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Highlights

e The Ritz formulation using boundary characteristic orthogonal polynomials is proposed
e The method is efficient for solving non-local boundary-value problems is presented
e The nonlocal mass and stiffness matrices are independent of the mesh distribution.

e Several numerical examples are used to demonstrate the accuracy of the method.

e The method is compared against nonlocal finite-element method.
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Abstract

This study presents the Ritz formulation, which is based on boundary characteristic orthogonal polynomials (BCOPs),
for the two-phase integro-differential form of the Eringen nonlocal elasticity model. This.approach is named the
nonlocal Ritz method (NL-RM). This feature greatly reduces the computational cost compared to,the nonlocal finite-
element method (NL-FEM). Another advantage of this approach is that, unlike NL-FEM, the nonlocal mass and stiffness
matrices are independent of the mesh distribution. Here, these formulations are applied to study the static-bending and
free-dynamic analyses of the Kirchhoff plate model. In this paper, novel 2D BCOPs of'the plate are derived as coordinate
functions. These polynomials are generated using a modified Gram-Schmidt process and jsatisfy the given geometrical
boundary conditions as well as the natural boundary conditions. The accuracy.and convergence of the presented model,
demonstrated through several numerical examples, are discussed. A concisesargument on the advantages of NL-RM
compared to NL-FEM is also provided.

Keywords:

Two-phase integro-differential formulation, Ritz Method, Boundary characteristic orthogonal polynomials, Kirchhoff
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1. Introduction

The classical (local) continuum theories assumesthat the strain and stress at each point are related. However, these
theories have been shown to be inadequate for numerous situations in which a characteristic length scale of the
medium must be considered in the physical solution. The local theory cannot be used to describe the stress and strain
fields around sharp crack tips, the dispersion of’elastic waves, strain softening, size-dependent effects and dislocation
(Bazant and Cedolin, 2010). As a result, nonlocal continuum theories are needed to model the structural responses of
new materials to account for small-scale effects. Nonlocal theories assume that the stress at each point is affected by the
strain at all points in the field.Kroner (1967), Kunin (1968), and Krumhansl (1968) proposed for the first time the idea
of the nonlocal theory. Among sizé-dependent theories, one of the most well-known is the nonlocal continuum theory of
Eringen. In this theory, the scale effect and long-range interatomic interactions are entered as material parameters into
the constitutive equations. Later, Edelen and Laws (1971), Edelen et al. (1971), and Eringen and Edelen (1972)
improved nonlocal (formulations in a thermodynamic framework and accounted for long-range interactions in the
constitutive equations insan integral form. Eringen (1987) and Altan (1989) presented the two-phase integro-
differential nonlocal elasticity theory, which includes both local and nonlocal integral-type elasticity theories by
assigning a volume fraction to each of the theories. In integral non-local theory, an integral operator is represented as a
material parameter to take into account the nonlocal nature of the material structure. In this theory, the stress at a
material point is dependent on a positive distance-decaying kernel function as a weighted integral of strains over a
specified finite region. This theory for isotropic material results in a set of integro-partial differential equations for the
displacement domain, which are difficult to solve, particularly for mixed boundary-value problems (Shaat, 2015).

The integral nonlocal elasticity theory was revised by Polizzotto (2001), who proposed nonlocal finite-element models
to remove the difficulties of employing the nonlocal boundary conditions. Polizzotto (2001) obtained nonlocal finite
element (NL-FEM) and an alternative FEM-based iterative formulation of the integral-type nonlocal model based on
three variational principles. A nonlocal-type FEM (NL-FEM) was developed in which the symmetric global-stiffness



matrix includes the nonlocal characteristics of the problem. Moreover, an iterative-FE-based solution method (Iterative-
FEM) was presented in which the local strain energy is iteratively corrected by an imposed correction strain. The NL-
FEM may be used to solve one- and two-dimensional nonlocal elastic problems. Pisano and Fuschi (2003) investigated
an elastic bar subjected to tension based on Eringen’s nonlocal integral-type model by transforming the governing
equation into the standard solvable Volterra integral equation of the second type. Later, Benvenuti and Simone (2013),
proposed a closed-form solution of the local-nonlocal strain-stress law for a homogeneous rod subjected to different
load cases by reducing the integro-differential boundary value problem to a differential one. An NL-FEM was developed,
in detail, to solve 2D elastic problems (in-plane motion) for homogeneous (Pisano et al., 2009a) and non-homogeneous
(Pisano et al., 2009b) materials based on the two-phase integro-differential model.

Furthermore, the integral nonlocal elasticity was reduced to differential nonlocal elasticity for-certain special kernel
functions by Eringen (1983). The differential nonlocal elasticity leads to a set of singular differential equations, and
these equations could be simply solved; however, some difficulty exists when employing natural boundary conditions
(Shaat, 2015). In the literature, the nonlocal differential model has been most widely used for bending, buckling and
vibration analysis of nanorods, nanoplates and nanobeams (Guo and Yang, 2012; Duan and‘Wang, 2007; Lu et al., 2007;
Aghababaei and Reddy, 2009; Thai et al. 2014). Also this nonlocal model is used for'studyingthe vibration and buckling
of functionally graded rectangular nano-plates based on nonlocal exponential shear . deformation (Khorshidi et al. 2015;
Khorshidi and Fallah, 2016). Some authors addressed the well-known paradoxical cantilever nonlocal beam problem
(Challamel and Wang, 2008; Challamel et al., 2014; Wang et al.,, 2008), where an unreasonable stiffening effect was
found in their results. Challamel and Wang (2008) also noted that this paradox*can be solved with an integral-based
model that combines the local and nonlocal curvatures in the constitutive relations. Most recently, Khodabakhshi and
Reddy (2015) proposed a general finite-element formulation for the two-phase integro-differential nonlocal model to
solve the well-known paradoxical cantilever nonlocal beam.

In all of the references outlined above, FEM-based approaches, (i.esclassical and nonlocal-type FEM) have been used as
the solution methods. Shaat (2015) stated that applying(FE-based approaches to analyse nonlocal integral-type elastic
problems required extremely challenging computational efforts. Furthermore, Khodabakhshi and Reddy (2015) noted
that in the FE discretized integral model, due to the existence of the non-zero terms in the global stiffness matrix, the
properties of the mesh distribution and also the need to.increase the mesh size to achieve the desired accuracy, this
approach demands a high computational cost

The main contribution of this paper is’the presentation of an efficient computational method to overcome these
obstacles. To achieve this goal, the Ritz formulation based on the boundary characteristic orthogonal polynomials
(BCOPs) for the two-phase integro-differential nonlocal elasticity model is presented. In addition, a novel set of BCOPs
are derived based on the approach described by Bhat (2015) as trial functions in the Ritz method. These polynomials
are generated using a modified Gram-Schmidt orthonormalization process. The advantage of the novel BCOPs is that
not only the given geometrical boundary conditions are satisfied but also the natural boundary conditions. It should be
noted that this method considerably improves the problem related to the bandwidth growth of the stiffness matrix in
FEM-based approaches‘(Khodabakhshi and Reddy, 2015) because the orthogonality property of the BCOPs would lead
to an increased number of zero entries in the stiffness matrix.

The nonlocal differential model has been used with the Rayleigh-Ritz method to calculate the natural frequencies of
uniform and non-uniform nonlocal plates for several possible boundary conditions (Chakraverty and Behera, 2014;
Behera and,Chakraverty, 2016). Rayleigh-Ritz method has been used for local vibration analysis of moderately thick
rectangular, plates (Hashemi et al. 2009) and functionally graded rectangular plate (Khorshidi and Bakhsheshy, 2015).
Faroughi and Goushegir (2016) studied the in-plane natural frequencies and mode shapes of non-uniform rectangular
nanoplates using the Eringen nonlocal differential model along with the Rayleigh-Ritz method. Regarding the Eringen
nonlocal differential model with the Rayleigh-Ritz method for modelling a nanoplate, to the best knowledge of the
authors, the Ritz method using novel BCOPs has not been used to model two-phase integro-differential nonlocal
elasticity. This efficient computational method is implemented here to study the static and dynamic analyses of two-
phase integro-differential nonlocal plate problems. To date, this has not been carried out using any numerical



approaches. It is noteworthy that the method implemented here completely eliminates the challenges of generating
elements within the influence zones (i.e., cohesive zones) in the NL-FEM.

The outline of the paper is as follows. Section 2 describes two-phase integro-differential nonlocal theory in 2D. The
kernel function is expressed in section 3. Section 4 explains the Ritz method for nonlocal Kirchhoff plate theory. The
construction of 2D novel BCOPs is explained in section 5. Numerical examples are given in section 6. Finally, some
conclusions are drawn in section 7.

2. Two-phase integro-differential nonlocal theory in two dimensions

Eringen’s nonlocal theory (Eringen, 1972) assumes that the stress at a reference point x in the body isidependent not
only on the strain at x but also on the strain field at all other points (X) of the material. In the general’integral-type
nonlocal theory, this dependency is expressed as a weighted convolution integral in which.the weighing function is a
scalar kernel function H(x, X, [.). In Eringen’s integral-type nonlocal theory, the stress at the pointx € V is given as

o(x) = va(x, %,1.)D : e(x)dV 1

where €(%), D and V denote the local strain at %, the fourth-order tensor. of classical linear elastic-material moduli and
the nonlocal continuum volume, respectively. The parameter [, is the'length-scale parameter.

According to Eringen (1987) and Altan (1989), both the local and nonlocal elastic models can be combined linearly and
expressed as a more general two-phase nonlocal model. Equation (1) can be modified for a two-phase model to give

6(x) =n,D: e(x) +1; J,H(X, %,1.)D : e(X)dV (2)
\%

Where, volume fractions 1, and 7, denotedocaliand nonlocal phases of the body material, respectively. The local n; and
nonlocal-phase parameters 7, are positive constants that should satisfy the following relation.

nt+n=1 (3)

This model introduces two independent variables: the length scale, [, and local-phase parameter, ;. However, the
differential and integral forms of Eringen’s model each considered only one length scale,l.. [, is the length scale
parameter that depends'en thejinternal characteristic length [;,, by [, = eyl;,, where, ey is a non-dimensional small
length scale coefficient (lattice parameter, granular size or molecular diameters) and is appropriate with the
description of the each nanostructure material that has to be calibrated with respect to dispersive wave properties of
the Born-Karmén dynamics ( Eringen, 1983), phonon dispersion curves (Ghosh et al. 2013), atomistic models or
reliable experimental measurements.

3. Kernelfunction

The kernel function H(x, X, [.) imposes the shape of the nonlocal influence limited to a certain radial distance induced at
x by the strain field at the points x all over the body.

The kernel function H(x, X, [.) has the following features (Eringen, 1983):

*  Itis a positive function that has its maximum at the point x = X and is attenuated by increasing ||x — X||.
* It reverts to a delta function §(x,X) as [, approaches zero (i.e., when [, is negligible, the constitutive equations
simplify to the classical local equations.).



* It satisfies the normalization condition (where V is embedded in an indefinite domain V,):

f H(x,%,1,)dV =1

, (4)
v
*  Itisa bi-symmetric function:

H(x, %, 1) = HX%,x, 1) (5)

* It approximates atomic lattice theory when [, approaches the external characteristic length.

In the present study, the kernel function is chosen based on a modified non-singular stress-gradient kernel function
proposed by Ghosh et al. (2014). The 2D stress-gradient kernel is defined as

H(y) = 2mi2) texp(—y), y=d/l., l.=eply, d=[x—%I, x %€ R? (6)

where d = ||x — X|| represents the distance between two points in Euclidean space and [, is the internal characteristic
length (e.g., C-C bond spacing). The parameter e, is a material constant that is determined based on the acceptable
accuracy of the nonlocal model relative to atomic-lattice theories or experiments. Fig. 1 shows the 2D kernel function of
Eq. (6) for different cases of I., such as [, = 0.33 nm, [, = 0.50 nm and [, =.1.00 nm. Fig. 1 shows that changing the
length-scale parameter can alter the radius of the kernel-influence zonhe, while according to the condition of Eq. (4), the
volume under the surface of the kernel remains constant. Subsequently, by increasing [., the kernel function can
capture a broader range of interatomic interactions to give a stronger non-locality, close to those of the atomistic

models. With decreasing [, the radius of influence becomesismaller ‘and the kernel function approaches a Dirac delta
function.
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Fig. 1 Changes in the kernel function for different values of length-scale parameter: (a) I, = 0.33 nm, (b) [, = 0.50 nm
and (c¢) I, = 1.00 nm.

4. Ritz method for the nonlocal Kirchhoff plate theory

Consider a,nanoscale thin rectangular elastic-plate model with length a, width b and height h, as shown in Fig. 2.
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Fig. 2 The geometric and nonlocal parameters of a nanoplate with the coordinate system

=~k

The nonlocal strain energy of the nanoplate is given by:

1
U:—fe:cdv (7
2y

where, V is the volume of the nanoplate, € is the local strain tensor and o is the'nonlocal stress tensor at the point x.

By substituting the nonlocal stress tensor o from Eq. (2), the total two-phase nonlocal strain energy can be written as

1 , e
U(e(x)) = EL(nle(x) :D:e(X) +1, va(x, %, 1.)e(x):D: e(x)dV) dv (8)

The stain tensor in terms of out-of-plane displacementw, can’be expressed as

€x) =[x &y VYoy]T

where 9
2% wy 0%w, 2%w,
= —z — ='—z

Exx axz ) Syy a—yzﬁ ny = _ZZW! Wy = WO(xﬁy:t)

The elastic material moduli tensor for an isotropic case can be written as

Dyy D1z O
D=|Dy;; Dy O

vE E E

Dy = DlzzDzlzm, Dzzzm, D662612:m

1—v2’

In which, E and v are the Young’s modulus and Poisson’s ratio of the material, respectively, and G,, is the shear
modulus.

Substituting Eqgs. (9) and (10) into Eq. (8) and assuming the modal transverse displacement w, = w(x, y)e'“t, the total
potential and kinetic energies are



Utotal =

1 %w 2 2w a%w %w 2 %w 2

P fn [Qn (_axz) + (Q12 + Q21) 92 9y2 + Q5 (W) + 4046 (%) ] dxdy +

1 . %w 92w 2%w a%w a%w 9%w 2%w 3%w %w 9%w . 1

12 Jo [y HOO %, L) [Qu o T g T 1055 5m Q0 ga55 400 %W] dxdy dxdy

1 b x=a 1 ra y=b 1 +b x=a i}
+p5f0 [Mploctw + M;‘;"Clw]xzo dy + q;fo [Mploctw + M;lf,"dw]yzo dx + r;fo [MPloctw + MIoctw] ™~ " dy + (11-a)

xyy Wli_o
1 rarpsnioct nloct,,, 1Y=P
ngo [My55tw + My W]y=0 dx

1

Qij :EDUh?’ ) l,] = 1,2,6

1
Teotar = 5 low? [ w?dxdy (11-b)

The parameters, p, g, r and s, control nonlocal boundary conditions at the four edges of the plate can be set to 0 and 1.
For example, the SFSF boundary conditions require these parameters to be specified as: (p,q,r,s)=(1,1,0,1). The nonlocal
bending (M°!) and twisting moments (M2°¢!) are defined as

xy
*w (11-c)
0x?
M3 Qu Qi O 2w
Mpod | = (0, 0y O f HeOy 900 | o | dédy
Mnlocl 0 0 QG6 Q ay
xy ) ’w
0x0y
where, w is the angular frequency, p is the mass per unitwvolume and I, = f_h}{fz pdz = ph is the mass per unit area of

the nanoplate.

The Ritz method has been applied to approximate ‘the continuous model of the nanoplate by discretizing the
displacement function w(x, y) as a series in terms of admissible trial functions according to the following equation.

N
WGy) = W) (12)
j=1

In Eq. (12), the trial function q’] forms a complete set of linearly independent admissible functions (Reddy, 2004) that
satisfy at least the essential (or geometric) boundary conditions of the problem, and N denotes the order of
approximation. The coefficients W; are unknown constants that can be determined by minimizing the total energy
function of the nonlocal plate model with respect to each unknown coefficient. The minimization of the total energy
functional is equivalent to solving the following equation.

a([Ul.‘atal - Ttotal) —

= 13
oW, 0, r=12,..,N (13)

Which, results in the following generalized-eigenvalue problem regarding the free-vibration analysis of the nonlocal
plate model.



(IK] — 0 [M])}{W} = 0 (14-2)
[K] = 7, [K]1o -+ [K]ot 4 [K]PO7s (14-b)

where, [K] is the total stiffness matrix of the nanoplate, consisting of the local and nonlocal phases, [K]*°? and [K]™¢,
respectively. Also, [K]P7"S is the stiffness matrix of nonlocal natural boundary conditions.

To study the static analysis of the two-phase integro-differential nonlocal plate model under various loadings, Eq. (15)
can be used to obtain the static deflection function:

[, [K]*¢ + n, [K]™0¢! + [K]PIS|{W} = {F} (15)
where, {F} is the loading vector.

5. Construction of 2D novel BCOPs

In the Ritz method, the accuracy of the solution is highly dependent on<the choice of the trial functions. Hence, to
achieve reliable results, it is important to construct a suitable set of trialfunctiens:In this paper, to this end, a new set of
BCOPs has been derived as 2D trial functions. Following the development of Bhat (2015) for the 1D case, we derive
novel BCOPs for the 2D case. The advantage of these polynomials is that they satisfy both the geometrical boundary
conditions and the natural boundary conditions for local elasticity. However, these functions cannot satisfy the
boundary conditions of a nonlocal plate having simply supported and free boundary conditions. This is due the fact that
in nonlocal plate, the bending boundary condition is calculatedas /M = fAz(va(x, x,l.)D: e(X)dV)dA (Fernandez et

al, 2016).

The 2D trial function, ¥; can be separated in terms of 1D'novel BCOPs in two orthogonal directions, £ and 1 and the
combination of X;, and Y, is chosen from the first N terms-of the following set.

G, (¢,m) = {XlYpXZYLX1Yz.X3Y1vX2Yz.X1Y3,Xqu, ---,XN—1YN,XNYN},

v,q=12,..,N (16)
x y
E_a 4 U—b

where, X, : £ = X, (§) and’Y,, : m,— Y,(n) are the new set of orthogonal polynomial functions generated in the ¢ and n

directions, respectively, using the modified Gram-Schmidt orthogonalization process. To construct the orthogonal
polynomial set of functions X, (£), the following procedure should be followed.
X1 (§) = [ho(§) — UolX,($)
(17)
Xp+1(€) = [hp(f) - Up]xp(f) - prp—l(é)

where,
hp(f) = Clpf + C2p€2 + C3p$3 + C4p§4 + 55 (18)

The function h, () is known as the “evolution” function. The constants (Cy, Cz;, C3p, Csp) are obtained by satisfying the
boundary conditions.

A complete set consisting of the linearly independent characteristic orthogonal polynomials produced by Eq. (17) will
be formed and the orders of them steadily changes monotonically (Bhat, 2015).



The coefficients U, and L, can be derived from the following relations.

_h e@@OX©ds [ e@hy©Xp (X1 (6) df (19)
’ fy X5(6) d¢ ’ Jy X2 () dé
The novel BCOPs have the following orthogonality property.
! (0 i #j
fo e(OX;(OX;(§) d¢ = {IIXi(f)II i= (20-a)
1
[e@as>0 (20-b)
0

where, o(¢) is a weight function. In the presence of variable thickness, variable density andiyoung’s modulus of the
plate, the weight functions can be chosen as functions of spatial variables along two orthogonal directions (¢, ) which
will be dependent on which cases are imposed on the plate (Chakraverty, 2009). Here,.fora uniform and homogeneous
plate, 0(¢) = 1. The coefficients of the evolution function and first terms of novel BCOPs are given in Table 1 for several
boundary conditions in the & and 7 directions.

According to Bhat (2015), these new trial functions give an exact solution{or problems in classical elasticity based on
the Fourier-series expansion in terms of the novel BCOPs. Now, substituting Eq. (16) into Eq. (12) leads to a
generalized-eigenvalue problem ([K] — w?[M]){W}=0. The components of.the stiffness and mass matrices are obtained
as follows.

0%F,(xy) 0°F;(x,y)
oxdy dxdy

locl _ 0%, (x,y) 8° P, (xy) %P, (x y) 9 T;(x,y) 02T, (x,)0* T, (x,y)
kit = [, [0 (214 00) TP LT+ 0N

+40Q,, ] dxdy

%, 235 2. (45 257 2~»)’c,' 265, 2~'),C‘,
knlocl f f H(X % lc) [Qll 9? g, (;cy) 9? lP (2 \9) +0 0°P;(xy) 0°V;(%3) " Q21 9°F;(xy) 0°P;(%,3) + 0°F,;(x,y) 0°P;(%,9) +

ox % 127 52 0% ay? o5 22 gy a5y
P Py(xy) 9 ‘P(XY) (21-a)
66 axay a0y ] dxdy dxdy
k" = pTj + pT;] +1Cf5 + sC};
my; = Iy [, P;(x, ) ¥, (x, y)dxdy (21-b)
where,

1 b \ _ x=a (21-c)
== f [(M}J,i“’)i‘z‘ﬁ-(x. y) + (M,%"C‘) P, y) + Py, ) (MEY) ; + P (x, y) (MBe) ].] . dy
xX=

1 _ =
Ty — f [(Mnlocl) l[/ (x y) + (Mnlocl) 11/ (x )7) + 11/ (x y)(Mnlocl) + Wi(x, y)(M,T(L}l,OCl)j]y b dx
y=0
~ . . . x=a
=5 fo [ 2o ) + (M55, 906, ) + P, ) (MBS, + P ) (3551 |y

1[a ~ ~ ) ) °,
~2 f | (M3561), %G, ) + (M), B ) + FyCe, ) (M) + P, y) (MEses! j]y dx
0 =

In Eq. (21-a), the nonlocal trial functions can be defined as: ¥;(%,y) := ¥, (x, y)|x:x.

y=y
The components T}, Ty (G, Cy) are imposed to satisfy the bending moments at x=0 and x=a, y=0 and y=b, (shear
transverse forces at x= 0 and x=a, y=0 and y=b), respectively. And the nonlocal bending and twisting moments for the k-
th member of the BCOP set can be rewritten as:



/ *P (%, 9) \ (22)
(Mnlocl)k 0 0x2
11 912 0 2P, (%,y |

(and = —<Qz1 Q22 0 )f H(x,y,%,y, c)l k( 2 | did

locl 0 0
(Mn oc . Q66 \ 6211’k(x y))
dxdy
The vector of unknown coefficients in the Ritz-discretization series is given by
{W} = [Wl ’WZ ) ""WN]T (23)

Table 1. First terms and evolution functions of novel BCOPs for different boundary conditions of local plate

First term and evolution function Boundary conditionsn the ¢ direction
X, (0) =X, (0) =0
Xo(§) =¢2—283+¢* X,(1) =X,1)=0 3 3
3 2 =
hp(§) = =587+ ¢ hy,(0) = 0 H E
R, (1) =0
3 c X,(0) = X%(O) =0 3 £
Xo(§) =3¢ -8 +¢* X, () =XGa)= 0 B |
D B, B,(0) 50 b
X, (0)=X;(0) =0 i 2 £ |
Xo(§) = £ —28% +¢&* Xp() =X3(1) =0 i & g
3 i| 2 a |1
hy(§) = =582+ ¢ hy(0) =0 E £
hy,(1)=0 i @ 3 |i
X, (0) =X,(0) =0
Xo(€) = 667 — 47 44 X% =X M =0 1 ’
hy(€) = Cop€” + Cagl> + & 2y, (DX, (D) + hy(DX,(1) =0 E =
3R (DX, (1) + A (DX, (1) = 0
X4(0) = X4'(0) = 0
X, (1) =X;'(1) =0
Xo(§) =1 2h},(0)X},(0) + hy(0)X,(0) =0 3 3
hp () = Cip + Cop&2 A4 C3p® + Cap§* +E° | 302 (0)X,,(0) + ALY/ (0)X,(0) = 0 = 3
2R, (DX, (1) + hJ (DX, (1) = 0
30y (DX, (1) + hy' (DX, (1) =0

In appendixA;the calculation of the coefficients C; for two cases such as cantilever and free-free are presented.

6. Numerical Examples

In this section, the normalized deflection and non-dimensional natural frequencies of the two-phase integro-differential
nonlocal Kirchhoff plate model can be obtained by employing Egs. (14) and (15). The computed results are reported in
the form of tables and graphs. To this end, a nonlocal uniform plate model with the following isotropic mechanical
properties is considered as Table 2.
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Table 2. Material properties of the considered nanoplate (Aghababaei and Reddy, 2009).

Young’s Modulus | Poisson’s Ratio Mass per unit Thickness
volume
E =30 x 10° Pa v =0.30 p = 100 Kg/m3 h =1nm

Furthermore, the effects of the local-phase parameter 1, length-scale parameter [, and aspect ratio on the results are
discussed for different boundary conditions. As illustrated in Fig. 3, the boundary conditions of the nanoplate are
denoted by the letters C, S and F, which represent the clamped, simply supported and free cases, respéctively, and begin
with the edge condition at x = 0, counter clockwise.

Fig. 3 Notation of the boundary:-conditions

In all case studies, the value of the aspect ratio a/b is assumed to be equal to 2, unless otherwise indicated. The
integrals included in the stiffness matrix in Eq. (21-a) are calculated using a high-precision Cuhre cubature rule (Hahn,
2007). It should be noted that, to the best knowledge,of the authors, there are no results for the static deflections and
natural frequencies of the nanoplate modelled by the\Eringen nonlocal integral model in the literature. Therefore, in
Section 6.1, the Euler-Bernoulli beam has beensstudied to validate the findings of the proposed numerical approach
through comparison with the available solution for nanobeams modelled by the two-phase integro-differential form of
the Eringen nonlocal model. The reference results were obtained by Khodabakhashi and Reddy (2015). In Sections 6.2
and 6.3, the static deformation and naturalfrequencies of the nanoplate are studied. The numerical results achieved in
both subsections demonstrate the abilities of the applied approach.

6.1. Validation

For validation, herein;"we exploit an example that was studied by Khodabakhashi and Reddy (2015) using the two-
phase integro-differential form of the Eringen nonlocal model. To this end, we consider a uniform clamped beam of
length L, constant-bending/rigidity EI and uniformly distributed load intensity q,. The maximum deflection associated
qol*

384EI’

, of a clamped beam are given in Table 3 for different values of local-phase parameter n, and [./L. W,
x=L/2

and W, are the nonlocal (n; = 0) and local maximum deflections of the beam, respectively.

which occurs in the middle of the beam. The normalized maximum deflections,

with the local beam model is W, =
Vo= Yn

W =
wy

Table 3. Normalized maximum deflections of clamped Euler-Bernoulli beam subjected to a uniformly distributed load

Normalized deflection
;=0 n, =0.25 7, =0.5 7, =0.75
I /L Present  Ref. (34) Present  Ref. (34) Present  Ref. (34) Present  Ref. (34)
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1.0405 1.0307 1.0185 1.0151 1.0116 1.0074 1.0038 1.0029

N = Nel =80 N = Nel =80 N = Nel = 80 N = Nel =80

0.01 1.0436 1.0387 1.0213 1.02 1.0126 1.0106 1.0052 1.0044
N = Nel =90 N = Nel =90 N = Nel =90 N=6 Nel =90

1.0459 1.0451 1.024 1.0239 1.0132 1.0131 1.0056 1.0056

N = Nel =100 N = Nel =100 N = Nel =100 N = Nel =100

1.0975 1.0904 1.0512 1.0501 1.0282 1.0287 1.0126 1.0129

N = Nel =80 N = Nel =80 N = Nel = 80 N=8 Nel = 80

0.015 1.099 1.096 1.0534 1.0529 1.0302 1.0304 1.0139 1.0137
N=9 Nel =90 N=9 Nel =90 N = Nel =90 N=9 Nel =90

1.1002 1.1003 1.0549 1.0549 1.0317 1.0317 1.0143 1.0143

N=10 Nel =100 N =10 Nel =100 N =10 Nel = 100 N =10 Nel =100

1.1468 1.1421 1.0753 1.0776 1.0452 1.0449 1.0183 1.0203

N=9 Nel =80 N=9 Nel =80 N = Nel = 80 N = Nel = 80

0.02 1.1481 1.1466 1.0799 1.0794 1.0461 1.046 1.0199 1.0208
N =10 Nel =90 N =10 Nel =90 N =10 Nel =90 N =10 Nel,= 90

1.15 1.1495 1.0802 1.0802 1.0464 1.0464 1:0212 1.0211

N =11 Nel = 100 N =11 Nel = 100 N =11 Nel =100 N=11 Nel =100

The convergence of the present results for a clamped beam under a uniformly distributed load is demonstrated in the
Fig. 4 for one case. In this case, the parameters [./L and n, are taken as 0.02 and 0.5, respéctively.

1.036 1 I L 1 1 1 I L 1
2 5 8 11 14 17 20 23 26 29 32 35

No. of trial functions (N)

Fig. 4 Convergence of normalized maximum deflection of a clamped Euler-Bernoulli beam, under a uniformly
distributed load for the case: [,/L = 0.02 and n, = 0.5.

One can conclude from Table.3 that the results obtained by the new approach accurately converged to the results
calculated by the NL-FEM. ) As seen, the proposed approach, NL-RM, significantly enhanced the convergence rate and
reduced computationalitime compared to NL-FEM. According to the results reported in Table 3, the maximum order of
approximation.in NL-RM is 9, while to obtain the same results using NL-FEM, the mesh has 100 elements. Therefore,
NL-FEM requiressmotre memory than NL-RM. In addition, NL-RM does not need to determine which elements are within
the influence“zone, as with NL-FEM. Also, 2- and 3-dimensional problems are more challenging for NL-FEM
(Khodabakhshi and Reddy, 2015).

6.2. Static analysis

In this section, numerical results are provided for the Kirchhoff plate theory with the Eringen two-phase integro-
differential nonlocal model of the form of Eq. (15). As shown in Fig. 5, two different types of boundary conditions and
loads are taken into account:

12



A. A uniformly distributed loaded plate with CFCF boundary conditions.
B. A plate with a concentrated load applied at the point (a, b) with CSFF boundary conditions.

Fig. 5. Two different cases of load and boundary conditions: (a) Case: A, (b) Case: B

To determine the necessary degree of the polynomial set, N, for acceptable results, a_convergence study should be
implemented. Studies of the convergence of the nonlocal deflection of the nanoplate for the CFCF and CSFF boundary
conditions with an aspect ratio of 2 were performed. We concluded that the'nonlocal deflection of the plate approaches
the solutions when the total number of trial functions are N=10.

6.2.1 Case: A

The first case concerns an isotropic rectangular nanoplate, with length a = 10 nm and width b = 5 nm, subject to a
uniformly distributed transverse load with intensity q,. The'material properties are given in Table 2. In this model, the
deflection of the local Kirchhoff plate is obtained when'the nonlocal-phase parameter 1, and length-scale parameter [,
are considered to be zero. The maximum deflection of the conventional Kirchhoff plate is w(x,y) was obtained using
the FEM solution. Then, the nonlocal deflections, wi(x, y), are normalized with respect to the maximum deflection of the
local plate. Fig. 6 shows the nonlocal deflections of the plate for 3 different values of the length-scale parameter,
[, = 0.5nm, 0.75nm and 1nm, as well as'fonlocalideflections of the plate, [, = Onm. The results are obtained by taking
into account only the first ten terms.ofithe discretized series (N = 10) in the Ritz technique. As shown in Fig. 6,
increasing the length-scale parameter causes the nanoplate to become more flexible and, as a result, the deflection of
the plate is increased. It is clearthat theinormalized maximum deflection of the nanoplate is increased to 1.25, 1.41 and
1.60 for different values of [.-=, 0,5nm, 0.75nm and 1nm, respectively.

Next we explore the influence of the local-phase parameter, 1,, on the maximum normalized deflection of the nanoplate.
Here, we considered“different/values for the local-phase parameter. Fig. 7 shows the results for the maximum
normalized deflection for various values of the local-phase parameter and three different length scales. One can
conclude from Fig. 7,that' when the length scale is fixed, the maximum normalized deflection decreases with the
increasing local-phase parameter. For example, for a length-scale value of 0.75nm and a range of 0-1 for the local-phase
parameter, the maximum normalized deflection falls into the range of 1.51-1. However, increasing the length scale with
a constant local-phase parameter, the maximum normalized deflection increases. Thus, the nanoplate becomes more
flexible wheh the length parameter increases and the local-phase parameter decreases. Both of these changes cause a
nonlocal effect, more than a local effect, in the nanoplate.

13



1.=0.00 nm
1.=0.50 nm
l!.=075nm
l/.=1.00nm

Normalized deflection (W(X,y))

2
X [nm]
Fig. 6 Deflection shape of the CFCF nanoplate subjected to a uniformly distributed load for different values of the length-
scale parameter

1.84

1.73

1.62

1.51

Normalized deflection (w(a/2,b/2))
=
~

0 0.2 0.4 0.6 0.8 1
Local phase parameter (1,)

Fig. 7. Variation of the maximum normalized.deflection of the nanoplate for different values of the local-phase
parameter and length scale

6.2.2 Case: B

Another example considers the_static deflection of a nanoplate subjected to a concentrated load with CSFF boundary
conditions. The material parameters are given in Table 2. The maximum conventional deflection of this plate, which can
be obtained using FEM at the free corner, is w(x,y). It should be noted that the corresponding force vector {F} in Eq.
(15) is as follows.

{(F} = P{T,,T,,.., T}

x=a (24)
The nonlocal 'deflection of the plate is normalized with respect to the local maximum deflection. These nonlocal
deflections are achieved by considering the first ten novel orthogonal polynomials (N = 10). Fig. 8 shows the results
associated\withim; = 0 and different values of the length-scale parameters. According to Fig. 8, as anticipated, the
deflection of the plate increases when the length-scale parameter increases. This is because increasing the length scale
causes the plate to soften and hence deflections are increased. In this case, the increase in deflection is not very large.
For example, the maximum increase in the deflection of the plate is 27.5% for [, = 1nm.
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I.=0.00 nm
I.=0.50 nm
. I.=0.75 nm
l.=1.00n0m
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X [nm]

Fig. 8. Deflection shape of the CSFF nanoplate subjected to a concentrated load at the free corner of the nanoplate for
different values of the length-scale parameter.

40

Fig. 9 shows the influence of the local-phase parameter 1, on the normalized maximum deflection of the plate with CSFF
boundary conditions. The results are presented for three different values of the length-scale parameter and the
variation of the local-phase parameter from zero to one. As shown in Fig. 9, when [, is fixed, the maximum normalized
deflection decreases with increasing 7,. For example, for a length-seale value.0.75nm and a range of 0-1 for the local-
phase parameter, the maximum normalized deflection lies in the range 1.2-1. According to Fig. 9, the maximum
normalized deflection increases when the local-phase parameter decreases and the length scale parameter increases.
Similar to case A, the results demonstrate that the deflection decreases with the increase in the local-phase parameter.
This is because the nonlocal counterpart is gradually removed/in Eq. (15) when the local-phase parameter gradually

increases from 0 to 1.

1

~ 0.96

<

—

2 0.92

=

g

& 0.88

E

T 084

N

i q

g 0.8 col=1

Z 076 —&l=12
—o-1.=+3

0.72 : '
0 0.25 0.5 0.75 1

Local phase parameter (17,)

Fig. 9. Variation of the maximum normalized deflection of a cantilever nanoplate with 5, for different values of ..

It is worthumentioning that both parameters [, and n, impact the deflections of the nanoplate. The change of the length-
scale parameter directly affects the shape of the nonlocal-distribution effect in the kernel function H(y), which
determines \the long-range interatomic interactions in the nanostructures, whereas changes in the local-phase
parameter directly affect the distributions of the local and nonlocal portions of the elastic-material model over the

constitutive equations of motion.

6.3. Dynamic analysis
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In this section, the free vibration of rectangular Kirchhoff nanoplates is studied based on two-phase integral-type
nonlocal theory. To this end, the generalized-eigenvalue problem in Eq. (14) is numerically solved using the Ritz
method with the novel BCOPs as the basis functions. The mechanical properties of the plate are given in Table 2. Here,
the effects of three parameters, [, n,, and the aspect ratio, on the frequencies are studied for various boundary
conditions. We consider a nanoplate with two different boundary conditions, SSSS and CFFF. Similar to the static
analysis, there are no published results of dynamic analysis of the Kirchhoff nanoplate based on the two-phase integral-
differential Eringen model. The non-dimensional frequencies according to the local plate model are w;,,; =
wa?,/1,/D;,. However, the non-dimensional frequencies according to the nonlocal plate model, @,,,.,.are obtained by
consideringn, = 0andn, = 1.

6.3.1 Effect of the local-phase parameter

First, we investigated the effect of the local-phase parameter 7, on the normalized natural frequencies, A, which are
calculated by dividing the non-dimensional nonlocal frequencies by the non-dimensional local frequencies
(A = Wpipc1/Diocr)- The first three non-dimensional frequencies of the local plate with”SSSS and CFFF boundary
conditions are given in Table 4. It should be noted that the aspect ratio of the plate is 2.

Table 4. The first three non-dimensional frequencies of the plate with an aspect ratio 2 and two different boundary
conditions, SSSS and CFFE

Boundary conditions Mode 1 Meode 2 Mode3
SSSS 49.34803 78.95685 128.3049
CFFF 3.516015 14.84119 22.03449

Fig. 10 shows the normalized natural frequencies for|three different values of the length-scale parameter: [, =
1nm, 2nm and 3nm. One can conclude from Fig. 10“that.for the purely nonlocal case (n; = 0), an increase in [, causes
the plate to become softer and consequently the natural.frequencies of the plate decrease. This is consistent with most
of the results reported in the literature concerning the differential Eringen nonlocal model (for example, Chakraverty
and Behera 2014, Faroughi and Goushegit;:2016). It is observed from Fig. 10 that for a constant value of [, the
normalized natural frequencies decrease with the/decreasing local-phase parameter n,;, which represents an increase
in the nonlocal contribution in Eq. (14). ‘According to Fig. 10, the normalized frequency is decreased more in the higher
modes of vibration than in the lower modes;for constant values of [, and n,. This is because in the higher modes, the

wavelengths become shorter and hence,the long-range interatomic interactions of the atoms increase, which increases
the nonlocal effect.
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Fig. 10 Variation of the normalized frequencies of nanoplates with 7, for different values of [ with considering
boundary conditions of: (a) SSSS (Mode 1), (b) SSSS (Mode 2), (c) SSSS (Mode 3), (d) CFFF (Made 1);,(e) CFFF (Mode 2)
and (f) CFFF (Mode 3).

6.3.2 Effect of the length scale parameter

Next, the effect of the length-scale parameter [. on the first three non-dimensional natural frequencies of the plate is
presented. Here, the material, geometrical and boundary conditions are similar to those in the first case. Fig. 11 shows
the first three natural frequencies of the plate for six different values of*l.. In this example, the first three frequencies of
the plate are obtained by two different nonlocal theories: the Eringen purely nonlocal integral- and differential-form
models. The results using the Eringen differential model were obtained by Chakraverty and Behera (2014). As shown
in Fig. 11, the natural frequencies decrease with the increasing length-scale parameter for both nonlocal theories. This
is due to fact that an increase in [, causes the plate to soften and therefore decreases the natural frequencies of the
plate. According to Fig. 11, the natural frequencies of the plate-obtained by the integral-type nonlocal model drop more
sharply than those of the differential-type solution. This disparity arises due to the use of different kernel functions in
this study and in the differential Eringen nonlocal model used by Chakraverty and Behera (2014). Here, the kernel
function presented by Ghosh et al. (2014) was used. The advantage of this kernel function is that it provides the largest
radius of influence and accounts for the longer-range interactions seen in the molecular model (Ghosh et al.,, 2014).
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Fig. 11 Variation of the first three frequency parameters of the nanoplates with [, and a comparison of the two
differential- and integral-type nonlocal plate models: (a) SSSS and (b) CFFF.

6.3.3 Effect of the aspect ratio
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Finally, the effect of the aspect ratio on the normalized fundamental natural frequency is studied. The mechanical
properties of the plate are given in Table 2. SSSS and CFFF are considered to be the boundary conditions of the plate
and the width of plate is taken as b = 10 nm. Fig. 12 shows the normalized fundamental natural frequency of the plate
for different values of the aspect ratio and the length-scale parameter. According to Fig. 12, the normalized frequency of
the plate increases with increasing aspect ratio. It is clear that an increase in the aspect ratio is equivalent to an increase
in the length of the plate, which makes the plate stiffer and consequently increases the frequency of the plate. In the
literature, similar behaviour has been reported based on the differential-type nonlocal plate theories (e.g.,, Chakraverty
and Behera, 2014; Ke et al,, 2014 and Murmu and Pradhan, 2009).
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Fig. 12 Variation of the fundamental frequency ratio of an SSSS nanoplate with aspect ratios for different values of [..

6.4. A brief comment on the solution model

The aim of this section is to provide a short explanation about the efficiency of the proposed solution method. As
previously mentioned, the procedure of the NL-FEM is associated with some limitations and challenges in solving 2D
problems based on the integral form of the nonlocal elasticity theory. In the NL-FEM procedure, the nonlocal stiffness
matrix relies on the mesh distribution. It converges to reliable results by increasing the number of elements. This
increase in the number of elements increases the number of off-diagonal non-zero entries of the global stiffness matrix,
resulting in a greatly increased number of calculations and high memory requirements (Khodabakhashi and Reddy,
2015). The proposed method completely overcomes the dependency of the solution on the mesh conditions. The
reasons for the superiority of thisimethod-are summarized below.

1) An efficient mesh-free approach: Due to the fact that, unlike the mesh-based analysis, the Ritz method is only
based on the concept ofiincreasing the DOFs and does not require mesh generation. The application of the Ritz
method in the'integral-type nonlocal elastic models can be very effective, especially for the 2D and 3D problems in
which the selection)of the elements within the influence zones and near the boundaries of the spatial domain is
difficult’‘and complicated.

2) Fast convergence: As demonstrated before, using the novel BCOPs as the basis functions increases the
convergence‘rate of the Ritz solution very significantly. Khodabakhshi and Reddy (2015) showed that in the NL-
FEM, the results of the 1D Euler-Bernoulli beam-bending problem are highly sensitive to the mesh size and hence a
large number of elements were used in their analysis (i.e, N, = 100). In the case of 2D and 3D problems, as
expected, many more elements must be taken into account, which is computationally very expensive, whereas the
results of the current method indicated that by considering only a few terms of the novel BCOPs, the solution of the
Ritz approach converges to an accurate result rapidly. This feature can be particularly useful for higher modes of
vibration.

3) Reduction of non-zero entries: The issue of increasing the number of non-zero entries and the bandwidth
expansion of the nonlocal stiffness matrix in the NL-FEM has been resolved by the use of novel BCOPs due to the
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4)

orthogonality property of Eq. 20. The orthogonality property of the BCOPs restricts the values of some off-diagonal
entries of the stiffness matrix to zero.

To better understand this issue, Fig. 13 shows the structure of the symmetric total stiffness matrix [K] of a fully-
simply supported (SSSS) square nanoplate. The local-phase parameter is fixed (n; = 0.5), along with the length
scale parameter l. = 2nm. The stiffness matrix is computed using the Ritz method by taking into account 20 terms
of novel BCOPs in the discretized series. It can be shown that approximately 72% of the entries in the stiffness
matrix are zero due to the orthogonality property of the novel BCOPs.

o

zero [l non-zero
Fig. 13 Total stiffness-matrix structure of a two-phase CCCC square nanoplate with n;, = 0.5 and N = 20.

20 X 20

Super-fast runtime: The implementation of the(proposed method was highly satisfactory and the computations
were executed quickly in the short timeframes. In this.regard, a comparison study should be carried out to better
understand the computational efficiency of the proposed method. To this end, the SSSS nanoplate considered in the
previous item is again considered in this subsection, The variation of the runtime (min) is plotted against the order
of approximation (N), which is shown/n Figa14. The executions are carried out on a 2.6GHz Intel(R) Core(TM) i7-
4510U CPU with 8192MB memory for the three types of basis functions, namely, sinusoidal, orthogonal
polynomials, satisfying only the” geemetrical boundary condition, and novel BCOPs. According to Fig. 14, for
N = 13, the runtimes for the.sinusoidal basis functions and the old BCOPs reach 342.8 min and 85.4 min,
respectively, while for the novel BCOPS, the solution is obtained much faster (6.65 min). Applying the novel BCOPs
in the Ritz method remarkably enhances the computing speed, saves a great deal of CPU and RAM memory usage
and simultaneously gives,more accurate results. Therefore, the proposed method is a promising approach for
dealing with two- and three-dimensional integral-type nonlocal problems with ease and without great
computational éffort.
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Fig. 14 Increasing the computation-execution time by increasing Nor different types of basis functions, as applied
using the Ritz method.

6.5. The orthogonality effects of derivatives of BCOPs

Herein, we intend to provide some numerical results to show the orthogonality effects of second-order derivatives of
BCOPs on the entries of local and nonlocal stiffness andumatrices. In this numerical example, the plate is considered fully
simply-supported, the length scale parameter is equal to 3nm and the integration domain in x and y directions is
0.20nm and 0.15nm respectively. Also, the total number of trial functions are taken as N=9. The following notation is

used here denoting the multiplicative terms‘of stiffness:

T - f PP (x,7) 0", (x,y)
pars oxP dyf ox"dy*

(25)

) dxdy

. 9", (x,y) 0 W, (%, )

Tours = H(x, y, %, 9,1 ’ S 72 ) dkdy dxd

pars LL(mmyQ<aﬁW YT xdy dxdy
Q'=0=(0..20,0..15)

where,
Q=0=(0..20,0..15)
and H(x, y, X, ¥al.).is the kernel function. Using the stiffness and mass relations given by Eq. (21), the multiplicative

terms of trial'functions are calculated and presented in Table 5. The orthogonality effect of these terms on the stiffness

and mass matrices is investigated.

Table 5: The multiplicative terms of 2D BCOP trial functions in the components of stiffness and mass matrices obtained
by the present nonlocal plate model

Multiplicative terms
Order of derivatives  Local stiffness (k')  Nonlocal stiffness (k//°!) Mass (m;;)

Dxx, Dxx T2020 T2020 -
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Dxy, Dxy Ti111 7:11111 -

Dyy, Dyy To202 Toz02 -
No derivatives - - Tooo0o

Based on numerical analysis of Eq. (24), the percentage of zero terms exists in the second-order multiplicative terms for
both local and nonlocal stiffness matrices for three different cases are as follows.

Case 1: The percentage of zero terms in the local and nonlocal entries of stiffness matrix (T,9,0 and Tygg0 ) is 81% and
72% respectively.

Case 2: The percentage of zero terms in the local and nonlocal entries of stiffness matrix (T;;,; and Ty, 1, ) 1872%.

Case 3: The percentage of zero terms in the local and nonlocal entries of stiffness matrix (Tgz, andTo,0, ) is 84% and
72% respectively. .

Case 4: Finally, for the mass term Ty, the BCOP trial functions is perfectly orthogonal.and'only the diagonal terms are
non-zero. This confirms the existence of orthogonal property in BCOPs. Obviously, in this case the percentage of non-
zero values have the highest portions (89%) among the other cases of interest.

Although the second derivatives of trial functions are considered, all the local terms in cases 1 to 3, have shown many
zero values in the present numerical example, ranging from 72% to “84% which significantly enhances the
computational performance by processor especially for nonlocal terms. ©@ne may conclude that all the nonlocal terms
certainly retain their ratios of non-zero to zero values, i.e. 28% to 72%. This agrees with the structure of stiffness
matrix, shown in Fig. (13). As indicated in section 6.4, the BCOPs\keep this ratio constant for the two-phase nonlocal
stiffness matrix even with increasing N, unlike the NL-FEM/FEM that have the ill-conditioned problem of increasing
bandwidth (Khodabakhshi and Reddy, 2015).

7. Conclusions

This study presented an efficient computatiohal approach for solving boundary-value problems of nonlocal engineering
interest. This technique uses the Ritz method, based on novel BCOPs, for implementation in a nonlocal context, which is
known as NL-RM. The novel BCOPs are generated based on a modified Gram-Schmidt method and satisfy geometrical
boundary conditions as well as natdral boundary conditions. The goal of this approach is to resolve the obstacles in
using a conventional numerical approach, such as NL-FEM. Here, a two-phase integro-differential nonlocal model is
considered; thus, the constitutive equation of the system is a linear combination of local and nonlocal phase theories.
This nonlocal model has two indépendent variables: the local-phase parameter 1, and length scale parameter [.. The
NL-RM formulation for the two-phase integro-differential nonlocal model is introduced, and demonstrated here on a
Kirchhoff plate. A modified two-dimensional stress-gradient kernel function is used as the attenuating function in the
proposed nonlocal model, which is different from the kernel function related to Eringen’s differential nonlocal theory.
The method is verified using the results available in the literature for the one-dimensional case of the nonlocal Euler-
Bernoulli beam model and good agreement is found. The results show the capability and superiority of the method with
respect to NL-FEM. The effects of the length-scale parameter and local-phase parameter on the normalized deflection of
the nanoplate are studied under two different loadings and boundary conditions. In addition to the two variable
parameters,the effect of the aspect ratio on the natural frequencies is investigated in several numerical examples. The
results showpthat decreasing the local-phase parameter and increasing the length-scale parameter make the plate more
flexible and consequently increase the static deflections and decrease the natural frequencies of the plate.

As shown in this paper, the proposed method can be used as a highly effective and easy-to-handle numerical tool for
analysing integral-type nonlocal problems. This approach greatly alleviates the inconvenience and challenges of
numerical implementation stemming from mesh-based methods, such as NL-FEM. It is realized that, compared with
other prevalent functions, the novel BCOPs are the best possible basis functions in the Ritz method to analyse problems
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based on the integral form of the nonlocal elasticity theory. The strategy presented in this study can be applied as a
powerful and straightforward approach for static and dynamic analyses of other beam, plate and shell theories, which
suggests directions for future studies.
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Appendix A

The coefficients C,, and C3,, on the evolution function h, (), for the cantilever case, are given by,

ROp = XP(O)JSOZJ = X;J(O)P Rlp = Xp(l)’slp = X;:)(l)
Clp = 0
Q22 = ZSIp + Rlp
Q23 = 351p + 3R1p
Q3 = Slp
Q33 = 3511) + Rlp (Al)
(pz = _(4S]_p + 6R1p)
@3 = —(6S1, + 4Ry,)
02033 — 3023

Cop=—7—F7————
P Q22Q33 — Q32Q23
9302 — 9203
Csp

B QZZQ33 - QSZQZS

Also, for the Free-Free case, the coefficients Cip) Cop, C3p and C4p ON the evolution-function hp (&) are obtained as follows,

Rop = X,,(0), Sop = X;,(0), Ry, = X,,(1), S, =X, (1)
Q11 = R}, + RypSip + 0.55%
Q12 = 3R, — 4R, Sop +.35¢,
Qi3 = R(%p - ZROpSOp + ZSgp
Q14 = Rop — 158,
Qa1 = —5(4R?%, + 5R1, S, +.35%,)
Qs2 = R%, + 2R, S, 1,557,
Q43.= R1p + Slp
Qus = 2(3R%, + 4R, Sy, + 35%,)
Q5= Ript 2Ry,S:, + 257,

Qi = Rip +21.551p (A.2)
®1 = Rop
©2 = RopSop
Q3 = Sgp
Py = Slzp
¥s = RipS1p
Pe = R%pSOp
Y7 = R(%pslp
Cp = 10Q11¢4
P 2(=96Q1a + 95Q13) + 04Q1;
C2p _Sﬂcl
Ry, p
S
Csp = —RLO’;CZP

_ 10(=97Q43 + 92Q42) + 93Q41
w 4(¢7Qa6 — ©2Qus) + P3Q44

25



Graphical abstract

Differential Type

~ Integral Type - Novel BCOPs (N=7)

Frequency parameter (())

55

40

25 1 L L I

0 1 2 3 4 5

Length scale parameter (I, [nm])

Frequency ratio (A)

1.05

0.98

091

0.84

0.77

0.7

0.63

0.56

x—1.=2

2
Aspect ratio (a/b)

2.5 3

468.75 -e-Novel BCOPs
~©-Sinusoidal
93.75
p—
E 18.75
El .
Q
=
':I:;‘ 3.75
5
[
0.75
0.15
0.03 T— '

—-&-Simple orthogonal polynomials

342.8 min X

85.64 min

4

5

6

7 8 9 10 11 12 13

No. of trial functions (N)

26



