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We consider Fock representations of the Q-deformed commutation relations asaj
= Q(s, 1‘)(9lT Os+6(s,t)fors,teT.Here T := R4 (or more generally 7 is a locally com-
pact Polish space), the function Q : T2 - C satisfies |O(s, )| <1 and Q(s, t) = Q(t, 5),
and [r2 h(s)g()6(s, ) o-(ds)o(dt) := [ h(t)g(t) o(dt), o being a fixed reference mea-
sure on 7. In the case, where |Q(s,t)| =1, the Q-deformed commutation relations
describe a generalized statistics studied by Liguori and Mintchev. These generalized
statistics contain anyon statistics as a special case (with 7 = R? and a special choice of
the function Q). The related Q-deformed Fock space F(H) over H :=L*(T — C, o)
is constructed. An explicit form of the orthogonal projection of H®" onto the n-
particle space F,(#H) is derived. A scalar product in F,(#) is given by an oper-
ator P, >0 in H®" which is strictly positive on F,(H). We realize the smeared
operators 6: and 0, as creation and annihilation operators in F(H), respectively.
Additional Q-commutation relations are obtained between the creation operators
and between the annihilation operators. They are of the form 6; 6; =Q(t, s)(');aj ,
050, = Q(t, 5)0,0,, valid for those s,t€ T for which 1Q(s, )| = 1. Published by AIP
Publishing. [http://dx.doi.org/10.1063/1.4991671]

. INTRODUCTION
The aim of the paper is to construct Fock representations of the Q-commutation relations
8,0 = (s, )0, ds + 6(s,1), s, 1€T. (1)

Here T =RY, or more generally, T is a locally compact Polish space, the function Q: 72 — C is
Hermitian, i.e., Q(s, 1) = Q(t, s), and satisfies |Q(s, 1)| < 1, d; and (9,T are operator-valued distributions,
adjoint of each other, and

/ o(s,)f (s, 1) o(ds) o(dt) := /f(t, 1) o(dr),
T2 T

where o is a fixed Radon measure on X (typically o-(dr) = dt being the Lebesgue measure if 7 = R?).
We will call (1) the Q-deformed commutation relations, or just Q-CR.

For a function Q satisfying |Q(s, #)| = 1, a Fock representation of the Q-CR was constructed by
Liguori and Mintchev.?* In that case, creation operators 6; and annihilation operators 0, satisfy the
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additional commutation relations
0107 = 01,9970}, 8,6, = 0(t.5)8,d. )

The term Fock representation means that for each annihilation operator, one has 9;Q2 =0, where Q is
the vacuum vector.

In the present study, relations (2) will hold for those s, # € T which satisfy IQ(s, #)l = 1. Note that
under the assumption that the function Q is Hermitian, the commutation relations (2) are consistent
if and only if 1Q(s, 1)l = 1.

For the first time, an interpolation between the canonical (bosonic) commutation relations
(CCR) and the canonical (fermionic) anticommutation relations (CAR) was rigorously constructed
in Ref. 7. Let H be a separable Hilbert space and let g € (—1, 1). On a g-deformed Fock space over
H, Bozejko and Speicher’ constructed g-creation operators a*(f) [in fact a*(f) were free creation
operators], and g-annihilation operators a™ (f) := (a*(f))", for f € H, which satisfy the g-commutation
relations

a (fa*(g)=qa*(®a () +(f.&n> [f.geM. 3)
The limits g = 1 and g = —1 correspond to the boson and fermion statistics, respectively, thus giving
the CCR and CAR. The case g = 0 corresponds to the creation and annihilation operators acting in
the full Fock space; these operators are particularly important for models of free probability, see,
e.g., Refs. 30 and 5. Aspects of noncommutative probability related to the general g-commutation
relations (3) were discussed, e.g., in Refs. 7, 4, and 1.

By using probabilistic methods, Speicher® proved existence of a representation of the (discrete)
gj;-commutation relations of the form

0] = 4;0; 0; + 6y, )

with -1 <g¢g;=¢; <1,i,j€N, and (6;)* = 8;. Bozejko and Speicher® constructed a Fock representa-
tion of the following commutation relations between creation operators 6; and annihilation operators
0;, with i,j e N,
(9,'3; = Z quf 6;61 + 5,'1;. (®)]
k.l

They showed that if the operator ¥ given by the matrix (q]’:f is self-adjoint, satisfies the braid

). .
i.k,l
relations, and has norm <1, then there exists a Fock represeétation of the commutation relations
(5). As a consequence, they obtained a Fock representation of the g;-commutation relations (4)
even for complex g; with g; =g and supiiilq,-jl =||¥|| < 1. By taking the weak limit of corre-
sponding operator algebras, Bozejko and Speicher® also derived existence of a representation of
the g;;-commutation relations (4) with sup; ;|g;| = ||| = 1. Also Jgrgensen, Schmitt, and Werner''?
considered representations of the commutation relations (5).

In the case, where ||| = 1, Jgrgensen, Proskurin, and Samoilenko?® found, for n > 2, the kernel
of the nonnegative operator which determines the scalar product in the n-particle space of the Fock
space corresponding to the commutation relations (5). The papers Refs. 8 and 20 taken together give
then a Fock representation of the commutation relations (4) with sup; J lgijl = 1.

Properties of the algebras generated by such operators were studied by many authors. In the
context of C*-algebras, let us mention the works by Dykema and Nica'' and Kennedy and Nica?!
(who studied relations of the C*-algebras generated by the g-commutation relations with the Cuntz
algebra), Jgrgensen, Schmitt, and Werner'®!? (who studied the Wick order generated C*-algebras),
and Proskurin and Samoilenko?? (who studied general Wick *-algebras). There are also a number of
studies of the g-commutation relations in the context of von Neumann algebras, in particular, by Lust-
Piquard? (who studied properties of the Riesz transform), Krélak,?> Nou,3! S/niady,35 and Ricard*?
(who studied factoriality problems), Shlyakhtenko** (who studied Voiculescu’s free entropy for fam-
ilies of g-Gaussian operators), and Bozejko” (who studied positivity of the symmetrization operators
constructed through a self-adjoint Yang—Baxter operator ¥ > —1). Also Dabrowski,'® Guionnet and
Shlyakhtenko,!” and Nelson and Zeng”®* proved that g-factors or, more generally, g;-factors are
isomorphic to the free group factors (¢ = 0) for small values of g or g;;, respectively. Another possible
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generalization of the commutation relations (3) related to the group of signed permutations can be
found in Ref. 3.

All the above mentioned investigations are of discrete type so that the set T is at most countable. As
we have already mentioned above, in the continuous setting, a Fock representation of Q-CR (1) and (2),
called a generalized statistics, was constructed by Liguori and Mintchev,?* see also Refs. 14-16, 13,
and 6. A rigorous meaning of these commutation relations is given by smearing them with functions
from H := L>(T — C, o). More precisely, defining for f € H operators a*(f):= [ o(dt)f (t)a,T and
a (f):=Jr O'(dt)mat, we get the commutation relations

a(fa*(9)= /T 0(ds) AN f($)30Q(s, )] 8 + /T F0g@ o),
a*(f)a*(g) = /T  ods)aldnf (5)8(NQ(1, )3 3],

a (fa (g)= /T | 0(ds) o(dt) f(5)g()Q(t. 5)0, 05

where f, g € H. (Of course, the operator-valued integrals in these relations should be given a rigorous
meaning.)

From the physical point of view, the most important case of a generalized statistics is the anyon
statistics, where T =R? and the function Q(s, f) is determined by a complex parameter ¢ with
Igl = 1, namely,

q, if st<rl,

Q(S,l)={_

g, if s1 >l

(6)

Here, s=(s',5%),7=(s', %) e R%. Note that the value of the function Q on the set {(s,7) € T?|s’
=t} does not matter for the Fock representation of the Q-CR. For an explanation as to why such
commutation relations describe an anyon statistic, we refer the reader to Liguori and Mintchev’s
paper?* and to Goldin and Sharp’s paper.'®

Goldin and Majid'? proved the following anyonic exclusion principle, which generalizes Pauli’s
exclusion principle for fermions: If ¢” = 1 and g # 1, then the creation operators a*(f) in the
Fock representation of the anyon commutation relations satisfies a*(f)" = 0, or equivalently, the
Q-symmetrization of the function f®™ is equal to zero.

In Ref. 26, non-Fock representations of the anyon commutation relations have been constructed,
whose vacuum states are gauge-invariant quasi-free. Note that for those representations, the (real)
value of the function Q(s, t) for s =  must be specified.

Let us mention that anyon systems have also been considered in the discrete setting, i.e., when
T cN, see, e.g., Refs. 12, 23, and 13 It should be, however, mentioned that when discussing the
anyons in the discrete setting, Goldin and Majid'® dropped the assumption that the annihilation
operator is adjoint of the creation operator and proved an anyonic exclusion principle for their
model.

In this paper, we study the continuous case with a function Q satisfying |Q(s, f)| < 1. This natural
choice of Q contains generalized statistics and the relations (3) as special cases. We would also like to
draw the reader’s attention to the study by Merberg,?’ where the case Q : 7> — (-1, 1) was considered
and factoriality of the related von Neumann algebras generated by the Q-Gaussian operators was
discussed.

In Sec. II, we present a construction of the Fock representation of O-CR (1). To this end, we
construct a certain Q-deformed Fock space over H = L?>(T — C, o), denoted by F(#). We describe
the n-particle subspaces, F,,(H), of F(H). As a set, each F,,(H) is a subset of H®" = L*(T" — C, o ®")
and consists of all functions £ € H®" that are Q-quasisymmetric, meaning that, almost every, for
eachkefl,...,n—1},

f(n)(tla LR ,tn) = Q(tkatk+1)f(t1’ LR ,tk+17tk7 LI ’tn)’ (7)

provided 1Q(#, t;+1)l = 1. We derive an explicit formula for the orthogonal projection of H*®" onto
Fn(H). A scalar product in F,,(H) is given by an operator P, > 0 in H®" which is strictly positive on
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Fn(H). We then realize a* (f) and a™(f) (f € H) as creation and annihilation operators acting in the Q-
deformed Fock space F(H). These operators satisfy O-CR (1). Additionally, due to the Q-symmetry
(7) in each F,(H), we get the following commutation relations between the creation operators and
between the annihilation operators:

8/, = 0(t,5)9, 8], if10Gs,Dl=1,
50, = 0(t,9)0,0,,  if (s, )| =1. ®)

We note that by choosing T to be a discrete set and o to be the counting measure on 7, one can
apply our results in a discrete setting. In fact, the explicit description of the n-particle space F,(H),
explicit formula for the orthogonal projection of H®" onto J,,(#), and the additional commutation
relations (8) appear to be new results even in the discrete setting.

We finish Sec. II with a proposition that shows that discrete anyons of fermion type satisfy the
anyonic exclusion principle, compare with Ref. 13.

In Sec. III, we prove the results formulated in Sec. II.

Il. CONSTRUCTION OF THE FOCK REPRESENTATION OF Q-CR

In this section, we will construct a Fock representation of the commutation relation (1), and we
will note that the additional commutation relations (8) then also hold.

A. Operator P,

Let T be a locally compact Polish space, let B(T) denote the Borel o-algebra on 7, and let
o be a Radon measure on (T, B(T)). Let E € B(T?) be a symmetric subset of T if (s,f) € E then
(t,5) € E. We assume that o®%(E) =0. Denote T® := T2 \ E, which is also a symmetric set. We fix a
complex-valued measurable function

0:T? = {zeC: [zl <1},

which is Hermitian: for all (s, 1) € T®, we have Q(s, f) = O(t, s). This function is defined o ®>-almost
everywhere on 72,

Remark 1. The case where |Q(s, 1)l = 1 for all (s, 1) € T® corresponds to a generalized statistics
studied by Liguori and Mintchev.?* The special case where T = R?, o-(dr) = dt is the Lebesgue measure
on T, E={(s,t)eT?|s' =t'}, and the function Q is defined by formula (6) with g€ C, Igl = 1,
corresponds to anyon statistics, see Refs. 24, 16, and 13. The choice Q(s, 1) = g for all (s, 1) € 7O =72
with g € (-1, 1) corresponds to the g-commutations (3), see Ref. 7.

Let us consider an operator ¥ which transforms a measurable function f® : T — C into the
function

D)5, 1) 1= 0, f X1, 5),  (s,1) e T2 ©)

Analogously to T, we define, for n > 3,
T = {(ty,...,t) €T": (t;, 1)) ¢ Eforall | <i<j<n}.

It is clear that o ®"(T" \ T™) = 0. The operator ¥ can be extended to a transformation of functions
f(”) TW 5 C by setting, for ke {1,...,n—1},

(P )t t0) i= Qs tir Pt Bty Bt s Tt « -+ ). (10)

Let H := L*(T — C, o) be the complex L>-space over T. We agree that the scalar product (-, -)y,
is antilinear in the first dot and linear in the second. For n > 2, the nth tensor power of H, denoted
by H®", can be identified with the complex L2-space L*>(T™ — C, c®"). Each ¥y is a contraction in
H®". The following trivial lemma shows that the operators ¥, are self-adjoint and satisfy the braid
relations.
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Lemma 2. The operators Yy, satisfy

Wi =W,
YV =Y iflk-1=2,
Wi Wrr1 Wi = Wro1 Vi Pra1- (1)
Let S, denote the symmetric groupon {1, . . ., n}. We represent a permutation 7 € S, as an arbitrary
product of adjacent transpositions,
7T=7Tj]...7ij, (12)

where 7;:=(j,j + 1) €S, for 1 <j<n - 1. A permutation € §,, can be represented (not in a unique
way, in general) as a reduced product of a minimal number of adjacent transpositions, i.e., in form
(12) with a minimal m. This number m is then called the length of &, denoted by |x|. It is well
known that || is equal to the number of inversions of x, i.e., the number of 1 <i <j <n such that
(@) > n(j).

The mapping mx — ¥y, := ¥, can be multiplicatively extended to S, by setting

Span W=, ..., (13)

Although representation (12) of m €S, in a reduced form is not unique, formulas (11) yield that
extension (13) is well defined, i.e., it does not depend on the representation. (This fact also follows
from the proof of Proposition 3 below.)

We will use the notations t™ :=(t,, ..., 1,) € T™ and t2” := (tx(1), . - . » tr(y) fOr 7 € S,,.

Proposition 3. For each m € S, and f™ € H®", we have

(Wrf ")) = Qe (()F Pt (14)
where

0:t"):= [ Qg " eT™. (15)

1<i<j<n

w(i)>7r(j)

For n > 2, we define an operator P, on H®" by

1

Pui=— Z ¥, (16)
n nes,

The operator P, is a self-adjoint contraction in H®", so are the operators V.
The following result is a special case of Theorem 1.1 in Ref. 8.

Theorem 4 (Ref. 8). For each n > 2, we have P, > 0.
For any £, g™ € H®", we define
. 8" 7,0 = (Puf ", 8" )gon . (17)
We consider the factor space
Fa(H) :=HE [{F™P e HE" - (F ™, ) 5 3y =0}

and define a scalar product on F,,(#H) by (17).

Below, for a bounded linear operator L in a Hilbert space £, we denote by Ker(L) and Ran(L)
the kernel of L and the range of L, respectively. Recall that Ker(L) is a closed linear subspace of $
and, if L is self-adjoint,

9 =Ker(L) @ Ran(L),
where Ran(L) denotes the closure of the linear subspace Ran(L). The following lemma only uses the
fact that P, > 0.

Lemma 5. (i) We have
{f(n) e O - (f(n),f(n))]__n(?_[) = ()} =Ker(P,).
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(ii) For eachf(") € Ran(Pn),f(n) £0,
(f(n)’f(n))]:n(%) > 0.

By Lemma 5, we can identify J,,(H) with the set Ran(P,) equipped with scalar product (17).
The result below follows from Theorem 2 and Remark 4 in Ref. 20.

Theorem 6 (Ref. 20). We have

n—1
Ker(P,)= > Ker(1+Y¥y), (18)
k=1
i.e., the kernel of P, is equal to the closure of the linear span of the subspaces Ker(1 + ¥y),
k=1,...,n—1.

We will now give an explicit description of the space F, () =Ran(P,). We denote
O:={(s,NeT?:10(s,0)| =1}, O :=TP\O={(s,)eT?:|0(s,1)| <1}. (19)

Theorem 7. The space Fn(H)=Ran(P,) is equal (as a set) to the subspace of H®" consist-

ing of all f™ e H®" that are Q-quasisymmetric, i.e., formula (7) holds for each k€ {1,...,n — 1}

and for c® -a.a. (t1,...,t,) € T™ such that 1Q(ty, trs1)l = 1, ie., for c®-aa. (t1,...,t,) € T,E"),
where

1" ={(t.....ta) €T 1 (tr 1111) € O} (20)

B. Orthogonal projection onto Ran(P,)

We will now describe the orthogonal projection P, of H®" onto Ran(P,) = F,(H). For this
purpose, we define a function

_JOG,n, if(s,1)€0,
Ris.0y:= {0, if (5.1) € @

Observe that
|1, if(s,1) €0,
IRGs, Dl = {o, if (5.1)€©,

and that the function R is Hermitian. Hence, for each r € S,,, similarly to the operator ¥, : H®" — H®"
defined in Subsection II A for the function Q(s, t), we may define an operator @, : H®" — H®" for
the function R(s, ¢). By Proposition 3, we get

(@f™)(E™) = R (t™)F (£, 1)
where
Rp(t™) = ]_[ R(ti 1), tWeT®. (22)
1<i<j<n
n()>n(j)

Let 7w € S, and let t" € T be such that for some 1 < i <j < n, we have (i) > 7(j) and (¢;, e’
Then, it follows from (22) that R, (t(”)) =0. Otherwise, i.e., if such i and j do not exist, we get
IR ()] = 1.

Given t™ € T™, we define a splitting

S, =S ™) L sOt™)
of the set §,, into two disjoint subsets:
Syt = {me Sy IR (K] = 1),
Syt™): ={m €S, R (™) =0}, (23)
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Let ¢, (t™) := |S,£ (t™)| denote the cardinality. We define an operator P, : H®" — H®" by setting,
for each f™ e H®",
1
Cn (t(n))

_ 1
D)

(Bof )" : = DL @)™

meSH(E™)

D Rty O, (24)

meSk ()

Theorem 8. For each n > 2, the operator P,, is the orthogonal projection of H®" onto Ran(P,)
= Fn(H).

The corollary below is a straightforward consequence of Theorem 8.

Corollary 9. For eachn > 2,
PPy =PulPy =Py.
We will also need the following result about the operators P, which follows from Theorem 8
and its proof.

Corollary 10. Foreachn>2and ke {l,...,n— 1}, we have
Pn = IP>n(IP>k ® HDn—k)~ (25)
Here we denote by P| :=1 the identity operator in H.

Remark 11. For f® € F,,(H) and g™ € F,,(H), we may define a Q-quasisymmetric tensor
product off(") and g(”’) by
S © 8" = Prn (/™ @ ).
Then Corollary 10 implies that the Q-quasisymmetric tensor product & is associative.

C. Creation and annihilation operators and their Q-commutation relations

Recall that we have defined complex Hilbert spaces F,(H) for n > 2. Let also F;(H):=H and
Fo(H) :=C. We define a Q-deformed Fock space to be the Hilbert space

FH) =P FaHn!.
n=0
Thus, every f € F(H) is represented as f = (f ("));0:0, where ™ € F,,(#), and the norm of f is given
by

(o]
2 . 2
g = D W1 !
n=0

The vector Q:=(1,0,0,...) is called the vacuum.
Let Fqn(H) C F(H) be the subspace consisting of all finite sequences of the form f = (f(©,
FO, ., f%9.0,0,...) for some k € N. The subspace Fg,(#) is evidently dense in F(H).
For each h € H, we define a creation operator a*(h) : F g, (H) — Fgin(H) by setting
at(hQ:=h, at(Wf ™ =P (h @ f™), f™ e F(H), neN. (26)

The domain of the adjoint operator of a* (%) in F(H) contains Fg,(#), and furthermore the annihilation
operator a”(h) :=(a*(h))" | F an(H) also maps F,(H) into itself.
The following proposition gives an explicit form of the action of the annihilation operator.
Proposition 12. For each h € H, we have a”(h)Q =0, a”(h)g = (h, )y for g € H, and

(a (™)t ... tee1)

n
=) P
k=1

k=1
/ W(ﬂ oG, n))f“’)(tl, s B, B ) 0°(dS) 27
r i=1
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for any f™ € F,(H), n>2. In formula (27), the operator P,_ acts on the function of t,. .., t,_
variables. Furthermore, for any g(”) eH® n>2,

(aWP.g™) (11, .. ty1)

n
=) P
k=1

For t € T, we now informally define creation and annihilation operators at point ¢, denoted by
8; and 0y, respectively. A rigorous meaning to these operators is given through smearing them with
functions h € H,

k=1
/ h(s)(]_[ Qs r,-))g“”(n,...,tk_l,s,tk,...,zn_oo(ds) : (28)
T i=1

at(h) = / o (d) h(t)d, a (h)= / o (dt) h(t) 8. (29)
T T
So we have the following informal equalities:

M =Py (5, ® f™),

n k=1
Af (1, tae)= D P (]_[ Q(tsli))f(”)(tla---,tk—l,t»tka---stn—l) :
k=1 i=1

where §; denotes the delta function at ¢.
Using (26) and Corollary 10, we see that for any g, h € H and f® € F,,(H),

at(@)at (hf™ :=P,(g @ h o f™). (30)

In view of (29) and (30), for each ¢® € ®?, we can naturally define an operator
/ o (ds) o (dr) 9@ (s, 1) ] ] : Fin(H) > Fiin(H)
T2

by setting
/ o (ds) o (dr) 925, 1) 90T 1= Prya(e® © f) 31)
T2

for f™ € F,,(H). In particular, choosing ¢® = g ® h with g, h € H, we get
/T _o(ds) o (dn) g()h(r) a18] =a*(g)a*(h).
Remark 13. Note that we also accept the natural formula
/T _o(ds) () ¢P(s,0)0] 0] = /T _ods)o(dn) 01,5070, (32)
Similarly, using also Proposition 12, we may define, for each ¢® € H®2, linear operators
/T _o(ds) r(dt) 9 V(s 1) 850, : Fin(H) = Fin(H),
/T _o(ds) or(dr) P (s,1) 8]0y : Fein(H) = Fiin(H).
Note that
( /T o(ds) o(dr) ¢(s,1) 8] aj)* = /T o(ds) o (dt) ¢ (s, 1) 0,0,

= / o (ds) o (dt) ¢ D(2, s) 06;. (33)
T2

Also, for any g, h € H, we denote

/ o (ds) o(dr) g(s)h(1)d,D] = a™(@)a* (h).
T2

We will now present the commutation relations for the creation and annihilation operators.
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Theorem 14 (Q-CR). The operators a,'" and 0, (teT) satisfy the (informal) commutations
relations (1) and (8). Rigorously, this means the following: for any g,h € H,

/ o(ds) o(dt) g(s)h(t)@sé’: = / g®h(t) o(dr) + / o (ds) o(dt) g(s)h(t)Q(s, r)ajas, (34)
T2 T T2
and for any function ¢ € H®? that vanishes almost every in @' [see (19)],
/ o (ds) o (dr) ¢ P(s,1) 310, = / o (ds) o (dr) ¢ P(s,00(t, 5) 8, 8, 35)
T2 T2

/ o (ds) o (dt) 9P (s, 1) 8,0, = / o (ds) o (dt) ¢ (s, )O(t, 5) 8,0;. (36)
T2 T2

We finish this section with several remarks.

Remark 15. We can naturally identify the diagonal A :={(s, ) € T2 | s =t} with T. Denote by &,
the measure o on A. We may consider & as a measure on T2 which is equal to zero outside of A.
Denote
6 :=LXT*>C,o®) N L (T* > C,5).

In view of (34), for each ¢® € %, we may define an operator
/ o(ds) o(dr) ¢P(s5,1) 8,0, : Fin(H) > Fin(H),
T
which satisfies

/ or(ds) o (dt) 9P (s,1)0,0, = / oD, ) o(dl) + / o (ds) o (dt) (s, )Q(s, 1), b
T2 T T2

Remark 16. Denote B(y) :=a*(¢)+a~ (). The family of operators (B(¢)) ey can be thought of
as a noncommutative Brownian motion (or a noncommutative Gaussian white noise). Let P denote the
complex unital *-algebra generated by (B(¢)), ey 1.¢., the algebra of noncommutative polynomials
in the variables B(y). We define a vacuum state on P by 7(p) := (pQ, Q) 5y, p € P. By analogy with
the proofs of Theorem 4.4 in Ref. 8 and Corollary 4.9 in Ref. 6, one can prove the following result:
the state 7 is tracial (i.e., it satisfies 7(p1p2) = T(p2p1) for all py, p, € P) if and only if the function Q
is real-valued, i.e., Q: T® — [-1,1].

Remark 17. The results of this section hold, in particular, in the case where 0'®2(®') =0, 1i.e.,
when |Q(s, 1)| < 1 for 0®2-a.a. (s, ) € T?. Then, for each n > 2, the equality F;,(H) = H*®" holds (in the
sense of sets). Evidently, there are no commutation relations (35) and (36) in this case. Note also that
if |Q(s, )| < r <1 for some number O < r < 1, then the creation operators a* (%) and the annihilation
operators a”(h) (h € H) are bounded in F(H), see Theorem 3.1, (ii) in Ref. 8.

D. Discrete setting: The anyonic exclusion principle

We will now make several observations about the discrete setting. We may choose 7 to be a
finite or countable set and o to be the counting measure on 7, i.e., o({t}) = 1 for each ¢ € T. Hence,
the space H becomes the complex ¢>-space over T, i.e., H ={>(T — C). We obviously have 7
= T2 so that the function QO(s, t) is defined for all (s, ) € T2. Thus, we have, in particular, constructed
Fock representations of the discrete commutation relations (4) with additional commutation relations
between 8, and 8; and between d; and 6, for those pairs (s, ) € T? for which |Q(s, 1)l = 1. (Note that
in this case, the operators c')j, 0, have a rigorous meaning.)

Since the function Q is Hermitian, we have Q(¢,1) € R for each t € T. Hence, 10(z, 1)l = 1 if and
only if either Q(t, t) = 1 or Q(¢, t) = —1. In the first case, we just get the tautological commutation
relation (8,)2 = (9)2. In the second case, we get (8,)? = —(8,)? so that (é‘;f)2 =0? =0. If the latter
formulas hold for all # € T, then we may call the corresponding commutation relations the discrete
Q-CR of fermion type.
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For the discrete Q-CR of fermion type, the operators 8; and J; become bounded in F(H)
and have norm equal to 1, see Ref. 8, Corollary 3.2 and Remark after it. Hence, for each he ¢ 1
(T -0,

lla* Wl = lla” Wl < lleroc)-

Let us now assume that 7 c N and fix ¢ € C, lgl = 1. We consider the function
q, ifs>t,
0(s,1):=1¢g, ifs<t,
-1, ifs=r.

The corresponding Q-CR describes a discrete anyon system of fermion type. Note that |Q(s, )l = 1
for all (s, 1) € T?, hence P, = P, is the projection of H®" onto F;,(H).

Theorem 18 (Anyonic exclusion principle). Consider a discrete anyon system of fermion type.
Let meN, m > 2. Assume that the parameter q € C, q # 1, is an mth root of unity, i.e., g™ = 1. Then,

for any h e H, we have
at(h)" =a"(h)" =0. (37)

lll. PROOFS

In this section, we collect the proofs of the results from Sec. II.

Proof of Proposition 3. We start with the following crucial lemma.

Lemma 19. Let p=mmn be a reduced representation of a permutation p € S,,. Then

Qp(t1s - 1) = Qty1ys by 11e1)Cn (1 1), (11, 1) €T, (38)
Proof. Let
Ly=0pti,..ot= [ | Quut), Ly=0y.....t0= [] 0.
1<i<j<n 1<i<j<n
p>p(j) n()>1()

Let 1 <u <v <n. We consider the following cases.

o If n(u),n() ¢ {l,1 + 1}, then both n(u),n(v) are fixed points for m;. Consequently, p(u) =n(u)
and p(v) =n(v) so that p(u) > p(v) if and only if n(x) > n(v). Hence, the term Q(#,, t,) appears
in L, if and only if it appears in L,,.

e Ifn(w) e{l,l+1}andn(v) ¢ {l,l1+1},then p(v)=v ¢ {l,]1+1} and, since p(u) = (m;n)(w) € {I,[+1},
the order between 77(«) and n(v) is the same as between p(u) and p(v). Thus, the term Q(z,, t,)
appears in L, if and only if it appears in L;,.

* The case n(u) ¢ {l,]+ 1} and n(v) € {/,] + 1} is analogous to the previous one.

* Consider the case 7(u) =/ and 7(v) = [+ 1. Then the term Q(t,, t,) does not appear in L,,. Further,
p(w)=(m)w)=m(l)=1+ 1 and p(v) = (mn)(v) =m;(l + 1) =1 so that p(u) > p(v). Hence, the
term Q(7,, t,) appears in L,. But we also have Q(z,,-1(;), 1,,-1(41)) = Q(tu, 1,) on the right hand
side of equality (38).

* Finally, consider the case n(u)=1[ + 1 and n(v)=1. But then p(u)=(mn)(u)=1 and p(v)
=(mmn)(w)=1+ 1. Thus, n changes the order of the pair (u, v), while p does not. Therefore,
n has more inversions than p: |f| > |p|. But this contradicts the assumption that p is in the
reduced form. Thus, this case is impossible. m]

We will now prove the proposition by induction on the length of a permutation . If || = 1, then
m=mforsomek € {1,...,n—1}.Inthis case, the statement trivially follows from the definition of ¥,
see (10). Assume that the statement holds for each permutation of length m. Let  be a permutation of
length m + 1, and let = ¢71; be a reduced representation of . Hence, the length of the permutation ¢
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is m. Denote i := ¢~ and p := 7~ so that p = ;5. Then, for each ™ € H®", by using the induction’s
assumption and Lemma 19, we get

(Waf )1 1) = (PP )01 1)
= 0y(t1, - )V )1 - s i)
= Q01+ s 1) QUpitys i) " 1), - - s Tgt1)s Lpttys - -+ L)
=0ttt ) tr(1)s - - - > Ln(y)-

O
Proof of Lemma 5. (i) Since P, is self-adjoint and P, > 0, we can write P, = (\/77,,)2. Let f® ¢
H®" be such that

0= ")z 30 = NP 1200
Hence, f ™ e Ker(v/P,). But Ker\'P, c KerP,, which implies
P eHE | (P, £ £ 30, = 0} C Ker(Py).
The inverse inclusion trivially follows from (17).

(i) Let f®™ eRan(P,) be such that (f, fm) £, =0. By part (i), f ™ e Ker(P,). But
Ran(P,) L Ker(P,). Hence, Ran(P,) N Ker(P,) = {0}, and so f™ = 0. O

Proof of Theorem 7. Using (18), we have

n—1 n—1 n—

L
Ran(P,) = (Z Ker(1 + ‘Pk)) = ﬂ Ker(1 + ¥,)* =
k=1 k

1
Ran(1 + ¥y). 39)
k=1 1

ForleNand ke{l,...,n— 1}, we denote

-1 l
(n) . _ (n) .
kall = {(l1,~--,fn)€T" ~TS|Q(lk,lk+1)|<m}

and recall the definition of T]f"), see (20). Then, for each k€ {1,...,n — 1}, we have the orthogonal
decomposition

2o = (@ LZ(TIEZ) N (C,O'®n)) o LZ(T]EH) -C, O_®n). (40)
=1

Each of the spaces on the right-hand side of (40) is invariant for the operator 1 + ;. On each space

L2(T]E';) — C, o®"), the norm of the operator ¥ is bounded by ﬁ < 1. Hence, the operator 1 + ¥ is

invertible in this space. Therefore the kernel of the operator 1 + ¥}, restricted to LZ(T]E”Z) - C,0®)is
trivial
Ker(1+¥) NLX(T\") - C,c®")={0} foreach/eN.

Let f™ ¢ LZ(TIE") — C, 0®"). Consider the decomposition £ = fk('jr) + fk("_) with

1
k(’ni)(t]’ e atn) = E[f(n)(t19 e ,tn) + Q(tkatk+1)f(n)(tla e ’tk+1$tka LR 7tn)]

One can easily see that fk('fr) and fk("_) are orthogonal and fk('f e Ran(1 + ¥;). Hence fk(”_) e Ker(1 + ¥y).

Therefore, the orthogonal projection of LZ(TIE") — C, o®") onto Ker(1+¥y), denoted by D, is given
by

n n 1 n n
DPFD) ey, .. 1) = SO ) = QG ) P01t T 1))
Hence, the orthogonal projection of %®" onto Ker(1 + ¥, ), denoted by E,((") , s given by
EPFO) 1. ty)

1
= EXTE”)(tls e 7tn)[f(n)(l1’ ... ,tn) - Q(lk7tk+l)f(n)(tls L 5tk+1,tk9 “ee ,tn)]»
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where y4 denotes the indicator function of a set A. Therefore, the orthogonal projection of H®" onto
Ker(1 + ¥)* = Ran(1 + W), denoted by F™, is given by

FEPLN0 i) = X g (s 0 O, 1)
k

1
5 X700t [ )+ Qi a0t s 1)

Thus, the set Ran(1 + W) consists of all functions from H®" that are Q-quasisymmetric in the
tx, tr+1-variables on the set T,E"), ie., forc®-aal(t,... t,)eT™, equality (7) holds. From here and
formula (39), the theorem follows. O

Proof of Theorem 8. We start with the following lemma.

Lemma 20. (i) Let t™ e T™ . Then e S,]l ™Y ifand only if 7' € S,l, (tg,")).
(i) Lett™eT®, letne S,%(t(”)), and let v € S,ll(tg')). Then p:=nve S,ll(t(")).
(iii)  For eacht™ e T™ and nt e S,]l (t"), we have c,(t™) = cn(t;")).

Proof. (i) By (22),
R -1 (t") = R (t™). (41)

From here the statement follows.
(i) Assume that ¢ ¢ S!(t™). Then there exist i <j such that ¢~!(i) > ¢~!(j) and R(t;, ;) = 0. Let
us consider two cases.
Case 1: 77'(i) > 771(j). But then (22) implies that R, - (t™)=0, hence 7 ¢ Sn1 (t™), which is
a contradiction.
Case 2: n7'(i) < n71(j). We then have

v i i) =¢7 ) > o7 )= v G
By (22),

RV—I (tgl)) = l_[ R(tn(a)’ tn(b))~
1<a<bs<n
vl @)>v=1(b)

Choose a=7~"(i) and b=7""(j). Then a < b, v~'(a) > v~'(b), and
R(tr(a), tv)) = R(t;, 1) = 0.

Therefore, R, (tgf)) =0, which implies v ¢ S,],(tgf)). This is again a contradiction. Thus, we
must have ¢ € S!(t™).

(iii) By part (i), if v € S} (t%”), then 7v € S!(t™). Hence, ¢, (t™) < ¢,(t™). On the other hand, by
part (i), 7' € S} (t%"). Hence, by part (i), if u € S} (t®) then 7! u € S1(t™). Hence, ¢, (t™)
<c,(t™). O

We first show that the operator PP, is self-adjoint. By (21)—(24), we can write the operator PP, in
the form

B P) = —

. (n)\£(n) r4(n)
—my 2y RO,

neS,
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Hence using Lemma 20, (iii) and (41), we get for any £, g™ e H®",

B, 8" yen = ) / (t<n>) Rt () O(E7) g7 (4) 0" (™)
™ Cp

EeS,

1 (n)
= R (™ ey oy 8¢
= 0 o R R £ )

neS,

I Voo ,
=> / - R O™) gVt " (@t™)
7™ cy(ty’)

nes, Cn g

1 _
=, / - R ) FOE™) g () " (dt ™)
0 ¢, (t5)

meS,

1
= / f(n)(t(n)) Z ) R, (t(”)) g(”)(tg’)) @ dt("))
e cesiem) Cn(tz)
— 1
:/ f(n)(t(n)) ") Z Rﬂ—l (t(n))g(n)(tgli_?)) O_®n(dt(n))
7™ c,(tY) ST

= (f™, P,g™), on. (42)

Thus, P, =P,.
Our next aim is to prove that IP’,Zl =P, which will imply that P, is an orthogonal projection in
H®". For f € H®", we have, by Lemma 20, (ii) and (iii),

(¢ 1 ™)y
(B (") = — (t(m) >, ) D (@)™

resht) vesh(ty)

D Y T

neSHtM) vesi ™)

1 2
3 (n)y(4(n)
Ceu(t™)? Z (@B N, @)
n PESHE™) sl (t™), yesl (t)
V=g

Let ¢ € S'(t™) and 7 € S} (™). By Lemma 20, (i), we have 7~ € S!(t"). Hence, by Lemma 20, (ii),
we get v:=7"'p € S1(t™). From here and (43), we get

DD @ f ™). (44)

2
en(t™)” JeSTem) restem)

(P )E™) =

Lemma 21. Let t™ e TW, e S,ll (™), and v € S,l, (tgf)). Then, for eachf(”) € H®",
(@D, f ") (E") = (D f P Y(E™). (45)

Proof. We first note that equality (45) explicitly means that
which is equivalent to the equahty
Rt (t™)R, -1 (82) = R -1 1 (1), (46)
Since 7 € S1(t™), v € S1(t™), and v € S (t™), we have
Rt ™) =1, Rt =1,  [Ry1p (") =1 (47)
We define a Hermitian function G: T® — C by

sty im {R(s, 1), if[R(s, D=1,

1, if R(s,1)=0. “8)
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For each 7 € §,,, similarly to the operator ¥, defined for the function Q and to the operator ®@, defined
for the function R, we define an operator I : H®" — H®" for the function G. Thus,

(Caf ™) (E™) = Gt (DD,

where
Gr(t™):= ]_[ G(ti,1), t™eT®. (49)

1<i<j<n

n(i)>nr(j)
For an adjacent transposition 7;; = (j,j + 1), we denote I'; := I'z;. By Lemma 2, the operators I satisfy
the braid relations. Furthermore, since IG(s, #)l = 1 for all (s neT?, we get F 2=1. Using, e.g.,
Ref. 9, we therefore conclude that the operators I'; with 7 € S, form a unitary representatlon of Sy,
i.e., for any 7, v € §,, it holds that I',I', =T, and in fact, for all tm e M,

G-t )G, -1 (1) = G o1 o1 (E™). (50)
Butif t™ e 7™, 7 € SL(t™), and v € S'(t%"), then formulas (47)—(50) imply (46). O

Now formula (44) and Lemma 21 yield the equality

(B ")) = t(n) 5 2, @M
) peSH (M) xesk (™)
— 2, @) =@ ), (51
C”( ) peESLE™)

Thus, IP, is an orthogonal projection in H*".
It remains to prove that Ran(P,) = F,,(H). Let f ) ¢ F,(H). Theorem 7 and the construction of
the @, operators imply that for c®"-a.a. t e 7™ and for each x € S,ll (t"), we have (Df )t
=f™(t™). Hence, by (24), P,f™ =™, ie., f™ € Ran(P,).
Finally, we have to prove the inclusion Ran(P,,) ¢ F;,(H). This means that for any f* € H®" and
kefl,...,n—1},
(OB, f )t ™) = (Pof )(E™)  foro® —aa t™ eT". (52)

The proof of (52) is similar to the proof of the equality IP’% =P [formulas (43), (44), and (51)], so we
omit it. O

Proof of Corllary 10. We start with the following lemma

Lemma 22. For each n € N, we have
Prr1(Pr ® 1) =Ppyy, (53)
P11 @ Py) =Py (54)

Proof. We will only prove equality (53), since the proof of (54) is similar. For a permu-
tation v €S,, we denote by v ® id the permutation from S, defined by (v ® id)(i) := v(i) for
ie{l,...,n}and (v®id)(n+1):=n+1. Analogously to the proof of Theorem 8, we get, for any f*+1
e H D),

(Pus1 (P ® D)D)

B 1 1 Dy (n+1)
= Y Y @A)
Cpa1 (£07FD) rest g, Cnltr(ys - -+ > tnm) S )

n+l 1

n+l n+1

- X ) s (L AMD (LU NG

i= 1<p€Sl (to+D) ﬂesrllﬂ(t(nﬂ)) > ’

np(n+1) i n(n+1)=i
Vesrl,(tn(l) ----- t7r(n))

(v Qid)=¢
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etp, e e such that r(n+ v(n+1)=i.Thenv’:=n" <pe andv'(n+1)=
L S!. ("*D) be such that 7(n+1) = v(n+1) =i. Th L D)y and v/ (n+1)
n+1. Therefore V' =v ®id, where v € S} (tx(1), - - - » tz(n))- Hence, by (55),
(B (B, ® D D)D)
n+l 1
(q)¢f(”+l))(t(n+])) )
l(t(n+])) ZZI: saeslz;:w*“) €S, A"D) Enll(s -2 b))
@n+)=i w(n+1)=i
Therefore, it is sufficient to prove that for any "D e T"*D and je {1,...,n+ 1},
! =1 (56)
res! ](t(”+l)) Cn(tn(l)a cees tﬂ(n)) ’
w(n+l)=i

To this end, we denote
Sy () = (e Sy A" D) i r(n + 1) =)

n,i

and let ¢, (81 := S (t*D)]. We state that for any t™*D € 70D and 7 € S! (t"+D),
i () = Cultrys - - o teny)- (57)
Indeed, if v € S} (ta(ys - - - Ta(ny), then v @ id € 8! (t5*Y). Therefore, (v ® id) € !, (¢"*)) and
(rveid))(n+ ) =n(n+1)=i.

Hence, n(v ® id)eS}Hl’i(t("“)). SO Cultr(tys - - - > tam) < Cur1i (D). On the other hand, take

any goeSVIHU(t””). Let v'::ﬂ'_lgo. As shown above, v/ =v ® id, where veS,ll(t,r(l),...,t,r(n)).
Hence, c,,+1,,-(t(”+1))ﬁcn(t,r(1),...,t,,(,,)), and formula (57) is proven. Finally, formula (57)
implies (56). O

Lemma 23. For k €N, we denote by 1;, the identity operator in H®*. Then, for each n > 2,

Pust(Pn ® 1) = Prar, (58)
Pkl ® Pr) =Prar. (59)

Proof. We will again only prove the first formula, (58), the proof of (59) being similar. We prove
(58) by induction on k. For k = 1, formula (58) becomes (53). Let k > 2 and assume that formula (53)
holds for k — 1. We then have

Pr(P, ® lk) =Pk (Ppir—1 ® 1)(Pn @11 ® 1)
=Ppsk [(Prk—1 (P ® 1t-1)) @ 1]
=Pk (Pn+k—l ® 1) =Pk

O
Using Lemma 23, we get, forn >2 and ke {l,...,n— 1},
PPk @ Pyi) =P (P ® 1, 1) (A ® Pyi) =P (1 @ ) = P 0
Proof of Proposition 12. The result below was shown in the proof of Theorem 3.1 in Ref. 8.
Lemma 24 (Ref. 8). Let a bounded linear operator R, : H®" — H®" be defined by
Rni=1n+\1‘1+‘P1‘P2+...+T1T2...‘Pn_1. (60)

Then, for neN,
n+DPr1 =A@ PRyt (61)



073501-16 Bozejko, Lytvynov, and Wysoczariski J. Math. Phys. 58, 073501 (2017)

Analogously to Fiin(H), we define a linear space Frn(H) that consists of finite sequence
FO D ™) with fO e H®. For heH, we define a linear operator A~(h):F g,(H)
— Fqn(H) by setting

A F )11, .. tyey) 1= /T R (s, 11, . . . s taey) 07 (dS),

for f e H®", neN, and A~(h)(1,0,0,...):=0.
Letf(") € Fn.(H), g(””) e H®™D and he H. Then, by (26) and Lemmas 9 and 24, we get

+ (n) (n+1)

(@ W P g™V) . L
= (Pn+lHDn+l(h ®f(n)) Pn+1g(n+1))7_l®(n+1)(n + 1)'
= (Purt(h ® F),8") g+ 1)!

(
( n+1(1 ® Pp)(h ®f(n)) g(n+1))H®(zz+1)n!
=(
=(

(n+1)!

h® (Pnf(")) Rt lg(n+ ))H®(n+l)n!
Puf ™, A" (W Rus18" 1), o, 0!

= (F. PaA” (W Rpag™ ") ., .

From here both formulas (27) and (28) follow. |

Remark 25. Note that formula (28) can now be written in the form
a”(hP,g" =B, 1A~ (hR,g™, (62)
for h e H and g™ e H®".

Proof of Theorem 14. By choosing an orthonormal basis (ey,),cy of H and writing the infinite
matrix of the operator ¥ [see (9)] in terms of the orthonormal basis (e, ® en), men Of H®2, one
can derive the commutation relation (34) from Sec. 3 of Ref. 8. For the reader’s convenience, we
will now present a complete proof of this commutation relation without use of an orthonormal
basis.

Let g,h € H and f™ € F;,,(H). By formulas (26) and (62), we get

a~(@)a*(Wf "™ =P,A” (@R (h ® ™). (63)
By (60),
Rps1 =1 +Y1A Q@ Ry). (64)
Formulas (63) and (64) yield
a=(Q)a (W ™ = (g, Wy f™ + P, (65)

where
U™ :=A™()¥1 (h ® (Ruf™)).

A direct calculation shows that
Wy, ) = /T o (ds) §(5) h(t1)Qs. 1) (Ruf ) (5. 12, .. ). (66)
On the other hand, using additionally (54), we get
a*(ha™(@)f " =P, (h ® By 1A~ (R ™)) =Py, (67)

where
0™ :=h @ (A7 (RS ™).
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Note that
w%muwm=/amm5%mxnf%mmuqm. (68)
T
Formulas (65)—(68) prove (34).
Corollary 10 and formula (31) show that for each @ € H®? and f™ € F,,(H),
/ o (ds) or(dt) ¢ (5,0 0] 0] " =P (P29®) @ f ). (69)
TZ

By Theorem 7, since ¢'® has support in ©, we get P, W¢® = P,o? . Hence, formulas (32) and (69)
imply

/ or(ds) o (dr) ¢ (s, 1) 8] 0] f ™ = / o (ds) o (dr) Q(s, P (t, 5) 8] & F™
T2 T2

_ / o (ds) o(dr) 9P (s, 0)Q(t, 5) 8 DI f™,
TZ

which gives (35).
Finally, formula (36) is obtained by taking the adjoint operators on the left and right hand sides
of formula (35), see (33). |

Proof of Theorem 18. Using Corollary 10, we get, for each f ) ¢ Fn(H)and he H,

a*(W)"f™ = Ppun(h®" ® f ) = Pran((Prh®™) @ £™).

Hence, it suffices to prove that P,,(h®™) =0.
Denote by (e;),;cr the canonical orthonormal basis in H = £2(T — C), i.e., e;(s) = 1 if s = ¢ and
e(s) =0if s #¢. In view of (9), we get

Ve, ® ¢, =0(t,s)e; @ es,  (s5,1) €T

Note that the operators (Wr),cg, form a unitary representation of the group S, see the proof of
Lemma 21. Therefore, for each k€ {l,...,m — 1}, we have P, ¥; =P,,. Hence, for any ¢, ..
tm € T7

.

Pm(e“ ®...® €y ® (7 ® (2 ® (S ®...® elm) = Q(tk, tk+])]P)n(€[1 ®...0 etm).
This implies that
Po(en ®...®e,)=0 if |{f1,. ...t} <m (70)

(i.e., if some index t; appears twice or more times). Analogously, for any (¢;,...,%,)€T™ and
TesS,,

]P’m(e,n(l) ®...® e,n(m)) = Q;r(t], ceey tm)]P)m(etl ®...Q etm). (71)
Let h=3,cr hie; € H. We get, by (70) and (71),

Puh® = > by by, Pule, ©... 06,
= >0y Pale, ®...8e,)

sl €T
ti#1; if i

n<n...<ty
= Z htl N hl‘m Z Pm(e,”(l) ®...Q e,ﬂ(m))
Haeeny tmeT eSS,
n<n...<ty
= D0 gk | D) Oxltr, ) |Palen ® .. 006y, (72)
Flyeens tm €T TESH,
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where we used that hy,, ... A, =hy ... mh, for any permutation 7 € S,. It can be easily proven
by induction on m that for any #;,...,t, €T witht; <fp ... <t,, we have
D Onltr, s tw) =), (73)
TES,

Here we used the notation, for m e N and g # 1,

m

. 1-4'
[m],! = E[ [il,, where[il,:=1+q+q*+...+¢ ' = ﬁ.
Since g™ =1, we get [m],! = 0. Hence, the theorem follows from (72) and (73). |
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