alli,j € I,y € Y. Thus a continuous function G : Y — P can be defined via G(y) = [[,c; Gi(y). G satisfies
g=1filicro G O

The definition of suprema can be extended to relations and problems in the usual manner, as exercised below.

Definition 4.18 Define T P;1,c; = {1 fitics | (Vi € I) fi € P}, where (P; : X; — Z)e; is a set-indexed
family of problems.

Theorem 4.19 (Pg, <¢) is a complete join-semilattice. The suprema are given by sup A = T PTpc 4.

Proof. We have to show the following claims:

1. Forallj el, Pj <o TPlTZGI

Choose G' : X; — [[,;c; X defined through G(z) = (j,z). Then 1 f;1,c; o G = f; holds, so from
1T fiTier € TP ticy follows 1 fit,cr 0 G € Pj.

2. P; <o Qforall¢ € Iimplies T P;1,c; <o Q.

There are continuous functions G, so that g o G; € P; holds for each j € J and each g € (). Define G
through G(i,z) = G;(x). G is continuous, and satisfies tgo G;1._, = go G, and thus g o G € 1 P; 1, for
each g € Q. O

Theorem 4.20 If the problem P; is a relation for all i € I, then T P; 1, is also a relation.

iel

Corollary 4.21 (Ry, <¢) is a sub-join-semilattice of (Py,<o). In particular, (Ry, <) is a complete join-
semilattice with suprema given by sup A = T RTpc 4.

5 In addition, a definition of countable suprema and infima is given by Weihrauch, but, as the focus in [22] is on computable reducibilities,
the fact that the constructions given are (co)limits for the continuous reducibilities was not pointed out explicitly.
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As (Fg, <) is a complete lattice, there is a smallest and greatest element. The smallest element is the inclu-
sion of the empty set in Z, the greatest element is the identity id : (Z,{0), Z}) — Z. Constant functions are
equivalent, if and only if they have the same image, and incomparable otherwise. Each constant function is a
second-smallest element.

Considering problems does not change the results from the last paragraph much, the empty problem is even
greater than {id}, but the equivalence class including {id} is the unique second-greatest element.

4.4 Distributivity
Theorem 4.22 (5, <5) is distributive.

Proof. We assume functions f : X — Y and g; : X; — Y] for ¢ € [ satisfying f <, ]_Lelgz There
are continuous partial functions F :C X X (Hze 1 Yy)) —Y and G:CX — ][, X; with
f(x) = F(z,[[1;c; 9:)(G(x))) for all z € X. We can assume that G is a continuous function. If I is the
set I with the discrete topology, then the function p : [[,.; X; — I defined via p(i, z) = i is continuous, and
sois po G. The set O; = (po G)~1({i}) fori € I thus is a open and closed subset of X.

We use f; to denote the restriction of f to the set O;. As set-inclusions are continuous, each f; fulfills f; <o f,
implying [, fi <2 f. Suitable restrictions of F" and G also yield fZ <g g; for all ¢ € I. It remains to prove
J <o [l;e; fi- If we use the continuous function ¢ : X x (][;,c; Oi) — X defined by o(z,4,y) = ¥, the
identity

i€l 2

f(&) = oz, [Iier fil((p o G)(2), 2))
shows the remaining claim. O
Theorem 4.23 (R,, <5) is distributive.

Proof. To extend the proof of Theorem 4.22 to relations, we need exactly the locality condition specified in
Definition 2.1 to show that the constructed function is a member of the relevant relation. O

For exactly this reason, the theorem is not extended to general problems.
Theorem 4.24 (I, <q) is distributive.

Proof. The proof is exactly parallel to the proof of Theorem 4.22. O
Theorem 4.25 (R, <o) is distributive.

Proof. The proof is exactly parallel to the proof of Theorem 4.23. 0

5 Suprema and characteristic numbers

5.1 Level and Basesize

An important tool in the study of the discontinuity of functions are certain characteristic numbers that are com-
patible with <5 (and hence with <(). Here, two variants of the Level as introduced in [10], as well as Basesize
introduced in [14] will be considered. Called cardinality of discontinuity, Basesize was studied extensively
in [24].

Definition 5.1 Let f : X — Y be a function. For an ordinal number «, inductively define the sets £}1 (/)X
via

Li(f) = X, £a+1( ) =A{z € LL(f) | ficL (s is discontinuous at x},
LL(f) =Na<y £ L(f) for alimit ordinal 7.

www.mlg-journal.org © 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



496 A. Pauly: On the (semi)lattices induced by continuous reducibilities

Definition 5.2 Let f : X — Y be a function. For an ordinal number «, define inductively the sets £2(f) C X
via
L3(f) = X, L2 (f) =cl({x € L2(f) | fizz2 (s) is discontinuous at z}),
L2(f) = el Nyer L2(f)  for alimit ordinal .

Definition 5.3 Let f : X — Y be a function and x € X. Define levi(f,z) = min{a | z ¢ £.(f)} and
Lev'(f) = min{a | £i = 0} fori € {1,2}.

The formulation of statements involving the Level of a function usually is simplified by assuming that a non-
existing Level is comparable with the normal < relation for ordinal numbers, and is greater than all ordinal
numbers. This agreement extends to suprema and minima of suitable classes of ordinal numbers.

Proposition 5.4 Lev'(f) = sup{lev'(f,z) | z € X}.

Theorem 5.5 If f <o g holds, then Lev'(f) < Lev'(g).

Proof. This is the statement of [10, Korollar 2.4.3]. O

When trying to define the Level of a problem, two main criteria should be employed. First, the Level of a
singleton problem should be identical to the Level of the function it contains. Second, the result of Theorem 5.5
should remain valid when functions are replaced by problems. An elegant way® of reaching both criteria is
presented in the following definition, which already was given by Hertling in [10, Section 1.3].

Definition 5.6 Let P be a problem. Define Lev'(P) = min{Lev’(f) | f € P} fori € {1,2}.

Theorem 5.7 If P <, Q holds, then Lev'(P) < Lev'(Q) follows fori € {1,2}.

Proof. If P <5 @ holds, there are continuous functions F', G with x — F'(z, g(G(z))) € P forall g € Q.
Choose a special g € Q, so that Lev’(g) = Lev'(Q) is fulfilled. Clearly, z — F(x,g(G(z))) <2 g is true,
so from Theorem 5.5 results Lev’(z — F(x,g(G(z)))) < Lev'(g) = Lev'(Q). The claim now follows from
Definition 5.6. N

The third characteristic number to be considered is Basesize. Basesize extends the notion of k-continuity
explored in [21]. Its definition for functions was first presented in [14]. In contrast to the Level, the Basesize of a
function is a cardinal number.

Definition 5.8 Let f : X — Y be a function. A partition for f is a partition p of X, so that f|;; is continuous
for all U € p. The Basesize of f is defined as the least cardinality of a partition for f and denoted by bas(f).

Theorem 5.9 For functions f : X — Y, g: U — V, f <5 gimplies bas(f) < bas(g).
Proof. Let {A; | ¢ € I} be a partition for g with minimal cardinality. Let F', G be continuous partial

functions with f(x) = F(x,g(G(x))) forall z € X. Then {G~1(4;) | i € I} is a partition of X, and as g o G
is continuous when restricted to G~ (A;), sois f. So {G71(A;) | i € I} is a partition for f. O

The two variants of the Level and Basesize are linked with an inequality. All combinations of equality and
strict inequality are possible.

Theorem 5.10 bas(f) < Lev'(f) < Lev?(f).

Proof. By Definition 5.1, for Do, = L}, (f) \ £41(f). the restriction fjp, is continuous. As we have
dom(f) = UI;Z(; £ D,,, the sets D, form a partition for f. Thus, the first inequality is proven. The second
inequality is the statement of [10, Satz 1.1.7 (1)]. O

When trying to define the Basesize of a problem, both the goals and the method to achieve them are completely
analogous to the same task for the Level.

Definition 5.11 For a problem P, define bas(P) = min{bas(f) | f € P}.

6) The validity of Theorem 5.5 gives min{Lev®(f) | f € P} as an upper bound for Lev’(P), but the two criteria are not sufficient to
uniquely determine Definition 5.6.
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Theorem 5.12 For problems P, Q, if P <o Q, then bas(P) < bas(Q).

Proof. Choose g € @ with bas(g) = bas(Q). There exists an f € P with f <5 g. This implies that
bas(P) < bas(f) < bas(g) = bas(Q) holds. O

Clearly, the inequalities in Theorem 5.10 hold for problems, too.
In the following, examples will be constructed showing that all combinations of Basesize and Level not ruled
out by Theorem 5.10 can occur.

1
Let V' = {0}U{— | n € N}. Given an ordinal number A, let M, be the set of order-preserving functions from
n

(A, <) to (N, >). Foreach z € My, let U, C M, be defined via U, = {y € M, | (Vv € \) y(v) > z(v)},
and equip M, with the topology induced by the base” {U,, | x € M, }.

For ¢ € M, let F(¢) € A+ 1 denote the least element with ¢(F'(c¢)) = 0 or \ if no such element exists. Given
further a cardinal number 5 with 5 < A, we define a function Ryg : (A + 1) — [ using ordinal left division
with remainder. R»g(c) shall be the uniquely determined ordinal number less than 3, so that there is an ordinal ¢
with o = 8¢ + Ryg(a). The restriction § < A ensures the surjectivity of Rg.

Now a function fyg : M, — [ isdefined as g = Rxgo I, where 3 is the set 3 equipped with the discrete
topology.

Theorem 5.13 Lev'(fag) = A and bas(fg) = .

Proof. The first statement follows from the observation that L1 (f,3) = {¢ € M, | F(c) > a}, which we
will continue to prove. For o = 0, the claim is trivially true.

If F(¢) = v holds for some ¢ € M, then we have F(x) < v for all z € U.. In particular, the restriction
(fa)|a to some set A is always continuous in the points € A with (Vy € A) F(x) < F(y). On the other hand,
define z for some z with F(z) = a + 1 by 27 (v) = z(v) for v # «, and ¥ (a) = 0. Then 2+ € M, holds,
additionally = is in every neighborhood of = in some subset of M that contains both z and zT. Thus, on such
a subset, fg is discontinuous in x. This shows the claim for all successor ordinals o + 1.

For limit ordinals &, the claim follows from the definition of £}(fxs) = (\,<s £4(frs). This concludes the
proof of Lev'(fas) = \.

bas(fag) < fis clear. It remains to show 8 < bas(fg). For that, note that we can consider My, as a subset
of M, for A\; < Ag by extending g € My, to ¢’ with ¢'(z) = g(z) for x < A\; and ¢'(x) = 0 otherwise.
Especially, this makes f3g a restriction of fg, so proving 8 < bas(fsg) is sufficient.

For that, consider the elements z,, € Mg with z, (o) = 1 for o < v and z,, (o) = 0 for v < o < 5. Then
x,, is in every neighborhood of z,, for v < 11, and the presence of x,, makes fgs discontinuous in x,,. Thus, if P
is a partition of fzg, no P € P may contain z,,, x, with v < p. This contradicts the assumption |P| < § and
concludes the proof. O

Corollary 5.14 (Fo, <s) has no greatest element.

bas(g) < |X|. Abbreviate 3 = |X|*. Consider the function fsz. Due to assumption, we have fzg <5 g, so
Theorem 5.9 yields bas fgg <o |X|. Together with Theorem 5.13, we have |X|* < |X|, an obvious contra-
diction. Thus, there is no greatest element in (Fy, <5). O

Proof. Let g : X — Y be a representative of the greatest element of (F3, <5). Obviously, we have

5.2 Permutability of characteristic numbers and suprema

In this subsection we show that the characteristic numbers defined above commute with suprema, that is, the
supremum of the characteristic numbers of some family of functions, relations or problems is the characteristic
number of the supremum of these. While the proofs are done only for <5, the corresponding results for < are
direct consequences (as it is true for the previous subsection).

7) The intersection Nzea U for some A C M is identical to Uy, where y € M. is defined by requiring y(v) = max, ¢ 4 z(v) for
allv € A
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Theorem 5.15 Lev' ([ [, fi) = sup{Lev'(f;) | i € I}.

Proof. Assume that for each i € I the domain of f; is X, so the domain of [ [, fi is [[;o; Xs. As for each

J € I, the set X; is open and closed in [ [, ; X, [ [, fi is continuous in (j, ) if and only if f; is continuous
in 2. The same is true for all restrictions. Thus, £}, ([T,c; fi) = U, {i} x L& (fi) follows. So L (I1;c; fi) =0
is true if and only if £, (f;) = 0 holds for all i € 1. O

Theorem 5.16 Lev*([[,.; f;) = sup{Lev?(f;) | i € I}.

Proof. To prove the claim, the proof of Theorem 5.15 needs to be slightly modified. To this end, note
cl [ic; Ui = e 1V H

Theorem 5.17 bas([[,.; fi) = sup{bas(f;) | i € I}.

Proof. The first fact in the proof of Theorem 4.2 together with Theorem 5.9 yields

bas([;c; fi) = sup{bas(f;) [ i € I}.

Now assume an index set J with |J| = sup{bas(f;) | ¢ € I}. For each i € I, there is a subset .J; of .J, so that
there is a partition {U;; | j € J;} for f;. Define U;; = (0 for j € J \ J;. A partition for [1;c; fi can be obtained
as {U,c i} x Uij | j € J}, proving the other direction of the equality. O

Again, by building on the result for functions presented in the theorems above, the results can also be obtained
for problems. Interestingly, the proof is uniform and not dependent on the specific characteristic number used.
This can be regarded as further strengthening the definition of Level and Basesize for problems.

Theorem 5.18 Let num € {Lev', Lev?, bas}. Then it follows that
num(][,;.; P;) = sup{num(F;) | i € I}.

Proof. According to Definition 4.4, num(][,.; P;) = num({][,c; P | (Vi € I) f; € P;}). By Defini-
tion 5.6 or 5.11 it follows that

num({[Le, fi | (Vi € I) f, € P,}) = minfoum( Lo, £i) | (Vi € I) f; € P,}.
Applying Theorem 5.15, 5.16 or 5.17, we obtain

min{num([[,.; fi) | (Vi € I) f; € P;} = min{sup{num(f;) | i € I} | f; € P;}.
min and sup commute, so in the next step we have

min{sup{num(f;) | i € I} | f; € P;} = sup{min{num(f;) | f; € P} | i € I}.
Another application of Definition 5.6 or 5.11 results in

sup{min{num(f;) | f; € B;} | ¢ € I'} = sup{num(FP;) | i € I}. O

6 Additional observations

6.1 A continuous version of truth-table reducibility

For some applications the limitation of having only one call to the oracle will be too strict, so a continuous
version of truth-table reducibility, meaning the possibility of making any finite number of parallel oracle calls,
is desirable. The notion of n parallel calls to an oracle f can be replaced by the notion of one call to the oracle
f™ :=[1i—, f- The extension to any finite number of calls is accomplished by taking the supremum over all n.
As abbreviation, we define f := [1,.cn f"- Then the corresponding reducibility can be defined:

Definition 6.1 For two functions f, g, let f <. g hold, if f <5 g holds.

The properties of <. are derived from the properties of <o, as is a closure operator for <, as the following
theorem shows.
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Theorem 6.2 The operator  satisfies the following properties:

1L f<s f:

2. f <g gimplies f <5 7;

3. f= f.

Proof.

1. Trivial.

2. By taking the n-fold products of the continuous partial functions witnessing f <, g, we have f™ <5 g".
The properties of suprema then yield the claim.

3. We only have to show ? <y f. For the proof we utilize the following distributivity law, which generalises
[14, Theorem 2.2.5.5]:

> Wier 9 =2 Wier (f % )
Iterated application yields [], .y ™ =2 (II,cn f™)™ for all m € N. The claim now follows again from the
general properties of suprema. O

Obviously, [ ] can also be considered as supremum in the partially ordered set induced by <., yielding yet
another complete join-semilattice. Binary suprema, however, are also given by the product in this case, as they
are equivalent regarding <.. Again it is possible to define <. for relations and problems as well. The join-
semilattices corresponding to <. are quotients of the respective join-semilattices for <s.

Other examples of closure operators for <o implying other reducibilities have been studied in [3] and [16].
Some applications for the -operator can be found in [15].

6.2 From problems to relations
The relationship between the different infima operators M and A for problems and relations can be understood
best by considering the following operator, which assigns a relation to each problem:
Definition 6.3 Given a problem P : X — Y, define the relation R(P) : X — Y by

R(P)={f:CX —Y| (Ve e X) (B € P) f(z) = gu(2)}.

Theorem 6.4 R is a co-closure operator (interior operator), i.e. it satisfies:

1. R(P) <2 P;

2. P <5 Q implies R(P) <2 R(Q);

3. R(P) = P, if P is a relation.

Proof.

1. We have P C R(P) by choosing g, = f for all z € X. This implies R(P) <q P.

2. This follows from the locality in the definition of <.

3. According to Definition 2.1, R(P) = P is equivalent to P being a relation. O

By using R, we can now simply state the relationship as

AN=Rorl.

6.3 A note on computable reducibilities

Due to issues of cardinality, our constructions of uncountable infima and uncountable suprema are inapplicable
for the computable versions of <; and <5, as the resulting spaces are no longer representable. However, despite
the equivalence of N and en NV, already the existence of countable infima and suprema breaks down, as
countable products and coproducts of computable functions are not necessarily computable.

Existence of suprema and infima in the computable case is ensured for finite sets. In addition, considering
countable coproducts still makes sense. For example, the operator  forms a closure-operator also in the com-
putable setting. While the properties of suprema cannot be invoked anymore, the functions actually realizing the
reductions do happen to be computable. We use <y to refer to the computable version of <s:
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Theorem 6.5 The operator  satisfies the following properties:
L f<w [

2. f <w g implies f <w g

Proof.

1. The coproduct injections are computable.

2. If the computable partial functions I and G witness [ <y g, then F’ and G witness f <w g, where I is
defined as F' (i, z,i,y) = F'(z,y).

3. We only have to show ? <5 f. Consider the computable function G defined as

G(n, ((i1,21), (i2,22), .- -, (in, 2n))) = O ey i, (T1, T2y .., Tp)).

Then G witnesses the claim. O

6.4 Decomposing functions

When a function f is expressed as a supremum of some functions f;, apparently all questions regarding the
discontinuity of f can be answered by examining the functions f;. An example for this is the notion of C',-con-ti-
nuous functions introduced in [12], which corresponds to the supremum of the €2,,-continuous functions.

For functions defined on a strongly zero-dimensional metrisable space whose Level exists and is a countable
limit-ordinal, a general procedure to find an expression as a supremum of less discontinuous functions will be
given below. We consider the function f : X — Y, where X is assumed to be metrisable and strongly zero-
dimensional. We set ¥ = Lev?(f), and let (7, )nen be an arbitrary sequence satisfying +,, < ~ for all n € N, as
well as lim;_, o, y; = -y. Further, L,, shall denote the set E?Yn (f), and f,, the restriction of f to X \ Ly,.

Theorem 6.6 f =5[], fn-

Proof. Aseach f, is arestriction of f, for all n € N, directly f,, <o f can be obtained. The second fact in
the proof of Theorem 4.2 yields [ [, fn <2 f.
For the other direction, let d be a metric on X that induces its topology. As X is strongly zero-dimensional,
1
the range of d can assumed to be N' = {0} U {= | n € N}, equipped with the restriction of the usual Euclidean
n
topology on the real field. For a subset A C X, the function z —— d(z, A) is a continuous function from X
to N. The function L : X — [], oy, defined by L(z)(n) = d(z, L,) is also continuous. [], .y is
homeomorphic to {0, 1}" using ¢ as homeomorphism, which is defined via t(w)({n,m)) = 1if w(n) = —.
—_— m
By definition, each set L,, is closed, so as X is metrisable, d(z, L,) = 0 is equivalent to € L,. Since
1
Moo Ln = 0, for each = € X there is an n with ¢ L, so there is an m with d(z, L,,) = —. So for each z,

the sequence ¢(L(z)) contains a 1. The function which takes a sequence w € {0,1}* \ {0} and returns the least
number n, so that w, is 1, is computable and thus continuous. The function (n,m) — n is computable and
thus continuous. Composition of all these functions yields a continuous function £ : X — N which satisfies
T ¢ Lg(x).

Each z € X thus satisfies 2 € dom(fg(s)). Therefore, x — [[ ],y fnl(£(2), z) is well-defined. Compo-
sition with a projection yields f(x) = pr([] [, cy fn](£(2),2)), and as both £ and pr are continuous, this shows

f §2 HnGN f’ﬂ D

In other cases, the decomposition is already present in the definitions. Typical examples here are dimensions,
in many instances, some problem parameterized with some natural number in the role of a dimension will be the
supremum over all problems with the parameter fixed to some value.

© 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mlq-journal.org



Math. Log. Quart. 56, No. 5 (2010) / www.mlqg-journal.org 501

6.5 Defining admissibility via suprema of <,

Admissibility is a desirable property of representations which can be considered central to computable analysis.
In [17], Schroder extends the definition of admissibility that e.g. can be found in [22] to a more general case,
yielding the following definition:

Definition 6.7 A surjective partial function § :C NN — X is called admissible, if it is continuous and
p <o ¢ for all continuous surjective partial functions p :C NN X.

Note the following two observations. If f <y g holds, and f is surjective, so is g. If g; is continuous for i € I,
s0 is 1g; T;c;- Then admissibility can be rephrased as a maximality statement regarding the partial order® <.
We use C, (X, Y) to denote the set of continuous partial functions from X to Y.

Proposition 6.8 A partial function § :C NN — X is admissible, if § =y 1 pTpec, (v, x) holds.

While Definition 6.8 does not seem to be more useful than Definition 6.7 for practical purposes, it does clearly
show the order-theoretic nature of admissibility. Also, Definition 6.8 invites the following extension:

Definition 6.9 A partial function f :C Y — X is called admissible, if f =y 1 9Tgec(y,x) holds.

In [17] the topological spaces X admitting an admissible representation following Definitions 6.7 or 6.8 were
characterized as those Tp-spaces with a countable pseudobase. A generalization of the question lies at hand:
Given a topological space Y, for which topological spaces X is there an admissible partial function f : Y — X?
We conclude with giving a trivial answer for a certain subcase: For a discrete space D, there is an admissible
(partial) function f : D — X if and only if |X| < |D| holds, as admissibility then coincides with surjec-
tivity. As the class of topological spaces where the underlying sets do not exceed a certain cardinality is not
cartesian closed, this example can be considered as a demonstration that NV is especially suitable as domain for
representations.

6.6 Generalizing <, in category theory

The simple Definition 3.1 can easily be formulated in the framework of category theory. Given a category L, a
subcategory K of £ and an object Z € L, a partial order < can be defined on the class of morphisms in £ with
codomain Z:

Definition 6.10 For morphisms u : X — Z,v:Y — Z,u,v € L, let u <g v hold, if there is a morphism
G e Kwithv =uoG.

While it is not necessary that X includes all objects from £ for Definition 6.10 to be valid, this requirement
certainly makes <, more useful, so it will be adopted in the following. Note that the trivial case L = L is a
worthwhile object of study on its own, just as < can be fruitfully used to compare continuous functions only.

For studying suprema for <g, we require that £ has arbitrary coproducts and that /C is closed in £ under
formation of coproducts. We recall the definition of coproducts in category theory:

Definition 6.11 Given a family (A;);c; of objects in a category L, an object A together with morphisms
i+ Aj — Ais called the coproduct of the (A;);er, if for every family of morphisms (f; : 4; — Z) there is
a unique morphism f : A — Z satisfying f; = f o, foralli € I.

We claim that this uniquely determined morphism f is the supremum of the morphisms f;. As K was required
to include all objects and to be closed under formation of coproducts, K includes all morphisms p;, proving
fi <o fforalli € I. If there is a morphism ¢g € £ with morphisms G; € K for i € I satisfying g = f; o G;, then
g = fo(u; oG;) follows. Thus f; <q g for all i € I implies f <, g, proving f to be the supremum of the f;.

Studying infima will require the existence of arbitrary pullbacks in £, and the closure of K in £ under forma-
tion of pullbacks, albeit in a very strong sense. Again, we start with recalling the definition of pullbacks:

Definition 6.12 Given a family (f; : A; — Z);c; of morphisms in £. The pullback of the f; is a family
of morphisms (p; : P — A;)er satisfying f; o p; = f; opj foralli,j € I, so thatif (¢; : @ — Ap)iey is
another family of morphisms with f; o g; = f; o ¢, there is a unique morphism A : () — P with ¢; = p; o A for
allz € I.

8) This was already noted in [17].
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The infimum of the family f; in the definition above is given by the morphism f = f; o p; (which does not
depend on i), as long as p; € K forall i € [ and A € K are fulfilled. f <q f; is clear. Suppose g < f; for
all ¢ € I, so there are morphisms G; with g = f; o G;. This implies f; o G; = f; o Gj, so there is a A with
G; =p; o A\, thus g = (f; o p;) o A holds, establishing g <, f.

Partially ordered classes can easily be expressed as categories. If (K, <) is a partially ordered class, the
associated partial-order-category has the elements of K as objects, and contains a unique morphism v : A — B
if and only if A < B holds. Composition of morphisms is defined in a straightforward fashion. Infima in the
partially ordered class are pullbacks in the partial-order-category, and suprema in the partially ordered class are
coproducts in the partial-order category.

The previous definition of < is obtained from the version given here by choosing K to be the category Top
of topological spaces and continuous functions, and £ to be the category of topological spaces and arbitrary
functions, which is equivalent to Set.
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