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Abstract

In this paper we construct and examine new supersymmetric solutions of massive IIA su-
pergravity that are obtained using non-Abelian T-duality applied to the Baryonic Branch of
the Klebanov-Strassler background. The geometries display SU(2) structure which we show
flows from static in the UV to dynamical in the IR. Confinement and symmetry breaking
are given a geometrical interpretation by this change of structure. Various field theory ob-
servables are studied, suggesting possible ways to break conformality and flow in N =1 T
and related field theories.
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1 Introduction And General Idea Of This Paper

The notion of duality is of course quite old, going back to well-known examples like the
Maxwell equations in vacuum. The true power of the idea became clear around 1940 with
the Kramers-Wannier [1] duality of the Ising model. In more recent times dualities have
continued to be a driver of theoretrical progress with examples including Bosonisation [2],
Montonen-Olive duality [3], S and T-dualities, Seiberg-Witten duality [4], Seiberg duality
[5] and more general String dualities (U dualities). The duality conjectured by Maldacena
6], also called AdS/CFT or Gauge-Strings duality, is arguably the most powerful, widely
applicable and conceptually deep duality of all known at present. All these dualities present
common features: the degrees of freedom on both sides of the dual descriptions are in prin-
ciple quite different; a strongly coupled (highly fluctuating) description of the system is
characteristically mapped into a weakly coupled (semiclassical) one, in the same vein a phe-
nomena that is ‘local’ in one set of variables becomes ‘non-local’ in the other (as exemplified
by order-disorder operators and their typical ‘uncertainty’ relations), global symmetries are
common to both dual descriptions, etc.

In this paper, we will mostly work with two dualities, the one conjectured by Maldacena
and its extensions (see the papers [7] for a sample of representative work and reviews)
together with what is called ‘non-Abelian T-duality’ [8]. We will use non-Abelian T-duality
as a technique to generate new solutions to the equations of motion of Type II supergravity.
Following the implementation of non-Abelian T-duality as a solution generating technique
of RR backgrounds in [9], there have been a number of recent developments in the use of
non-Abelian duality, see [10]-[19]. We will make use of many technical tools developed in
these various papers.

We will consider backgrounds of Type II Supergravity that have a well understood (strongly
coupled) field theory dual; we will then study the effect of this generating technique on the
background. This will lead us to the construction of new solutions of ten-dimensional Su-
pergravity and, as advocated in [14], we will use these new backgrounds to define new field
theories at strong coupling. All of our backgrounds will be smooth and minimal supersym-
metry in four dimensions (four supercharges) will be preserved. These new solutions will
admit a description in terms of G-structures and we will explain how certain field theoretical
phenonomena, like confinement and symmetry breaking are encoded in generic changes of
the G-structure.

The system on which we will focus our study is the Baryonic Branch of the Klebanov-
Strassler field theory [20], [21], [22]. This is perhaps, among the minimally SUSY examples
known at the moment, the one that better passed test of the correspondence between ge-
ometry and (strongly coupled) field theoretical aspects. Besides, the Baryonic Branch field
theory and geometry unifies the original Klebanov-Strassler system and the system of five
branes wrapping a two cycle inside the resolved conifold [23]. Field theoretically, this unifi-



cation can be thought as a Higgs-like mechanism and a particular limit where an accidental
symmetry appears. See the papers in [24] for different geometric and physical aspects of this
connection.

In this work, we will perform an SU(2) non-Abelian T-duality on the Baryonic Branch
geometry. This is a geometry described by an SU(3)-structure. All features of the geometry
are characterised by a couple of forms Js, {23 that also encode many aspects of the strongly
coupled dual field theory. Using non-abelian T-duality, we will obtain a new background
in Massive Type ITA Supergravity. The G-structure will change to what is called SU(2)-
structure, characterised by forms js, wy, vy, ws. The SU(2)-structure will transition from
being static in the large radius region of the geometry (corresponding to high energies in
the dual field theory) to being dynamical once the small radius region of the geometry
is considered. Hence, the phenomena of confinement and symmetry breaking are given a
geometric description by the change in SU(2)-structure from static to dynamical.

The action of non-Abelian T-duality on the G-structures has been studied in many back-
grounds which we take the opportunity to summarise in the table below.!

‘ Seed Solution ‘ Seed Structure ‘ Dual Structure ‘

Klebanov-Witten SU(3) Orthogonal SU(2)
Klebanov-Tseytlin SU(3) Orthogonal SU(2)
yra SU(3) Orthogonal SU(2)
Klebanov-Strassler SU(3) Dynamical SU(2)
KS Baryonic Branch SU(3) Dynamical SU(2)
Wrapped D5’s on S? SU(3) Dynamical SU(2)
Wrapped D6’s on S* SU(3) Dynamical SU(2)
Wrapped D5’s on S Gs Dynamical SU(3)

The contents of this paper are organised as follows. In Section 2 we will briefly sum-
marise the original background and field theory corresponding to the Baryonic Branch of
the Klebanov-Strassler field theory (the seed background/field theory pair on which we will
apply our generating technique). In Section 3 we will present explictly the new solution.

In Section 4, we will organise all the previous information using the language of G-
structures. This will lead to a compact way of writing things, that can be very useful
for other studies. We will study how the dynamical or static character of the G-structure
depends on the field theoretic low energy dynamics captured by the original solution. In
Section 5, we will discuss different aspects of the field theory dual to our new backgrounds.
We close the paper with a list of possible future problems and conclusions. A number of
technical and useful appendixes complement our presentation.

IThe details of the case of Y4 are to appear in [50] and a detailed study of the D6 branes on S? will
appear in [51].



2 Generalities on the Baryonic Branch

The Klebanov-Strassler field theory is a two-group quiver with bifundamental matter, charged
under a global symmetry of the form SU(2) x SU(2) x U(1)g x U(1)p. The ranks of the
gauge groups are (N, N+ M) and the bifundamental matter A;, Ay, By, By self-interact via a
superpotential of the form W ~ ABAB. For a very clear explanation of many of the details
of this quantum field theory, see [27], [28]. One detail that will be crucial to our present
work is the fact that the so called ‘duality cascade’, a succesion of Seiberg dualities, ends
in a situation where the quantum field theory may choose to develop VEV’s for the Baryon
and anti-Baryon operators.

In the last step of the duality cascade the gauge group is SU(M) x SU(2M). This theory
has mesons M = (A,)§(Bs)}; and also baryonic operators [21]

B = €ay.ann (A1) (A1)5% (A1) 35 (A7 % (A2) T (A2)™ 7 x (Ao (Aa) 57
(2.1)
and similar for B made out of (B;)¢ fields. One can see that both baryons and anti-baryons
are neutral under SU(2) x SU(2) transformations.

The moduli space consists of two branches - the mesonic and the baryonic [28]. On the
mesonic branch the baryons are zero (B = B = 0) and the mesons satisfy det M = A*M,
The non-perturbative contribution to the superpotential means that the associated moduli
space can be identified with a symmetric product of the deformed conifold. On the baryonic
branch the mesons are zero (M = 0) but the baryons acquire expectation values,

B=itA?™M B= %AW , (2.2)
where A is the strong coupling scale of the group SU(2M). Notice that both VEV’s are
equal only if & = 1. This corresponds to a Zs-symmetric point, represented by the exact
solution in [20].

On this baryonic branch the U(1)p symmetry is spontaneously broken and the associated
massless (pseudo-scalar) Goldstone mode corresponds to the phase of £. By supersymmetry
this Goldstone lives in a chiral multiplet and comes along with scalar partner, the saxion,
which corresponds to changing the modulus of . As discussed in [28], the VEV of the
operator,

U =Tr[A;Al - BBl (2.3)
which contains the U(1)p current J, as its #of component, encodes the motion along the
baryonic branch (the different values of &) according to

(U) ~ MA?In¢] . (2.4)

Let us focus on the situation where the field theory chooses to move to the purely baryonic
branch. In this case, there is a smooth solution of the equations of motion of Type IIB su-

4



pergravity, that describes the strong dynamics of this field theory, including the spontaneous
breaking of the U(1)p symmetry [21], [22]. In the notation that we will adopt in this work,
such background can be written compactly by introducing the (string frame) vielbein basis,

)9<

e = e%ﬁ_idxi, e =e2" h4dp, ef = e2thpa idf, ef =e2" hj1 sinfdyp,
1 - 1 .
et :§e§+ hi (@, + adh), e 5¢ e2 R (Dy — a sinfdyp),
1 ~
e = §e%+kh%(@3 +cosfdyp) . (2.5)

Where @; are the left invariant forms of SU(2). The metric, RR and NSNS fields are

10

d82 _ § :(ei>2’
1=1
3

P eh3/4 [f 125 o093 4 f (e 023 + Pl f4(€p19 _'_epg02>:| ’
o®
By =k = [epg — cosa(e’? + e'?) —sina(e?? + 6@1)} :
h1/2
e3?
Hy = —k e [— f1e99P — freP'? — f5(eP% 4 ePP) + fu (e + 65023)] ,
62<1>
Cy=— de Adxt A da? A da?
5 ~3 62q> 0,.1,.2.3
o il (22 s ). o
We have defined
h(2p) — 2eh=9 .
cosazw, sina:—,ei, h=1-k?e*?® (2.7)
sinh(2p) sinh(2p)
where « is a constant that we will choose to be x = e~®(>)_ The functions are,
—k—2 NC —k—2h
J1=—2Nce 7, fo=—¢e (a® —2ab+ 1),
; (2.8)
N .

fs=Ne " " 9a-b), fi= fe‘k_h_gb’.

The system has a radial coordinate p, on which (a,b, ®, g, h, k) depend, and we have set
o’gs = 1. The background is then determined by solving the equations of motion for the
functions (a,b, ®,g,h,k). A system of BPS equations is derived. These non-linear and
coupled first-order equations can be arranged in a convenient form, by rewriting the functions
of the background in terms of a combination of them, that decouples the equations (as
explained in [30]-[31]). We will not go over these in the present paper. Enough will be for us
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to state that the whole dynamics of the string background is controlled by a single function
P(p), subject to a second order non-linear and ordinary differential equation. This function
P(p) can be determined numerically and has IR and UV behaviors

UV: P=e"Ble,+...], D — 00,

5 (2.9)
IR: P=hp+0(p’), p—0.

There is only one independent parameter, ¢, > 0 (the constant hy is determined by ¢y ) and
it is this parameter that can be identified with the Baryonic expectation value

u~> (2.10)

Ct+

4/3 where € may be identified

It is convenient to define a dimensionless quantity A\ = 2%/3¢, e~
with the conifold deformation. See the paper [26] for a good account of the logic and technical

details.

2.1 SU(3) structure of the Baryonic Branch

The Supergravity background above is characterised by what is called an SU(3) structure.
That is, there exists a couple of forms J and €, in terms of which the BPS equations, the
fluxes and various other quantities characterising the space can be written.

The observation of [25], it that the forms J, ), describing the full Baryonic Branch can
be obtained from the simpler ones describing a set of D5 branes wrapping the two cycle of
the resolved conifold. We will not repeat the details of the derivation here, but we quote the
results to the extent that we will find useful.

In general, an SU(3) structure solution can be described by the following pure spinors in
type-11B [39],

6A

) A
Uy = -, 0= —i%Qhol. (2.11)

Where €24 is the warp factor of the metric. Let us define
e =C +iS (2.12)

where C? + 8% = 1. It is possible to show that for zero axion field, that is [} = 0, SUSY
requires the following equalities to hold (these are the BPS equations previously mentioned)

d(e_q)S) =0, d(e2A_<I>C) =0,

R JOA 2.13
A Q) =0, d(e"**JAJ) =0. (2.13)
The fluxes are determined as
S . 1 A
Bg = EJ s @d(ezAJ) = 64A *6 F3 s d(€4A_CI)S) = —64A *6 F5 . (214)
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The system of N. D5 branes wrapped on the resolved conifold is supported by just Fj
flux and is a solution to these equations when & = 0. The (string-frame) frame fields that
describe this geometry can be obtained from those of eq.(2.5) by setting h = 1. In terms
of these, the Jy, Q3 ( denoted without hats to distinguish them from those of the Baryonic
Branch) are given by

J =€ + (cosae? + sin ae?) A e’ 4 (cos ae® —sinae?) Ael |

(2.15)
Qo = (" +i€’) A ((cosae? +sinae’) +ie’) A ((—sinae? +cosae®) +ie') ,

which obey the relations J A Qpyy =0, JAJAJ = %thl A Qpoi. The BPS equations for
the functions h, g, k, a,b, ® and the RR three-form flux, are

d(JANJT) =0, d(e*?Q,,;) =0
( . ) v S (2.16)
d(e®J) 4 e*® x¢ F3 = 0.
Then the results of [25] show that the J, Q2 of the full Baryonic Branch solution are obtained
by introducing a non-zero phase or rotation parameter? {(r) in to (2.11) and defining:

~

J = CJ, Qhol = 63/2Qh0l, 62A = 6_ S = 6<I>_<I>°° (2.17)

where €2

4 is the warp factor of the Baryonic Branch solution. For further details on the
geometry and physics implied by this ‘scaling of forms’, we refer the reader to the original

papers [25] and [24].

2.2 A useful gauge transformation

Let us comment on a small subtlety that will be important in what follows. The above
rotation argument makes it quite clear that by sending ¢ — 0, the geometry becomes that
of the wrapped D5 branes. On the other hand taking ¢ — 5 accompanied with A — 0, the
geometry becomes that given by Klebanov and Strassler i.e. the Z, point of the Baryonic
Branch. Taking this limit is slightly delicate. One finds that sin( — 1 and cos{ — %th
where hgg is the Klebanov-Strassler warp factor. Expanding the functions (a,b, ®, g, h, k)
in the large A limit and rescaling Minkowski coordinates z; — 2;A™! one finds that leading
term of the metric is independent of A and reproduces the KS geometry. The limit applied
on the NS two form is less trivial, in fact its expansion in inverse powers of \ is
€2 sinh(2p)

By = A\—————"" _4(Py(&3 + cos 8dg) — Brs + ON71) . 2.18
2 Qﬁﬂpl\/?{(l(wg cos fdyp) KS ( ) ( )

2This parameter can also be understood in terms of the boost parameter that enters in the duality chain
that relates the wrapped brane geometries to the Baryonic branch [24] .
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However the form of P; (the leading contribution of P(p) in this expansion) ensures that
the pre-factor on the first term in this expression reduces to a constant and one recovers the
Klebanov-Strassler NS two form modulo a pure gauge term.

In fact it is going to suit our purposes to perform a similar gauge transformation across
the whole baryonic branch (2.6). We do this by defining

1 [* / /
By — By +d(Z(p)(ws + cosbdy)), Z= —3 /0 N2 S (o dp! (2.19)

In the KS limit this reduces to exactly the gauge transformation required in (2.18) and
it has the effect of removing certain mixing between the angular directions and the radial
direction in the NS two-form.? This will greatly simplify matters upon performing a duality
transformation.

3 Non-Abelian duality on the Baryonic Branch

In this section, we will present the result for the non-Abelian T-duality when applied to
one of the SU(2) isometries of the baryonic branch background in eq.(2.5)-(2.6). We extend
the results of [14] in which the NS sector was established but full details of the RR sector
were not provided.* We will perform the transformation described in [14] to the coordinates
(0,5,9), present in the left-invariant forms of SU(2), @;,i = 1,2,3 of eq.(2.5). We will
choose a gauge where the new coordinates after the duality will be (v, v3,1). We presents
the results here and refer the reader to the Appendix C for details.

We will start by specifying the vielbeins. The components

2
2

S

+kil

==
e,

; NI
e’ =e2h7idx', e’ =e

dp (3.2)

do not change. The vielbeins in the (0, ¢) directions are also unchanged by the duality
however we find it useful to introduce a rotation in (¢’ e#) such that the dual solution has
no explicit 1) dependence.

e = VCeMT 2y, e =V Ceh T Ay, (3.3)

3This transformation leaves unchanged the gauge coupling defined through the integral of B, however it
is non-vanishing at infinity and so one should exercise appropriate caution.

4The results of [14] lead at first sight to a geometry that has a mixing between angular and radial
directions. This is however a gauge artifact as will be made clear in Appendix C. By making the gauge
transformation (2.19) to the seed geometry, as we do here, one removes this mixing. Alternatively one can
perform the following coordinate transformation to the solution presented in [14] to obtain the solution
presented here:

vihere — phere 4 \/22, (3.1)



where we have introduced left invariant SU(2) forms for the angles {6, ¢,1}. The vielbeins
in the directions 1,2,3 and NS 2-form potential can be compactly written in terms of the

quantities defined as,
B 2203 +4Z + e2T®S cos a

2v/2 ’
Z = _1 /p Se<I>+2kdp/ (3.4)
2 Jo '

= aed cosa+ 2 sinav .

H

The function Z was introduced as a gauge transformation to the seed solution already in
(2.19). With these, we have

€g+<I>/2

el — S \/5{462“‘1’67-[(@7-[% — wpws) — V2292 (duy + aHws)

1
— 8V 2uy(vadvy + Hdus) + 5,11156“@(81)%002 + 2T (2T P Coy — 2\/§Hw1))] ,

eg+3<1>/2+g

e? = WC‘%/Q {46291]2 (dvs — avyws) — 4He* (dvy + aHws)

1
— \/5C62k+2g+q)(a7-lw1 — Vows3) + §u1569+2k+¢(62‘7+¢6w1 + 2\/57{002)] ,

ck+®/2

— 8\/§H(U2dvg + Hdvs) + eg+q)ulv28(\/§Ce2g+¢w1 + 4”Hw2)} .

(3.5)
We will then have a metric that in terms of these vielbeins reads, ds? = 312, (e%)2.
In terms of these vielbeins, the NS two-form B; reads,
. 1 i i 4 33
By = ~ o <26_ha(6g1)2601 + e"HeP) — e IR + \/§C6g+k+¢623) +
Vg
6g+k—|—‘1>—h

—F—FC
4\/5’02
(&

—h Z i, el i 45
— (27" %= + 2¢" cosa — ae? sina)e”” — T(aege‘g1 + ,ulegz)] :

2 )

S [He*

c [W (26_9613 - ae_heéé) + (,uleég — 26h623)— (3.6)
2

The dual dilaton is given by
~ 1
P=0—-W, W= %(€4g+2k+3¢(/’2 + 8e29+ %2 1 8&’“%2) . (3.7)
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And the RR sector is given by,
N,

Fy =<
NG

_® N M B

Fy = _€4—CNC [26_2h(1 +a®— 2ab)’H69*D + e 97 =ke (a—b) <\/§ezg+k+cI> (661 — )+

4eFH (eéé — e“ﬂ) - 4212696@3) — 820912 86_9_]%26?3 - Qe_h_kvge’"é -
ﬂ <N b+ a(e? cos® a — N.) + 9" sin 2a) %
V2Csina \ ° ¢ ’
o—9—h—k—2 - B B
Fy = TNC {C(l +a® — 2ab)e®? A (Vwe* I TR el 4 4e?he!d)

Cb/eTé A (46k7{613 . \/§e2g+k+<1>e?3) — 8¢, (a . b) eéiéf’,

€% A (4e90gel? — Pk (Voo | 47-[@23))] B

9Se—9—h—k—2 o o
T Csina (a(62g cos?a — N,) + (Neb + €9 sin 2a)) (7—[6]“66“012 + U2€g69¢23) :
sin a
(3.8)

Warning on potentially confusing nomenclature: The N, appearing in the above
originated as the number of D5 branes wrapping the resolved conifold which was then rotated
to give the Baryonic Branch and then T-dualised to this solution. Prior to T-duality, N,
corresponds to the D5 charge which is also commonly denoted by M (which we will also use
in section 5 when we specialised to the Klebanov-Tseytlin geometry). We hope the reader
will not get overly confused by this point.

3.1 UV asymptotic behaviour

Using the semi analytic UV expansions that can be found, for example, in [26] it is possible
to calculate the UV behaviour of the dual metric. The dual vielbeins at leading order in the
UV are given by

; C+6_2p/3<24p _ 3)1/4 5 C+6_2p/3(24p _ 3)1/4 3 23/431/4 J
— w , e = W y = — Us.
2/0N.(1-2p) 2N (1-2p) VN8p— 1A
(3.9)
Thus the dual 3-manifold shrinks as one flows towards the UV, in line with our expectations
from abelian T-duality, where big circles are mapped to small circles.

One may worry that this vanishing manifold is a signal of a singularity in the UV, however,
an explicit check shows that the curvature invariants: Ricci scalar, R, R and R, A RV
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are finite. In other words, both the g, and the o/ expansions are under control and the
background is trustable in the far UV. Notice that there is a one-cycle, labelled by the
coordinate 1 in w3, that shrinks to zero size in the large-p regime. This implies that strings
wrapping this cycle will become light and will enter the spectrum of the dual QFT at high
energies.

The dual dilaton is defined as ¢2® = % where

3
W = 3¢, Ney[12p — 56&’/3 (3.10)

asymptotically, and so the dilaton is UV vanishing.

3.2 IR asymptotic behaviour

Let us now study the small radius regime of the metric, corresponding with the low energy
regime of the dual QFT. Things are a bit less-simple. At leading order, terms in the metric
depend explicitly of the original IR-parameters of the Baryonic Branch solution, but they
also depend on the values of the vy, v3 coordinates. The dual vielbeins in the IR tend to

i 32e20/2\/Fp3/?
el — _e2¢0F2£128h%(;%+U§) v3(dvy + vows) + Vo (vowsy — 2—\1/§d1)3) —v3(wy — wg))
3 e®0/2
ez = —62%?2112‘5{;@%%) V203 Fe?®0w; — /20, Fe®ows+
16h1 (’Ugdl)g — U2dU3 + (U% + ’U?%)CUQ)) (311)
~ 2674)0/2 h
e = _524>O]-'2+128h\%/(vj§+v§) <\/§F262%(ﬁdv3 — Vaws) — 16hyvaF (vaws — v3wi )+

V2128h3vs(vaduy + Usdvs))

where we have defined

F2 =422 (K — 2v/2e%ny) (3.12)
for convenience. The function W tends to

Fe®o

S1om, <f2e2‘1’0 + 128(va + ug)) (3.13)

Here again, it happens that the dilaton is bounded and the Ricci scalar and Ricci and
Riemann tensors squared are finite. This was expected, as we are performing a duality
transformation on a space that in the small-p regime was of finite size (the S® in the deformed
conifold). Dualities typically invert ‘sizes’ (or couplings). This example is not an exception.
One may start with a background solution where Supergravity is a good approximation
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and obtain that in the far IR the new generated solution is still a trustable Supergravity
background.

A point that we want to emphasize again is that in the far IR, the parameter that was
labeling the different ‘positions’ on the Baryonic Branch (that is the different baryonic VEVSs)
still appears in the small-radius expansion above. There is a still a one-parameter family of
solutions. Indeed, notice the dependence on the integration constants e®® and h; as defined
in [25], both related to the number parametrising the Baryonic Branch.

4 SU(2) Structure of the background

We will now study the associated G-structure with this solution. Again, we will postpone
details to the Appendix C. The geometry supports two pure spinors given by

A

By = e (ke — ik w)
Zi . ) (4.1)
o = ?6’9*(0 +iw) A (ke +ikjw) .
In the case at hand we find
)
24 _ €
© T
9+ = O, 9_ = C('f’)
by — sin «v by — cos?a + (.¢
TViEce 1+(C )
. .
=W A0 = e (\/Ké3 + ¢y sinaé® 4 i(VAE + Gsin ae?))

Veos?a+ (.C
j:ép3+é‘°9+é21—v/\w
W= ;(ﬂ(éw +ie’) — Gsina(e” + ie®)) A (8% + ie').

veos?a + (.C

Here the frames é are obtained by a rotation, given by (B.19), of those in (3.5) and the
parameters A, (; which enter into this rotation are specified by (C.15).

There are various immediate things to observe. If we move to the large radius region of
the geometry, the functions sina(p) ~ a(p) ~ b(p) — 0. The formulas simplify and we
obtain, among other things that k; — 0. This implies that, as happens in the paper [16],
the two pure spinors are ‘perpendicular’ in the large radius regime of the solution and the
SU(2)-structure is static. Similar behaviour was found in [18], where a dynamical SU(3)-
structure in 7-d becomes orthogonal in the UV. This changes as we evolve to the small radius
regime of the background, the SU(2)-structure is said to become dynamical. In Section 5,
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we will discuss the physical effects that are associated with a change in the SU(2)-structure,
from static in the far UV to dynamic in the IR.

5 Correspondence with Field Theory

In this section, we will connect our previous geometrical studies with aspects of the quan-
tum field theory that our background is dual to. As it was anticipated in the paper [14], we
believe that the field theory dual to our massive IIA background should be a non-conformal
version of the Sicilian gauge theories presented in [32, 33] or the linear quiver field theories
studied in [34]. There are certain things that can be inferred immediately, like for example
the confining character of the QFT. This follows from the fact that the calculation of the
Wilson loop will proceed exactly as in the case of the Baryonic Branch field theory. In-
deed, the R'® x p part of the geometry is unchanged, hence, the Wilson loop will give the
same result as before the non-Abelian T-duality. Nevertheless, many calculations done with
the Klebanov-Strassler/Baryonic Branch background involved the ‘internal’ five dimensional
space. The purpose of this section will be to learn how some of those calculations for field
theory observables change (or not) for the new geometries in massive ITA.

The idea that will guide us is that for a given correlation function or related QFT observ-
able, that in the original background was calculated in a way that is ‘independent’ of the
SU(2) isometry used to perform the non-Abelian duality, will give the same result in the
transformed background. We can think about those operators or correlators as ‘uncharged’
under the SU(2) symmetry in question. Ideas of this sort already worked in other solution
generating techniques, like T-s-T dualities. Similar ideas also appeared in large N. (planar)
equivalences between parent-daughter theories. The Physics of the common or ‘uncharged’
sector goes through to the new field theory. The rest of the paper deals with observables
that are, in principle ‘charged’ under the SU(2) symmetry.

In the paper [14] it was shown that the cascade of Seiberg dualities—defined geometrically
as a large gauge transformation of the NS two form and its effect on Page charges, persisted
in the massive IIA background. In the paper [16], we started to geometrise some of the
field theory effects corresponding to the Klebanov-Witten non-Abelian T-dual. In the rest
of this section, we will focus our attention on the relation between the dynamical character
of the SU(2)-structure and the field theoretical phenomena of confinement and discrete
R-symmetry breaking. We will show how the presence of Domain Walls with an induced
Chern-Simons dynamics on their world-volume follows as a consequence of the confinement
and the dynamical character of the SU(2)-structure. Then, we will make clear that the
symmetry associated with changes in the 1-direction is related with an anomalous U(1)g
R-symmetry in the field theory. We will define an instantonic object using an euclidean D0
brane; this will lead us to a possible definition for a ©-angle and gauge coupling. We will
find that this coupling has a non-conventional running in the far UV. We will then move into
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studying different aspects of the ‘baryonic branch’, also present in our new backgrounds. We
will find that a given fluctuation of the RR background fields can be put in correspondence
with a global continuous symmetry that the IR dynamics breaks spontaneously. We will
find the associated Goldstone boson and an expression for the conformal dimension of such
a baryonic operator.

5.1 Dynamic SU(2): A pathway to confinement

In this section, we will make more concrete the relation between the QFT phenomena of
confinement and the dynamical character of the SU(2)-structure. The first observation
is that the ‘parallel projection’ between both spinors, represented by kj in eq.(C.18), is
proportional to the quantity sin«. This quantity is related to the background functions as
can be read from Appendix B of the paper [29],

4aeh—9

\Ja? + 2a2(4e2h29) + (4e2h=29 4 1)2

sin a(p) (5.1)

This is compatible with the expression in eq.(2.7) after following the algebra in Appendix B
of the paper [29].

The presence of the functions a(p),b(p) in the Baryonic branch solution—see eqs.(2.5)-
(2.8)—are responsible for the de-singularisation of the space (the appearance of a finite size
S3) and the IR minimization of the dilaton and warp factor. These have as a consequence
the linear law, Egg = o0Lgq for large distance separations between the quark-antiquark
pair. In other words, the functions a(p), b(p) and their effects on the warp factor and dilaton
‘produce’ confinement. In the same vein, at the level of the metric, the presence of a(p)
implies the breaking of the symmetry ¢¥» — ¥ + € into ¥» — ¢ + 27. This is the remaining
Zy symmetry after the spontaneous discrete R-symmetry breaking. So, we see clearly that
confinement and spontaneous R-symmetry breaking go hand-in-hand with the function a(p).
Hence, these phenomena in the dual QFT are closely related to the presence of kj, which as
we made clear is related to the dynamical character of the SU(2)-structure. In the papers
[42, 43], the point was made that the functions a(p),b(p) were directly related with the
gaugino condensate. This suggests that in our massive ITA picture, there exists a relation of
the form < A\ >~ k. Similar ideas will be discussed in the paper [51].

5.2 A comment on domain walls

It was proposed in [14], that domain wall objects were realised in the Non-Abelian T-dual
of the geometries we are considering, as D2 branes that extend on R%2. Indeed, the induced
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metric, action and tension of a (2 + 1)-dimensional object are,
ds? ;= e®h V2 (—dt? + da? + da?),

Spr = =T / e h ) Tpw = Tpee®*h 3/,

If we also turn on a gauge field in the world-volume of this D2 brane, a Chern-Simons-Maxwell
action will be induced, at leading order in o’ on this D-brane,

SBIWZ = —TDg/d2+1l’6¢/2iL_3/4\/ 1— O/FM,,F”V + TDQ/d2+1l’FQA1 A Fg. (52)

We have used that a new WZ-like term appears in Massive IIA as explained in [44]. The
Chern-Simons term is quantised, being proportional to 7o N,.?

In the type IIB Baryonic Branch solution(s), domain walls were realised by D5-branes
extended on R"“? and the three-sphere S = [0, $,1)]. Once a gauge field is turned on, a
Chern-simons terms was induced, proportional to Tps f gs F3. Naively, we can think th@t
both objects are 'connected’ by the non-abelian T-duality, under which the directions on S?

disappear and we are left with a D2 brane as described above.

Supersymmetry gives support to this. Indeed, around eq.(6.19) of the paper [39], we are
presented with the calibration form for a domain-wall like object, which is given by the real
part of the pure spinor U, . Using that |a|? = e# = ¢®/2h~1/4 we obtain that the BI action
equals the calibration form. Notice also that this selects the kj component of the pure spinor.

As it was shown in the paper [14], once the R-symmetry is broken in the Type IIB set-
up, the non-abelian T-duality maps these backgrounds to their partners in Massive IIA.
In a minimally SUSY quantum field theory, the presence of domain-walls is tied up with
confinement and the spontaneous breaking of the Zyy, -symmetry. As we emphasized, these
phenomena are related to the ‘dynamical’ character of the SU(2)-structure, hence to the
presence of the kj part of the pure spinor.

5.3 The fate of the U(1)p anomaly

In the backgrounds presented in [14] and those of this paper it is somewhat natural to expect
that the coordinate v is singled out as being related to an R-symmetry of any putative field
theory dual. That this is true is by no means obvious, after all in the technical process of
dualisation the fact that we retained the coordinate v was purely a result of a judicious
gauge choice. Here we provide evidence that this is indeed the correct identification and
furthermore that this U(1) is afflicted with an anomaly, breaking it down to a discrete
subgroup.

5Note that it is the presence of an Fy that allows D2 branes to be interpreted in this way, by way of
comparison in [45] the relevant branes with Chern-Simons dynamics are D4 branes with a bulk Fy turned
on.
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A robust understanding of how J, plays the role of the R-symmetry in the holographic
dual was given in [40] with several important details of the supergravity solution clarified in
[41]. The essential point of [40] is to introduce a bulk 5d gauge field that gauges this U(1),,
by making the replacement dip — x = dip — 2A in the metric. This must be supplemented
with an appropriate ansatz for the fluxes. In the case of the Klebanov-Witten background
one finds that the resultant gauge field is massless and is the dual fluctuation to the global
U(1)g of the gauge theory. However, in the non-conformal cases, the correct ansatz for the
fluxes actually yields a massive gauge field (the mass here comes from a Stiickelberg rather
than Brout-Englert-Higgs mechanism).

Let us begin our discussion with the non-abelian T-dual of the Klebanov-Witten back-
gound. The NS sector of the geometry is given by

1 2
ds® = ds? g, + édsgz + % o3 + X (1 + 27v3)dv3 + 54vovsdvgdug + = ; (A 54v3) dvy |
18v/2 (A — 5403)

By = ——v9v305 A dvy + o5 N dvs

A V2A
® = 81A™1 =81 (2 + 5ol + 3603) ",

where 03 = d) + cosfd¢. This metric is supported by RR two and four form fluxes. The
U(1) acting as 0y can be gauged by making the replacement o3 — X = 05 — 24 in the NS
sector above. The potentials corresponding to the correct modification of the RR forms that
support this fluctuation are given by
2
C) = —i (cosfdp + A) |
2 5 (5.3)
C3 = —2—7’03X N ((A)Q dA) + §U3 *5 dA ,
where we introduce the volume form on the S?, @y = sinfdfd¢p and %5 is the Hodge dual
in the AdSs directions. This solves the linearised equations of motions, linearised Einstein
equations and Bianchi identities provided that the gauge field obeys the equation d x5 dA.
This, together with the fact that the Killing spinors of the geometry are charged under U(1),
identifies this as the dual to the R-symmetry. Upon substitution of this ansatz in to the
action one finds all the gauge field dependance gives a field strength squared contribution,

0S = f('Ug,’Ug)FMVFMV (54)

for some function f(wvy,v3) of the internal coordinates that will be integrated over in a
reduction to a five-dimensional theory.

Now we turn to the non-conformal geometry obtained by transformation of the Klebanov-
Tseytlin geometry (since we are only interested in the UV behavior we will not need the full
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Klebanov-Strassler or baryonic branch). The NS sector, with the U(1), gauged, is given by

r2hz 6rthv? _
ds® = hadr® + h™2ds%s + : ——ds%, + AQ 2
6 4 o\ 1 9 3/ A
+ — | (r*h + 27v3)dvs + 54veVsdvedus + — - — 5403 ) dv3
A 4 \r2hz (5.5)
2712
18\/§ ~ (A — bdr h2’U2) ~ R (r .
By = A v V3 X A dvg + JIA X N dvs + 54;4) 2

® = 81A™" = 81 (2r*h + 54v? 4 36V7)

Here h(r) is the usual Klebanov-Tseytlin warp factor and Vs = vz + - \/5(;} Without the
gauging this is a solution of massive ITA with Romans’ mass proportional to M. By exam-
ining how the non-abelian T-duality transformation acts on the ansatz given by Krasnitz in

[41], we can determine a suitable ansatz for the fluxes:

M M
C, = — 5 s cos 0dg + —¢dvg — 2V2K1 — V2Cy (V3dvs + vaduvy)

M
Cg = 2V3K3 - —\/_¢w2 N (’Ugd’UQ + ’Ugd’Ug) (56)

2
+ —\/_f( )CO(:)Q AN (Ugdvg + ngvg) — 2’113)2 VAN dKl — 4'[13(2)2 A Kl + @3

The remaining term in the three-form potential is given implicitly by®

LA o (5.7)
V2

Here W is a gauge invariant 1-form that combines the gauge field A with a Stiickelberg scalar

scalar W = A — d\ though for practical purposes we follow [41] and chose a gauge in which

W = A. This is a solution to the linearised flux equations and Bianchi identities provided

the fields introduced obey the constraints on the ansatz required in [41]:

1 1 2
d@g = ﬁMhZ *5 (Cod?” + g’f’W)

3
Kg = _Thi *5 dKl s
4
dKs = 53 %5 (K1 + f(r)W)
71" " r 1 36 (58)
—1 1
0= gﬁr (rh™"W,) + gaﬂ/V,- + 5&,(h Co) — 72 (Ky)r + f(r)W,)
1., roh M? 302
0= a&, (’T’ &,C'o) + a@,&@g — ﬁWT — 4—}1’["00 .

6The exterior derivative of right hand side of this expression vanishes on the equations (5.8).

17



Here %5 is the Hodge dual with respect to the metric ds? = h2dr? + h_%ds%w. In [41] it was
shown how these equations (5.8) can be diagonalised by defining

o4 27
l—Ww - —K = K. .
Wi=Ww ol w W+hr4 1 (5.9)
The mode W1 corresponds to a massive gauge field whose mass as a result of the spontaneous
(anomalous) breaking of R-symmetry. The mass of this mode is given by [41]:

2 4 (gSM)2

m’ = 3 3 5.10
a/(3m)z (AN)2 (5.10)

The interpretation is identical here and we conclude therefor that the U(1)g symmetry is
anomalously broken.

5.3.1 Dependance on v in the potentials and D0 brane instantons

To understand this breaking as an anomaly it is informative to look at the forms of the RR
potentials. For the non-Abelian T-dual of the Klebanov-Witten we have following potentials

N
C) = —Wcosedqﬁ ,

\?v (5.11)
Cy = — 72”’3 sin 0d0 A dé A dip .

For the dual of the Klebanov-Tseytlin (which has Romans mass proportional to M) we have

M M
Cl = — V3 COS Hd(b — —Qﬂdvg s
2 2 (5.12)
_vaM
8

Cs = (v3 +v3) sin6df A dp A dip

Note how the dependence on 1 in (] is quite different in the potentials in the conformal and
non-conformal cases.

Let us now consider DO branes. These D0 branes will move in the vs direction, leaving
all other coordinates fixed, in particular we will choose vy = 0. We can then calculate using
(5.5) the induced metric for this DO brane, relevant gauge potential and its BIWZ action,
that will read

M
2 _ 2 __ —
d‘sind - gv3U3dU3 - 2r2h1/2 dv?ﬂ Cl - —?@deg,

_ r2hl/2 2))2 M
Sprwz = —TDo/dU3€ q)\/gvgu?, +TD0/Cl :TDO/dU3\/ 9 + r2h13/2 _TDOT@b/d’Ug.

We use now that Ty = . \I/J Also, we call vVo/ L,, = f dvs, the dimensionless length of the

vz direction.
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We will equate the BIWZ action of this euclidean D0 brane with the gauge coupling and
the © angle imposing that Sz = 851%2 + 0. In other words, we consider this D0 brane to
be an instanton in the dual gauge theory.

Analysing the WZ term, we have that (like above, we choose g; = 1),
M

Using that the theta angle should be periodic, we can impose that the allowed changes in
the angle 1 get selected to be

M
?(w + AY)L,, = O + 2k7 (5.14)
which implies that
Ak
Ay = . 5.15

So, we see that there is a breaking of the global continuous symmetry into a discrete one.
The residual discrete symmetry is determined by the domain of the coordinate vs. In the
case in which we would like to impose this discrete symmetry to be the same as before the
non-Abelian duality we should impose that L,, = 2. Indeed, one of the major challenges with
understanding non-abelian T-duality is to identify the periodicities of the coordinates of the
T-dual geometry. Here we see a direct link between a field theory property (the anomaly)
and the global properties of the geometry.

Let us look at the BI term. We have that the gauge coupling, associated is
872 9.1 2 roh! 1/2

o 2, 4 2

= o [0 s ]

We can perform the integral explicitly, but it is perhaps more illuminating to look at the
large radius limit of the expression above. After all, we are doing this calculation in the

non-Abelian dual of the Klebanov-Tseytlin solution, we should only trust the result in the
far UV. We have then, considering the leading term in the large-r expansion,

(5.16)

1
7 ~ (logr)3/? (5.17)

this reproduces a result obtained by other means in [14].

5.4 The fate of U(1)p

The Klebanov-Witten SU(N) x SU(N) conformal field theory coming from D3 branes at the
tip of the conifold has a U(1) baryonic number symmetry acting as A; — e'“A;, B; — ¢ *B;.
In the gravity dual this number current gives rise to a massless AdS; gauge field

00y =ws N A, (5.18)
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where ws is the usual closed three form on 7'. The non-abelian T-dual of the AdSs; x T!
geometry was obtained in [13]. In the T-dual geometry, this U(1)s mode translates into a
perturbation, which solves the linearised supergravity equations of motion, given by

1
(SCl :§A,
X /3 (5.19)
5C3IW2/\.A+§UdU/\.F+ ?udvg/\mf.

The final two terms in 0C3 come from the a contribution from §Cy under the T-duality
transformation”. Although the two-form W, has a simple form

2562
Wy = gy 4 V2026

9 31 03 VAN (2U3d’Ug — 31)2(1’113) (520)

it can not easily be written in terms of the invariant tensors that define the SU(2) structure
of the geometry.

The existence of this mode is suggestive that the field theory duals corresponding to the
conformal geometries constructed in [13] have a global U(1) symmetry in addition to the
preserved U(1)g. In fact, the geometry T-dual to the Klebanov Witten is closely related
to those proposed in [33] as the gravity duals to NV = 1 SCFT’s formed by wrapping M5
branes on Riemann surfaces (which in this case is genus zero giving rise to many subtleties).
These SCEFT’s do indeed have U(1)g x U(1l)r Abelian global symmetries which are seen
geometrically as isometries of the corresponding eleven-dimensional supergravity solution.

Upon reduction to ten-dimension one of these U(1)’s gets degeometrized corresponding to
the above gauge field 0C; = A.

In this paper our main focus has been the cascading field theory where at the last step
of the cascade when the gauge group is SU(M) x SU(2M) the baryons acquire expectation
values,

B:MMM,B:%MM. (5.21)

On this Baryonic branch the U(1)p symmetry is spontaneously broken. To see this from the
gravity perspective it is sufficient to work with the Klebanov-Strassler geometry correspond-
ing to the field theory at the Zy symmetric point of the Baryonic branch. As shown in [21],
there is a massless glue ball corresponding to a Goldstone mode associated with changing

"For the AdSs x T'! we use ds? ;¢ = du® + e**(n;jdz'dx?).
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the phase of ¢ which is given by®

0H =0,
§Fy = f1 x4 da — d(fo(T)da A ¢°) |
’ H (2(7) ) (5.22)

4

€3
0Fs = fi (*40[& — mh(ﬂda AdT N\ g5> A By .

The linearised supergravity equations are solved when the pseudo-scalar is a harmonic func-
tion in R®»! and the function f,(7) obeys a second order differential equation admitting a
normalisable solution.

The non-abelian T-dual geometries considered also admits a similar mode, which can be
obtained simply by performing a T-dualisation of the ansatz for the scalar modes in the
seed IIB solutions. The T-dual of the Klebanov-Strassler geometry was obtained explicitly
in [14]. Performing a dualisation of the ansatz (5.22) gives rise to a perturbation 6 F, and
0F,. This perturbation solves the supergravity equations of motion when f; obeys the
same differential equation as for the ansatz (5.22). The expressions for F, and F; are not
particularly enlightening though for completeness let us provide a few details. Here we
display the results in the UV regime where the geometry is given by (5.5). The corresponding
deformations to the potentials are given by
0CT = (2us fo(r) + f3(r))da
5Cs = [f4(r) - % <u§ + (vg — gLy)] x4 da

Ny N1 . ( _ )
a Aoz Ad(vy + v3) da N\ o3 A\ dvs +da A sin0df A do | [ 2f3

V2 V2 V2
(5.23)

The extra functions introduced above are completely determined by f; and fs according to

fi=0, 2 f) = —6r° f3 4+ 16r* fy + 27TM* fy logr /1o

fi = S (cavarsnogr/ro— 2T ) - fi= 20, 520

3
f5 = ﬁ (=2v2r° fuh(r) = 18M7 fih(r)T(r) log /o — 3V2T (1))

where T'(r) = %Mlogr/ro and h(r) = 525 (3M?* 4+ 8N + 12M? logr /1)
The existence of this mode suggests a spontaneously broken global U(1) in the field theories
dual to the geometries obtained in section 3. In the conformal case, the unbroken U(1)

becomes geometrized upon lifting to M-theory whereas these non-conformal backgrounds are

8Here and elsewhere use the standard notation for the deformed conifold and Klebanov Strassler geometry
which can be found e.g. in appendix of [21]. For the KS we stick with the notation 7 as the radial coordinate
but will use r elsewhere.
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solutions of massive ITA and so can not be lifted. This further underlines the expectation
that a U(1) is broken.

In the same multiplet as the pseudo-scalar goldstone is a scalar perturbation correspond-
ing to changing the magnitude of £. In the same vein as above, one could deduce the fate
of this scalar perturbation under the T-duality transformation; it will give a similar, al-
beit complicated, perturbation in the dual ITA background. Since the full baryonic branch
geometry found in [22] can be thought of as exponentiating such transformations to give
arbitrary values of the Baryonic vev, implicitly in the geometries presented in section 3 we
have already done just that.

5.5 The fate of the baryon condensate

In Klebanov-Witten theory the closest analogy to a baryon vertex - the object to which N
external quarks can attach [36] - would be a D5 brane wrapping the T space with world
volume coordinates {xzg, 01, ¢1,02, p2,1} [37]. The primary reason for this identification
follows the argument made in [36]; since we have

/T11F50<N, (5.25)

the WZ term induces a charge to the world volume U(1) gauge field A via the coupling

/ ANF, . (5.26)
RxT(1,1)

This introduces N units of charge which must be canceled by some other source to give
zero net charge in a closed universe. This cancelation is achieved by N elementary strings
stretching from the boundary to the brane whose end points are external quarks. A perhaps
naive approach would be to suggest in the ITA geometry dual to the Klebanov-Witten theory
a similar role could be played by a D2 brane wrapping the S? with world volume coordinates
{z0,0,¢}. Indeed, since in the case of T-dual to Klebanov-Witten we have C; o cos0do
the WZ coupling F A C; produces a charge contribution for the gauge field that could be
cancelled with external quarks just as in the Klebanov-Witten scenario. It would be of some
interest to study the baryon vertex in the massive ITA backgrounds.”

This baryon vertex should however be distinguished from the configuration representing
the actual baryon condensate - which should be supersymmetric, gauge invariant and not
require Blon spikes. The configuration that describes the baryon condensate is a Euclidean
D5 brane wrapping the 7! and the radial directions [37]. This D5 has D3 branes dissolved

9Before duality in the cascading theories this is a D3 brane and it seems quite possible that DO branes
might play this role of the baryon vertex in the cascading massive IIA geometries. We thank O. Aharony
and J. Sonnenschein for this suggestion.
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within [38] which are traded for a world volume gauge field. Following the logic applied to
the baryon vertex one might anticipate that in the IIA geometries presented here, the role
of the condensate is played by a wrapped Euclidean D2 brane on the S? x R with a world
volume gauge field.

To determine the existence of such a configuration, rather than calculate the kappa sym-
metry projectors, we will harness the power of the G-structure and the calibration techniques
of [39]. The condition for a supersymmetric Euclidean p brane on a cycle ¥ is essentially the
same as that of a Lorentzian p+4 brane that is spacetime filling in the Minkowski directions.
This condition is given by

e~ ?\/—det(g|s + F)dPo = 84 Imd® A e |5 (5.27)

where the world volume field strength is F = Bly + 2ma/dA and the pure spinor entering
the calibration form is given ® = ¥, for I[IB and ® = ¥_ for ITA.

Before looking at this question in the context of the full baryonic branch let us address
it in the conformal case - we would still anticipate a supersymmetric configuration to exist
even. In the Klebanov-Witten theory the E5 configuration of a brane extended along ¥ =
{r, 61, ¢1,02, ¢2,1} with a world volume gauge field

A= %C(r) (dp + cos O1dpy + cos Oades) (5.28)

obeys the calibration condition (5.27) provided that

=g (529)

which of course can be readily integrated.

In the ITA non-Abelian T-dual of the Klebanov-Witten geometry we find an E2 configu-
ration extended along > = {r, 6, ¢} at the point v, = 0 but with a non-trivial embedding
vy = f(r). We search for a supersymmetric configuration solving the calibration condition
(5.27) when supported by a gauge field

1
A= %a(r) cos0dg . (5.30)

From the calibration condition one finds firstly that the embedding f(r) and the gauge field
should differ only by a constant ¢y. The gauge field should then obey an equation

o (r) 1 — 18coax — 1802
T =
9(00 + 20&)

(5.31)

which can also be readily solved and one notices that when ¢y = 0 has the same form as the
equation (5.29) governing the configuration in IIB.
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Lets move up to the KT geometry working in the exact logarithmic solution'®. First we
recapitulate the calculation for the baryon condensate in the IIB background. Using the
calibration technique one readily finds the E5 configuration is the same but with the gauge
field equation of motion eq. (5.29) modified to be

B 2rih(r) + T(r)? — 8¢(r)?

"(r) = 5.32
¢ o , (5.32)
where T'(r) = %Mlog r/rg and h(r) = 55 (3M? + 8Nw + 12M?log r/ro). This equation
may be integrated to yield
IM 2 2 2 2\3
¢(r) (c+3r® — 4r®log(r) + 8r°log(r)?)? | (5.33)

B 8rv/2

where ¢ is a constant of integration which we now set to zero since its contributions are in
any case sub-leading. Inserting this into to the DBI action one finds, changing variables to
t=logr,

27 M3

64+/2

In [37], e=955 was identified with the bulk field dual to the baryonic condensate. Using the
standard asymptotic expansion the field theory scaling dimension can be extracted (at least

(14 262 + 8t%)(3 — 4t + 8t%)= . (5.34)

tuv
SE5 = T5’UOZ(T1’1)/ dt

in the large t regime) as

_dSps 2T
~dlogr 1672

A(r) M?3(logr)* + O(logr) , (5.35)
reproducing exactly the result of [37] notable for the scaling dimension dependence on the
energy scale of the baryons as anticipated from the field theory.

In the non-abelian T-dual the situation is already rather involved. We search for an E2
configuration extended along ¥ = {r, 0, ¢} at the point v, = 0 and now with v = x(r) and
an ansatz for the gauge field

1
A= Ea(r) cos 0d¢ . (5.36)

We take the square of the calibration equation eq. (5.27) and first consider terms proportional
to cos? . From these one finds a first equation relating the gauge field and the embedding
in vs:

o (r)=x'(r) . (5.37)

10This is considerably simpler than the deformed conifold of the KS and reproduces all the main features
of the calculation in [37] with the conformal dimension of the condensate agreeing to leading order. Using
the calibration technique we checked that the resultant gauge field equation of motion agrees exactly with
that of [37].
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We let ¢y be the additive constant between o and x. Then from the remaining terms in
eq. (5.27) one finds a differential equation for the gauge field

1

= (2r*h(r) — 6coT + T* — — 360?%) . .
e 2a)(r (r) — 6T + 36coa — 360°) (5.38)

ra(r)

Changing variable to t = log r one can solve this equation on the exact logarithmic solution:

—-3/2 1
[647“0 +7? (16(:3 + 3M(8V2¢o + 9IM — 4(4v2¢o + 3M) logr + 24 M log 7“2))} :

(5.39)
here ¢ is an integration constant giving sub-leading contributions that we hence ignore.

Using the equation (5.38) we find that the DBI action is given by

Sppr = /@/ ﬁi(co +2a)7" (2r'h + (T +6a)?) (2r'h + (T — 6(co + @))?) . (5.40)

a(r) = —C—QO:I:T 5

r 648
If we expand out asymptotically we find that

tov 97M32 9M?%t N
~ dt OIM — 4 2 0 A1
S m/ R <3f c0+8fM7r)+0( ) ) (5.41)

which suggests an operator with a scaling dimension

(logr)? (5.42)

where k = Tpyvol(S?) = % It would be interesting to pursue this line of reasoning further
by extracting the value of the condensate across the baryonic branch. This is technically
rather involved and we do not intend to do so in this report.

6 Conclusions and Future Directions

In this paper we have examined a new family of solutions of massive IIA supergravity. These
new backgrounds were obtained by performing a non-abelian T-duality on the geometry that
describes the non-perturbative Physics of the baryonic-branch of the Klebanov-Strassler field
theory. We have explored the transition from SU(3) structure, characterising the ‘seed’ back-
grounds to the dynamical SU(2)-structure that describes the resulting massive ITA solutions.
We made clear—at least for the type of backgrounds studied here— that the dynamical charac-
ter of the SU(2) structure is directly related to the phenomena of confinement and symmetry
breaking. We believe that all these new features have not been discussed in previous litera-
ture, in a context as clear and unifying as the one presented here.

The new backgrounds discussed in this paper display a host of interesting non-perturbative
phenomena that ‘define’ the dual field theory. Some of these are,
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e The non-conformality of the geometry is enabled by a non-zero Romans’ mass.

e Whilst the UV geometries proposed in [14] are characterized by static SU(2) structure
[16] the full IR complete geometry of this paper has dynamic SU(2) structure.

e The transition to dynamic SU(2) structure gives a geometric realization of confinement
and permits supersymmetric D2 branes that act as domain walls in the IR. This realises
geometrically the relation between confinement, the spontaneous breaking of a discrete
R-symmetry and the presence of domain walls.

e The U(1)p symmetry is realized by the vector d, and the corresponding fluctuation,
which is a massless gauge field in the conformal case, acquires a mass indicating an
anomalous breaking.

e Euclidean ‘instantonic’ branes reproduce this anomaly of the R-symmetry and at the
same time suggest a non-conventional running for a suitably defined gauge coupling.

e A further U(1) (baryonic) symmetry is broken. In the conformal case of [14] this
symmetry is unbroken and is realized geometrically by the M-theory circle. In our
backgrounds, once conformality is broken by the addition of fractional branes, the
symmetry is no longer geometrical as we are now in a massive ITA context. The U(1)p
symmetry is spontaneously broken and we identified a corresponding massless glueball
(the associated Goldstone boson).

e We give evidence that this U(1)p may be thought of as baryonic and that a baryonic
condensate is given by a Euclidean D2 brane wrapping a two-cycle in the geometry.

Although we do not yet have a complete understanding of the field theory dual to this new
geometry, the results of this paper together with those in [14] suggest that it may be a non-
conformal and cascading version of the Sicilian theories of [32, 33] or the linear quivers of
[34].

We would like to close this paper on a forward looking note. We suggest that the features
mentioned above may be prototypical of a wider class of holographic duals. The theories
in [32, 33] and also the IIA linear quivers of [34], present a wide new class of interesting
examples of N' = 1 SCFTs. We anticipate that by a modification of these theories (this
paper suggests that the modification will involve adding D8 branes in ITA) one can obtain a
variety of non-conformal gauge theories. Some of the non-perturbative features of these new
field theories should be the ones we are describing in this paper.

Aside from this and on a more geometrical note, we believe the backgrounds presented
in this paper may serve as a prototype for new dynamical SU(2) solutions of massive ITA
supergravity that will be the corresponding string duals to the new field theories described
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above. This is, of course, in the same vein as the route from the conformal geometry of
Klebanov-Witten to the non-conformal geometry of Klebanov-Strassler.

In our view, these represent the most interesting avenues of further investigation.
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A Conventions: Supergravity and G-structures

A.1 Supergravity
We work in string and the 10-d hodge dual is defined such that
Fn = (_1)znt[n/2] * FlO—n~ (A].)

where F), are the RR fluxes of either type-ITA or type-IIB supergravity. The fluxes may be
used to define a polyform F such that

7o { Fy+F+F,+ Fs+ Fy + Fy for Type-IIA (A2)
i+ F3+ Fs+ Fr + Fy for Type-11B
In terms of the polyform the Bianchi identities may be expressed as
(d—HAN)F =0, dH=0. (A.3)
It is easy to show this is satisfied with the definition
F = (d— HNC + Fye" (A.4)
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where C'is a polyform constructed from the RR potentials in the same fashion as above and
Fy should be taken to be zero in type-IIB. The flux equations of motion are expressed as

1
(d+HAN*F =0, de2®+H)= §ZFn/\*Fn' (A.5)

where the sum needs to me taken over the appropriate RR fluxes of type-1IA /IIB.

The dilaton must obey the equation of motion
R 1
d*d®+*z—d®A*d¢—§H/\*H:O, (A.6)

while Einstein’s equations are in type-IIA by

A 1 1 1 1 1 1
Ry = =2D,D,® + ZHEW +e*? §(F22)uv + E(Ff);w - ZgW(FOQ + §F22 + EFE) , (A7)

with an equivalent equation holding in type-IIB.

A.2 Pure Spinors

Here we follow the conventions of [49] except for a difference in the self duality condition of
the RR section which leads to a few sign differences. We work in string frame and consider
solution with metrics that can be expressed as

ds* = ezAdx;l + ds§ (A.8)

and preserve N/ = 1 SUSY in 4-d with non trivial RR sector. This means that the internal
space, with metric ds2, must support an SU(3) x SU(3)-structure [39]. We decompose the
10-d MW spinors into a 4 + 6 split as

=@+ onl, =0+ @i (A.9)

where in €, the upper/lower signs should be taken in type-IIA/B, the £ indicates chirality
of both 4-d and internal 6-d spinors and we choose a basis for the internal spinors such that
(ny)* =n_. It is possible to define two Clif f(6,6) pure spinors on the internal space as

Wy =) @ (})! (A.10)

which may be identified with polyforms under the Clifford map. The internal spinors are

decomposed as
0, +0_ 0, —0_

i P e el
ni=ete ™7 e, i =eteT 7 (kyny 4+ kixy) (A.11)
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where kﬁ + k=1, 77177+ = XLXJF =1 and Xanr = 0. The N =1 SUSY conditions for such
a SU(3) x SU(3)-structure solution are given by the differential conditions

(d— HA)(e2A=90,) = 0 o)
(d — HA)(e24700) = 24 A N Uy F L1634 wg i (F) '

n(n—1)

where A\(A,) = (=1)~z A, and F is the internal part of RR polyform in type IIA/B where
the RR forms are each decomposed such that

Fn = Fn + 64AUOl4 A )\(*ﬁﬁlo_n). (A13)

As before upper /lower signs correspond to type I1IA/B

Clearly in general 77 is composed of a parts that is parallel and a part that is orthogonal
to n}. The SU(3) x SU(3)-structure can categorised into 3 distinct cases depending on the
values of the coefficients k; and k:

SU(3)-structure

When k; = 0 the internal spinors are parallel and the pure spinors define an SU(3)-structure
in 6-d such that

el
\I]_|_ — _619+_€—1J’
5 (A.14)
Y_ = —Z6i€7%9hol

where J and €, are the two and holomorphic three forms associated with SU(3), they are
defined as in terms of the 6-d gamma matrices as

lezzl) = _inT—fVabcn—l—a Jab = _inlfyabn—l—; (A15)
and satisfy
3 ~
J A Qo = 0, JAJAszQWAQW. (A.16)

Orthogonal SU(2)-structure

When k| = 0 the internal spinors are orthogonal and the pure spinors define an orthogonal
SU(2)-structure in 6-d such that

U, = —jef—e " Aw
+ 8 )

) (A.17)

U_ = e~ %(v +iw) Ae
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where the SU(2)-structure one forms v, w and two forms j, w are defined as

Wa — 100 =1 YaXt,  Jab =~ s + X\ VabXss  Wab =1 VapX— (A.18)
and obey the relations

JAW=WwAW= Lw-iv) (w) = L(w—iv) (j)=0
o (A.19)

Intermediate and Dynamical SU(2)-structure

For intermediate SU(2)-structure kjj and k; are non zero constants, this and the previous
example are also referred to as static SU(2)-structure. For dynamical SU(2)-structure kj,
and k, are point dependent. For both these cases the pure spinors are given by

el . y
O, = —ere N (ke — ik w)

8 , (A.20)
d_ = %ew* (v +iw) A (kLe_ij + il{;”w)

where eq A.19 and eq A.18 still hold.

In these conventions the SUSY conditions (here we consider type ITA, details of type IIB
are given in appendix E) may be split up as follows:

d[e* k] =0
d[42 (ky (5 + v Aw) + kiw))] — i€k H = 0

d[e?’A“i’(%k”(j +oAw)?+kvAwAw)] — i3 H A (k)G +vAw)+kiw) =0

(A.21)
where the second of these gives a definition for H which can be combined with the first to
give a definition of the NS potential, namely

By = —%Imw (A.22)
I

this is not the same as the NS potential generated by non-abelian T-duality but must match
it up to an exact.
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The rest of the SUSY conditions are
*GFG =0

d[eﬁ‘A_‘i’kL(sin O_w — cosb_v)] = —e* xq F)

d[e%_i’lﬁ (sinf_v+ cosf_w)] =0
d[e“_é’ (Kyj(sin 0_Imw — cos §_Rew) A w — ky(sin §_Rew + cos _Imw) A v+
ki (sinf_v + cosO_w) A j)] + A=k H A (sinf_w — cosf_v) = —e'4 x4 F
d[em_‘i’ (Kyj(sin 0_Rew + cos §_Imw) A w — kj(cos _Rew — sin 6_Tmw) A v—
ki (sinf_w — cosf_v) A j)] + k1 €A~ H A (cosf_w + sinf_v) = 0
d[%e‘m_‘i’klj AjA(cosf_v—sinf_w)] + M= A (Ky(sin 6_Imw — cos f_Rew) A w—
ky (sin 0_Rew + cos 0_Imw) A v + k| (sinf_v + cosf_w) A j) = —e* x5 Fy

d[1e24 %k j A G A (cosf_w +sinf_v)] + AP H A (— ky(sin - Rew + cos 6_Tmw) A w+

kj(cosO_Rew — sin 0_Imw) A v + ki (sinf_w — cos_v) A j) =0

(A.23)
from which it is possible to define the higher forms of the RR sector as:
Fﬁ = d05
Fy =dC; —HNMNCs (A.24)
Fio =dCy— H N Cr
where the RR potentials are given by:
Cs =0l N Ky (sinf_w — cosf_v)
C; = —e* %ol A Ky (sin 0_Imw — cos 0_Rew) A w—
(A.25)
Ky (sin 0_Rew + cos §_Imw) A v + ki (sinf_v + cosf_w) A j
Cy = %64A‘é’vol4 ANkijAjA(cosO_v—sinf_w)
The calibration is given by )
U = =832 Imd_et P2 (A.26)
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where 4+ depends on our conventions in the W7 action. That Spgr + Swz = 0 is trivial
because in these convensions we have:

Cs + Cr + Cy = —8voly A 4 Imd_ (A.27)

This all works perfectly for the case _ = 0 which is the dual of the wrapped D5 solution.

B Details of the non-Abelian T-duality on the D5 branes
solution.

The purpose of this section is to give some details of the SU(2) isometry T-dual of Wrapped
D5 branes on S?. This was first derived in [14], but in slightly different conventions and the
G-structure was not found. This is the C =1, § = 0 limit of the full baryonic branch dual
solution, and as the procedure for find the the G-structure is the same in both case we hope
that this more simple example will be instructive.

Solution of wrapped D5 branes on S? [29] has string frame metric given by

ds® =e® (dxig + e**dp + e (d6’2 + sin? 9d<p2) +
w20 o2k (B.1)
1 (@1 + adf)® + (@2 — asinfdp)?) + I(@g + cos dap)z)

where the functions a, b, g, h, k and the dilaton ® only depend on the holographic coordinate

r. The @; are SU(2) left invariant 1-forms which can be parametrised as

Wy = COoS wdé + sin v sin éd@ ,
@y = —sinpdf + cos 1 sin Od . (B.2)
3 = dip + cos dp .

A convenient set of vielbeins is given by

€xi = 6%dfl'fi, ef = 6%+kdp7 66 - e%+hd9, e’ = 6§+h Sined@?
1 1
et = 5eH 9@ +adf), ¢ = ge (@ —asinfdy),
1 s
e = 56%““(@3 +cos0dp) . (B.3)

with respect to which the non trivial RR flux F35 may be expressed as

F; = e"3® f1e'® 4 £, 4 f3(eP + e?13) + fu(e”? + e’w)] (B.4)
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where the f; are given by eq 2.8. In these conventions the projections the 10-d Killing spinor
€ obeys are
F12€ = F94p€, Fr123€ = (COSOK + sin Qrpg)E, €" =€ s (B5)

with respect to the 4 4+ 6 split we can define components of ¢ to be equal with positive
chirality as
a=e=e(on + @) (B.6)

where 2A = ®. Once the usual decomposition of gamma matrices,
IFn=%QL TI,=I®"7, (B.7)

is performed it is a simple matter to derive the SU(3)-structure forms of eq 2.15 using eq
A.15, where we have chosen iv,9,123m+ = 14. To do this it is helpful to perform a rotation
in e?, e which will also be useful later

6% = cos ae? + sin ae?
¢? = —sin ae? + cos ae’ (B.8)

e* = e for a # ¢, 2.
The rotated 6-d projections are then simply

Veoll+ = Vra3llt = Y210+ = 104 (B.9)

and the SU(3)-structure becomes canonical.

We want to T-dualise this wrapped D5-brane solution along the SU(2) isometry parametrised
by ;. Section 2 and Appendix B of [14] give all the details of the algorithm one must follow
to do this and so we direct the interested reader there for details of the NS sector. For the
RR sector we only give details that will be relevant for later calculations.

The duality will drastically change the vielbeins that contain the SU(2) left invariant
1-forms e!, €2, €3 and leave the others untouched. For the dual of the wrapped D5 brane
solution gauge fixed such that the remaining dual coordinates are vy, v3 and 9, the cannonical
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vielbeins given by the procedure of [14] are

L)
9+ ¥

el = [62k+¢( — v/2e29+® (cos 1 (awsvs + dvy) + sin i (aw vz — wsvy))—

4 sin Y (awqvs + dvg) + 4vs cos Y (aw v — W3l)2)) —
40929+ sin Y (awovy — dus) — 8v/2v5 cos 1 (vadvy + vgdvg)]

~ P
e? = % {621‘“’4’ (\/ﬁezﬁq’(cos (w3vy — awv3) + awqvs sin v + dvg sin ) —

(B.10)
4vz(cos P (awqvs + dvg) + sin Y (aw v — CU3’UQ))> —

4v9e?97® cos 1 (awavy — dvs) + 8v/2uy sin ¢ (vaduvy + U3d’U3):|

~ o)
e = 6;\7 [\/5649”‘1’(@@1)2 — dvs) + 4vee29F® (wyvy — aw vs)—

8\/§U3 (U2 dU2 -+ U3 dUg):|

with the remaining veilbeins still given by eq B.3, that is e* = e® for a # 1,2, 3. The w; are
defined as in eq B.2 but with § — 0, ¢ — ¢. It is possible to remove all the explicit angular
dependence from the dual solution by performing a rotation in the 6, ¢ directions such that

e = M2 = cos e’ + sin e?

. (B.11)
e? = "2, = —sine’ + cospe? |
and an additional rotation in 1’,2°,3” directions such that
el = cos e —sin wey
e? = sin e + cose” (B.12)
e

Theses rotation make the expressions for the vielbeins and fluxes a lot more simple than they
otherwise would be, they are given for the dual of the wrapped D5 solution as in section 3
but with S = 0, C = 1. However, it is the e” vielbeins rather than the e® ones that are more
suited to calculating the G-structure of the dual solution.

It was shown explicitly in [16] that the 10-d MW Killing spinors transform under an SU(2)

isometry T-duality as
él = €1, €2 == QEQ. (Bl?))

where () is given by
—I'i93 + 22:1 Col®

VI+Q
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and for the wrapped D5 background we have
M =2v2e7 9" Puy costp, (2= —2v2e 9P Py sing, (P = 2v/2e729 %, (B.15)

Starting from eq B.10 we first rotate the veilbeins as in eq B.8 so that the projections are
canonical. The 2 matrix then becomes

1 . . . . . .
————(cosal™ + sinal™® + (T + G eosal® + Gsinal® + 1Y) (B.16)
V14 C.C(

where we have used 931, = in_. The new spinor é, is:
b =e" (@7 +(®77) (B.17)

where

- Vitcl (Y warardias

It is clear here that, as long as sina # 0, we are in the dynamical SU(2)-structure case,

Ap 1 22 23 i N ]
= cosay” + Gy + Gcosay” 4+ G7° + Gsinay  sma (B.18)

because o = «(r). In order to simplify the expressions we perform another transformation
of the vielbein basis:

CoS (v 0 0 G (5 cos (3
0 VA 0 0 0 0
1
R L 0 0 VA 0 0 0 (B.19)
VA —(1 0 0 Cos & (3 —(2cos v
—(ycosa 0 0 —(3 CoSs & (1
—(3 0 0 (%cosa —(! COS (v
where
A =cos®a+ (f+ (5 cos® a+ (3 (B.20)
We define a new basis:
¢=R.e (B.21)
where the order is r6p123. In terms of this new basis, the spinor is:
A o, .
2 _ VAAT + (ysin aF L i sin o " (B.22)
V1+(.C V1+(.C
And the projections in this basis are still:
Veol+ = Vra3llt = Yoal+ = 114+ (B.23)
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Let us now express the forms of the geometric structure, following the conventions of ap-
pendix A.

b — sin «v ko = cos?a+(.¢
RV T L+

B.24
z:w—w:;(\/Zé?’+c2sinaé9+z’(x/ZéT+§2smaé@)) B2

veos?a+ (.C
j=e?+ e+ —vAw

W= ;(\/Z(y +ie?) — Gsina(& +1ié®)) A (€% + ie")

veos?a+ (.C

which is a dynamical SU(2)-structure.

C Details of the non-Abelian T-duality on the Bary-
onic Branch solution

In this section we give some details of the SU(2) isometry T-dual of the Baryonic branch of
Klebanov-Strassler. This was originally derived in [14] with gauge fixing such that v; = ¢ =
0 = 0. The previous derivation indicated a departure in the T-dual from the log corrected
AdSs5 asymptotics of the baryonic branch. Let as begin by giving some details of original
calculation in our current convensions

C.1 Dual of the baryonic branch without the shift in B,

Once more we will start by specifying the dual vielbeins. The components

2
2

S

+kil

==
e,

e” =eThTidet, e’ =e dp (C.1)

do not change. The vielbeins in the 0, ¢ are also unchanged by the duality however we

find it useful to introduce a rotation in e’

dependence.

,e? such that the dual solution has no explicit v

¢! = VCe 2y, e = VCeMT Py, (C.2)
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The vielbeins in the directions 1,2,3 can be compactly written in terms of the quantities
defined as,

e2g+<1>

2v/2

V3 = v3 + Scosa

o ®—2h ,
_ g 2h _ 09(hed — 9ph
A=dVs+ N SN, (e + 2e ae?(be? — 2¢e" cot a)) dp , (C.3)
= ae? cos a4 2esinar |
With these, we have
- e9t®/2
61 = 160V \/E |:€2k+<l> <8V3(CLV3W1 — Ug(x)g) — 2\/§€2g+¢C(dU2 + CLngg) — 2\/§€g+¢SV3M1w1
+ e?’g+2¢CS,u1uJ2> + 8vy (69+CI)U23,U1WQ — 2\/§(V3A + 'Ugd’Ug)):| ,
s e9t®/2
e? = chﬂ [62k< — 2\/§e2g+¢C(aV3w1 — vows) — 8V3(dvy + aVsws) + €92 CS i
+ 2\/§eg+¢SV3u1wQ) — 8e2uy(—A + avng)} ,
R %
e = 6 Ve {e“@vg (V2e*1°C(ae?Cwsy + Spw) — 4e9C(aVswr — vaws) + 4SVspnws)
— V2A (TP 1 8V2) — 8¢§v2vgdv2] .
(C4)

where the rotation of eq B.12 has been performed ''. We will then have a metric that in
terms of these vielbeins reads, ds?, = 3.7, (¢!)2. Notice that the quantity A in eq.(3.4) will,
when squared to construct the metric with the vielbeins above, imply the existence of crossed

terms ¢,,, and also the change of the asymptotic behaviour of g,, away from log corrected
AdSs.

1 Actually this differs from [14] in orientation which can be compensated for via 1 <+ 2.
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In terms of these vielbeins, the NS two-form Bs reads,

. 1 - - - -
B, = I (Qe_ha(e%geel + eFV5ef) — def V5! 4 \/§Ceg+k+q’623) +
)

S V k R . g+k+d—h
— [3—6 (ae_here - 26_96T1) + <
4N/2Vy

22h7’2 ]
| 20, C(2¢*"e + pge’ ) (C.5)

o—h . eh
— (2eh cos @ — ae? sin a)eew + e — T,ule@z] .
The dual dilaton is given by
d=0— % W, W= c( loTARFICE 4 Q200 e%”v;) : (C.6)
And the RR sector is given by,
N,
Fh=—,
"2
_P . » .
Fy, = _%NCC |:26_2h(1 + a? = 2ab) Vse® + 797" HC (a — b) (\/562““‘1’ (" — )+
4ekVy (eéé — e“ﬂ) — 4U2€g€¢3) — 86_25’1236ié — 86_g_k1}26?3 — 2e_h_kv2eré -
Sed=h s
— (N b+ a(e* cos® a — N.) + 9" sin 2a) e
V2C sin o
o—9—h—k—2 - . .
F, = TNC {C(l + a® — 2ab) e’ A (\/@ezg+k+q’_hel2 + 462g_h613)

Cbleré A (4€kV3€ig o \/§e2g+k+q>623) 8691)2 b) 69123
e A (4€gU26 — VeF(V2e2 el 4 4, 623 }

289 k=2

C?sin «

(a(e29 cos® o — NC) + (Ncb + e9th sin 2a ) (V ek 012 + vyede 9“023) )
(C.7)

We will now proceed to show that the bad asymptotic behaviour and off diagonal p terms
of the metric are actually a gauge artefact.

C.2 The dual of the baryonic branch with the shift in B;

The NS 2-from of the original solution contains the term

~ 1
By = —56%—'—‘1)8((:)3 + cos 0dy) A dp. (C.8)
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It is this term, when dualised, that gives rise to the undesirable behaviour as this will
contribute to the dual metric in both g,, and g,.3 via the dual vielbeins ¢! which will have
legs in p. This happens because of the dp A @; term in B, which is not a spectator under the
duality transformation'?. However, one is always free to add an exact to the NS potential as
this will not change the fluxes or metric of the original solution. Consider adding a closed
form to the initial By

By — By + d(Z(r)(@s + cos fdyp)) (C.9)

This precisely cancels the effect of By in the dual solution when 2’ = —%Sezkm’ because

By +d(Z(r)Qs) = —Z(@1 Ay +sin 0dO A dip) + %(Se%*q’ +22")dp A (@3 + cos 0dep). (C.10)

As there is no longer a dp A @; term in the NS 2 form before dualisation, the dual vielbeins
will have no legs in p and so there will no longer be a modification to g,, and g,,,. The trade
off is that the function Z will now enter into the dual solution.

We now once more follow the procedure of [14] with gauge fixing, as before, such that
vy = @ =0 =0. We are lead to the dual vielbeins

~ D
el = eg/\? NG |:62k+¢( —/2Ce?97® (cos Y (awyH + dvy) + sin ) (aw H — wsvy))—

AH sin 1 (awsH + dvg) + 4H cos 1 (aw H — W3l)2)) -
4uyCe?9+® sin ) (awyvy — dus) — 8+v/2v5 cos 1 (vadvy + Hdvs)+
111 SesT® ( 8u3 cos hws + Ce* TP (cos Y (Ce* TP wy — 2v/2Hw )+

sin ) (Ce29t®w; + 2\/§Hw2)))}
2 = %\/5 [62’”‘1’(/’ <\/§C629+‘I’(cos P(w3vy — awH) + awsH sin 1) + dvg sin ) —

AH (cos ¢ (awaH + dvg) + sin ¢ (aw H — CU3U2))) —
409Ce297® cos 1) (awqvy — dvz) + 8v/2vs sin ¥ (vadvg + Hdvs )+
%ulSngrq’ ( — 8vy sin Ywy + Ce?k+® ((Ce29+q’w1 + 2v/2Hw,) cos h—

(Ce2 2wy — 2v/THuwn) smw))}

ek

. D
¢/ =G Ve {\/5(3264“2@(@002@2 — dvg) 4 4v,Ce* T (wWsvy — aw H ) —

8\/§H(U2d1)2 + erUg) + /le’UQS@ng(I) (4?‘[&]2 + \/§C€2g+¢w2):|
(C.11)

12See section 2 of [14] for details of how the initial By enters into the definition of the dual vielbeins.
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which upon rotating according to eq B.12 give the vielbeins of eq 3.5.

A valid question at this point is whether there is a local diffeomorphism which maps us
from the baryonic branch dual solution as defined in section C.1 to the solution defined as in
section 3. The answer is yes, and it may be most easily found by comparing the dilaton as
defined in eq 3.7 and eq C.6 . Examining these makes it clear that one needs to transform
V3 such that it is mapped to H. This may be achieved with a transformation in vs only

U3 — U3 + \/§Z (012)

under this which
Vs —=H, A—duvs (C.13)

and so vielbeins of eq C.4 are mapped to those of eq 3.5. The map on the RR sector also
follows trivially whilst the NS 2-form of eq 3.6 is mapped to that of eq C.5 up to an exact.

So it is clear that one may “cure” the bad asymptotics and g,,, mixing of section C.1 either
by a gauge transformation in the NS 2-from before dualisation, or by a local diffeomorpism
on the dual coordinate vs after the duality procedure is performed.

C.3 Details of the Dual Baryonic Branch Structure

All that remains to compete the elucidation of the baryonic dual is to give supplementary
details to section 4 on the dynamical SU(2) structure. Actually, the derivation of the struc-
ture is essentially the same as that of the dual of the wrapped D5 solution in section B, so
we will only focus on the differences here.

The 10-d MW Killing spinors of baryonic branch obey the same projection as the wrapped
D5 spinors (see eq B.5). However, whilst the internal spinors are still parallel, they now differ
by a point dependent phase (") = C + iS

e = (e, @ () +E @ (KR, 6 = Mg ® (7 ) 6@ (02 )
(C.14)
where the Minkowski warp factor is now e?4 = % We now follow the steps illustrated
between eqs B.7 and B.9 such that the SU(3)-structure of the baryonic branch takes canonical
form.
The dual 10-d Killing spinors are given as in eqs B.13,B.14, however the (* entering into
their definition are now given by

L 2V2e 97k %y, cos ) 22797 k=%, sin ) 5 2V/2e 2979
¢ = , == , C=——— (C.15)
Ve NG Ve
The new spinor é, is:
o®/2 ' '
&= —= (¢ @ (e7P2) + ¢ @ (400747)) (C.16)

Ve
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where 7?2 is still given by eq D.26.
The dynamic SU(2)-structure supported by the dual baryonic branch solution may be

expressed as
A

o, = £ gmiviw (kye™ — ik w) |
8 (C.17)
o = %eiw) (v+iw) A (ke ™ +ikyw).
The forms and functions entering into these expressions are given by
@
Q24 e
C
e =C +iS
b — sin «v _ jeosta+(.C
= /Trcc + 1+(C (©18)
. )
z=w—1iv= —(\/Zé?’ + Gy sinaé® 4 i(VAE + (ysin ae?))

veos?a + (.¢
j=eél el et —vAw
W= (VA +id) — Gysinal@ + i) A (& + i),
2
veos?a+ (.¢
with ¢* defined by C.15. Specifically the vielbeins € that the structure is expressed in terms
of a rotation of those in eq C.11. First one preforms a rotation by «

A~ . /

% = cos ae? + sin ae®

A . /

¢ = —sin ae? + cos ae’ (C.19)

e = e for a # ¢, 2,

and then rotates these vielbeins to get € = Ré, where the matrix R is given by eq B.19 with
(* by eq C.15.

D Details of the non-Abelian T-duality on D6 branes
on S°

In this appendix, we study another background, similar to the one described in the main part
of this paper. We want to start with a solution of D6-branes wrapping a three-sphere in type
ITA supergravity, that preserves N' = 1 supersymmetry. We first describe such a solution,
then we apply a non-Abelian T-duality to find a new type IIB supergravity solution. We
study this transformation at the level of the geometric structure. We then take advantage
of this example to make general statements on A/ = 1 type IIB supergravity solutions.
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D.1 The type ITIA solution

We are interested in finding a solution of D6-branes in type ITA supergravity. For that
purpose, we start by considering eleven-dimensional supergravity. Because we only want D6-
branes, the M-theory solution is a background with no fluxes. Such a solution is described
in [46] or [47] (we follow the notation of the latter). The metric of the solution is:

dsty = daf 4+ ds?, (D.1)
where the seven-dimensional internal space has the metric
ds7 = dr* + a®[(§1 + go1)” + (§2 + g0o2)?] + V°(07 + 03) + (83 + gs03)* + fP05,  (D.2)

with a,b,c, f, g, g3 all functions of the radial coordinate r. Here the §, o are left-invariant
SU(2) forms:

01 = cos Yy + sin Yy sin Odyp §1 = cOS Uy + sin ¥y sin 0d@
09 = —sin 1y + cost; sinfdy, § = — sin s + cos Py sin 0d@ (D.3)
03 = d; + cosOdyp 83 = diy + cos éd@ .

The BPS equations of this solution give [48]
af

__4 =29 —1
g ch ) g3 g )
! O itk GOV (D.4)
2a  8bic3 2b 8b3¢c3
2a2  2b? bt 4btc3

To get a ten-dimensional solution, we reduce the solution above along a U(1) isometry. To
accomplish our goal of getting D6-branes wrapping a three-sphere, we choose the isometry
generated by the Killing vector 0y, + 0y,. After some algebra, we get the following type IIA
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solution in string frame:

ds}y = o/g.Ne* | = :s dat s+ dr? + V(A8 + sin® 0dg?) + a? (s + gdb)?
+ a?(wq + gsin 0dyp)? + h?(ws — cos 9dw)2] :

h2 B C2f2

CPre(l+g)
10/3 _ cf?

A(g. N)2PR2 (D:5)
oA 2 f?
4h? "’

E
\/7/2 N —(14+ K)sinfdf Adp + (K — 1)w; Awy — K'dr A (w3 — cosfdyp) ,

a’gs

P
f2+c2(1+gg)2’

where the w are defined as §, replacing 1, with ) = 1y — ;.

D.2 Non-Abelian T-dual

Let us now take the solution from the previous section, and apply a non-Abelian T-duality
on the SU(2) isometry parametrised by the w. We follow Section 2 of [14] and fix the gauge
as 0 = @ =wv; = 0. We obtain a type IIB supergravity solution. The metric, in string frame,
is given by:

dxig + Ndr? 4+ Nb*(d6* + sin® Odyp?) 2(v3dvg +v3dus) -

1
dS%IB,st: e*! + Qet M

4a*e* N? (92 (a®03 (@2)* +R%v; ((01)°+(@2)%)) — @’dvs(dvs — 2gvaio)+  (D.6)
2gh*v3@oduy + h*dv; — 2gh*vousin s + h*v; (@3)2)] ,

where
det M = 4e** (2a*h*e* + av3 + h*v3) | (D.7)
and
;= cosdf—sint sinfdp, wy = —sinydf—costp sinfdp, w3 = di—cosbfdp. (D.8)
The dual dilaton @ is defined through

e2% = det Me2® : (D.9)
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and the two-form potential as

4\/§a4gh266AN3
det M

By = —cosOdy N dvs+

2 \/§U2 62AN
det M

((211 N d’U2+ (gvngl —Ug(z)g) VAN (112)
(D.10)
((.2)3 N (h2’113d’112 — a2U2d'U3) + &29@1 A (’Ugd’Ug + ’Ugd’Ug)) .

The RR sector has all possible fluxes turned on. F; and F5 can be expressed as follows:

Fy = 2N (v3drK' + (K — 1)dvs)

2a2h 6AN2
% (\/idet Mvoly A dr — AN®a®b*hvalon Aoz A s A dvg A dv3> , (D.11)

U=g¢*(K—-1)—(K+1).

F5:—

F3 is considerably more complicated:

V2N

=
P det M

[8]\7%%%“ <v3 (P(K = 1)+ K + 1) &1 Ay A dus+

K’ (gvg(d;l A dvg A dr+guswr A o A dr—+veig A w3 A dr)—

V93 A dvg A dr) + g(K — 1)(@1 A dog A dvs + vatn A w3 A dv3)> +

424N ((K — 1)vy (azgwdjl A dvg A dvg + h2vsios A dvoy A dvg) + (D.12)
a?vy K (gvgvgdjl A dvy A dr+guiin A dus A dr—

vo(vaws A dvg A dr+wvsws A dug A dr)) +

(K + 1)vs (a2v§+h2v§) Wy A Wy A dvg,)—l—det M (K +1)vow; A @y A duy

D.3 Spinors and structure

In this section, we follow the conventions of Andriot’s thesis [49] for the SU(3)xSU(3)-
structure. We start from the solution before T-duality, which has an SU(3)-structure. This

is type ITA supergravity so the spinors are of different chirality. The spinors of the original
solution are:

€1 :€¢/6(C+®77++§—®77—)7

D.13
e =e(h@n+(®ny). ( )
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They define the following SU(3)-structure:

J =€+ (ae® + Be?) A e + (ae? — Be*) A e

D.14
Q=(e"+ie*) A (ae® + Be? +ie) A (ae? — pe* +iel), ( )
where ;
ag 2 2
a(r) = ————, r)=———— a" +p°=1, D.15
1= T 80)= ey 8 (D.15)
in terms of the vielbein basis:
" =e®Bdr, ¢ =e®Pbdo, e =e®Phsin Odyp,
(D.16)

el = e®Ba(w, +gdh), € =ePBa(w +gsinbdy), € = ePh(ws — cosfdy).
Let us rotate this veilbein basis to put the structure in its canonical form.

e¥ = Be? + ae?,

e? = ae¥ — pe?, (D.17)
¢t = e for a # ¢, 2

It is a rotation since a? + 3% = 1, but it reverses the orientation. With respect to this new

basis, the structure is expressed as:

J e 4 g0 4 21

D.18
= (" +ié®) A (e@+ié9)/\(é2+ié1). ( )

That means that the spinors obey the following projections:
Veoll+ = Vralt = Y217+ = P04, (D.19)

where the 4 matrices are defined in terms of the rotated vielbein basis.

Let us now look at the non-Abelian T-duality. We know that the spinors transform in the
following way:

€ =€, € =0¢€. (D.20)
Q) here is defined as:
rao 123 1 2 3
:;ﬁi?T(_r + G 4 G + I, (D.21)
where the (, are given by
=S meosy T Pwsny e (D.22)

V2Nah - V2Nah V2Na2
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We are now going to consider the space after T-duality. The value for €2 above is written in
the vielbein basis obtained directly from T-duality of the original basis (D.16) without any
rotation. To make things simpler, we are going to perform the same rotation with «, 5 on
this basis as before the T-duality (see (D.17)), but we do not perform any rotation in ¢. We
call this new basis €. It is defined in terms of the coordinate of the T-dual background as
follows:

¢ = e®3dr, ¢ =e®Pbdh,  Bef + e’ = e®Pbsinbdy,

2v/Ne?/3
et = ﬁ Vo (—V/ 203 cos Y + 2?2 Na? sin 1) dvg
e

— (V202 cos b + 2e**3 Nugh? sin ¢ 4 2v/2e**/3 N2a*h? cos ¥)dv,
+ 2623 N g(—v2a? sin ¢y + vsh?(V2e223 Na? sin Odyp + vsdh))
+ 262 Nuyh® (vy cos ¢ — V2e**PNa® sin )] |

2v/Ne?/3
ae? — et = % [vg(ﬁvg sin 1 + 2e*®/° Na? cos 1)) dvs (D.23)

+ (V203 sin ) — 2673 Nugh? cos b + 2v/2¢**/3 N2a?h? sin ) dv,
+ 26?3 N g(—v2a® cos Yy + v3h?(—V2e**3 Nadf + vs sin Odyp))
+ 2@2‘1’/3N02h2(v3 siny + V2e**3 Na? cos w)djg] )

2v/Ne®/3h
& = \{iitieM[ — V2003dvy — \/5(1)% + 264¢/3N2a4)d1)3
e
+ 262¢/3N02a2(—v3g®1 + V262 Na? gy + U2(2)3>:| )
The projections obeyed by 7. are still as in (D.19). In this new basis, the T-dual {2 becomes:

Q= %c.c( — a9 4 BB 4 (T — GBI+ Gal™ 4 (5T (D.24)

So the new spinor €, is:
&= @ + (@), (D.25)

where

o P - G+ GBY — (37 — Gay? PR

T VI+ec R i
It is clear here that, as long as o # 0, we are in the general SU(3)xSU(3)-structure case. In
order to simplify the expressions, we are performing a transformation of the vielbein basis:

(D.26)

o4 0 0 G —GB G
0 VA 0 0 0 0
1l 0o 0o VA 0 0 0
B=751 - o 0o 3 ¢ s (b-27)
G 0 0 —G B G
—¢ 0 0 —¢B ¢ B
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where
A= +G+E82+G (D.28)

We define a new basis:

é=R. (D.29)

¢

In terms of this new basis, the spinor is:

9 AY" + Gay”? .«
e 0, (D.30)
vV1+4+¢.C VvV1+(.C
And the projections in this basis are still:
Vpoll+ = Vrall+ = Yo1l+ = 174 (D.31)

Let us now express the forms of the geometric structure, following the conventions of
Andriot’s thesis.

|CL|2 _ 6<I>/3
T
0, 5 0_ = —3
.« B2+ CC
k= === k=777~
V1+(.C 1+¢.¢
1 /i Jxa ) ) (D.32)
z=w—1iv = 7( Ae" + (ae? —i(VAE® + (ae”)
VB2 + (¢
j=et+ e+ —vAw
—1
w=—oo (VA& +1ié%) — Gl +ié%)) A (8% + i)
VB + C-C( )
In terms of those forms, the pure spinors are defined as:
al® 0, —ionw —ij
b, =—=e""e (k”e ) — Zklw)
8 (D.33)
ilal® . ~ —ij
b= ——c"(v+iw) A (ke ™ + ikjw)

8

Let us now look at the BPS equations of type IIB supergravity in the general case of
SU(3) xSU(3)-structure, generalising the system of pure SU(3)-structure that exhibit a ro-
tation.
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E BPS equations for a solution of type IIB supergrav-
ity with a general SU(3) x SU(3)-structure

We again follow the conventions of Andriot’s thesis in this section. We start with the
following pure spinors:

A g
(p_,’_ — §619+€—Z’0/\UJ(1{;“€_Z] — Z kj_w) 9
o= (o iw) Afikie — ).

(E.1)

For type IIB supergravity, the BPS equations are:

(d— HN)(e*7?d_) =0,

(d— H/\)(eA_d)%(q)+)) =0, (E.2)
(d — HA)(e4703(d,)) = % s (F) — Fy + F).

Let us start with ®,. We have:
1 1— 14+ s
8¢ AR(Py) = kjcoshy |1+ (tanfix +A) — = | x + ﬂ)\ Ay — Ln&)\ |
2 cos 0, cos 0,
1
2

1 .
8e A3 (Py) = Ky sin b, [1 — (cotbpx — A) — (X + COS.L)\) A <X - %)\)] :

sin 6, cosfy +1
(E.3)
where
X—j—i—v/\w—i-]]z—%( ),
i | (E.4)
k” S(w)-

Notice that, because of the various relations between the structure forms (j Aw = wAw = 0),
we can use the following equations:

JARWw) =7 AS(w) =0,
R(w) A S(w) =0, (E.5)
R(w) A R(w) = S(w) A S(w)
Using those, we can get the following relation:
A=K} xAx. (E.6)
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From there, we derive our first set of BPS equations. (d — HA)(eA~?R(®,)) = 0 gives us

d[e** %k cos0.] =0,
d[e** =%k cos O (tan 0, x + \)] — >k cos 0. H = 0,

d |24~k cos b, X+1—sin9+)\ A X_1+sin9+>\ (E.7)
cos B, cosf,

+ 2624k cos 0. H A (tan 6,y + ) = 0.
From those, it is easy to see that H = dB where:
B =tanf, x + A, (E.8)
and the third equation simplifies into:
de* 2y A x| =0. (E.9)
Let us now turn to (d — HA)(e34793(dy)) = % g (1 — F5 4+ F5). We get

d[e4A_¢k:|| sinf,] = e %6 Fy

d[e* ™k sin 0. (cot 0 x — \)] + 7k sin 0, H = ¢ 5o F,

i E.10
d [e“_(z’k:” sin 0 (X p 2T b4 ¥ 1)\) A (X __sinby )\)} ( )

sin 6, cosf +1
—2e* 0k sin 0, H A (cot 0,y — ) = =2 x4 F) .

Using all the equations we have so far, we can rewrite the three-form ones as:

(o ¢
H=d\+ 20 b [*6 5 + (*6F5) A A] + %d(e_d’k” sinf.) A x,
”e¢ cos @ lle¢’ sin 0 (E-11)
e Hd(e*y) = TJF [x6F3 + (%6 F5) A A] — ’ +d(e_¢k:|| sinf,) A x.
I I

Those equations have been written in such a way as to make the limits for 6, — 0,7/2
obvious, and to give the equations of the rotation present in [25] when taking £, — 0,k — 1
(limit of SU(3)-structure). The last equation, involving *¢F; can be rewritten in the following
way:

1

5d(e—%” sinfy) Ax Ax = *6F1 4+ (%6F3) AN+ (%6F5) AXAN. (E.12)
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In summary, the BPS equations we get from &, are:
d[e* %k cos0,] =0,
d[e4A_¢k|| sinf,] = e %6 Fy

e?sin 6,

Ky

e? cos e?sin @
T+[*6F3+(*6F5)/\)\]— b +

XAX] =0,

e? cos B, p

H =d\+ 2
I

[*GFg + (*6F5) A )\] + (e_d)]f” sin 9+) A X,

(E.13)

e 2 d(e*ty) = d(e™®kysinf,) A x,

d[€4A—2d>

1

§d(€_¢kf|| Sin9+) A X A X = *GFl + (*ﬁFg) AN + (*GFS) AXAN.
Let us now look at the equations we get for ®_. We first define:

E=e"(v+iw),
k| (E.14)

ﬁ:]—aw-

We get for the BPS equations, after some simplifications:

de* =k, €] =0,

ki(dB+iH)ANE=0. (E.15)

The equation we would get for the six-form is just the one for the four-form wedged with j,
so it is not an additional independent equation.

It is quite easy to check that, taking the pure SU(3) limit, that is kj — 0, k; — 1, we
recover the system we already knew from [25].

Finally, we want to explicitly specialise to the cases of §, = 0 and 6, = 7/2. First 6, = 0:

d[e** k)] =0,
F5 - O,
H=dA\,

@
e 244N = & x F ,
X fy o (E.16)

dle** ™y Ax] =0,

k¢ F1+ (%6 F3) AX =10,
d[e* %k, ] =0,
ki(dB+iH)ANE=0.
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And, in the case 0, = 7/2:

e x Ax] =0, (E.17)
%d(€_¢k‘||) N X N X = >|<6F1 + (*ﬁFg) AN + (*GFS) AAXA )\,

dle* 0k, ] =0,
ki(dB+iH)NE=0.

Those systems do not look much more complicated than the ones in the pure SU(3) case, but
there does not seem to be an easy transformation starting from either 6, = 0 or 0, = /2
and recovering the full system.
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