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Abstract
We consider Fock representations of the @-deformed commutation relations
80 = Q(s,8)0]05 + 6(s,t), s,teT.

Here T := R? (or more generally T is a locally compact Polish space), the function Q : 72 — C
satisfies |Q(s,t)] < 1 and Q(s,t) = Q(t, s), and

[ 190365ty olds)atar)i= [ noygle) atar),

T T

o being a fixed reference measure on 7. In the case where |Q(s,t)| = 1, the Q-deformed
commutation relations describe a generalized statistics studied by Liguori and Mintchev
(1995). These generalized statistics contain anyon statistics as a special case (with 7' = R?
and a special choice of the function @). The related Q-deformed Fock space F(H) over
H = L*(T — C,o0) is constructed. An explicit form of the orthogonal projection of H®"
onto the n-particle space F, () is derived. A scalar product in F,,(#) is given by an operator
P, > 0 in HE™ which is strictly positive on F,(H). We realize the smeared operators 6; and
O¢ as creation and annihilation operators in F(H), respectively. Additional Q-commutation
relations are obtained between the creation operators and between the annihilation operators.
They are of the form 8;82 = Q(t, 3)8282, 0501 = Q(t, s)00s, valid for those s,t € T for which
Qs )] = 1.
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1 Introduction

The aim of the paper is to construct Fock representations of the ()-commutation rela-
tions

8,01 = Q(s,1)8]0, + 6(s, ), s,teT. (1)

Here T = R?, or more generally, T is a locally compact Polish space, the function
Q : T? — C is Hermitian, i.e., Q(s,t) = Q(t,s), and satisfies |Q(s,t)| < 1, 9, and 8]
are operator-valued distributions, adjoint of each other, and

/T2 d(s,t)f(s,t)o(ds)o(dt) := /Tf(t,t)a(dt),

where o is a fixed Radon meaure on X (typically o(dt) = dt being the Lebesgue
measure if 7' = RY). We will call (1) the Q-deformed commutation relations, or just
Q-CR.

For a function @ satisfying |Q(s,t)| = 1, a Fock representation of the Q-CR was
constructed by Liguori and Mintchev [24]. In that case, creation operators 8; and
annihilation operators 0, satisfy the additional commutation relations:

atol = Q(t,$)0]01, 0,0, = Q(t, s)9,0s. (2)

The term Fock representation means that, for each annihilation operator, one has
0,2 = 0, where € is the vacuum vector.

In the present study, relations (2) will hold for those s,¢ € T' which satisty |Q(s,t)| =
1. Note that, under the assumption that the function @) is Hermitian, the commutation
relations (2) are consistent if and only if |Q(s,t)| = 1.

For the first time, an interpolation between the canonical (bosonic) commutation
relations (CCR) and the canonical (fermionic) anticommutation relations (CAR) was
rigorously constructed in [7]. Let H be a separable Hilbert space and let ¢ € (—1,1).
On a g-deformed Fock space over H, Bozejko and Speicher [7] constructed g-creation
operators a®(f) (in fact a*(f) were free creation operators), and g-annihilation oper-
ators a=(f) := (at(f))*, for f € H, which satisfy the g-commutation relations:

a (fla*(g) = qa"(g)a”(f) + (f,.9)n. fgeH. (3)
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The limits ¢ = 1 and ¢ = —1 correspond to the boson and fermion statistics, respec-
tively, thus giving the CCR and CAR. The case ¢ = 0 corresponds to the creation and
annihilation operators acting in the full Fock space; these operators are particularly
important for models of free probability, see e.g. [30, 5|. Aspects of noncommutative
probability related to the general g-commutation relations (3) were discussed e.g. in
(7,4, 1].

By using probabilistic methods, Speicher [36] proved existence of a representation
of the (discrete) ¢;;-commutation relations of the form

aiaj- = Qz‘ja;ai + dij (4)

with —1 < ¢;; =¢;; <1,4,5 € N, and (83)* = 0;. Bozejko and Speicher [8] constructed
a Fock representation of the following commutation relations between creation opera-
tors 8} and annihilation operators 0;, with 7,7 € N:

00 = qif OL0L + 61 (5)
k,l

They showed that, if the operator ¥ given by the matrix (qﬁ“)”kl is self-adjoint,
satisfies the braid relations, and has norm < 1, then there exists a Fock representation of
the commutation relations (5). As a consequence, they obtained a Fock representation
of the g;;-commutation relations (4) even for complex g;; with G; = g;; and sup; ; |¢i;| =
|¥|| < 1. By taking the weak limit of corresponding operator algebras, Bozejko and
Speicher [8] also derived existence of a representation of the ¢;;-commutation relations
(4) with sup, ; |qi;| = ||| = 1. Also Jgrgensen, Schmitt and Werner [18, 19] considered
representations of the commutation relations (5).

In the case where ||¥|| = 1, Jorgensen, Proskurin, and Samoilenko [20] found, for
n > 2, the kernel of the nonnegative operator which determines the scalar product
in the n-particle space of the Fock space corresponding to the commutation relations
(5). The papers [8] and [20] taken together give then a Fock representation of the
commutation relations (4) with sup; ;[g;;| = 1.

Properties of the algebras generated by such operators were studied by many au-
thors. In the context of C*-algebras, let us mention the works by Dykema and Nica
[11] and Kennedy and Nica [21] (who studied relations of the C*-algebras generated by
the g-commutation relations with the Cuntz algebra), Jgrgensen, Schmitt and Werner
[18, 19] (who studied the Wick order generated C*-algebras), Proskurin and Samoilenko
[32] (who studied general Wick *-algebras). There are also a number of studies of the ¢-
commutation relations in the context of von Neumann algebras, in particular, by Lust-
Piquard [25] (who studied properties of the Riesz transform), Krélak [22], Nou [31],
Sniady [35], Ricard [33] (who studied factoriality problems), Shlyakhtenko [34] (who
studied Voiculescu’s free entropy for families of ¢-Gaussian operators), and Bozejko [2]



(who studied positivity of the symmetrization operators constructed through a self-
adjoint Yang-Baxter operator ¥ > —1). Also Dabrowski [10], Guionnet and Shlyakht-
enko [17], and Nelson and Zeng [28, 29] proved that g-factors or, more generally, ¢;;-
factors are isomorphic to the free group factors (¢ = 0) for small values of ¢ or g,
respectively. Another possible generalization of the commutation relations (3) related
to the group of signed permutations can be found in [3]

All the above mentioned investigations are of discrete type, so that the set T is at
most countable. As we have already mentioned above, in the continuous setting, a Fock
representation of the Q-CR (1), (2), called a generalized statistics, was constructed by
Liguori and Mintchev [24], see also [14, 15, 16, 13, 6]. A rigorous meaning of these
commutation relations is given by smearing them with functions from H := L*(T —
C,0). More precisely, defining for f € H operators a*(f) := fTa(dt)f(t)OtT and

a(f) = [po(dt) f(t)0;, we get the commutation relations:

o (f)a*(g) = / o(ds) o(dt) FE)g(H)Q(s, )9]0, + / FDa(t) odt),

T2

ot (a'(o) = [ otds)olat) F£)a(0Q( 9]0

@ (Na™(9) = [ olds) ola) TRt 510,

where f,g € H. (Of course, the operator-valued integrals in these relations should be
given a rigorous meaning.)

From the physical point of view, the most important case of a generalized statistics
is the anyon statistics, where T" = R? and the function Q(s,t) is determined by a
complex parameter ¢ with |¢| = 1, namely,

@<s,t>={q’ s <t, (6)

q, if st >th

Here, s = (s',s%),t = (t!,1?) € R?. Note that the value of the function @ on the set
{(s,t) € T? | s' = t'} does not matter for the Fock representation of the Q-CR. For
an explanation as to why such commutation relations describe an anyon statistic, we
refer the reader to Liguori and Mintchev’s paper [24] and to Goldin and Sharp’s paper
[16].

Goldin and Majid [13] proved the following anyonic exclusion principle, which gen-
eralizes Pauli’s exclusion principle for fermions: If ¢™ = 1 and ¢ # 1, then the creation
operators at(f) in the Fock representation of the anyon commutation relations satisfy
at(f)™ = 0, or equivalently, the Q-symmetrization of the function f®™ is equal to
Z€ro.

In [26], non-Fock representations of the anyon commutation relations have been
constructed, whose vacuum states are gauge-invariant quasi-free. Note that, for those
representations, the (real) value of the function Q(s,t) for s = ¢t must be specified.
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Let us mention that anyon systems have also been considered in the discrete setting,
i.e., when 7" C N see e.g. [12, 23, 13]. It should be, however, mentioned that, when
discussing the anyons in the discete setting, Goldin and Majid [13] dropped the as-
sumption that the annihilation operator is adjoint of the creation operator, and proved
an anyonic exclusion principle for their model.

In this paper, we study the continuous case with a function ) satisfying |Q(s,t)| <
1. This natural choice of () contains generalized statistics and the relations (3) as special
cases. We would also like to draw the reader’s attention to the study by Merberg [27],
where the case Q : T? — (—1,1) was considered and factoriality of the related von
Neumann algebras generated by the ()-Gaussian operators was discussed.

In Section 2 we present a construction of the Fock representation of the @-CR (1).
To this end, we construct a certain Q-deformed Fock space over H = L*(T — C, o),
denoted by F(H). We describe the n-particle subspaces, F,,(H), of F(H). As a set,
each F,(H) is a subset of H®" = L*(T" — C,0®") and consists of all functions
f™ € H®" that are Q-quasisymmetric, meaning that, a.e. for each k € {1,...,n—1},

FM (k) = Qg tig) f(t1, - st iy - - -y ) (7)

provided |Q(ty, tx11)| = 1. We derive an explicit formula for the orthogonal projection
of H®™ onto F,,(H). A scalar product in F,,(H) is given by an operator P,, > 0 in H®"
which is strictly positive on F,,(H). We then realize a*(f), a=(f) (f € H) as creation
and annihilation operators acting in the Q-deformed Fock space F(#). These operators
satisfy the Q-CR (1). Additionally, due to the Q-symmetry (7) in each F,,(H), we get
the following commutation relations between the creation operators and between the
annihilation operators:

010] = Q(t,s)dfa!, if |Q(s,1)| = 1,
8,0, = Q(t, )80, if |Q(s,t)| = 1. (8)

We note that, by choosing T to be a discrete set and o to be the counting measure
on T', one can apply our results in a discrete setting. In fact, the explicit description of
the n-particle space F,(H), explicit formula for the orthogonal projection of H®™ onto
Fn(H), and the additional commutation relations (8) appear to be new results even in
the discrete setting.

We finish Section 2 with a proposition that shows that discrete anyons of fermion
type satisfy the anyonic exclusion principle, compare with [13].

In Section 3, we prove the results formulated in Section 2.



2 Construction of the Fock representation of

O-CR.

In this section, we will construct a Fock representation of the commutation relation
(1), and we will note that the additional commutation relations (8) then also hold.

2.1 Operator P,

Let T be a locally compact Polish space, let B(T) denote the Borel o-algebra on T,
and let o be a Radon measure on (T, B(T)). Let E € B(T?) be a symmetric subset of
T?: if (s,t) € E then (t,s) € E. We assume that ¢%2(E) = 0. Denote T := T2\ E,
which is also a symmetric set. We fix a complex-valued measurable function

Q:T® = {zcC:|z| <1}

which is Hermitian: for all (s,t) € T®, we have Q(s,t) = Q(t,s). This function is
defined 0®2-almost everywhere on T72.
Remark 1. The case where |Q(s,t)| = 1 for all (s,t) € T® corresponds to a generalized
statistics studied by Liguori and Mintchev [24]. The special case where T = R2
o(dt) = dt is the Lebesgue measure on T, E = {(s,t) € T? | s' = t'}, and the function
@ is defined by formula (6) with ¢ € C, |¢| = 1, corresponds to anyon statistics,
see [24, 16, 13]. The choice Q(s,t) = ¢ for all (s,t) € T® = T? with ¢ € (—1,1)
corresponds to the g-commutations (3), see [7].

Let us consider an operator ¥ which transforms a measurable function f® : T —
C into the function

(UfD)(s,1) = Qs,)f P (t.5),  (s.t) €T (9)
Analogously to T®, we define, for n > 3,
TM = {(tl,...,tn) eT": (ti,t;) ¢ Eforalll1 <i<j< n}

It is clear that o®"(T™\T™) = 0. The operator ¥ can be extended to a transformation
of functions f™ : T(™ — C by setting, for k € {1,...,n — 1},

(Tef ) (tr, .o tn) = Qtr, treg) F ™ (E1, s thets tigts Ly Tosas - - - Tn). (10)

Let H := L*(T — C, o) be the complex L-space over T. We agree that the scalar
product (-,-)y is antilinear in the first dot and linear in the second. For n > 2, the
nth tensor power of H, denoted by H®", can be identified with the complex L?-space
L*(T™ — C,0®"). Each Uy is a contraction in H®". The following trivial lemma
shows that the operators ¥, are self-adjoint and satisfy the braid relations.
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Lemma 2. The operators Vi satisfy:

\I/Z = ‘I]ka
U0, =0y, if k=1 >2,
VW1 Vg = W 1 Vg Wiy (11)
Let S,, denote the symmetric group on {1,...,n}. Represent a permutation 7 € S,

as an arbitrary product of adjacent transpositions,
W:ﬂ'jl...ﬂ'jm7 (12)

where 7; := (j,j+1) € S, for 1 < j <n—1. A permutation = € S,, can be represented
(not in a unique way, in general) as a reduced product of a minimal number of adjacent
transpositions, i.e., in the form (12) with a minimal m. This number m is then called
the length of 7, denoted by |7|. It is well known that |r| is equal to the number of
inversions of 7, i.e., the number of 1 < i < j < n such that 7 (i) > 7(j).

The mapping 7, — V., := ¥ can be multiplicatively extended to S,, by setting

Sn9ﬂf—>\117r = \I[j1"'qjjm' (13)

Although representation (12) of 7 € S, in a reduced form is not unique, the formu-
las (11) yield that the extension (13) is well defined, i.e., it does not depend on the
representation. (This fact also follows from the proof of Proposition 3 below.)

We will use the notations t™ = (ty,...,t,) € T, £ = (tr(1)s - - - > ta(n)) for
m™EeS,.

Proposition 3. For each m € S,, and f™ € H®", we have

(Trf) () = Qrr (81) F (21, (14)
where
Q-(t™) =[] Qtt;), t™e1™. (15)
1<i<j<n
m(i)>m(j)

For n > 2, we define an operator P, on H®" by
1
Poi=— > 0. (16)
TESK

The operator P, is a self-adjoint contraction in H®", since so are the operators ¥y,.
The following result is a special case of Theorem 1.1 in [8].

Theorem 4 ( [8]). For each n > 2, we have P, > 0.
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For any f, g™ € H®" we define

(f(n)yg(n))]-'n(ﬂ) = (Pnf(n),g(n))w?" . (17>
We consider the factor space
Fu(H) = w1 [{ ™ e 1o (f™, F) 70 = 0},

and define a scalar product on F,,(H) by (17).

Below, for a bounded linear operator L in a Hilbert space $), we denote by Ker(L)
and Ran(L) the kernel of L and the range of L, respectively. Recall that Ker(L) is a
closed linear subspace of $ and, if L is self-adjoint,

$) = Ker(L) ® Ran(L),

where Ran(L) denotes the closure of the linear subspace Ran(L). The following lemma
only uses the fact that P, > 0.

Lemma 5. (i) We have
{F e mo  (F, f™) 7,00 = 0} = Ker(Py).
(i) For each f™ € Ran(P,), f™ # 0,
(f™ F) puy > 0.

By Lemma 5, we can identify F,,(#H) with the set Ran(P,) equipped with scalar
product (17).
The result below follows from Theorem 2 and Remark 4 in [20].

Theorem 6 ([20]). We have

n—1

Ker(P, Z Ker(1 + W), (18)

k=1
i.e., the kernel of P, is equal to the closure of the linear span of the subspaces
Ker(1+ W), k=1,...,n—1.

We will now give an explicit description of the space F,(H) = Ran(P,,). We denote

©:={(s,t) € T® :1Q(s,t)| = 1}, ©:= T\ O = {(s,t) € T® :1Q(s,1)| < 1}.
(19)
Theorem 7. The space F,,(H) = Ran(P,,) is equal (as a set) to the subspace of H®"
consisting of all f™ € HE" that are Q-quasisymmetric, i.e., formula (7) holds for each
ke{l,...,n—1} and for 0® -a.a. (t1,...,t,) € T™ such that |Q(ty, tr1)| = 1, i.e.,
for c®"-a.a. (ty,...,t, ) € T,gn), where

={(t1,...,tn) €T : (t), 1) € O} . (20)



2.2 Orthogonal projection onto Ran(P,).

We will now describe the orthogonal projection P, of H®" onto Ran(P,) = F,(H).
For this purpose, we define a function

] Q(s,t), if(st) €0,
R(s,t) :== {O, o) O

Observe that

1, if (s,t) € O,
Ris,t)| =40 50 €0,
0, if (s,t) €O,

and that the function R is Hermitian. Hence, for each 7 € S,,, similarly to the operator
U, @ HE — H®" defined in subsec. 2.1 for the function ((s,t), we may define an
operator @, : H®" — H®" for the function R(s,t). By Proposition 3, we get

(q)ﬂf(n))(t(n)) — er(t(n))f(n)(tgrn)% (21)
where
R.(t"):= ] Rt t;), ™ eT™. (22)
1<i<j<n
m(i)>m(4)

Let 7 € S, and let t™ € T™ be such that, for some 1 < i < j < n, we have
7(i) > 7(j) and (t;,t;) € ©'. Then, it follows from (22) that R, (t™) = 0. Otherwise,
i.e., if such i andj do not exist, we get | R, (t™)| = 1.

leen t(™ € T we define a splitting

S = S, (6") L Sp(t™)
of the set S, into two disjoint subsets:

SLt™) . ={x e S, : |R,1(t™)] =1},
SOt ={r € S, : |R1(t™)] = 0}. (23)

Let ¢, (t™) := |SL(t(™)| denote the cardinality. We define an operator P, : H&" —
HE™ by setting, for each f(™ € H®™,

BuONE) = s S @)

TeSL(tm)
1
_ ()Y £(n) (¢ (n)
weSL(t(™M)



Theorem 8. For each n > 2, the operator P, is the orthogonal projection of H®™ onto

Ran(P,) = F.(H).
The corollary below is a straightforward consequence of Theorem 8.

Corollary 9. For each n > 2,
P, P, = P.P, =P,.

We will also need the following result about the operators P,,, which follows from
Theorem 8 and its proof.

Corollary 10. For eachn > 2 and k € {1,...,n — 1}, we have
P, =P,(Pr @ P,_y). (25)
Here we denote by Py := 1 the identity operator in H.

Remark 11. For f™ € F,(H) and g™ € F,,(H), we may define a Q-quasisymmetric
tensor product of £ and g™ by

f(n) ® g(m) = ]P)n+m<f(") ® g(m)).

Then Corollary 10 implies that the Q)-quasisymmetric tensor product ® is associative.

2.3 Creation and annihilation operators and their ()-commutation
relations

Recall that we have defined complex Hilbert spaces F,,(H) for n > 2. Let also Fi(H) =
H and Fo(H) := C. We define a Q-deformed Fock space to be the Hilbert space

=P F.(H)n

Thus, every f € F(H) is represented as f = (f™)2,, where f™ € F,(H), and the
norm of f is given by

£ 1500 = > £ 1%, gy 0!
n=0

The vector €2 := (1,0,0,...) is called the vacuum.

Let ]:ﬁn( ) CF (H) be the subspace consisting of all finite sequences of the form
f= (O O f® 0.0,...) for some k € N. The subspace Fg,(H) is evidently
dense in .F(H)

10



For each h € H, we define a creation operator a™ (h) : Fan(H) — Fan(H) by setting

at(WQ:=h, at(h)f™ =P, (h ™), f™ e F,(H), neN. (26)

The domain of the adjoint operator of a™(h) in F(H) contains Fy,(#H), and furthermore
the annihilation operator a™(h) := (a™(h))* | Fun(H) also maps Fg,(H) into itself.

The following proposition gives an explicit form of the action of the annihilation
operator.

Proposition 12. For each h € ‘H, we have a=(h)Q2 =0, a~(h)g = (h,g)u for g € H,
and

(™ () f™)(t1, . . tns)
:Zn:]Pnl [/ (HQ s, t;) ) tl,...,tkl,s,tk,...,tn1)0(d$)] (27)

for any f) € Fo(H), n > 2. In formula (27), the operator P,_1 acts on the function
of ty, ... ,ta_1 variables. Furthermore, for any g™ € HE", n > 2,

(CL_ (h)Png(n)) (tl, N n 1)

— ipn_l [/ (HQ s, t;) > tl,...,tk_l,s,tk,...,tn_l)a(ds)] . (28)

For t € T, we now informally define creation and annihilation operators at point
t, denoted by aj and 0y, respectively. A rigorous meaning to these operators is given
through smearing them with functions h € H:

at(h) = / o(dt) h(t)@;r, a (h) = / o(dt) h(t) O;. (29)
T T
So we have the following informal equalities:

an(n) =Ppii(6: ® f(n))

O™ (ty, ...t an . <HQtt ) Wttty b oo tae1) |

where 0, denotes the delta function at ¢.
Using (26) and Corollary 10, we see that, for any g,h € H and f™ € F,(H),

at(g)at(h)f™ =P, a(g@h @ fM). (30)

In view of (29) and (30), for each ¢ € H®?, we can naturally define an operator

/ o (ds) o (dt) 9@ (5, 1) DT0] + Fan(H) — Fom(H)

11



by setting
/ o(ds) o(dt) 0@ (s, 1) 010f f) := Ppia(0® @ ™) (31)
T2

for f" € F,(H). In particular, choosing ¢? = g ® h with g, h € H, we get

/T2 o(ds)o(dt) g(s)h(t) 8!82 = a"(g)a"(h).

Remark 13. Note that we also accept the natural formula
/ o(ds) o(dt) @ (s,t) 9 af = / o(ds)o(dt) @ (t,s)dla]. (32)
T2 T2

Similarly, using also Proposition 12, we may define, for each o € H®?, linear
operators

[ otds) o) ¢ (5,100, () = Fan(H).
/T2 o(ds) o(dt) g0(2)(s, t) 318,5 : Fin(H) = Fan(H).
Note that
([ otas)otan ¢ s.010001) = [ o(as) o) 5@Ts.11 00

_ / o(ds)o(dt) oD (t,5) .0, (33)

Also, for any g, h € H, we denote

/T o(ds) o(dt) 9(s)h(t)d,8] := a~(g)a*(h).

We will now present the commutation relations for the creation and annihilation
operators.

Theorem 14 (Q-CR). The operators 0], 8, (t € T) satisfy the (informal) commuta-
tions relations (1) and (8). Rigorously, this means the following: for any g,h € H,

/T2 o(ds) o(dt) g(s)h(t),0] = /

T

sO(®)oldt) + [ olds) o(at) o(sIn(BQ(s. .
) 39
and for any function ©® € H®? that vanishes a.e. in ©' (see (19)),

/ o(ds)o(dt) @ (s,t)dlaf = / o(ds) o(dt) (s, )Q(t, s) D)1, (35)
/T o(ds) o) ¢ (s,1) 0,0, = / o(ds) o(dt) 92 (s,)Q(t, 5) Bds. (36

T2
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We finish this section with several remarks.

Remark 15. We can naturally identify the diagonal A := {(s,t) € T? | s = t} with T
Denote by & the measure ¢ on A. We may consider ¢ as a measure on 72 which is
equal to zero outside of A. Denote

& = L*(T? = C,0®*)n L' (T* — C,5).

In view of (34), for each ¢® € &, we may define an operator
/ o(ds) o(dt) p? (s,t) 0,0] = Fan(H) = Fin(H),
T2

which satisfies

/TZ o(ds) o(dt) 0@ (s, 1)0,0] :/

T

e (t,t) o(dt) + / o(ds) o(dt) @ (s,£)Q(s, )d] 9.

T2

Remark 16. Denote B(yp) := a* () + a~(¢). The family of operators (B(¢)),en can
be thought of as a noncommutative Brownian motion (or a noncommutative Gaussian
white noise). Let P denote the complex unital *-algebra generated by (B(¢))gen, i€,
the algebra of noncommutative polynomials in the variables B(y). We define a vacuum
state on P by 7(p) := (p€2, Q) r2), p € P. By analogy with the proofs of Theorem 4.4
in [8] and Corollary 4.9 in [6], one can prove the following result: the state 7 is tracial
(i.e., it satisfies 7(p1p2) = T(pop1) for all p;,py € P) if and only if the function @ is
real-valued, i.e., Q : T® — [—1,1].

Remark 17. The results of this section hold, in particular, in the case where c®?(0’) =
0, i.e., when |Q(s,t)] < 1 for 0®2-a.a. (s,t) € T?. Then, for each n > 2, the equality
Fu(H) = H®" holds (in the sense of sets). Evidently, there are no commutation
relations (35), (36) in this case. Note also that, if |Q(s,t)] < r < 1 for some number
0 < r < 1, then the creation operators a®(h) and the annihilation operators a~(h)

(h € H) are bounded in F(#), see Theorem 3.1, (ii) in [§].

2.4 Discrete setting: the anyonic exclusion principle

We will now make several observations about the discrete setting. We may choose T’
to be a finite or countable set and o to be the counting measure on 7', i.e., o({t}) =1
for each t € T. Hence, the space H becomes the complex ¢?-space over T, i.e., H =
2(T — C). We obviously have T? = T2, so that the function Q(s,t) is defined for
all (s,t) € T? Thus, we have, in particular, constructed Fock representations of the
discrete commutation relations (4) with additional commutation relations between 9],
d and between 8,, 8, for those pairs (s, t) € T? for which |Q(s,t)| = 1. (Note that, in
this case, the operators 8; , Oy have a rigorous meaning.)

13



Since the function ) is Hermitian, we have Q(¢,t) € R for each ¢t € T. Hence,
|Q(t,t)] = 1 if and only if either Q(¢,t) = 1 or Q(¢,t) = —1. In the first case, we just
get the tautological commutation relation (8))? = (8/)2. In the second case, we get
(812 = —(8])2, so that (8])2 = 92 = 0. If the latter formulas hold for all ¢ € T', then
we may call the corresponding commutation relations the discrete QQ-CR of fermion
type.

For the discrete ()-CR of fermion type, the operators 82 , 0; become bounded in
F(#H) and have norm equal to 1, see [8], Corollary 3.2 and Remark after it. Hence, for
each h € /(T — C),

la™ (W)l = lla” (Al < 1Al rsc)-

Let us now assume that 7" C N and fix ¢ € C, |g| = 1. We consider the function

q, if s>t
Qs,t):=<¢q, ifs<t
-1, if s=t,

The corresponding Q-CR describe a discrete anyon system of fermion type. Note that
|Q(s,t)| =1 for all (s,t) € T?, hence P, = P, is the projection of H®" onto F,(H).

Theorem 18 (Anyonic exclusion principle). Consider a discrete anyon system of
fermion type. Let m € N, m > 2. Assume that the parameter q € C, q # 1, is
an mth root of unity, i.e., ¢ = 1. Then, for any h € H, we have

at(h)™ =a=(h)™ = 0. (37)

3 Proofs

In this section we collect the proofs of the results from Section 2.

Proof of Proposition 3. We start with the following crucial lemma.

Lemma 19. Let p = mn be a reduced representation of a permutation p € S,. Then

Qultt, - tn) = Qty—10y ty1041) @y (trs - - 1), (ty-. i ty) €T, (38)

Proof. Let

Lﬂ = Qp(tla---atn) = H Q<ti7tj)’ Lﬁ = Qn(t17""t”> - H Q(ti’tj)'
1<i<j<n 1<i<j<n
p(@)>p(4) n(#)>n(4)

Let 1 <u < v <n. We consider the following cases.

14



o Ifn(u),n(v) ¢ {l,14+1}, then both n(u),n(v) are fixed points for 7;. Consequently,

p(u) = n(u) and p(v) = n(v), so that p(u) > p(v) if and only if n(u) > n(v).
Hence, the term Q(t,,t,) appears in L, if and only if it appears in L,,.

o If n(u) € {l,l + 1} and n(v) ¢ {l,l + 1}, then p(v) = v ¢ {l,1 + 1} and, since
p(u) = (mn)(u) € {l,l + 1}, the order between n(u) and n(v) is the same as
between p(u) and p(v). Thus, the term Q(t,,t,) appears in L, if and only if it
appears in L.

e The case n(u) ¢ {l,l+ 1} and n(v) € {I,1+ 1} is analogous to the previous one.

e Consider the case n(u) = [ and n(v) = [+ 1. Then the term Q(t,,t,) does not
appear in L,. Further, p(u) = (mn)(uv) = m(l) =1+ 1 and p(v) = (mn)(v) =
m(l 4+ 1) =1, so that p(u) > p(v). Hence, the term Q(t,,t,) appears in L,. But
we also have Q(t,-1),ty)-1041)) = Q(tu,t,) on the right hand side of equality
(38).

e Finally, consider the case n(u) = {41 and n(v) = [. But then p(u) = (mn)(u) =1
and p(v) = (mn)(v) = [+ 1. Thus, n changes the order of the pair (u,v), while p
does not. Therefore, n has more inversions than p: |n| > |p|. But this contradicts
the assumption that p is in the reduced form. Thus, this case is impossible.

]

We will now prove the proposition by induction on the length of a permutation 7.
If |7| = 1, then 7 = 7, for some k € {1,...,n—1}. In this case, the statement trivially
follows from the definition of Wy, see (10). Assume that the statement holds for each
permutation of length m. Let m be a a permutation of length m + 1, and let # = pm
be a reduced representation of . Hence, the length of the permutation ¢ is m. Denote
n:= ¢ tand p:= 7!, so that p = mn. Then, for each f™ € H®" by using the
induction’s assumption and Lemma 19, we get

(T f ) (e, oy t) = (LU )ty L)

:Qﬁ(th?tn)( f(n))( 7t<,o(n))
= Qylt1,- -, ta) Q) w(lH))f(n) (Co(1)s - -+ Ep1)s Loy - - 5 Tp(m))
= Qultr, - ta) ™ (trr)s - s b))

Proof of Lemma 5. (i) Since P, is self-adjoint and P,, > 0, we can write P,, = (v/P,)>.
Let f(® € H®" be such that

0= (f™, f™ = |/ Puf ™300
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Hence, f™ € Ker(v/P,). But Ker /P, C KerP,, which implies
{f(") e HO | (f™, f™N ) = 0} C Ker(P,).

The inverse inclusion trivially follows from (17).

(ii) Let f™ e Ran(P,) be such that (f™,f Nz.py = 0. By part (i), fM €
Ker(P,). But Ran(P,) L Ker(P,). Hence, Ran(P,) N Ker(P,) = {0}, and so f™ =
0. O

Proof of Theorem 7. Using (18), we have

n—1 L1 n—1 n—1
Ran(P,) = (Z Ker(1 + Wy) ) = (Ker(1+ ¥;)*" = ((Ran(1+ T;).  (39)

k=1 k=1 k=1

Forl € Nand k € {1,...,n — 1}, we denote

. L ol-1 z
T\ = {(tl,...,tn) €T : —— <|Q(tk, tri)| < l+1}

and recall the definition of Tk(n), see (20). Then, for each k € {1,...,n — 1}, we have
the orthogonal decomposition

HO = (@ LA(TY) — C, a®")) & LX(TM — C,o®"). (40)
=1

Each of the spaces on the right-hand side of (40) is invariant for the operator 1 + Uy
On each space LQ(T,S;) — C, 0®"), the norm of the operator ¥y, is bounded by z+_1 < 1.
Hence, the operator 1 4+ W, is invertible in this space. Therefore the kernel of the

operator 1 + Uy, restricted to LZ(T,&L) — C, 0®") is trivial:
Ker(1+ ¥;)N LQ(T,EZL) — C,0%") = {0} for each [ € N.

Let f™ ¢ LQ(T,f,n) — C,0®"). Consider the decomposition f™ = f,ﬁ”j + f,in_) with

ot tn) = S ) £ QU i) F T (et b - )]

N | —

One can easily see that f,g"l and f,g"_) are orthogonal and f,gnl € Ran(1 + Uy). Hence
f,i"_’ € Ker(1 + W;). Therefore, the orthogonal projection of L2(Tk(") — C,0®") onto
Ker(1 + W¥y), denoted by D,(C"), is given by

[F (o tn) = QUi tis) F™ (tr st s - )]

n n 1
(D™ £ ))(tl,...,tn):§
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Hence, the orthogonal projection of H®" onto Ker(1 + ¥}), denoted by E,g"), is given
by

(EM ) (8, L)

1
= X (o ) [ (e t) = QUi trs) Pt o it s - )],

where x 4 denotes the indicator function of a set A. Therefore, the orthogonal projection
of H®" onto Ker(1 + U;)* = Ran(1 + ;,), denoted by F\", is given by

(Fkgn)f(n))(tly R ,tn) = XT(n)\Tlin)(tla s 7tn)f(n)(t1’ T ’t")

1
+ 5 X (tr e t) [ (1) + QUi trs ) F ™ (Fr ot s - )]

Thus, the set Ran(1 4+ Wy) consists of all functions from H®" that are Q-quasi-
symmetric in the t, ¢, 1-variables on the set T,g"), ie., for c®"a.a (t1,...,t,) € Tk("),

equality (7) holds. From here and formula (39), the theorem follows.
[l

Proof of Theorem 8. We start with the following lemma.
Lemma 20. (i) Let t™ € T™ . Then x € SL(t™) if and only if 7= € SL(tS).

(ii) Let t™ € T™  let # € S1(t™), and let v € SLt™). Then ¢ := 7w € SL(t™).

(iii) For each t™ € T™ and 7 € SL(t™), we have ¢, (t™) = ¢, ( 5:”‘))
Proof. (i) By (22),

R (£™) = R (t"). (41)

From here the statement follows.

(ii) Assume that ¢ ¢ S!(t(™). Then there exist i < j such that ¢='(i) > ¢~'(5)
and R(t;,t;) = 0. Let us consider two cases.

Case 1: w'(i) > 7~ 1(j). But then (22) implies that R,-1(t™) = 0, hence 7 ¢
S1(t™), which is a contradiction.

Case 2: 7= 1(i) < 7 1(j). We then have

v (i) =7 (@) > ¢ ) = v ().

By (22),
Ru-l(twn)) = H R(tr(a)atw(b)>~

1<a<b<n
v=i(a)>v=1(b)

Choose a = 771(i) and b = 7 1(j). Then a < b, v~ *(a) > v=1(b), and

R(tﬂ(a)7 t?r(b)) = R(t“ t]) = 0.
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Therefore, R, (t") = 0, which implies v ¢ S!(t”). This is again a contradiction.
Thus, we must have ¢ € S%(t(”)).

(iii) By part (ii), if v € S1(t"), then 7v € SL(t™). Hence, ¢, (t5”) < ¢, (™). On
the other hand, by part (i), 7! € S:(t{”). Hence, by part (i), if u € S1(t™) then
7= € SLEM). Hence, ¢,(t™) < ¢, (t5). 0

We first show that the operator P, is self-adjoint. By (21)—(24), we can write the
operator P, in the form

(P f n))(t(n = Z R ( n) (twn))

TESh

Hence using Lemma 20, (iii) and (41) we get, for any (), g™ € H®"

(P, f 7—[®" = Z /T(n ol t(”)) R 1(t(n))f(n)(t(n)>g(n)<t(n) ®n(dt )

TESH
1 n n n n n
(t:=)
TES C?’L -1
1 - o o
- Z/ == Re(t0) ) (607) g (£07) 07 (dt ™)
TESy T Cn(tﬂ )
1 -
=2 / Gy Bt (87) 00 (600) g™ (£07) 0" (at ™)
TESy T Cn(tﬂ )
1
— f(n) (t(n)) Z o) Rﬂ_l(t(n)) g(n) (tgrn)) O'®n(dt(n))
T 1 n Cn(tﬂ' )
TESY (t( ))
= o 7D D Res(t0) g (60) 0" (™)
e WESl (t(m)
Thus, P, = P,

Our next aim is to prove that P2 = P, which will imply that P, is an orthogonal
projection in H®". For f( € H®", we have, by Lemma 20, (ii) and (iii),

(Pif‘”))(t("’)=cn(tl(n)) Y X @ ))

(n)
resiam) Cn(t) oo,

e XX @)

weSl (™) pest £{™)

1
- - () (¢(n)
= oy E E (DD, ") (™). (43)
PESL(EM) regl (t(m), vest (t7)
V=
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Let ¢ € SL(t™) and 7 € S1(t(™). By Lemma 20, (i), we have 7! € S1(t%")). Hence,
by Lemma 20, (ii), we get v := ﬂ_lgo € S1(t"). From here and (43) we get:

B = 3 X @) )

peSL(tM) meSk (£()

Lemma 21. Let t™ € T™, and 7 € SL(t™), and v € SL(tY). Then, for each
f(”) c ’H®"’
(cpﬂq)yf(”))(t(")) = ((Dwf(n))(t(n)) (45)

Proof. We first note that equality (45) explicitly means that
Rt (8) Ryo1 (657) f™ (80)) = Ry (87) F(80),
which is equivalent to the equality
Ry (67) Ry (£) = Ryags (40). (46)
Since m € S(t™), v € S2(t™), and 7v € S1 (™M), we have
[Res (6" =1, [Rya(t0)[ =1, [Ry-1pa (80)] = 1. (47)

We define a Hermitian function G : 7 — C by

) R(s,t), if|R(s,t)| =1,
Gls,t) = {1, it R(s,t) = 0. (48)

For each m € §,,, similarly to the operator ¥, defined for the function @) and to the

operator @, defined for the function R, we define an operator I'; : H®" — H®" for the
function G. Thus,

(2 f)(E) = Grs (60 F (60,

where
=[] c¢tity), t™ert™. (49)
1<i<j<n
() >7(j)
For an adjacent transposition 7; = (j,j + 1), we denote I'; := I'y,. By Lemma 2,
the operators I'; satisfy the braid relations. Furthermore, since |G(s,t)] = 1 for all

(s,t) € T®, we get I'? = 1. Using e.g. [9], we therefore conclude that the operators I'x
with 7 € S,, form a unitary representation of S, i.e., for any w,v € S,,, it holds that
I'.I', =TI',,, and in fact, for all t™ € T,

G (8™)G, 1 (8)) = G (8. (50)

™

But if t™ ¢ T 7 ¢ S}(t™), and v € S}l(t&”)), then formulas (47)—(50) imply
(46). O
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Now formula (44) and Lemma 21 yield the equality

(PLFM)(E™) = ) Yo D (@M

peSL (M) reSk(t)

T e (t0) Z (@, £ (™) = (P, f™) (™). (51)

pESL(t™)

Thus, P, is an orthogonal projection in H®".

It remains to prove that Ran(P,) = F,(H). Let f™ € F,(H). Theorem 7 and
the construction of the &, operators imply that, for ¢®"-a.a. t( € T and for each
7 € SLtM), we have (®,f™)(t™) = f™ (™). Hence, by (24), P, f™ = f™ ie,
f € Ran(P,).

Finally, we have to prove the inclusion Ran(P,) C F,(#H). This means that, for
any f® € H® and k € {1,...,n — 1},

(®4P, f™) (™) = (B, f) (6™ for 0®™-a.a. t™ € T (52)

The proof of (52) is similar to the proof of the equality P2 = P (formulas (43), (44),
and (51)), so we omit it. O

Proof of Corllary 10. We start with the following lemma
Lemma 22. For each n € N, we have

P (]P)n ® 1) =Pri1, (53)
Pn+1(1 ® Pn) = Pn+1. (54)

Proof. We will only prove equality (53), since the proof of (54) is similar. For a
permutation v € S,, we denote by v ® id the permutation from S, ,; defined by
(v ®id)(i) == v(i) fori € {1,...,n} and (v ®id)(n + 1) := n + 1. Analogously to the
proof of Theorem 8, we get, for any f*+1) ¢ H@M+1),

(Prg1 (P © 1) D) (£004)
1 1
_ E : E ) (n+1) (n+1)
- Cn+1(t(n+1)) (CI)W(V@)Id)f )(t )

cnlt .ot
TI'GS1 1(t("+1)) n( ﬂ-(l)7 ’ ﬂ(n)) Z/ES,,lL(tﬂ.(l) ..... t‘rr(n))

n+1

1
_ Z Z Z &, D)y (g (D)
Cnya(t "H cn(tr(ry, - (@] ) )

.t
i=1 pest, | (¢ H))  resh, (D) ) w(n))
go(n—i—l) 7 w(n+1)=i
V€S7lz(t7r(1) »»»» tﬂ(n))
7(vRid)=p

(55)
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Let o, m € SL,(t™V)) be such that 7(n + 1) = v(n+1) = i. Then v/ := 7 lp €
5'}%1(’57:”rl ) and /(n+1) = n+1. Therefore, ' = v®id, where v € S} (tr1y, - -, br(n))-

Hence, by (55),

(Prgr (P @ l)f D) g H)

n+1
1
_ 2 : 2 : P fn+1)y (¢ (n+D) '
c +1 n+1) ( (‘Df )< ) Cn<t7r(1)7 R ,tﬂ(n))
=1 SOESI ((n+1)) 7"'ES}L+1(t(n+1>)
go(nJrl) ) m(n+1)=1

Therefore, it is sufficient to prove that, for any t™*" € T"*V and i € {1,...,n + 1},

> ! = 1. (56)

resp ey 0 o)
m(n+1)=i

To this end, we denote
Spi(t) = {m € Sy(t" ) s w(n + 1) =i},

and let cpp1,;(8™ ) =[S ("D)]. We state that, for any t"*) € 7™ and
T e S}L’i(t("ﬂ)),

Cn+1’i(t(n+1)) = Cn(tw(l)a e ,tﬂ(n)). (57)
Indeed, if v € SL(tx), - - ta(m), then v @ id € S, (t8"). Therefore, 7(v @ id) €
Sh(£7FD) and

(r(r®id))(n+1)=nm(n+1) =
Hence, n(v ®@id) € Sk, ,;(6™). So cultaqr), - - - tam)) < cnpri(67T). On the other
hand, take any ¢ € S}LH,Z(t”“). Let v/ := 7w~ 1p. As shown above, v/ = v ® id, where
V€ Stter), .-+ stamy). Hence, copri(8™H)) < cy(tr), - - - s tany), and formula (57) is
proven. Finally, formula (57) implies (56). O

Lemma 23. For k € N, we denote by 1, the identity operator in H®*. Then, for each
n>2,

Proof. We will again only prove the first formula, (58), the proof of (59) being similar.
We prove (58) by induction on k. For k = 1, formula (58) becomes (53). Let k > 2
and assume that formula (53) holds for £ — 1. We then have

PnJrk(Pn & 1k) = ]P)n#»k(]P)nJrkfl & 1)<Pn & 1k71 ® 1)
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= ]P)n—‘rk: [(Pn+k—l(Pn & ]—k—l)) ® 1]
= Pn+k(Pn+k—1 X 1) = Pn—l—k-

Using Lemma 23, we get, for n > 2 and k € {1,...,n — 1}
]

Proof of Proposition 12. The result below was shown in the proof of Theorem 3.1 in
[3].

Lemma 24 ([8]). Let a bounded linear operator R, : H®" — H®" be defined by
Rn = 1n—|—\111+\D1\I/2—|—"'+\I/1\1/2"'\I/n_1. (60)
Then, forn € N,
(n + 1)Pn+1 = (1 ® Pn>Rn+1' (61)

Analogously to Fg,(H) we define a linear space Fg,(#H) that consists of finite se-
quence (f©, fO f0 ) with £ € H®'. For h € H, we define a linear operator
A~ (h) : Fao(H) — Fan(H) by setting

(A= (h) f™)(t1, ... tno1) ::/Tmf(”)(s,tl,...,tn_l)a(ds)

for f™ € H®", n € N, and A=(h)(1,0,0,...) :=0.
Let f € F,(H), gD € H®"+D and h € H. Then, by (26) and Lemmas 9 and
24, we get

(" (W)™, Prsag™V) 1 g (4 1)!
= (Pus1Pusa(h ® f™), Prirg™™) o) (n+ 1)
= (Pur1(h @ f), "), oy (0 + 1))
(RZ+1 (1 ® P )(h@ f™), g(n+1))H®<n+1> n!
(h ) Rai19" ) e 1!
= (Pn Rn+19(n+1))ﬂ®n n!

nl.

= (f 7]P)nA (h)Rn+lg(n+1))fn(H)

From here both formulas (27) and (28) follow. O
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Remark 25. Note that formula (28) can now be written in the form
a” (h)P,g" =P, 1A~ (h)Rug™

for h € H and g™ € H®".

(62)

Proof of Theorem 14. By choosing an orthonormal basis (e, )neny of H and writing the
infinite matrix of the operator ¥ (see (9)) in terms of the orthonormal basis (e, ®
em)nmen of H®2 one can derive the commutation relation (34) from Section 3 of [8].
For the reader’s convenience, we will now present a complete proof of this commutation

relation without use of an orthonormal basis.
Let g,h € H and f € F,(H). By formulas (26) and (62), we get

a (g)at (h)f"™ = P,A™(9)Rur1(h @ f).

By (60),
Rn—l—l - 1n+1 + \Ijl(]- ® Rn)

Formulas (63) and (64) yield
a”(g9)a™ (W™ = (g, h)auf ™ + P

where

ul™ = A~ (g), (h ® (Rnf(")))

A direct calculation shows that

Wty ) = /T (ds) 90) h(t)Q(s, 1) (Ruf ™) (5, ta, ., 1),

On the other hand, using additionally (54), we get
a*(ha~(9)f" =Py (h @ (Pu1A™ (9)Ruf™)) = P,

where

v = h @ (A (9)Raf™).
Note that

o (k) _/Ta(ds)@h(tl)(nnﬂ"))(s,tz,...,tn).

Formulas (65)—(68) prove (34).

Corollary 10 and formula (31) show that, for each p® € H®? and f €

| otas) otat) (5,00 0101 £ = Bova(Bap®) 1)
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fn(H),
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By Theorem 7, since ¢ has support in ©, we get PaWp?) = P, Hence, formulas
(32) and (69) imply

/O'(dS)U(dt)w(”(s,t)@laff(")=/ o(ds) o(dt) Q(s, t)p®(t,s) 91 f

T2

_ / o(ds) o(de) ¢ (5,1)Q(t, ) ALl ™,
T2

which gives (35).
Finally, formula (36) is obtained by taking the adjoint operators on the left and
right hand sides of formula (35), see (33). O

Proof of Theorem 18. Using Corollary 10, we get, for each f € F,(H) and h € H,
a+(h)mf(n) = IEI)m-l-n(h(g)m ® f(n)) = Pm-l-n((th@m) ® f(n))-

Hence, it suffices to prove that P,,(h®™) = 0.
Denote by (e;)er the canonical orthonormal basis in H = £*(T — C), i.e., e;(s) = 1
if s =1t and e;(s) = 01if s # ¢. In view of (9), we get

Ve, ey = Q(t, s)e; ®e,, (s,t) € T

Note that the operators (¥, )res,, form a unitary representation of the group S,,, see
the proof of Lemma 21. Therefore, for each k € {1,...,m — 1}, we have P,, V), = P,,.
Hence, for any tq,...,t,, € T,

Pm(etl K- Cty_1 ® Clrtr ® €y, ® Ctryo Q- ® etm) = Q(tka tk—l—l)ﬂbn(etl K& etm)'

This implies that

Pm(€t1®"'®6tm):0 if |{t17'-'atm}| <m (7())

(i.e., if some index ¢; appears twice or more times). Analogously, for any (¢,...,t,) €
T™ and m € S,,,

]P)m(etwu) Q- etﬂ'(m)) = Qﬂ(th s vtm)]P)m(eh & etm)' (71>

Let b =}, .r hve, € H. We get, by (70) and (71),

th@)m - Z htl e htm]P)m(etl Q- et"”)

t1,..tm €T
= E htl ...hthm(etl ®...®etm)
t1yeeny tmeT

tiFty if i
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= Z Z Dty Mt Pr(Et, ) @+ @€t

t1yeetm €T TESH

t1<to-<tm
- Z hiy - ha,, Z Pm(etm) ®-® etﬂm))
1y tm €T TESm
t1<tg-<tm
= > ol (Z Qxlta... ,tm>) Polen, ® - ®ey,),  (72)
1,0, tm €T TESm
1 <to<tm

where we used that htw(l) e htn(m) = hy, - -+ hy,, for any permutation m € S,,. It can be

easily proven by induction on m that, for any ¢1,...,t,, € T with t; <ty--- < t,,, we
have
> Qaltr i t) = [ml,). (73)
7T€Sm

Here we used the notation, for m € N and ¢ # 1,

[mlg! = H[i]q’ where i, =1+ q¢+¢" +-- +¢7" =
i=1

1—qi
1—¢q°

Since ¢™ = 1, we get [m],! = 0. Hence, the theorem follows from (72) and (73). O
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