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Abstract

In this paper, we investigate the convergence of the tamed Euler-Maruyama
(EM) scheme for a class of neutral stochastic differential delay equations. The
strong convergence results of the tamed EM scheme are presented under global and
local non-Lipschitz conditions, respectively. Moreover, under the global Lipschitz
condition, we provide the convergence rate of tamed EM scheme, which could be
the same as the convergence rate of classical EM scheme one half.
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1 Introduction

The Euler-Maruyama (EM) scheme is of vital importance in numerical approximation for
stochastic differential equations (SDEs). In [21], Kloeden and Platen illustrated that, if
the coefficients of an SDE are globally Lipschitz continuous, then the EM approximation
converges to the exact solution of the SDE in both strong and weak sense, the convergence
rates for both cases are provided as well. In the same book, they also mentioned that the
Milstein scheme converges to exact solution of SDE in both strong and weak sense with
different orders under certain conditions including the global Lipschitz condition. It is the
first time that Higham, Mao and Stuart [12] established strong convergence results under
the super-linear condition and the moment boundedness condition, however, it remained
an open question whether the moment of the EM approximation is bounded within fi-
nite time if the coefficients of an SDE are not globally Lipschitz continuous. Recently,
Hutzenthaler, Jentzen and Kloeden [10] have found that once the global Lipschitz con-
dition was replaced by the super-linear condition, the moment of the EM scheme could
be infinity within finite time. To tackle this problem, in the paper [11], Hutzenthaler,
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Jentzen and Kloeden introduced a new approximation scheme, which is the so-call tamed
EM scheme. By employing the tamed scheme, the drift coefficient is tamed so that it
is uniformly bounded. With such an approach, it has been proved that the tamed EM
scheme converges to the exact solution of the SDE under the super-linear condition of the
drift coefficients. The tamed EM scheme is later extended to SDEs with locally Lipschitz
condition of the diffusion by Dareiotis et al. [7] and Sabanis [31].

On the other hand, stochastic differential delay equations (SDDEs) and neutral
stochastic differential delay equations (NSDDEs) describe a wide variety of natural and
man-made systems. For the theories and applications of SDDEs and NSDDESs, we here
only mention [1, 2, 4, 5, 6, 8,9, 15, 18, 22, 27, 28], to name a few. Since most SDDEs and
NSDDESs can not be solved explicitly, numerical methods have become essential. Recently,
an extensive literature has emerged in investigating the strong convergence, weak conver-
gence and sample path convergence of numerical schemes for SDDEs and NSDDEs, for
example, [13, 18, 20, 26]. We should point out that the strong convergence of EM schemes
for SDDESs is, in general, discussed under a linear growth condition or bounded moments
of analytic and numerical solutions, e.g., [18, 20, 26]. However, similar to the SDEs case,
it remained an open question whether the EM scheme converges to the exact solution if
the coefficients of the SDDEs and NSDDEs are under the super-linear condition. The
main aim of this paper is to answer this question by extending the tamed EM method to
NSDDESs. Because of the neutral term, the technical details increased significantly.

The remainder of this paper will be organised as follows. In Section 2, some notation
and preliminaries are introduced. In Section 3, p-th moment boundedness, convergence
of EM scheme under global and local monotonicity conditions are provided with detailed
proofs respectively. Moreover, the rate of convergence is provided under the global mono-
tonicity condition. In Section 4, we present similar results as in Section 3 while the
Brownian motion is replaced by the pure jump processes.

2 Preliminaries

Throughout this paper, let (2, F,P) be a complete probability space with a filtration
{Fi}i>0 satisfying the usual condition (i.e. it is right continuous and Fy contains all P-
null sets). Let 7 > 0 be a constant and denote C([—,0]; R™) the space of all continuous
functions from [—7, 0] to R™ with the norm ||¢|| = sup_, <, |¢(0)|. Let B(t) be a standard
m-dimensional Brownian motion. o

Consider an n-dimensional neutral stochastic differential delay equation
dX(t) = D(X(t—7))] =b(X(t),X(t—7))dt + o(X(t), X(t — 7))dB(t), (2.1)
on t > 0, where
D:R" - R"b:R"xR" - R", 0:R" x R" - R"™"™,

we assume that D, b and o are Borel-measurable, and the initial data satisfies the following
condition: for any p > 2

{(X(0): =T <0 <0} = ¢ € I (|7, 0; RY), (2.2)

that is £ is an Fp-measurable C'([—, 0]; R")-valued random variable and E||£]|? < co. Now,
fix T' > 7 > 0, without loss of generality, we assume that T and 7 are rational numbers,
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and the step size h € (0,1) be fraction of 7 and T, so that there exist two positive integers
M, M such that h = T/M = 7/M. Throughout the paper, unless otherwise stated, let
C > 0 denote a generic constant, independent of h, whose value may change from line to
line.

For the future use, we assume that:

(A1) There exists a positive constant K such that for V z,y € R”,

(@ = D(y). b(w,y)) V o (,y)|I* < K1+ [af” +[y[*), (2.3)

and b(x,y) is continuous in both x and y.
(A2) D(0) =0 and there exists a constant x € (0, 1) such that

|D(z) — D(z)| < klz — 7| for all z,y € R™. (2.4)

(A3) For any R > 0, there exist two positive constants K and K such that

(z = D(y) -+ D(y),b(z,y) = b(@,9)) V [lo(z,y) — o(z,y)||"

- - - (2.5)
< Kp(lz =z + |y — 9%,

for all |z| Vv |y| V |z| V |y| < R.

(A4) There exist two positive constants [ and L such that,
(z—D(y) =2+ D(y),b(z,y) =b(z, 7)) + llo(z,y) —o(z,9)|* < Lz —2[* + |y — 7).
and
b(z,9) = b(@, )| < L+ [l + Jyl' + 2l + 5] (|= = 7] + |y — 9],
for all x, y, z and y € R™.
(A5) For any s,t € [-7,0] and ¢ > 0, let L be a positive number, then
Ellg(t) — &(s)]|” < Lt — s|".

Remark 2.1 Assume that (A1)-(A3) hold, then NSDDE (2.1) with initial (2.2) admits
a unique strong global solution X (t), ¢t € [0,T]. The proof details of such existence and
uniqueness result can be found in [19]. If assumption (A3) is replaced by (A4), the
theorem of existence and uniqueness still holds.

Now, we define

bn(z,y) = % (2.6)

for all z,y € R™ and a € (0, %] The reason why such value of a is chosen will be revealed
later in Section 3. By observation, one has

[bn(, y)| < min(h™, [b(z, y)])-



Remark 2.2 Tt is easy to verify that b, (z,y) = % satisfies all assumptions (A1),

(A3) and (A4). For the assumption (A1), we have

2

L+ hefb(z, y)|
K

R

— 1+ hefb(z,y)|

< K(1+ |2+ Jy]).

2(x — D(y), bu(z,y)) = (x — D(y),b(z,y))

(L4 |z + [y[?)

For the assumption (A3), which is a local assumption, we can derive that
< Kg(lz — 2> +ly = g/*),
Kp
1+he([b(z,) | Ab(x,y)]) *
since it is similar to (A3).

where Kp = The verification detail for assumption (A4) is omitted,

Now, we can define the discrete-time tamed EM scheme:
For every integer n = —M,--- ,0, Y(" = {(nh). For every integer n =0,--- , M — 1,
Y, — py My = Y,f”) — DY) 4 b, (" YV 4 o (v YD) AB,
(2.7)
where AB,(Ln) = B((n+1)h)—B(nh). For every integer n =0, --- , M —1, the discrete-time
tamed EM scheme (2.7) can be rewritten as

YD D) 1 e(0) - Dg(—m) + 3 b, YO
' (2.8)
+Z ¥, Y, S ABD.

For t € [nh, (n + 1)h), we set Y (t) := Y, Since 7 = Mh, Y(t — 7) = Yh("fM). For the
sake of simplicity, we define the corresponding continuous-time tamed EM approximate
solution Y'(¢) as follows. For any 6 € [—7,0], Y (0) = £(0). For any ¢ € [0, 77,

Y(t) =D(Y (t — 7)) +£(0) = D(§(=7)) + / bu(Y(s), Y (s — 7))ds
0 (2.9)

+/0 (Y (s),Y (s —7))dB(s).

Noting that for any ¢ € [0, T, there exists a positive integer n, 0 < n < M — 1, such that
for t € [nh,(n + 1)h), we have

h (2.10)



This means the continuous-time tamed EM approximate solution Y (¢) coincides with the
discrete-time tamed approximation solution Y'(¢) at grid points t = nh,n =0,1,--- | M —
1.

3 Tamed EM Method of NSDDEs driven by Brown-
ian Motion

In this section, we show that the tamed EM scheme converges to the exact solution under
certain conditions, i.e. we have the following main results:

Theorem 3.1 Suppose that (A1), (A2), (A4) and (A5) hold, then the tamed EM
scheme (2.9) converges to the exact solution of (2.1) such that for any p > 2,

E[ sup | X (1) —Y(t)\p] < Cher. (3.1)

0<t<T

The next theorem states that the convergence result still holds if the global monotonicity
condition (A4) is replaced by its local counterpart (A3). However, we are unable to
provide the convergence rate under this weaker condition.

Theorem 3.2 Suppose that (A1)-(A3) and (A5) hold, then the tamed EM scheme (2.9)
converges to the exact solution of (2.1) such that for any p > 2,

IimE| sup [X(¢) —Y(¢)P| =0. (3.2)

h—0 0<t<T

3.1 Moment Bounds

Before the proof of our main results, we investigate the boundedness of moments of both
exact solution and EM approximation in this subsection.

Lemma 3.1 Consider the continuous-time tamed EM scheme given by equation (2.10).
If for some p > 2,
sup E([Y/(1)[") < C, (3.3)

0<t<T

and (A1) hold, then it holds that

E{ sup sup  |Y(t) — Y(nh)|p] < Chr/?, (3.4)

0<n<M—1nh<t<(n+1)h

and
E[ sup sup Y (t) = Y (nh)[P|bp(Y (), Y (t — T))|p:| <C. (3.5)

0<n<M—1nh<t<(n+1)h

Proof: By the definition of the tamed EM scheme, we have for nh <t < (n+ 1)h,

/ br(Y(s),Y (s —7))ds

S

E[ sup |Y(t)—Y(nh)|p}:E[ sup

nh<t<(n+1)h nh<t<(n+1)h

+/ a(Y(s),Y (s —7))dB(s)

h
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Therefore, due to Holder’s inequality,

(n+1)h B _ p
E| sy V() —Y(nh)]p} < 2?%?11@[ / ba(V(5), V(s — 7)) ds}
nh<t<(n+1)h nh
t _ , p
+ 2‘”1E[ sup / o(Y(s),Y(s—71))dB(s) } :
nh<t<(n+1)h nh

(3.6)

Using the Burkholder-Davis-Gundy(BDG) inequality [23, Theorem 1.7.3 page 40] and
(3.3), for some p > 2, we derive that

E[ sup \/ (Y(s S—T))dB(s){p}

nh<t<(n+1)h

(n+1)h - - p/2
< CE / |ra<Y<>Y<s—r>>n2ds]

(n+1)h - Q p/2
< CE / (1+|Y ()2 + V(s — T)\Q)ds]
nh

< Cw?.
This, together with |b, (Y (s),Y (s — 7))| < h™%, yields
E{ sup |V (t) — Y(nh)|p] < 2rtp=P L OpP/2 < CRP2, (3.7)
nh<t<(n+1)h
Therefore (3.4) holds. Moreover,
Bl s (0 - VORI (), Vs - )P

nh<t<(n+1)h
< E[ sup V() — Y(nh)|p} her (3.8)
nh<t<(n+1)h
< op\V/2or < O,
In (3.7) and (3.8), we have used the fact that a € (0,1/2]. The proof is therefore complete.
O

Lemma 3.2 Assume that (A1), (A2) and (A5) hold. Then there exists a positive con-
stant C' independent of h such that for any p > 2,

E[ sup |[X(1)F] VE[ sup Y (1)) < C. (3.9)

0<t<T 0<t<T
Proof. For every integer k > 1, define the stopping time
7 =T ANinf{t € [0,T] : | X (t)| > k}.

Clearly, 7, — T as k — oo almost surely. Now, for any ¢ € [0, 7], by [23, Lemma 4.4,
p212] and assumption (A2), we know that for any p > 2,

sup | X(s)]P < sup | X(s) — D(X(s—7))|" (3.10)

0< s<tAT — K (1 — K)P o<s<tnm,
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An application of 1t6’s formula yields,

[ X (1) = D(X(t —7))[" < [€(0) — D(E(=7))I"

+p / 1X(s) = DX (s = 7)) 2(X (5) — D(X(s = 7)), b(X(s), X (s — 7)))ds

— 1) / | X(s) = D(X(s = 7)) P7||o (X (5), X (s — 7))|]ds
+p/ | X (s) (s = T)P2(X(s) = D(X(s — 7)) (a(X (5), X (s — 7))dB(5))

— D(&(—7)) P + Hy(t) + Ho(t) + Hs(t).
(3.11)
Under (A1) and (A2), one has

R
< CE/ . [ X(s) = D(X(s =) P21+ | X (s) P + [X (5 — 7)[*)ds

y (3.12)

< CE/O Tk(\X(S)!’FQ + DX (s = ) P72) (L + |X(s)* + [ X (s — 7)[*)ds
< C’E/O Tk(l +|X ()P +|X(s—71)|P)ds < C + C’/O E(0<21<1£)M | X (u)|P)ds.

By the Burkholder-Davis-Gundy(BDG) inequality and the Young inequality, we derive
that

tATE 1/2
E( sup Hg(S))SCE(/O (!X(S)—D(X(S—T))\Q”QHU(X(S),X(S—T))HQ)dS)

0<s<tATL

< ma( sup | X(s)— D(X(s— T))|”‘1(/O ’ |o(X(s), X (s — T))||2d3)1/2)

0<s<tATL

1 tATY
< E( sup |X(8)—D(X(8—T))|p)+0(/ lo(X (s), X (s —7))||*ds)*"?
0<s<tATy 0
t/\Tk
<E( suwp [X(s)— D(X(s— 7)) + C(/ (1+ X (s)]” + [X (s — 7)[*ds)""?
4 o<s<tnm 0
1 tATE
< JE( sup  [X(s) = D(X(s —7))[") +C E(1+[X(s)P + X (s = 7)[")ds
4 o<s<inm, 0
1 t
<-E( sup |X(s)—D(X(s—1))P)+C+ C’/ E( sup |X(u)lP)ds.
4 o<s<inm, 0 0<u<sAm
(3.13)
Now, substituting (3.12) and (3.13) into (3.11), we then have
t
E( sup |X(s)—D(X(s—1))P)<C+ C/ E( sup |X(u)lP)ds. (3.14)
0<s<tATL 0 0<u<sATE

This, together with (3.10), implies that

E( sup |X(8)|p)§C’+C’/O E( sup |X(u)|P)ds.

0<s<tATL 0<u<sATy
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The desired assertion for the exact solution follows an application of Gronwall’s inequality
and letting k£ — oo.

In order to estimate the p-th moment of the tamed EM scheme (2.9), an inductive
argument is used below. Firstly, we claim that there exists a constant C' such that:

sup E|Y ()] < C. (3.15)

0<t<T
Similarly, we define another stopping time: for every integer £ > 1, define a stopping time
7o =T Ainf{t € [0,T]: [Y(t)] > k}.

Clearly, 7, — T as k — oo almost surely. Now, for any ¢ € [0, 7], an application of the
[to formula yields

V() - DY (t— 7))

(3.16)
By (A1) and (A2), we compute
R . tATy _ B
sup E(Hy(s A7) + E(H3(s A Tx)) < C’E/ 1+ |Y(s)|2 +|Y(s— T)|2d8
0ot 0 (3.17)

t
< c+0/ sup B(|Y(u A 7)[2)ds.
0

0<u<s



Using the definition of Y(s) and Y (s), together with the property of conditional expec-
tation, we have

OiligtE(Hg(s ANTg)) = 208<1igt {E/OS b (/[uu]h b(Y (1), Y (r — 7))dr, by, (Y (u), Y (u — 7)))du

+E /:(/[u ik a(Y(r),Y(r —m)dB(r),by(Y(u A7), Y (u A 7y, — T)))du}

UNTE
h ]h

— 2 sup {E/OW'X/[H b (Y (), Y (1 — 7)) dr, ba (Y (u), ¥ (u — 7)) du

0<s<t %]h

+EA%M%WW o &LY@—TﬁﬂﬂﬂﬁdywA%%YWAﬁfﬂﬂﬂﬁﬁﬁwm}

-
Eﬁ%}h

~

= 2 sup E/OS Tk(/u b(Y (r),Y (r — 7))dr, bp,(Y(u),Y (u — 7)))du

0<s<t
< Ctht™2 < C,
(3.18)

where we have used « € (0,1/2]. Using the Young inequality, we have
sup E(JY (s A7)[2) = sup E([Y (s A7) — D(Y((s —7) A7) + DY ((s — 7) A7) [?)

0<s<t 0<s<t

<+ 5 sup E(Y(s A7)+ C sup B(Y (s A7) — D(Y((s —7) A 7)),

0<s<t 0<s<t

(3.19)
Now, substituting (3.17) and (3.18) into (3.19), we can derive that
sup E(|Y (s A7)[?) < C+ C( sup E(JY (s A7) — DY ((s —7) AT))]?))

0<s<t 0<s<t

t

<C+ C/ sup E(|Y (u A 7)|?)ds.
0 0<u<s

The assertion (3.15) follows an application of the Gronwall inequality and letting k — oo.

In the sequel, we are now going to show that there exists a constant C' > 0 such that
for any p > 2,

E[ sup |Y(¢)|P] < C. (3.20)

0<t<T
Letting p = 4 and using the It6 formula, we have for any ¢ € [0, 77,

t

Y(t) = DY (t = 7)) =1£(0) = DE(=)F +p | [Y(s) = DY (s — 7))

(5) = D(Y(s = 7)), 0n(Y(s),Y (s — 7)))ds

0%
+p/ Y (s) (s =)V (s) = Y (5), (Y (), Y (s — 7)))ds
(3.21)

+p/ 1Y (s) (s =)%Y (s) = D(Y (s = 7)),0(Y(s),Y (s — 7))dB(s))
— D(E(—=7)|P+ Hy(t) + Ho(t) + Hs(t) + Hy(t).

9



Under assumptions (A1) and (A2), there exists a constant C' > 0 such that
E( sup H(s))+E( sup Hs(s))

0<s<tAT, 0<s<tAT,

<ce [ Y (s) - DOV (s — PP+ V() + V(s — 7))
<CE [ (YOP + DT = 1)+ PR + V(s — )

<CE [ QY EP TP+ V(s = nP)ds < C+C [ B( swp [V(w)P)as.

0<u<sATy

(3.22)
Using Young’s inequality, we derive that

E( sup Hs(s))

0<s<tAT,

< CE( sup [V(s) = D(Y(s =)l x [| /0 Y () = V(6), (Y (5), V(s — 1))ds[2]?)

OSSSt/\?k

<ZE sup [Y(s)— D(V(s - )"+ CE/O 1Y () = V()P (V (), V(s — 7)|P/2ds

Ogsgt/\?k

<lE s [Y(s)-DEFG-n)P+C

4 o<s<inm

(3.23)
where we have applied result from obtained Lemma 3.1 to the second term above.
By the BDG inequality again, we have
E( sup Hy(s))
0<s<tAT
o<Sl<l7B\ p/ V() = DY (u—7)P2|(Y(u) = DY (u—7)),0(Y(u),Y (u—7))dB(u))|)
s Tk
tATE y B B 1/2
< CE( [ 06 = DO = otV (9. (s = 7))
0
B tATE B _ 1/2
<c( s O -DEE- ([ o,V - n)a))
0<s<tAT, 0
1 _ t
< JE( sup  [Y(s) = DY (s —7))") +C+ 0/ E( sup [Y(u)[")ds
4 0<s<tATk 0 0<u<sATy
(3.24)

Substituting (3.23) and (3.24) into (3.21) and using (3.10), for p = 4, we can derive that
E( sup [Y(s)]") <C+CE( sup [Y(s) = D(Y(s—7))")

0<s<tATy 0<s<tATy
¢

< C’+C’/ E( sup [|Y(w)|P)ds
0 0<u<sATy

The required assertion follows from an application of the Grownwall inequality and letting
k — oco. By repeating the same procedure, the desired result (3.9) can be obtained by
induction. O
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3.2 Proof of Main Results

In this subsection, we give proofs for the main results.

Proof of Theorem 3.1: For any 0 < t < T, by [23, Lemma 6.4.1] as well as the
assumption (A2), we have, for p > 2 and ¢ > 0,

X() = Y0 = |X(2) = Y(8) = DX(t 7)) + DVt ~ 7))
+ D(X(t - 7)) — D(Y_(t ))‘p

€

+|X(t) - D(X(t—7)—Y(t)+ DY (t - T))|p> (3.25)

< {1 +5,¢1}p‘1(ﬁplX<t—r> — V(=)

3

+]X(#) = D(X(t—7))=Y(t)+ DY (t - T))\p)

Letting e = [(£-]""", by (3.25) we obtain
sup |X(s) =Y (s)]”
0<s<t
<ksup |X(s—7)=Y(s—1)P

0<s<t

+ ﬁ sup |[X(s) = D(X(s—17)) =Y (s)+ DY (s—71))"

0<s<t

<k sup |X(s)— V() + x sup |X(s) = Y(s) + Y (s) — V(s)]

—7<5<0 0<s<t (3.26)
" ﬁ sup [X(5) = DX (s = 7)) = V(5) + D(V(s = 7))
< sup [X(5) = V)P +hie sup |X(5) = V() +C sup [¥(s) =Y ()
g i 1X(8) = DX (s = 7)) = Y(5) + DV (s = 7)),

where k. € (0,1) is a constant. This, together with (A5), implies

1

E( sup |X(s) —Y(s)’) <

0<s<t - (1 _ /i) E( sup ‘X(S) - D(X(S - T))

Y1 = ke) o<s<t (3.27)
—Y(s)+ D(Y(s = 7)) + Ch¥/2.

11



An application of It6’s formula yields
X(t—7)=Y(t)+ DY (t—7)P

< / X(5) = D(X(s = 7)) = Y(s) + DV (s = 7))

(s—7)=Y(s)+ DY (s —7)),b(X(s),X(s—7)) —bp(Y(5),Y(s —7)))ds

" / X(5) = D(X(s = 7)) = Y(5) + D(¥ (s ~ )" 2
) s—7>>—a<?<>Y<s—T>>n2ds
+p / X(s) = D(X(s 7)) = Y (s) + D(V (s = 7))}~

~ D(X(s = 7)) = Y(s) + D(¥(s 7)),
X<s> X(s = 7)) = o(V(5), V(s = 7)))dB(s))

= / X(5) = D(X(s = 7)) = ¥ () + DV (s = 7))
—D(X(s=71)) = Y(s)+ D(Y(s—7)),b(X(s),X(s— 7)) —b(Y(s),Y(s —7)))ds
—I—p/ | X (s) (s=7)=Y(s)+ D(Y(s=1))P?
= D(X(s = 7)) = Y(s) + DY (s = 1)WY (5), V(s = 7)) = BV (5), ¥ (s = 7))
+p / X(5) = DX (s 7)) = Y (s) + DV (s~ 7))
(s—=7)=Y(s)+ DY (s—7)),b(Y(s),Y(s— 7)) —bu(Y(s),Y (s —7)))ds
L / X(s) =)= ¥(5) + DT (s = 7)) 2
o). s—r)>—a<?<>?<s—r>>wczs
—I—p/ | X (s) (s=7)=Y(s)+ D(Y(s—7))P?
= D(X(s = 7)) = ¥(s) + D(¥ (s~ 7)),
TN  N

=: I1(t) + L(t) + I3(t) + 14(t) + I5().
(3.28)
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By assumptions (A2), (A4) and (A5), we have

E(sup (1(s))) < C / | X (s) X(s=7)) =Y(s)+ D(Y(s— 7))~

0<s<t

X (1X(5) = Y () + X (s = 7) - Y@—ﬂmw
<0E/(W@) Y(s)"2 4 |D(X (s = 7)) = DY (s = 7))
X (|X(s) = V()2 + |X (s = 7) = V(s = 7)[*)ds

< C’/O E( sup |X(u) =Y (u)P)ds + C’/O E( sup |X(u) =Y (u) + Y(u) =Y (u)[")ds

0<u<s 0<u<s

+ C/O E( sup |X(0)—Y(0)|]")ds < C/tE( sup | X (u) = Y (u)[P)ds + Ch? + ChP/2.

—7<6<0 0<u<s

(3.20)
In the same way as in (3.29), we can estimate ,(¢) such that
t
E( sup (I4(s))) < C/ E( sup |X(u) =Y (u)P)ds + Ch? + Ch?/?. (3.30)
0<s<t 0 0<u<s

Using assumption (A4), Holder’s inequality and (3.4), we arrive at
(sup I(s)) < E(/ | X (s) (s—7)=Y(s)+ DY (s—7))P"
0<s<t
X LL+ Y (s)]' + [Y(s)]" + 2¥ (s = 7)) (1Y (5) = Y(S)|)d8)

< ( sup |X(s) — D(X(s—7)) =Y (s) +D(Y(s—1))P!

E(sup |X(s) = D(X(s — 7)) = Y(s) + D(Y(s = 7))I")

1

1 0<s<t

+ CEUO A+ Y|+ Y|+ V(s —1))(Y(s) = y(s)\)ds}
(

E(sup |X(s) — D(X(s—7)) = Y(s)+ D(Y(s — 7))|F)

p

CLAEu+W@W+W@W+W@—ﬂWMY@—Y@mwﬂ

< EE( sup |X(s) = D(X(s = 7)) =¥ (5) + D(¥ (s = 7))

/ L+ ¥ () + V() + ¥ (s = 1)) 2(E]Y (s) = Y (s)[*)"/ds]
E(

<

sup |X(s) = D(X(s — 7)) = Y(s) + D(Y (s — 7))|) + Ch%.

0<s<t

+C
e
1

(3.31)
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We now estimate I3,

B(sup 5(s) <8 [ [X(5) = D(X(s =) = ¥(5) + DT (s = 7))
% [P (3), V(s — 7)) — bu(V(s), V(s — 7))|ds
< YE(sup [X(s) - D(X(s — 7)) — Y(s) + D(F(s — 7))

0<s<t
—i—C’E/ b(Y (s —=7)) = bp(Y(s),Y (s —7))|Pds

< JE(sup [X(5) = D(X(s = 7)) = Y(5) + DY (s = 7)) + Ch"
(3.32)

where we have used the following fact

/|b (s —17)

— b, (Y(5),Y (s —7))|Pds

ap b B(Y(s), 37(3—7))|2p \

=t E[/ T+ b !
(s

1+ he|b(Y(s),Y (s —7))|)P (3.33)
< h‘“”/o E{IL(1+| '+ V(s =)D ()] + [V (s = 7)]) + C|*| ds
< ChP.

Moreover, the BGD inequality yields that
(sup I5(s)) < C’IE / | X (s) (s—7)) =Y (s)+ DY (s—71))*
0<s<t

< [lo(X(5), X (s = 7)) = 0¥ (5), Y (s = 7)) *ds)
< XE(sup |X(s) = D(X(s = 7)) = Y(5) + DV (s — 7))

0<s<t

t _ _ (3.34)
+ C/O E(1X(s) =Y (s)[" + [X(s —7) = Y(s = 7)[")ds

< EE( sup |X(s) — D(X(s — 7)) — Y(s) + D(Y (s — 7))

0<s<t
t

4 c/ E(sup |X(u) — Y (u)P)ds + ChP.
0 0<u<s

Substituting (3.29), (3.30), (3.31), (3.32) and (3.34) into (3.27), then for any ¢ € [0, 7],
we have

¢
E( sup |X(s) —Y(s)|") < C’ho‘p—l—C'hp/z—l—C'hp—l—C'/ E( sup |X(u) — Y (w)|P)ds
0

0<s<t 0<u<s

< Ch™ + C/o E(sup |X(u)—Y(u)lP)ds.

0<u<s

(3.35)
The desired result follows by the Grownwall inequality and the fact o € (0,1/2]. a
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In the sequel, we want to prove Theorem 3.2, in which the monotonicity condition
(A4) is replaced by its local counterpart (A3). The techniques of this proof have been
developed in Higham, Mao and Stuart [16] where they showed the strong convergence
of the EM method for the SDE under a local Lipschitz condition. Therefore only the
sketched proof is provided here.

Proof of Theorem 3.2: For every R > 0, we define the stopping times
Tr:=1inf{t > 0:|X(t)| > R}, pr:=inf{t>0:|Y(t)| > R}, (3.36)
and denote that 0g = TR Apgr, and e(t) = X (t)—Y (¢). By the virtue of Young’s inequality,
for ¢ > p and n > 0 we have for any ¢ € [0, 7]

| sup [e(6)’| < B[ sup eI T <o ] +E| sup les 6P
0<s<t 0<s<t 0<s<t

K [(np/q sup |e<s>|p) (np/qf{m o })] ; E[ sup Je(s A wp]

0<s<t 0<s<t

pn q9—p
<—E| sup | X(s) =Y (s)|!| + ———=P(mr<torpr<t
< P sup 1X(5) = V(9| + Lo Plrm < torpn <

+ E[ sup |e(s A QRM

0<s<t

< Paed | sup 17|+ | sup o] v L2 L I g ol

+ E[ sup |e(s A 03>|p}

0<s<t

< . 21C + ﬁ?p/(q_p)RpC—i—Elosgggtk(s/\OR)| ]

In the similar way as Theorem 3.1 was proved, we can show that

E{ sup |e(t A QR)|p} < Crh®. (3.37)

0<t<T

Finally, given an € > 0, there exist some 7 small enough that

quC < E’
q 3

choose R large enough that
B
qnp/(q_p) Rp 3 ’

and h small enough that

)

E[ sup |e(t AOg)[P] <
0<t<T

Wl

Hence we obtain
E| sup |X(t) =Y ()P <e.

0<t<T
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4 Tamed EM Method of NSDDEs driven by Pure
Jump Processes

In this section, we investigate NSDDEs driven by pure jump processes. Similar to NSD-
DEs driven by Brownian motion, most NSDDEs driven by pure jumps have no explicit
solutions. Therefore, it is important to investigate the numerical approximation of NSD-
DEs driven by pure jumps.

We need to introduce more notation. Let (Y,B(Y)) be a measurable space, and
p: D, — Y an adapted Poisson point process, where D, is a countable subset of R . Then,
as in Tkeda-Watanabe [17, p.59], the Poisson random measure N(-,-) : B(R; x Y) x Q —
N U {0}, defined on the complete filtered probability space (€, F, (Fi)i>0,P), can be
represented by

N0 xT)= 3 1e(p(s)). T eBY).

s€Dy,s<t
In this case, we say that N is the Poisson random measure generated by p. Let A(-) =
EN((0,1] x -). Then, the compensated Poisson random measure

N(dt,dz) := N(dt,dz) — dt\(dz) is a martingale.

In what follows, we further assume that [, [u[’A(du) < oo for any p > 1. In this
section, we consider the following NSDDE driven by pure jump processes on R" :

dlz(t) — G(z(t —7))] = f(2(@t), z(t — 7))dt + / g(x(t=), 2((t — 7)), u)N(dt,du), t >0,
¢

(4.1)

with initial data {z(f) : —7 <0 <0} = £ € Lz ([-7,0;R"),p > 2, 2(t—) := limy, 2(t),

where G : R" — R", f: R" X R"” — R"”, and g : R" X R" X Y + R"™ are Borel measurable.

Again, we assume that the step size h € (0,1) be fraction of two positive rational
numbers 7 and 7', so that there exist two positive integers M, M such that h = T/M =
T/M.

For the future use, we assume:

(B1) There exists a positive constant K such that

2(2—G(y), f(2,y)) < Ki(1+]z[*+|y[*) and /Ylg(w,y,U)I”A(dU) < Ky (T [P+ y[?)

(4.2)
for Vz,y € R",p> 2, and f(x,y) is continuous in both x and y.
(B2) G(0) =0 and there exists a constant ~ € (0, 1) such that
|G(z) — G(z)] < K|z — Z| for all z,y € R™. (4.3)

(B3) For any R > 0, there exists a positive constant Kp such that for all |z|V |y|V |Z| V
gl <R, p=2

2z —Gly) -2+ G(©), f(z,y) — f(i‘ 9)) < Kr(le = 21> + ly — 4%,
il (4.4)

/ 9z, y,10) — 9@ 5 W) PA(du) < Kallz -2 + |y — gP).
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(B4) There exist two positive constants [ and L such that for all z,y,z,5 € R*,p > 2
(= Gly) —2+G©), fx,y) — f(2,9)) < L]z — 2 + |y — yI*)
/ 9z, ,u) — 9@, 7, u) PA(d) < Ll — 2l? +1y ")
and
[f(@y) = F@PI < LA+ 2] + 1yl + |2 + 171 (= — 2] + |y — 7).
(B5) For every p > 0, there exists a positive integer K, such that
E||(t) — £(s)||P < K|t — s|P, for any s,t € [—,0].

Remark 4.1 Under assumptions (B1), (B2) and (B4), in the same way as that of [24,
Theorem A.1] we can prove that the NSDDE (4.1) with the initial data z(0) = £ satisfying
E[|£||* < oo has a pathwise unique strong solution. If the condition (B4) is replaced by
the condition (B3), the existence and uniqueness theorem still holds.

Set

fu(z,y) = fﬁf 4]
L+ hel f(z,y)l

Similarly to the Brownian motion case, the discrete-time tamed EM scheme associated

with (4.1) can be defined as following: For every integer n = —M,--- 0, Zhn) = &(nh).

For every integer n =0,--- , M — 1,

a € (0,1/2].

A Gy = G (e, A D / g(z", 2" W) ANP (du),
Y

. N \ (4.5)
where AN} (du) := N((n + 1)h,du) — N(nh,du), the increment of compensated Poisson
process. We may rewrite the discrete tamed EM scheme as follows:

z,(lnﬂ) :G(z,&"H*M)) +£(0) — )+ Z In( zh ,zh

—i—Z/ z}(f),zh u)AN; (du).

For t € [nh, (n + 1)h), denote that z(t) := z,(L , and then z(t — 1) = z,(ln M) 1t is more
convenient to define the continuous-time tamed EM approximate solution z(t) associated
with (4.1) as below:

For any 0 € [—7,0], 2(0) = £(0). For any t € [0,7],

(4.6)

2(t) =G(z(t — 7)) + £(0) — / fn(z(s), 2(s — 1))ds

// Z((s — 7)=), u)N(ds, du).

Since for any t > 0 there exists a positive integer n, 0 < n < M — 1, such that t €
[nh, (n + 1)h), we have

(nh) + /fh s — 7 ds+/nh/ )2 (s — 7)— )u)N(ds,dui;“;)

(4.7)
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Clearly, the continuous-time tamed EM approximate solution z(¢) coincides with the
discrete-time tamed approximation solution Z(¢) at the grid points t = nh, i.e. z(t) =
zpb = z(nh).

We now state our main results of this section.

Theorem 4.1 Assume that (B1), (B2), (B4) and (B5) hold. Assume also that p > 2
and o € (0,1/p), then the tamed EM scheme (4.7) converges to the exact solution of (4.1)
such that

E[ sup |2(t) — z()P| < Cw, (4.9)

0<t<T

where v = 1/2 A ap.

Theorem 4.2 Assume that (B1)-(B3) and (B5) hold. Assume also that p > 2 and
a € (0,1/p), then the tamed EM scheme (4.7) converges to the exact solution of (4.1)
such that

hmE[ sup |z(t) — x(t)|p] = 0. (4.10)

h=0  Lo<t<T

4.1 Boundedness of Moments

In order to show our main results, we need the following inequality [25, Theorem 1].

Lemma 4.1 Let ¢ : Ry XY x Q2 — R" be a progressively measurable process and assume
that

t
//]gp(s,u)|2)\(du)ds<oo, t>0 a.s.
0 Jy

Then there exist a constant C, > 0 such that for any p > 1

e | [ [ strawtarior) < 6ol [ [ )
4 E /0 /Y ]go(s,u)|p)\(du)ds}.

It is known that if 1 < p < 2, then the second term on the right hand side can be
eliminated.

Lemma 4.2 Consider the continuous-time tamed EM scheme given by equation (4.8).
Assume that p > 2, € (0,1/p), and

sup E(|]z(t)|P) < C. (4.11)

0<t<T

Assume also that (B1) holds, then the following two inequalities hold

E[ sup sup  |z(t) — z(nh)|p} < Ch, (4.12)

0<n<M—1nh<t<(n+1)h

and
E[ sup sup  |z(t) — z(nh)|P|fu(2(t), 2(t — T))|p:| <C. (4.13)

0<n<M—1 nh<t<(n+1)h
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Proof: By the definition of z(¢), we can write that

E[ sup ]z(t)—z(nh)\p]:E[ sup

nh<t<(n+1)h nh<t<(n+1)h

Therefore, due to Holder’s inequality,

E[ sup |z(t)—z(nh)|p}

nh<t<(n+1)h

<rws| [ T (e). 2 - T))\pds]

/nh/ (2(s=), 2((s — 7)=), w) N (ds, du)

+ 2p1E[ sup

nh<t<(n+1)h

|

/ / ),Z2((s — 7)=), u)N(ds, du)
nh<t<(n+1)h | Jnh

(n+1)h /2
< C[E / / 19(2(s), 2(s = 7), w)|*Mdu)ds)”

+E / e / 19(2(5), 2(s — 7), w)|PA(du)ds]

(n+1)h
< (JE/ (14 2()[P + |5(s — 7)P)ds
nh

[ sup

< Ch.

This, together with |f(Z(s), z2(s — 7),s)| < h™?, yields
E[ sup  |z(t) — z(nh)]p} < 2 1p=9P L Ch < Ch.
nh<t<(n+1)h
Hence (4.12) holds. Moreover,
El sup |z(t) — z(nh)[?| fu(2(s), 2(s — 7)) " ]
nh<t<(n+1)h

< E[ sup  |z(t) — z(nh)|p} h™? < Ch'™ < C,

nh<t<(n+1)h

as required. The proof is therefore complete.

The result of boundedness is given below:

/n fulz(s), 25 = 7))ds

/nh/ (2(s=), Z((s — 7)=), u)N(ds, du)

1

Using Lemma 4.1, Holder’s inequality and (4.11), for some p > 2 we have

(4.14)

(4.15)

(4.16)

Lemma 4.3 Assume that (B1) and (B2) hold. Assume also p > 2, € (0,1/p), then

there exists a constant C' such that

E[ sup |o(t)] VE[ sup [2(t)]"] < C.

0<t<T 0<t<T
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Proof: Similarly, we can give a proof for p = 2, and then for p > 2 as the case of NSDDEs
driven by Brownian motion, here we only give a proof for p > 4. For every integer k > 1,
we define a stopping time as follows

7 =T ANinf{t € [0,T] : |z(t)| > k}.
Clearly, 7, — T as k — oo almost surely. Now, for any ¢ € [0, T, we have

[o(t) = Gla(t = )P = (|l2(t) — Gla(t — 7))

t p/2
< c(|s<o> =GP +| [ 1ol = Glals = 1), fla(o),als = s
\ / / [2(s) = Gla(s — 7)) + gla(s), (s — 7), @) = [a(s) — Gla((s — )P
p/2
—G(x(s—1)),9(x(s),z(s — 7),u))N(du)ds
\ / / [2(s—) — G(al(s — 7)=) + gla(s—)sa((s — 7)), w)P
~ p/2
 la(s=) = Glal(s = 7)) ) Nds. )| )
Due to assumptions (B1), we derive that
(o, 7))
o AR p/2
< CE / (x(s) — G(x(s — 1)), f(x(s),x(s — 7)))ds
) o2 (4.18)

< CE /0 Tk(l 4 z(8)|* + |z(s — 7)[})ds

tATE tATE
<C+ CIE/ (s)[Pds = C + CE/ lo(s—)Pds
0 0

where the Holder inequality is employed in the last second step. By the Taylor expansion,
one gets

@ +y P — |2’ — pla,y) P72 < C(le"2lyl* + [yI7). (4.19)
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This, together with (B1), (B2) and the Holder inequality, implies

E( sup J3(8))

< CE / " / [2(s) — Gla(s — 7)) + g(x(s), 2(s — 7),w)[2 = a(s) — Gla((s — 7))
p/2
— G(x(s—171)),g9(x(s),z(s — 7),u)) N(du)ds
AR p/2
<CE (z(s — 1)) + [g(a(s), z(s — 7), w) "] \(du)ds
t/\m p/2
< CE / (1 + [2(s) + 2z — 7))ds
<C+CE / M (s)Pds = C + O / M e s,
' " (4.20)
Using Lemma 4.1, Taylor’s expansion and noting p > 4, one has
Bl Jis)
< CE / ’ | Jlots=) = Gtatts = =) sl al(s = 7)), )P
p/2
—|x(s—) = G(z((s —7)=))I?|  Mdu)ds
n OE( / i IS (s = 1)) + gla(s—), 2((s — 7)) w)]?
2 p/4
~als—) — Gla((s — 1) )P A(du)ds)

|2(s—) — G(z((s = 7)) + g(@(s—), 2((s — 7)), )|

p/2

A(du)ds

t/\f'k
]
0 Y

= |o(s=) = G(z((s = 7)=))I”

< CE / . / (l2(s—) — Gla((s — D)= + gz(s—), 2((s — 7)), ) P) Adu)ds

tATy
<C+ C’E/ |z(s—)|Pds.
0
(4.21)
Applying [23, Lemma 6.4.4] (also see (3.10)), we derive that
tATE
E( sup |z(s)]P) <C+ C’E/ ’x(s—)|pds < 00.
0<s<tAFy 0
This implies
t
E( sup |z(s)]P) <C+ C/ E( sup |z(v)")ds.
0

0<s<tATy 0<v<sATE

21



By the Gronwall inequality and letting k — oo, we have

E( sup |z(t)]’) < C.

0<t<T

The proof of boundedness of EM approximation is analogous to its Brownian motion
counterpart, we first claim that there exists a constant C' > 0 such that:

sup E(|z(1)]?) < C. (4.22)

0<t<T

For every integer k > 1, define the stopping time
7 =T Ninf{t € [0,T],|2(t)| > k}.

Clearly, 7, — T as k — oo almost surely. Now, for any ¢t € [0, 7], an application of the
[to formula yields

|2(t) — G(2(t — 7)) = €(0) — G(&(=7))I”
+ 2/0 (2(s) = G(2(s = 7)), fu(2(s), 2(s = 7)))ds

+2/<<> 2(s), fa(2(s), 2(s — 7)))ds
(//| 25— 1)) + g(2(s).2(s — 1), w)|? — |2(s) — G(z(s — 7))

(4.23)
—2(z(s) = G(z(s — 7)), 9(2(s),2(s — 1), ))) A(du)ds
+ [ (2062) = G =)=+ gla5), 2((5 = =)
—Ja(s2) — Gla((s = 7)) N(ds, du)
= [€(0) = G(E(=7))|* + Ja(t) + Jao(t) + Ja(t) + Ju(t).
By (B1), we compute
sup E(Ji(s A 7)) < E/ k C(1+12(s)]* + 2(s — 7)|*)ds
O=s=t 0 (4.24)

tA# tA#
<C+ CE/ |2(s)|?ds = C + CE/ |2(s—)|*ds.
0 0
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Using the definition of z(s) and Z(s), together with the property of conditional expectation,
we have

sup E(jg(s/\f'k)) = 2{ sup E/s Tk(fh(é(v),é(v —7)), fh( (r),z(r — 7))dr)dv
0<s<t A 0<s<t Jo [Z1h

+ E/O ’“</[U]h gn(2(r=), 2((r — 7)), u)N(du, dr), fu(z(v), z(v — T)))dv}
:nggE/' mmx>av—ﬂ»[wn<<><r—ﬂmmw

+E / / ]h ), 2 ((r — )=, w) N (du, dr), Fu(5(0), 20 — 7)) \m%]hdv}

=2 [ [ a0, 20— )i, 0, 5~ )
o Jizh

< Cth'™?* < C.
(4.25)
By using (4.19), we have
¢
sup E(J3(s A 7)) < C’E/ (I+]z(s A %k)\Q +1z2((s—71) A %k)IQ)ds
— 0 (4.26)

tAR tA#
< C+ CE/ |2(s)]?ds = C' + C’E/ |2(s—)|*ds.
0 0

By taking the expectation of J;(t), we know that it is a local martingale with E(J4(¢)) = 0.
Therefore, we have

sup E(|z(s)]?) < C + C( sup E(Jz(s ATx) — D(Z2((s — 1) A %k))|2))

0<s<tARL 0<s<t

t/\Tk
<C+ C’E/ |2(s—)|*ds < oo,
0

This means

sup E(|z(s)]}) < C—l—C/Ot sup  E(|z(v)]*)ds.

0<s<tAF 0<v<sAR

Letting & — oo, the required result (4.22) follows an application of the Gronwall inequal-
ity.
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Now, letting p = 4 and using the 1to formula, we have
2(t) — G(a(t — )P = (|=(t) — G(z(t —7))]2)"?
< c(\s<o> —Gle(-m)P +

p/2

/0<2(5) — G(2(s = 7)), fa(2(s), 2(s = 7)))ds

(s = 7)) +9(2(s), 2(s — 7). w)|* = |2(s) — G(a(s — 7))I”

p/2

—2(2(s) — G(2(s — 7)), g(2(5), Z(s — 7), u))) Mdu)ds (4.27)
(s = 71)=)) +g(2(s—), 2((s = 7)=), u)
~ p/2
= Ja(s) = GIE(s = 7)) ¥ )| )
By using assumption (B1), (4.13) and (4.22), we arrive at
AT p/2
B _swp Fa(s) < CB| [ (1420 + 125 — 7))
AT, p/2
+E /0 |2(s) — Z(s)| I fu(2(s), 2(s — 7))|ds
< CE / Ma +|2(s)[P + |2(s — 7)|P)ds (4.28)
+CE/0 " (12(5) — ZOPELSa(2(5), 2 — 7)) P2)ds
<C+CE / M (s)Pds = C + CE / M s s,
where the Holder inequality is also applied. By (B1), (B2) and (4.19), we obtain
EoeiD s, 130
< CE / " / [2(s) = G(2(s — 7)) + g(2(s), 2(s — 7). W) — |2(s) — G(z(s — 7))
p/2
—G(zZ(s —7)),9(2(s), 2(s — 7),u))\(du)ds
tATE p/2
<CE (s = TP + lg(2(s), 2(s — 7), w) | A(du)ds
<C+CE / 2 |2(s)Pds = C + CE / " (5o s
' " (4.29)
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Using Lemma 4.1 and Young’s inequality, we derive that

E( sup Fy(s))

0<s<tATy

tATy
el
0 Y

tATE
+(JE(/ /
0 Y

tATy
]
0 Y

|2(s—) = G(2((s — 7)) + g(2(s—), 2((s — 7) =), W)

[2(s—) = G(2((s = 7)) + g(2(s—), Z((s — 7)), w)|*

2

p/4
Ces-) — GE((s — ) =) A(du)ds)

|2(s—) = G(z((s — 7)) + g(2(s=), 2((s — 7)), u)|*

p/2

—|2(s=) = GE((s =7)=))FF|  Adu)ds

<CB [ [ (lstsm) = Ga((s = =)+ lo(e(s=). (05 = 7)), ) A

tATE
<C+ CE/ |z(s—)[Pds.
0
(4.30)

Now substituting (4.28), (4.29) and (4.30) into (4.27), we obtain that
tATy
E( sup |z(s) —=G(z(s—=1))P) <C+ CE/ |z(s—)|Pds.
0<s<tAFy 0
By applying [23, Lemma 6.4.4] (also see (3.10)), we derive that
tAFy
E( sup |z(s)]P) <C+ C’E/ |z(s—)|Pds < 0.
0<s<tAFy 0
This implies
t
E( sup |2(s)])) <C+ C/ E( sup |z(v)|?)ds.
0

0<s<tAF) 0<v< AT,

By the Gronwall inequality, we have

E( sup [|2(t)") <C.

0<t<TAF,

The required assertion follows for p = 4 by letting k — oco. Repeating the same procedure
above, we can obtain the result (4.17). O

4.2 Proof of the Main Results

In this subsection, we shall prove our main results.
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Proof of Theorem 4.1: By using the similar approach as (3.26), we have

sup |z(t) — z(t)|P <k sup |z(t—7)—zZ(t —1)]P

0<t<T 0<t<T

i (1_71"@)101 OiltlfT |2(t) = G(a(t —7)) = 2(t) + G(2(t = 7))

<k osup |z(t) — 2(t)[" + i sup |z(t) — 2(t) + 2(t) — 2(1)["

Tt e, 2 = Glalt = 7)) = 2(0) + Gt - )l
<k osup 2(t) — 2(1)[” + Ko Sup |2(t) — 2(1) + ¢ sup. |2(t) = Z(t)[”

| <

LT T [2(t) — G(a(t — 7)) = 2() + G(Z(t — 7))[".
(4.31)
where . € (0,1) is a constant. This, together with (B5), implies that
1
E( sup |z(s) — z(s)?) < E( sup |z(s) — G(x(s —
(Ogsgt’ ( ) ( )’ ) = (1 —Ii)p_l(]_ _Rc) (Ogsgt‘ ( ) ( ( T)) (432)

— 2(s) + G(2(s = 7))|") + Ch? + Ch.

An application of the It6 formula yields that for any p > 2,

=
—~

t) = Ga(s — 7)) = 2(t) + G(z(t = 7)) "
t) — Ga(s — 7)) — 2(t) + G(z(t — 7))]2)""*

A<u@—0u@—7»—4@+aww—ﬂx

Il
—~
=

p/2

fx(s), 2(s — 7)) = fu(2(s), 2(s — 7)))ds

+ /0 s [z(s) — G(z(s — 7)) — 2(s) + G(z(s — 7))
+ (g(x(s),2(s = 7),u) — g(2(s), 2(s — 7),u))
— |2(s) = Ga(s — 7)) — 2(s) + G(2(s — 7)) (4.33)
—2(x(s) — G(z(s — 7)) — 2(s) + G(Z(s — 7))
p/2
g(z(s),x(s —7),u) — g(z(s), 2(s — 7), u)) A\(du)ds
#| [ [ 1ale) = Gats = ) = 29 + G(ets = 7)

p/2>
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Using the similar approach in(3.28), we derive

A«u@—G@@—T»—4@+G@@—ﬂx

By the definition of f;, and Lemma 4.2, we have
CE / F(5(5), 55 — 7)) — fu(3(s), 55 — 7)) Pds

Y t | f(Z(s), 2(3—7))|2p s
<h E{/O (1 + he[f(2(s), z(s — 7)) d}
(

Sﬂﬂﬂﬂ+WWWWS—wXHw+ﬁ®—M+D}

< heP.

This, together with (B1), (B2) and (B4), yields
0

E(sup Fi(t)) < C’IE/O ( sup |z(v) —z(v)|p)d8+0E/ ( sup |z(0) —

0<s<t 0<v<s —7r  —71<6<0

—i—C’E/ 1f(Z(s),2(s — 7)) = fu(2(s), 2(s — 7)) |Pds
+CE/O(1+| 2(s)|'+ [2() 4 2[2(s — 7)) (| 2(s) — 2(s])")ds

<C+ C’/O E[ sup |z(v) — z(v)[P]ds

0<v<s

+CW”+0E/|f (s — 1)) — ful2(s), 2(s — 7)) Pds

< C/O E[ sup |z(v) — z(v)[Plds + Ch7,

0<v<s

where v = 1/2 A ap. By (B2), (B4) and (4.19), we arrive at
E( sup Fy(s))

<CE/ 12(s) (s — 7)) — 2(s) + G(Z(s — P
(s —7),u) — g(2(s), Z(s — ), w)|"ds

< Ch? + C/o E[ sup |z(v) — z(v)[]ds.

0<v<s
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2(0)]7)ds

(4.34)

(4.35)



and

|2(s) = G(z(s = 7)) = 2(s) + G(2(s = 7))

+ (g(a(s),2(s — 7),u) — g(2(s), 2(s — 7), u))|?
p/2

—|2(s) — G(z(s — 7)) — 2(s) + G(2(s — 7))|?|  A(du)ds

(/1

+ (g(x(s),x(s - T)vu) - 9(2(3)’2(8 - T)7u))|2

|2(s) = G(x(s — 7)) — 2(s) + G(2(s = 7))

2

— Ja(s) — G(a(s — 7)) — 2(s) + G(z(s = 7))

t

p/4
A(dU)dS> (4.36)

s |2(s) = G(z(s — 7)) — 2(s) + G(2(s — 7))
+ (g(z(s),2(s = 7),u) — g(2(s), 2(s — 7), u))|?
p/2

—|2(s) — G(z(s — 7)) — 2(5) + G(2(s — 7))|?|  A(du)ds

<=/ [
e

< Ch? + C’/O E[ sup |z(v) — z(v)|F]ds.

0<v<s

x(s) = G(z(s — 7)) — 2(s) + G(Z2(s — 1)) P
(s),z(s —71),u) — g(2(s), 2(s — 1), u))]p))\(du)ds

Now, substituting (4.34), (4.35) and (4.36) into (4.33), and using (4.32), we have

E( sup |z(s) — z(s)[") < Ch” + Ch? + C’E/O sup |z(v) — z(v)[Pds

0<s<t t Osvss (4.37)
< Ch” + C/ E[ sup |z(v) — z(v)|P]ds.
0 0<v<s
An application of the Grownwall inequality yields the desired result. O

Proof of Theorem 4.2: Noting the fact that all sample paths associated with (4.1)
are discontinuous, we define the following stopping times as follows, for every R > 0,

Fro=inf{t > 0: |z(t)| > R}, pg:=inf{t>0:|2(t) > R}. (4.38)

The remainder of the proof is similar to the that of Theorem 3.2, we omit details here. O
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