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DIFFERENTIAL SMOOTHNESS OF SKEW POLYNOMIAL RINGS
TOMASZ BRZEZINSKI AND CHRISTIAN LOMP

ABSTRACT. It is shown that, under some natural assumptions, the tensor product
of differentially smooth algebras and the skew-polynomial rings over differentially
smooth algebras are differentially smooth.

1. INTRODUCTION

The study of smoothness of algebras goes back at least to Grothendieck’s EGA. The
concept of a formally smooth commutative (topological) algebra introduced in there
[5, Définition 19.3.1] was later extended to the non-commutative case by Schelter in
[12]. An algebra is formally smooth if and only if the kernel of the multiplication
map is projective as a bimodule. As argued by Schelter himself, this notion arose
as a replacement of a far too general definition based on the finiteness of the global
dimension. Although it plays an important role in non-commutative geometry (see e.g.
[4], where such algebras are termed quasi-free), the notion of formal smoothness seems
to be too restrictive. The too crude notion of smoothness based on the finiteness of the
global dimensions was refined in [13], where a Noetherian algebra was said to be smooth
provided that it had a finite global dimension equal to the homological dimension of
all its simple modules. From the homological perspective probably most satisfying is
the notion of homological smoothness introduced in [14]: an algebra is homologically
smooth provided it admits a finite resolution by finitely generated projective bimodules.
Algebras of this kind display a Poincaré type duality between Hochschild homology
and cohomology, and retain many properties characteristic of co-ordinate algebras of
smooth varieties (see e.g. [8], where this last point is strongly argued for).

A different and more constructive approach to smoothness of algebras was taken
in [3]. In this approach the smoothness of an algebra A is related to the existence
of a specific differential graded algebra (with A as the degree-zero part) whose size is
aligned with the rate of growth of A measured by the Gelfand-Kirillov dimension, and
which satisfies a strict version of the Poincaré duality in terms of an isomorphism with
the corresponding complex of integral forms [2] (see Section 2 for precise definition). In
view of this direct use of differential graded algebras this kind of smoothness is referred
to as differential smoothness. The main advantage of this approach is its concreteness: a
differentially smooth algebra comes equipped with a well-behaved differential structure
and with the precisely defined concept of integration. Examples of differentially smooth
algebras include the coordinate algebras of the quantum group SU,(2), the quantum
2-sphere (see [2]), the non-commutative pillow algebra, the quantum cone algebras (see
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2 TOMASZ BRZEZINSKI AND CHRISTIAN LOMP

[3]), the quantum polynomial algebras (see [6]), and Hopf algebra domains of Gelfand-
Kirillov dimension 2 that are not PI (see [1]). Although many of these examples are
known to be also homologically smooth, the relationship between the differential and
other types of smoothness is not clear yet.

At the root of difficulties with comparing differential and other types of smooth-
ness is the constructive nature of the former, which prevents one from using functorial
or just existential arguments. In this paper we make a few steps toward resolving
such difficulties and present two general constructions which lead from differentially
smooth to differentially smooth algebras. First, we show that — under some natural as-
sumptions on differential structures and algebras — the tensor product of differentially
smooth algebras is differentially smooth. This allows one to deduce quickly smooth-
ness of polynomial and Laurent polynomial rings without necessity of constructing
a specific differential structure (it suffices to have such a structure for polynomials
in one variable). Second, again under some natural assumptions, we prove that the
skew-polynomial rings over a smooth algebra are smooth.

2. PRELIMINARIES

Let I be a field. By a differential calculus over an F-algebra R we mean a differential
graded algebra (QR, d) (i.e. a graded algebra with the degree-one square-zero linear map
d: QR — QR satisfying the graded Leibniz rule) such that:

a = , L.e. it is non-negatively graded, an =R,
OR = @, "R, iec. it i ively graded, and Q°R = R
(b) For all n € N,

O"R = RA(R)(R)--- d(R) .

-~

n-times

The requirement (b) is called the density condition. A differential calculus (QR, d) over
R is said to be connected, provided ker (d |g) = F. It is said to have dimension N or
to be N-dimensional provided

OYR#0 and Q"R=0, foralln>N.

An N-dimensional differential calculus (2R, d) over R is said to admit a volume form,
provided QR is isomorphic to R as both a left and right R-module (but not necessarily
as an R-bimodule). Any free generator v of Q¥ R as a right and left R-module is referred
to as a volume form. Associated to a volume form v are two maps:

(a) the right R-module co-ordinate isomorphism:
QYR = R, m(vr) = r; (2.1)
(b) the twisting algebra automorphism:
0,: R— R, r = my(rv). (2.2)

To any right R-linear homomorphism ¢ : Q"R — R we associate a family of right
R-module maps
05 QR — Homp(Q" "R, R), ~—[Y = o(7)], ke{0,1,...,n}. (2.3)

The right R-multiplication on the space of right R-linear maps Hompz(Q2*R, R) is de-
fined by (¢¥r)(y) = ¥(ry), for all v € Homp(Q*R,R), r € R and v € Q*R. The
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maps (¥ associated to a volume form co-ordinate isomorphism (2.1) are R-bimodule
homomorphisms, provided the left R-multiplication on Hompg(QFR, R) is defined via
the twisting automorphism 6,,

(1Y) () = Ou(r)Y(v).

Following [3] a differential calculus with a volume N-form v is said to be integrable
provided all bimodule homomorphisms Efrv, k € {0,1,...,N} are invertible. This is
equivalent to the existence of a complex of integrable forms [2] isomorphic to (QR,d)
(see [3, Theorem 2.2]). To relieve the notation we will write £§ or simply ¢* for ¢% . For
the future use we thus record that if v € Q¥R is a volume form, then

QPR — Homgp(QV "R, R), v [ = m(y7)], ke{0,1,...,N}. (2.4)

Given an affine F-algebra R with generating subspace V, let us write V(n) for the
subspace of R spanned by 1 and all words in generators of R of length at most n. The
Gelfand-Kirillov dimension of R is a real number defined as

GKdim(A) := inf{t | dim V(n) < n', n>> 0}, (2.5)

if it exists, and is defined as infinity otherwise. The Gelfand-Kirillov dimension of an
arbitrary F-algebra R is by definition the supremum of the Gelfand-Kirillov dimensions
of affine F-subalgebras of R (see [11, 8.1.16]). Although it is not generally true that
the Gelfand-Kirillov dimension of the tensor product of two algebras R, S is equal to
the sum of their (finite) Gelfand-Kirillov dimensions, it is, however, the case that if
GKdim(R) < 2 or GKdim(S) < 2, then

GKdim(R ® S) = GKdim(R) + GKdim(5);

see [9, Proposition 3.12]. We refer the reader to [9] or [11, Chapter 8] for a detailed
discussion of the Gelfand-Kirillov dimension, which, in the case of a commutative
Noetherian algebra is a very good measure of geometric dimension of the underlying
affine space.

The version of smoothness studied in the present text is recalled in the following

Definition 2.1 ([3]). An affine algebra R of integer Gelfand-Kirillov dimension N is
said to be differentially smooth, if there exists a connected, N-dimensional, integrable
differential calculus on R.

Let R be an algebra and ¢ an algebra automorphism of R. By a skew-polynomial
ring over R we mean the algebra R|[z; 0| generated additionally by z and the relations
zr = o(r)z, for all r € R. Similarly the Laurent skew-polynomial ring R[z*!; 0] is
defined. As was the case for tensor product algebras, it is not generally true that
GKdim(R[z;0]) = GKdim(R) + 1 (see [11, Example 8.2.16]). The equality holds,
whenever o is locally algebraic, i.e. if for all r € R, the set {¢"(r) | n € N} is contained
in a finite dimensional subspace of R (see [10, Proposition 1]).

As we will often make statements that apply equally well to the skew-polynomial
and the Laurent skew-polynomial rings, we reserve the symbol R[z*; o] to denote either
R[z;0] or R[z*;0].



4 TOMASZ BRZEZINSKI AND CHRISTIAN LOMP

3. DIFFERENTIAL SMOOTHNESS OF THE TENSOR PRODUCT OF ALGEBRAS

The aim of this section is to prove that, under some mild and geometrically natural
assumptions, tensor product of integrable differential calculi on two algebras gives an
integrable calculus on the tensor product algebra.

Suppose that (QR,dg), where QR = @2\;0 QOFR, is an N-dimensional differential
calculus on an F-algebra R, and that (€25, dg), where QS = @24:0 OFS, is an M-
dimensional differential calculus on an F-algebra S. Consider T':= R ® S and

N+M k
Or =QReQS=E | > QRS
n=0 1=0

TV
=:QkT

Components ¥R, resp. /S, are considered to be zero if i or j are not within their
limits. Q7 becomes a differential graded algebra, with graded multiplication defined
as

(W)W @v) = (1)l @ v/, (3.1)
for homogeneous elements w,w’, v, /, and extended differential dr of QT defined by

dr(w®v) =w®ds(v) + (—1)'dr(w) @ v, (3.2)
for all w € Q'R and v € (S. By the density condition

w :ZTédR(TD‘“dR(Tf)a V:ngds(sﬁ‘)-"ds(sy)a

t
hence, in view of (3.1) and (3.2),

WOV =Y (rf®st)dr(ri ®1)---dr(rf @ )dr(1@ s}) -~ dr(1 ® }).
t,u
Therefore, the differential graded algebra (7', dr) is a differential calculus on 7.
Proposition 3.1. Let R and S be algebras with integrable differential calculi (2R, dg)
and (QS,ds). Suppose that QR is a finitely generated projective right R-module and

that Q1S is a finitely generated projective right S-module. Then (QR ® QS,d) is an
integrable differential calculus for R® S.

Proof. We write T := R ® S and assume that (2%, dz) has dimension N and
(95, ds) has dimension M. Note that for homogeneous w ® v € Q'R ® QF'S and
W@V eVR® OIS we have

/ N 1\(k—i)j / / k+K'
(wev) (W ev)=(-1) ww ®  wu e QT
cOitiR cQk+k —i—jg
Since QR =0fori+j > N and QV*M==§ = ( for i + j < N, we have for all k:
(R QS) (VR QVIMFI5) =0,  Vj#N—i.
This means in particular
(VR @ QMS) QNMHT = ('R @ Q1S (AN R QM-+ g) | (3.3)
for all 7 < k.
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Since QVTMT = QN R QM S for all p; € Homg(QV R, R) and s € Homg(QMS, S),
@ = p1®@py € Homp(QVTYT, T), and so we can consider the maps (2.3), £5 : QT —
Homy (QNTM=FT T). By equation (3.3),

E(YR®QS) C Homp(QV 'R e QM5 T),
In particular
low @)W @ V) = pi(ww) ® pa(v ® V') = £, (W) (W) ® €5, (V) (V),

for all w € X'R,w' € QN 'R, v € QF5, 1/ € QMFHS, where (), and (%" are defined
by (2.3). Identifying ¢, ® (5" € Homp(Q'R, R) ® Homg(Q2*7*S, S) with an element of
Homyp(Q'R®OFS, T), we obtain £}, = S (L, QL5 since QFT = Pl VY RROFS,

Suppose that vg € QMR and vg € QM S are volume forms with corresponding co-
ordinate isomorphisms m,, : QYR — R and m, : QVS — S. Thenv = vp Q@ vg is a
volume form for QY™™ T with isomorphism 7, = 7, ® 7,,. We have already seen that
(=30 0 @k forall0 < k< N+ M,

By assumption the maps Ef,R and E{S are bijective for all 0 <1,j < k. Hence also

0 @47 QAR® Q7S — Homp(Q" 'R, R) ® Homg(Q™*95,9),

is bijective for all 0 < i < k.
If Q¥R and QM= =95 are finitely generated projective as right R-modules, re-
spectively as right S-modules, then by [15, 15.9],

Hompz(QV ™R, R) ® Homg(QY~*~95 ) = Homy(QV 'R @ QM-(-95 T),

and the maps €, ® (5.7 between 'R @ QF~'S and Homy(QV "R @ QM~*+=05 T) are
bijections. Thus

k i ik
- PrrRe QS LRk AN P Homp (2¥ 'R, R) @ Homg (Q"~*79)3, 5)

=0 i=0

N J/

QkT Homyp (@F_, QN RoOQM - (k=13 T)

is a bijection. Since

k N—k
@ QNfiR ® QMf(kf'L)S _ @ Q]R ® QNJerkij _ QN+M7kT’

i=0 j=0

where components of QR or 1S are zero if their degrees are not within the limits, we
eventually conclude that ¢ is a bijection between Q*T" and Homp(QNTM=FT 7). O

Proposition 3.1 yields

Corollary 3.2. If R and S are differentially smooth algebras with respect to calculi
which are finitely generated projective as right modules and

GKdim(R ® S) = GKdim(R) + GKdim(5),
then the tensor product algebra R ® S is differentially smooth.
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Proof. We only need to check whether the connectedness of QR and 25 implies the
connectedness of QT'. Let x = 3, ja;r; @ s; € kerdr C R® S, where the sets {r;}
and {s;} are linearly independent and «;; € F. If QR is connected, then in view of the
definition (3.2), >~ ay;r; is a scalar multiple of 1, for all j, ie. x = 37,1 ® f;s;, for
some scalars f;. If, furthermore Q.S is connected, then the definition (3.2) implies that
> ; Bjs; is a scalar multiple of 1, hence x is a scalar multiple of 1 ® 1. Therefore, QT
is connected. The assertion then follows by Proposition 3.1. O

Corollary 3.3. Let R be a differentially smooth algebra with respect to a differential
calculus QAR that is finitely generated and projective over R. Then extensions of the
form Rlzy, ... x,,yit, ...yt are also differentially smooth.

Proof. Both the polynomial algebra F[z] and the Laurent polynomial algebra F[y*!]
have Gelfand-Kirillov dimension one and are smooth. In the case of F|x] a connected
one-dimensional integrable differential calculus is (freely as a module) generated by the
volume one-form v = d(x) and the associated twisting automorphism 6, (f(x)) = f(qx),
where ¢ is any non-zero element of F (this determines fully the structure of QF[z] =
Flz] ® Q'F[z]). In the case of Fly*!], the volume form can be chosen as v = y~td(y)
and then 6, is the identity map. Since

Rlzi, .. T yiy s ] = ROF[1] ® ... @ Flz,) 9 Fyf'] ® ... @ FlyhH],

and GKdim (F[z;]) = GKdim (F[yjﬂ]) = 1 < 2, the assertion follows by a repeated use
of Corollary 3.2 and [9, Proposition 3.12]. O

4. DIFFERENTIAL SMOOTHNESS OF SKEW-POLYNOMIAL RINGS
The aim of this section is to prove the following

Theorem 4.1. Let R be a an algebra with an integrable differential calculus (2R, d)
such that QR is a finitely generated right R-module. For any automorphism o of R
that extends to a degree-preserving automorphism of Q R, which commutes with d, there
exists an integrable differential calculus (LA, d) on the skew-polynomial ring A = R|z; 0]
and the Laurent skew-polynomial ring A = R[z*; 0. If R is differentially smooth with
respect to (R, d) and GKdim(A) = GKdim(R)+1, then A is also differentially smooth.

Recall that the trivial extension of an algebra A by an A-bimodule M is the algebra
B isomorphic to A @& M as a vector space and with the multiplication

(a,m)(a’,m') = (ad’,am’ + ma'), for all a,a’ € A, m,m' € M.

If v is an automorphism of an algebra A, then we will denote by A, the A-bimodule
with the multiplication

a-b-a :=abv(d), for all a,d’,b € A.

Furthermore, we write M|z] (respectively M[z*!]) for the direct sum of identical copies
of a bimodule M labelled by all natural numbers (resp. integers), with the elements
of the summand corresponding to n written as mz"™, m € M. As was the case of
skew-polynomial rings M[2*] denotes either M|[z] or M[z*1].
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Lemma 4.2. Let (2R, d) be an N-dimensional differential calculus on an algebra R
and let o be a degree-preserving automorphism of QR that commutes with d. Denote
also by o the restriction of o to R, and let S = QR[2% 0] and A = R[z*;0] be the
corresponding skew-polynomial rings. Define the automorphism @ of S by

F(wz") = (—D)lo(w)2", (4.1)

for all homogeneous w € QR and integers n. Then the trivial extension QA = S & ST
is an N + 1-dimensional differential calculus on R[2°; 0] with differential

d(wz",vz") = (d(w)z", (—1)lwd, (2") + d(v)z") , (4.2)

for all homogeneous w,v € QR, where 0, denotes the (formal) derivative of polynomials.
The grading on QLA is given by

[(z",0)| = lw|,  |(0,v2")] = [v] +1, (4.3)
for all homogeneous w,v € QR with v # 0.
Proof. Using the fact that the differential map d in QR raises degree of a form

by one, one easily checks that the map defined in (4.2) is square-zero. Note that, by
equation (4.2),

d(z,0) = (0,1),
hence the generator (0,1) of the S-bimodule S° C QA can be denoted by dz, and

(wz™,vz™) can be interpreted as the differential form wz" + vz™dz. Using this inter-
pretation the equation (4.2) comes out as

d(wz" + v2"dz) = d(w)2" + ((=1)“lwd, (2") + d(v)=™) d=. (4.4)
Furthermore, the multiplication in S @ S% says concretely that, for all v € QFR,
(0,1)(w=",0) = (0,5(wz")) = (0, (=1)*lo(w)z"),

meaning
dawz" = (=1)¥lo(w)2"dz = F(w2")dz. (4.5)

The structure of a trivial extension pays tribute to the fact that 2Adz is a square-zero
ideal of the algebra of differential forms Q2 A, hence

dzdz = 0. (4.6)

The equations (4.5) and (4.6) determine fully the algebra structure of 2A.
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We need to check that the map d defined by (4.4) satisfies the graded Leibniz rule.
Let us take any homogeneous w, v € QR and compute
dwz"vz") = d

wo(v)2")

(
(wo™ ()2 + (=1 wo™ (1)0, (2" dz
(W)a" ()2 + (=1)lwo™ (d(v)) 2"
(1)l () (B (7)o + 2"0.(=7))d
(W)2"v2™ 4 (=1)¥lwz"d(v) 2™
(=)W, (2M) o (1) 2™ + w2"vd,(2™))dz
d(w)z" + (—1)¥wd, (2")dz) vz

+(=1)wz (d(v)z™ + ()Mo, (2™)dz)
= dwz")r2" + (=1)¥lwz"d(vzm),

where we used the definition of multiplication of the skew-polynomial algebra, (4.4)
and the fact that both d on QR and 0, satisfy the (graded) Leibniz rule. Next

dwz"dz vz") = (=D)d(we™ ! (v)2""dz)
(=) d(wo™ (1)) 2"z
= ()M [A()o™ () + (—1)¥lwd (o™ ()] "
= d(wz")F(vz™)dz + (—1)w2"F(d(v2"))dz
= d(wz"dz) v2™ + (=D)¥lw"dz d(vem),
by (4.5) and (4.4). Finally we can compute:
d(wz" v2"dz) = d(wo™(v)z"™™dz)
= d(wo"(v))z""™dz
[d(w)o™(v) + (=1)“lwe™ (d(v))] 2" ™dz
= d(wz"wz"dz + (—D)¥wzd(v2mdz).
This proves that (QA,d) is a differential graded algebra. It is clear that QVT1A =
ONR[2*]dz # 0 and there are no components Q"A if n > N + 1, hence (Q2A4,d) has
dimension N +1. Since every element of (24, d) can be written as a linear combination
of wz" + vz"dz, with w,v € QR and QR satisfies the density condition (over R), also

QA satisfies this condition (over A). Therefore, (A, d) is an N+ 1-dimensional calculus
as claimed. O

I \
+&+&&

I
Yo

Lemma 4.3. In the set-up of Lemma 4.2 assume that (R, d) has a volume N -form
v with the twisting automorphism 0, and the co-ordinate isomorphism m,. Let u =
m(o(v)) and define the map

0 : R[z*;0] — R[z*;0], Zaz — Z 0, (a;)(uz)’. (4.7)

Then:
(1) The map 0 is an algebra automorphism of R[2*;0].
(2) Q(R[z*;0]) has a volume form vdz with the twisting automorphism ' o 0.
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Proof. First note that there exists v € R such that o~'(v) = vv. Hence uo(v) =
1 =wvo~"(u), i.e. uis invertible and the map 6 is well defined also in the Laurent case.
Furthermore @ is invertible, with the inverse

07! : R[z;0] — R[z; 0], Z a;z' ZHV_l(ai)(u_lz)i.
Since, for all a € R, av = vb,(a) and o(v) = vr,(o(v)) = vu,
vl,(o(a))u = o(a)vu = o(a)o(v) = o(av) = o(vb,(a)) = o(v)o(O,(a)) = vuo(6,(a)).
Hence
0y(o(a))u = uo(6,(a))
holds for all a in R, and therefore

0(2)0(a) = uzb,(a) = uo(0,(a))z = 0,(c(a))uz = 0(c(a))f(2),
and

0(z"H0(a) = z'u0,(a) = z_la(?v(a_l(a)pu_l
= (o a)z'u =0(c(a)d(z),

This implies that § is an algebra map and completes the proof of the first assertion.

To prove the second assertion, first let us write A for R[2*;0]. As QYR = vR, we
have (QVR) [2*] = vA, and thus QYA = (QVR) [2°*]dz = vAdz, i.e. any element
of QN*1A is of the form vfdz, for some f € A. By (4.5), vfdz = vdzo~*(f), hence
ONTIA = vdzA. Let f =" a;2" € A be such that vdzf = 0, then va(f) = 0, which
implies f = 0. Thus Q¥+t A = vdzA is a free rank one right A-module. Moreover, for
any element f € A,

fvdz =vO(f)dz = vdzz ' (0(f)),

which also shows that Avdz = vdzA, and hence vdz is a free generator on both sides,
and that the twisting automorphism has the stated form. O

Lemma 4.4. Let R C S be a ring extension and o € Aut(S) such that the restriction
of o to R is an automorphism of R. Consider the skew-polynomial ring S[z*; o] and its
subring R[z%;0]. Let M be a o-stable, right R-submodule of S and consider the right
R[z%; o]-submodule M|[2*] of S[z°*;0].

(1) The additive map 1 : Homp(M, R)[2*] = Hompp...] (M[2*], R[2*; 0]) given by

[k Yport [m2' = o (f(m))2"], Vf € Homg(M, R),
18 well-defined and injective.
(2) If M is a finitely generated right R-module and o(M) = M, then 1) is bijective.

Proof. (1) We will first show that 1);.x is a right R[2*; o]-linear map. For all m € M,
re€ Rand1,j € Z,

F(f(m)H

F(f(ma'(r) 2" = e (mo'(r)2™) = ¢pe (mz'r2?)

Yre(m2Yrz! = o
o
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If Y5~ p,.0 = 0 for some Y, fz" € Hompg(M, R)[2*], then, for all m € M,
> ot (fe (m)) 2 = tbs p(m) =0,
k

i.e. o*(fr(m)) =0, for all k. Hence fi, = 0 for all k, showing that 1 is injective.
(2) For any k, define an additive map

pr : Rlz;0] = R, Dk (Zn ) = o *(rp).

The maps pi are right R-linear, because

Dk (Z rizir'> = D (Z mai(r')zi> = o *(r)r’ = py (Z T’izi) .

Suppose {by,...,b,} is a generating set for Mp. Let f € Hompp..,] (M[2°], R[2*; 0]).
There exist a finite indexing set I C 7Z and elements S;, € R, for 1 < ¢ < n and
k € I, such that f(b;) = > ,c; Buz". For all k € I, define right R-linear maps fj, €
Hompz(M, R) by the composition fr = py o f, i.e. fu(bi) = o7 *(Bir), for all i. Let
m € M. There are \; € R such that m = > b;\;. Then, for any j,

f(mz?) = Zf iz = Zz&-kzk)\izj

kel i=1

= ZZU (fi(bs 2= o fm)F =, g (M)

kel i=1 kel

Hence f = (3o fr2¥) . O

Corollary 4.5. Let o be an automorphism of degree 0 of a graded algebra 2 =
D OF. Set R = Q0. If QF is finitely generated as right R-module, then

Hompg(QF, R)[2*] ~ Hompe ., (2F[2°], R[2*; 0]).
With these assertions at hand we can now prove Theorem 4.1.

Proof of Theorem 4.1. Let us denote by v a volume form for QR, with the corre-
sponding co-ordinate isomorphism 7, : Q¥R — R. By Lemma 4.3, vdz is a volume
form for the differential calculus QA on A = R|[z°®, o] constructed in Lemma 4.2, and let
Toas : Q¥ A — A be the corresponding co-ordinate isomorphism. For all w € QVR,

Toaz(W2'dz) = g, (v, (w)dz) 2 = o~ (T (w)) 2" (4.8)
Consider the maps ¥ : Q"R — Hompg(QV "R, R), ly4. : QFA — Hom(QVT17FA A)

associated to respective volume forms by (2.4). We canonically extend the £ to maps
from Q*R[2*] to Homz(QV"*R, R)[2°], by acting on the coefficients. To show that A is
differentially smooth, we need to show that the maps ¢%,, : Q*A — Hom, (QV A, A)
are bijective. The bijectivity of €%, is clear for k = 0 or k = N+1, since vdz is a volume
form for QA. Let 1 < k < N and recall that Q¥ A = (Q*R)[2*]®(Q* 1 R)[2*]dz. Tt is not
difficult to see that the image of (Q*R)[2*] under ¢%,, lies in Hom 4 ((Q2V*R) [2*]dz, A),
while the image of (Q2*"'R)[z*]dz under £, lies in Hom((Q¥ 7" R) [2°], A).

For later use we define, for any i € Z, invertible elements v; € R, such that o’(v) =
viv. Then vy ;v = o'(c?(v)) = o'(vj)vv for any i,j € Z, i.e. viy; = o'(v;)v; from
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which it follows that o®(v_;) is the inverse of v;. The following equation shows the
commutation of ¢ and m,. Let w € QM R. Then

o (m(w)) = m(vo (T (W) = 7 (0 (vivy (W) = T (07 (vw)). (4.9)
Furthermore, the invertible elements v; give rise to a linear isomorphism
(VIR [2°)dz — (QFIR)[2°], w2ldz = (—1)NTFH =D (4, w) 2
Using equations (4.8) and (4.9) we compute, for all wz! € QF1R[2*] and w2/ €
QN-FHLR[],
0F (widz) (W) = Wvdz(wzidzw’zj) = (=) gs (wo (W) 2 dz)
(=10~ (m (wo' ())) 2"
= (-1 UZ( G (7 (wo ™ (W)))) 2
= (D)o (m (0™ D (vipwo ™ (W)
= (=)o’ (m (07D (v w)w’) 2
= (=)o _(Z“)(U awz')))(w'2?)
= Y(7H(P(w'dz)))(W'2),

where ¢ : Hompg(QY 'R, R)[2*] — Homyu (V" R[2*], A) is the homomorphism
from Lemma 4.4. Hence we have shown that the following diagram commutes:

'l

'l

'l

(Q*R) [2*]d= N Hom 4 (QVT1=FR[2°], A)

d| E (4.10)
(@'R) [z*] —— Homp(Q""'7*R, R)[2*].

g1
In a way similar to the definition of ® we define the linear isomorphism ¢’ : (Q*R) [2°] —
(Q*R) [2°] by
' (wz') = oD (1;,1w) 7 for all w € Q" R.
Moreover, the map ¢ : QV"*R[2°]dz — QN"FR[2*], given by ¢(wzidz) = o7 (w)z2, is
an isomorphism of right A-modules. The adjoint map of ¢ is the isomorphism
¢* : Homy (QV7*R) [2*], A) — Homa (QY*R[2*]dz, A),
frs fop:|widz s floH(w)zY)].
Using again equation (4.9), ® and ¢* we compute, for all wz® € QFR[z*],0'2’ €
QY+ R[:"]
F (w2 (Wdz) = mg.(we'w'2dz) = Wvdz(wai(w’) 2 dz)
= o m(wol (@))2 = (0™, (o ()2
ol (m (o~ (v wo' (W) 2
o' (m (o™ D (vaw)o ™ (@)=
= O (0 00)2) (0 ()2)
= (G (P'(w2")(p(w'27dz)) = " (Y(6)(P'(w2"))) (W' d2).

7

k
v
k
v
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Therefore, the following diagram commutes:
k
(QFR) [2*] =5 Hom(QV-*R[2*]dz, A)

q"l Tgo*ow (4.11)
(Q*R) [z*] —— Hompg(QV""R, R)[z"].

&

Assume for all k that the maps ¢* are bijective and that the right R-modules Q*R
are finitely generated. Then v is bijective by Corollary 4.5 and hence 1 o /5~1 o & and

©* 01 ol od are bijective maps. Since the diagrams (4.10) and (4.11) commute, also
0k, QFA — Homa (QNT17F AL A) is bijective.

vdz
Finally, if QR is a connected calculus, then vanishing of the first component in (4.2),

implies that if d(f) = 0, for f = >, a;2" € R[2*;0], then f € F[2*] (ie. f has scalar
coefficients only). The second component in (4.2) is simply 0,(f), hence it vanishes if
and only if f is a scalar multiple of the identity in A. Therefore, the calculus QA is
also connected. This completes the proof of the theorem. O

Example 4.6. For any non-zero ¢ € F, let us define A, as an algebra generated by
x,vy, 2z and relations

Ty = yr, xz = qzy, Yz = zx. (4.12)

The algebra A, is differentially smooth. Similarly, the algebra B,, generated by z, y
and invertible z subject to relations (4.12), is differentially smooth.

Proof. The algebras A, and B, are both skew-polynomial rings, A, = F[z,y][z; o],
B, = F[z,y][z*!; 0], where the automorphism o of F[z,y] is given by

o(z) =y,  o(y)=qx.

The polynomial algebra F[z,y| is differentially smooth with the usual commutative
differential calculus Q(F[z,y]),

xdr = dxz, xdy = dyx, ydx = dzy, ydy = dyy,
dxdy = —dydx, (dz)? = (dy)* = 0.

The automorphism ¢ extends to an automorphism of Q(F[x,y]) by requesting it com-
mute with d, i.e.

o(dx) = dy, o(dy) = qdzx.
Since Q(F[x,y]) is finitely generated as a right Flz, y]-module and
GKdim(4,) = GKdim(B,) = 3 = GKdim(F[z,y]) + 1,
Theorem 4.1 yields the differential smoothness of A, and B,. O
Remark 4.7. We notice in passing that By in Example 4.6 contains the down-up algebra

A(0,1,0) [7] as a proper subalgebra and hence the assertion of Example 4.6 can be a
starting point in determining whether A(0, 1,0) is differentially smooth.

The statement of Theorem 4.1 can be iterated in the following way.
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Proposition 4.8. Let R be an algebra with an integrable differential calculus (2R, d)
such that QR s a finitely generated right R-module. Let o be an automorphism of R
that extends to a degree-preserving automorphism of QR, which commutes with d. Let
(QA,d) be the integrable differential calculus on A = R[z2°%; 0] constructed via Theo-
rem 4.1.

(1) For any q € F*, the map o extends to an automorphism of the differential graded
algebra (2A,d), by
o, QA — QA, wf(z) = o(w)f(qz), wf(z)dz— qo(w)f(gz)dz.
(2) If R is differentially smooth with respect to (QR, d) and GKdim(A) = GKdim(R)+
1, then A[t*;0,] = R[2*;0][t%; 04| is also differentially smooth.

Proof. That o, is an algebra automorphism is established by a routine calculation.
To check that o, commutes with d, first observe that

0,00, =q0400,. (4.13)
Hence, for all f, g € F[z*] and homogeneous w, v € QR,

o, (d(wf +vgdz)) = o(dw)o,(f)+q ((—1)|w|a(w)aq(8 (f)) + o(dv)oy(g)) d=
= d(o()) oy(f) + (=)o (w)(0y(f))dz + d (0(v)) 04 (9dz)
= d(og(wf +vgdz)),

where the second equality follows by (4.13) and the fact that ¢ commutes with d. This
completes the proof of the first statement.
Since 2R is finitely generated as a right R module and

QFA = QFR[2*; 0] ® Q"' R[2%; 0]°,

also QA is finitely generated as a right A-module. QA is integrable of dimension
GKdim(R) + 1, hence, by Theorem 4.1 A[t*; 0,] admits an integrable calculus of di-
mension GKdim(R) + 2. Furthermore, the automorphism o, is locally algebraic, hence
GKdim(A[t*;0,]) = GKdim(A) 4+ 1 by [10, Proposition 1], and since GKdim(A) =
GKdim(R) + 1 the second assertion follows. O

Proposition 4.8 leads to a quick proof of the differential smoothness of special cases
of algebras whose differential smoothness was established in [6].

Corollary 4.9. The coordinate algebra of the non-commutative n-dimensional affine
space, i.e. the algebra Fylxy, ..., x,] generated by x, ..., x, subject to the relations

TiTj = GXjT;, for all i < 7,

where q = (q1, ..., qn_1) € (F*)"7Y, is differentially smooth.
Proof. Fqlxy,...,x,] is an iterated skew polynomial ring. Starting with the poly-
nomial ring F[z;], which is differentially smooth by the usual commutative differential
structure, and applying first Theorem 4.1 and then its iteration Proposition 4.8 suffi-

ciently many times (with a different ¢ at each step), we conclude that Fqy[zy, ..., x,] is
differentially smooth, as claimed. O
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