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Abstract

The hypercontractivity is proved for the Markov semigroup associated with a class
of stochastic Hamiltonian systems on Hilbert spaces. Consequently, the Markov semi-
group converges exponentially to the invariant probability measure in entropy and is
compact for large time. These strengthen the hypocoercivity results derived in the
literature. Since the log-Sobolev inequality is invalid, we introduce a new argument
to prove the hypercontractivity using coupling and dimension-free Harnack inequality.
The main results are illustrated by concrete examples of the kinetic Fokker-Planck
equation and highly degenerate diffusion processes.

AMS subject Classification: 656G17, 65G60.
Keywords: Hypercontractivity, stochastic Hamiltonian system, Harnack inequality, expo-
nential convergence, compactness.

1 Introduction

To motivate the present study, we first recall the famous hypocoercivity result of C. Villani
[14]. Consider the following degenerate SDE (stochastic differential equation) for (X3, Y;) on
R x R¢:

(1.1)

dXt — Y;g dt,
dY; = {VV(X,) — Y, }dt + v/2dW,,
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where V € C?*(R?) such that
pu(dz, dy) == ev(w)_%‘yl2dxdy

is a probability measure on R?xR?, and W, is the d-dimensional Brownian motion. This type
degenerate SDE is known as “Stochastic Hamiltonian System (Abbrev. SHS)” in probability
theory (see [22]), and the distribution density of the solution solves the kinetic Fokker-Planck
equation (see [14]). Let P, be the Markov semigroup for the solution of (1.1). According to
[14, Theorem 35], if there exists a constant C' > 0 such that

V2V < C(1+|VV))
and the following Poincaré inequality holds for p(dz) := p(dz x RY):
i (f?) < Cui(IVFP), feCRY),m(f) =0,
then for some constants ¢, A > 0 one has
(1.2) PV + (Pf)?) < ceu(IV 2+ f%), f € CR™), u(f) = 0,t > 0.

See [6, 7, 8, 10] and references within for L*-exponential convergence of the same type
degenerate diffusion semigroups. The methodology used in these papers relies heavily on
the explicit formulation of the invariant probability measure p. In this paper, we investigate
the hypercontractivity, a stronger property than the L?-exponential convergence, for more
general degenerate diffusion processes with inexplicit invariant probability measures.

The model we investigate here is the following SHS on H := H; x Hjy, where H; and H,
are two separable Hilbert spaces:

13) {dXt — (AX,; + BY,) dt,

dY; = Z(X,, Yy)dt 4+ odW,,
where
e Ais a densely defined (possibly unbounded) linear operator on Hy;
e B is a bounded linear operator from Hy to Hy;
e 7 is a densely defined map from H to Hy;

e 0 is a linear operator on Hy;

W, is the cylindrical Brownian motion on Hy, i.e.
Wt = Z BZ@Z
i>1

for independent one-dimensional Brownian motions {B}};>; and orthonormal basis
{ei}zZl of Hg.



See [11, 20, 21] for results on the existence and uniqueness of (mild) solutions, as well
as Harnack inequality and gradient estimate of the associated Markov semigroup P,. We
intend to find out explicit conditions ensuring the existence and uniqueness of the invariant
probability measure p (whose formulation is in general unknown) and, furthermore, the
hypercontractivity of P,.

According to Nelson [12], P, is called hypercontractive if it has an invariant probability
measure j such that

1P|l £2 ) z(ny := Sup{|| Pef[|pauy : p(f?) < 1} =1 for some ¢ > 0.

By the semigroup property and the interpolation theorem, the norm || - [|z2(y—r4¢) can
be replaced by || - ||Lr(u)—re(w for any (p,q) € (1,00) with ¢ > p. As applications of the
hypercontractivity, we will prove the compactness of P; for large t > 0 and the exponential
convergence in entropy.

Due to L. Gross (see e.g. [9]), the hypercontractivity of P; follows from the log-Sobolev
inequality

n(f?log f2) — u(f*) log u(f?) < CE(f, f), fe 2(&)

for some constant C' > 0, where (&, Z(&)) is the associated energy form. Because of this
result, the log-Sobolev inequality has been intensively investigated for forty years. However,
since the energy form & associated with (1.3) satisfies

E(f. ) =ulo"VyfI*) =0

for f € C}(H) with f(x,y) depending only on x, the log-Sobolev inequality is invalid. So,
to prove the hypercontractivity we need to develop a new argument.

The remainder of the paper is organized as follows. In Section 2, we introduce a gen-
eral result on the hypercontractivity using coupling and dimension-free Harnack inequality
initiated from [15]. This result is then applied in Sections 3 and 4 to finite- and infinite-
dimensional SHS respectively. Finally, concrete examples are presented in Section 5 to
illustrate our main results.

2 Hypercontractivity using Harnack inequality

In this section, we introduce a general result on the hypercontractivity using Harnack in-
equality. The basic idea of the study goes back to [15] for elliptic diffusion semigroups on
manifolds, see also [2] for a recent study of functional SDEs.

For a probability space (E, %, i), let P, be a Markov semigroup on %,(E) such that u
is P-invariant, i.e. u(P.f) = p(f) for f € L'(p) and ¢ > 0. Recall that a process (X, Y;) on
E x F is called a coupling of the Markov process with semigroup F;, if

(Pf)(Xo) = E(f(Xi)|Xo), (Pf)(Yo) = E(f(Y)IYo), f € Bp(E),t=>0.

Theorem 2.1. Assume that the following three conditions hold for some measurable func-
tions p: E X E — (0,00) and ¢ : [0,00) — (0, 00) with lim,_, ¢(t) = 0:
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(i) There exist two constants to, co > 0 such that
(Puf(©)* < (P f2(m)e ", f € By(E).&n € B;

(i7) For any (Xo,Yy) € E x E, there exists a coupling (X;,Y:) associated to P, such that

(iii) There exists € > 0 such that (i x p)(e”) < co.

Then p is the unique invariant probability measure and Py is hypercontractive. Consequently,
P, is compact in L*(p) for large t > 0, and there exist constants ¢, A > 0 such that

W((Pif)log Pof) < ce Mu(flog f), t>0,f>0,u(f)=1;
IPf = D)llz2go < ce ™ 1f = p(H)ll2qn, f € L (1)t >0,
To prove this result, we introduce two propositions on the hypercontractivity and ap-

plications for bounded linear operators. The first is generalized from [16] where symmetric
Markov operators are considered.

(2.1)

Proposition 2.2. Let P be a bounded linear operator on L*(u) such that P1 =1 and p is
P-invariant, i.e. jy(Pf) = pu(f) for f € L* (). If 1PN 120 - pa(n) < 25 then

(1) 1P = pllz2uy = sup{| Pf = p(F)llz2qny = p(f?) <1} < 1
(2) 1P| z2(w)—r4(u) = 1 for large enough n € N.

Proof. (1) Let 0(P) = || P||72(, 11 < 2- For any f € L?(p) with p(f?) =1 and u(f) =0,
we intend to prove

(2.2) (P < inf YEE AP =3

e€(0,1) 1—¢

Without loss of generality, we assume p((Pf)?) > 0, otherwise it suffices to replace f by —f.
For any ¢ € (0,1), let g. = \/e + v/1 —&f. Then p(g?) = 1. Since P1 =1, u(Pf) = u(f) =
0, u((Pf)?) = 0,p(g2) = 1 and p((Pf)*) = p((Pf)?)*, we have

3(P) > p((Pge)*)

=+ (1 =)’ ul(PN)") +6e(1 = )ul(PF)?) +4e2 VT = ep(Pf) + 4VE(L = )2 u((P)?)

> (1= e)*u((Pf)*)? + 6e(1 — e)u((Pf)?) + <.

This implies (2.2). According to the calculations in [16, pages 2632-2633|, 6(P) < 2 and

(2.2) imply
1P 2o, < inf YO HOP) =3
L2 u) = c€(0,1) 1—¢ ’



(2) For f € L2(p) with pu(f2) =1, let f = f — pu(f). We have u(P™f) = 0,m > 1. Let
0 := || P — p||2(n)- Then

p((P™F)?) < 0*mu(f?), m>1,
so that
PP LYY = p(£) + ()P F)?) + 6u(f)2u((P™ )2) + p((P™ )Y
< )+ APy 1o () l((P™ F)?) 2
+ 6( )2 (P F)2) + 1 Pl s o (P F)2)?
< () + A P2 0 O () (F2)2
+ 607D ()2 f7) + ||P||i2(u)ﬁL4(ﬂ)94mH(f2)2-

Since 0 € (O, 1) due to (1), HPHL2(H)‘)L3(H) < HPHLQ(M)*)LAL(,U«) < 00, and

20u(H)|(fA)2 < u(Hu(f?) + u(f>)?,

this implies that for large enough m > 1,

p((P™HY) < p(H) + 20 u(f2) + p(F2)? = () = 1.
Therefore, ||P"||r2(y—r4(u) < 1 holds for large enough n > 1. O

Next, we present a result on exponential convergence implied by the hypercontractivity,
which is well known in the literature of symmetric Markov semigroups.

Proposition 2.3. Let P be a posivity-preserving linear operator on L'(u) such that p is
P-invariant and || P|| e —rauy < 1 holds for some constants ¢ > p > 1. Then

p—1)g
(2.) u(PpIosP) < B flog ). £ 2 o) =1
Consequently,
p—1)g
(2.4 u((PrP) < PR, € o) =0,
Proof. Let f € L*(p) with u(f) = 0. By applying (2.3) to fs := 1J1r::(ff), multiplying with
s72 and letting s — 0, we prove (2.4). So, it suffices to prove (2.3). For any € € (0,p — 1),
let
1 1
P © (e = plg—Ve
(I+e)p—1) (p—1—¢)g+ep
Then
1 —r—l—l_r 1 —7“+1_r
l4+e p ' 1+4(e) q



Since ||P||p1uy = 1 and || P|[ze(m—ram) < 1, Riesz-Thorin’s interpolation theorem implies
HPHL1+E(“)*>L1+§(€)(H) <1 SO, for any f S %:(E) with ,u(f) = ].,

[Pt ce p-1)
E

Since the equality holds for € = 0, this implies

d 1 .
dele=o / (Pfe)+&du <0,
e=0 J g

which is equivalent to (2.3). O

Proof of Theorem 2.1. (a) According to [19, Proposition 3.1], (¢) implies that p is the unique
invariant probability measure of P,,, and P,, has a density with respect to pu. So, by [22,
Theorem 2.3], if || Py||2(y)—r4(s) < 00 then Py 4y is compact in L?(p). Therefore, according
to Propositions 2.2 and 2.3, it remains to prove ”Pt”;(u)%ﬁ(u) < 2 for large enough ¢ > 0.

(b) Let f € %y(E) with u(f?) < 1. By (i) and (i) we have

(Pt f(€))? S E(Py f(X))? < E|(Py f2(Yy))eorXe 0
< (Puggaf2(n))eo?W & 4 > 0,(¢,m) € E x E.
Equivalently,
(Pt f (€)W PEn™ < P, (), ¢>0,(5n) € ExE.

Integrating with respect to u(dn) gives

(P f€))? / et %€ 1 () < /E Pt () = p(f2) <1, 20,6 € E.

E
Thus,

1
([ expl—cod(t)2p(€, m)2u(dn))*’

Then by Jensen’s inequality, for ¢ > 0

(Piose f(€))* < n(f?) <1,6>0,¢ € E.

4 #(df)
s /E (e () (d€) < [E ([ otl=eod (P E PR

< [E ( /E ec°¢(t)2p(5’”)2u(dn))2u(d§) < /E . @20 EN" (A€) (dn).

Since lim; o ¢(t) = 0, it follows from (4i7) that

(2.5)

lim 200*PEM? 1 (A€) u(dn) = 1.
t—=oo Jpy R
Combining this with (2.5) we prove || P||3_,4 < 2 for large enough ¢ > 0. O



3 Hypercontractivity for finite-dimensional SHS

In this section, we consider the equation (1.3) with H = R™" for some m,d > 1. Let
| - || denote the operator norm. To verify conditions (i)-(i7é) in Theorem 2.1, we make the
following assumptions.

(A1) o is invertible and Rank[B, AB,--- , A" 1 B] = m.
(A2) Z : R™t4 — R? is Lipschitz continuous.

(A3) There exist constants r,0 > 0 and ro € (—||B||",||B||~!) such that

(r*(z — %) +rroBly — §), Ax — ) + Bly — 7))
+ <Z(oc,y) - Z(‘fﬂg)ay - g—f—TToB*(ZL' - ‘7_:)>
< —b(le—zP+ly—gP), (2y), (@) R

The rank condition in (A1) is known as Kalman’s condition, when o is invertible it is
equivalent to the Hormander condition. We will prove the Harnack inequality in condition
(1) using (A1) and (A2), and verify conditions (ii) and (i7i) by Assumption (A3).

Theorem 3.1. Assume (Al), (A2) and (A3). Let P, be the Markov semigroup associated
with (1.3). Then

(1) P, has a unique invariant probability measure p and p(ef'”) < oo for some e > 0;
(2) P, is hypercontractive, i.e. || Pi||a—a = 1 for large t > 0;

(3) B is compact in L*(u) for large t > 0, and there exist constants ¢, > 0 such that
(2.1) holds.

In a similar spirit of (1.2), under a generalized curvature condition [3] proved the following
entropy-information inequality for some constants ¢, A > 0:

w((P.f)log P.f + (P.f)|Viog Pf|?) < ce ™u(flog f+ fIVIog fI*), f=0,u(f)=1,t>0.

This does not imply the entropy inequality in (2.1).

According to Theorem 2.1 and Proposition 2.3, Theorem 3.1 follows from the following
three lemmas which correspond to conditions (7)-(iii) respectively. The first lemma provides
the desired Harnack inequality. Although the Harnack inequality has been investigated
in [11, 20] for SHS, the resulting results are not enough for our purpose: the inequality
established in [11] (see Corollary 4.2 therein) contains a worse exponential term, while the
assumption (H) in [20] does not hold if Z is not second order differentiable. So, we present
below a new version of Harnack inequality for SHS using coupling by change of measures.
See [18, Chapter 1] for more results on the coupling by change measures and applications.



Lemma 3.2. Assume (Al) and (A2). For any ty > 0, there exists a constant ¢y > 0 such
that

(P £)2(E) < (P f2())el | f € B,(R™), €, € R™.

Proof. Let (X;,Y}) solve the equation (1.3) with (X, Yy) =7 € R™*¢, and let (X;,Y;) solve
the following equation with (X, Yy) = € € Rm™+:

dX, = (AX, + BY;) dt,

3.1 _ Y, — Y
(3-1) ay; = {Z(Xt,Yt) + 2 . 04 glt (t(ty — t) Brelo—0A" b)}dt+ath,
0

where b € R™ is to be determined such that (X;,,Y;,) = (X4, Y, ). It is easy to see that

{di(xt X,) = A(Xt X))+ B(Y, - Y)),
S =Y = (Yo = Yo) — §{t(to — ) Brelo4"p}.
Then
(3.2) Y= ¥i = L (¥ = Fo) — ttg — OB,
and

X, — X, =eM( Xy — Xo) + /t A=) B(Y, — Y,)ds

0

(3.3) = e™(Xo — Xo) + (/0 A= Lo - ds)B(YO —Yp)

t
— (/ s(tg — s)eAt= BB*elto=) ds)b
0
We now take

_ togo — _
(3.4) b= Q;{etoA<Xo — Xo) + ( / Ot—se"““‘s)ds) B(Yy — Yo>},
0 0

where, according to [13, §3|, the rank condition in (Al) ensures the invertibility of the
m X m-matrix

to
Qo = / s(ty — s)e 0™ BBl s,
0

see (1) in the proof of [20, Theorem 4.2] for details. Then (3.2)-(3.4) imply (Xi,, Yz,) =

(Xtov }/;0 )
In order to establish the Harnack inequality using Girsanov’s theorem, let

I 1
Ve = Z2(Xe,Yy) — Z(X, Yy) + (YO—YO + = {t (to — t)Brelo~D4 b} € [0, o).



Since Z is Lipschitz continuous, (3.2), (3.3) and (3.4) imply
(3:5) [Url* < ea(|Xo = Xo|* + Yo = Yo*) = 1|6 =", € [0, 1]

for some constant ¢; > 0. Moreover, according to the definition of 1, (3.1) can be reformu-
lated as

d}_/t = Z(Xt, th)dt + O'dV_Vt,

where .
wp:m+04/¢ﬂ&temm.
0
Let
to 1 to
(3.6) R :=exp [— / (o by, dW;) — 5/ |J_1wt|2dt].
0 0

By (3.5) and Girsanov’s theorem, W, is a d-dimensional Brownian motion under the prob-
ability measure dQ := RdP. Therefore, by the weak uniqueness of the equation (1.3) and
using (Xy,, Ys,) = (X4, Vi), We obtain

(Puf(€)? = (E[Rf(Xey, Yiy)))* = (E[RF(Xup, Yio)])
< (ERQ)EfQ(Xtm Y;fo) = (Rfof2(77))ER2'

Noting that (3.5) and (3.6) imply ER? < e®~"" for some constant ¢, > 0, we finish the
proof. n

Lemma 3.3. If (A3) holds, then there exist two constants ¢, A > 0 such that for any two
solutions (X3, Y;) and (X3, Y:) of (1.3),

X, = Rl + [V — Tif2 < e (X0 — Kof? + Yo — Yof2), t>0.
Proof. Obviously, X; — X, solves the ODE

{%@Q — X)) = A(X, — X)) + B(Y, - V),

(3.7) N L
Since ro € (—||B|| 7Y, || B|| '), for any r > 0 there exists a constant C' > 1 such that
1 ~ -
=X = Xy t— Y
L0X - &l 41— T
r2 | i . i
(38) < @ i= X = K 4 5 1Y T + ol X, — Ko, B - )

< O(1Xe = X + |y, = Vi), t>0.
Combining this with (3.7) and (A3), we obtain

~ ~ 0
d@g—w&—Xﬁ+M—Kﬂ§—5®&
Therefore, ®;, < ®oe/¢. This together with (3.8) implies the desired estimate. O
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Lemma 3.4. If (A3) holds, then P, has an invariant probability measure p such that
w(efl?”) < 0o for some constant € > 0.

Proof. Let (Xy,Y}) solve (1.3) with (X, Yy) = 0 € R™*4. By a standard tightness argument,
it suffices to prove

t>0

for some constant € > 0. Since ry € (—||B||*, || B||™"), for any 7 > 0 there exists a constant
C > 1 such that

1 r2 1
(1,2 + Vi) < 0y = X + S + rro(Xo, BY:)

< C(Xf + i), t=o0.

Ql

(3.10)

Moreover, (A3) with (z,y) = 0 implies
(r*z +rroBy, Av + By) + (Z(z,y) — Z(0,0),y + rroB*z) < —0(|z|* + |[y[*), (z,y) € R™,
Then there exist constants ¢q, ¢y > 0 such that

(r*z + rroBy, Az + By) + (Z(z,y),y + rroB*z)
<120,0)] - |y +rB*z[ = 0(|z[* + |y*) < e1r — o2 + [y*), (w,y) € R™F.

Thus, by (1.3), Itd’s formula and (3.10), we may find out two constants c3, ¢4 > 0 such that

AW, < (3 — (| Xef? + |Y]?))dt + (Y; + rB* X, 0d W)
S (Cg — C4‘I/t>dt + <Y; + TB*Xt7 O'th>.

By Ito’s formula, for any € > 0 there exists a local martingale M; such that
ev ev 52 * * 2
de? < e f<c3 — el + Sl (Vi + 7B Xy) )dt+th.

Noting that (3.10) implies |o*(Y; + rB*X;)|? < ¢;¥; for some constant c5 > 0, by taking

€= z—g we obtain

1
des\I/t < 865\1115 <C3 — §C4\Dt> dt + th < (Cﬁ — esqjt)dt + th

for some constant cg > 1. Since e¥° = 1, it follows that
Eet¥t < ¢g, t>0.

Because of (3.10), this implies (3.9) for small € > 0. O

10



4 Hypercontractivity for infinite-dimensional SHS

When H., is infinite-dimensional and o is not Hilbert-Schmidt, ¢W; is ill defined on Hs, so
that the usual strong solution of (1.3) does not make sense. Alternatively, we consider the
mild solution. To this end, we reformulate (1.3) on H := H; x Hj as follows:
(4.1) dX; = (AX, + BY; — [1 X;) dt,
' dY, = {Z(X,,Y;) — LyY;}dt + odW,

where A : Hy — H;, B : Hy — H; and o : Hy — Hj are bounded linear operators; (L;, Z(L;))
is a positive definite self-adjoint operator on H;,7 = 1,2; and Z : H — H, is measurable.
This equation reduces to (1.3) if we regard A — L; as one operator and combine Z(x,y) with
—Loy. The unbounded operator L, plays a crucial role in the study of mild solutions (see
[5]), while L; is the counterpart of Ly for the first component process X, and the bounded
operator A stands for a perturbation of L, see (B3) below.

Let (-,-),|-| and || - || denote, respectively, the inner product, the norm and the operator
norm on a Hilbert space. Moreover, for a linear operator (L, Z(L)) on a Hilbert space, and
for A € R, we write L > X if (f, Lf) > A|f|? holds for all f € 2(L).

To prove the hypercontractivity using Theorem 2.1, we will need the following assump-
tions.

(B1) o is invertible, Ly has discrete spectrum with eigenbasis {¢;};>1 and corresponding
eigenvalues 0 < A\; < Ay < -+ including multiplicities satisfy > > L < .

i=1 X,
B2) There exist two constants K7, Ky > 0 such that
(

(B3) Ly — A > )\ — ¢ for some constant 6 > 0, BLy = L1 B, AL; = L1 A, and for any t > 0

t
Q; = / e ABB* e ds
0
is an invertible operator on Hj.

It is well known that (B1) and (B2) imply the existence and uniqueness of mild solutions
for (4.1), see [5]. Let P; be the associated Markov semigroup.

Theorem 4.1. Assume (B1), (B2) and (B3). If

1
(4.2) Ao N = 5(5+ Ko+ /(K5 —0)? +4K1HB||>,

then all assertions in Theorem 3.1 hold.

11



As shown in the proof of Theorem 3.1, we need to verify conditions (i)-(ii¢) in Theorem
2.1. Let (X4, Y:) be a mild solution to (4.1). We have

(4 3) Xt — ef(L1fA+6)tX0 + f()t ef(L17A+6)(tfs)(5XS + BYS)ds,
' Y =e Bty + [le R Z( X, Y,)ds + &,

t
& ::/ e_LQ(t_S)UdWS, t>0.
0

Due to (B1), for any T' > 0, the process
t
M= / e 2T=9gdW,, t€[0,T)]
0

is a square integrable martingale on H with quadratic variation process

(MTY, = / e 5 |3sds < ol S 5 =t a0 < 00, 1€ [0,T)
0 i=1 7

where || - ||gs is the Hilbert-Schmidt norm. This implies
M
(4.4) E exp [2 ] <O, T>0,tel0,T]
Qo

for some constant C' > 0. Indeed, since
d|M] | = 2(M}F, dMY + (MY, t€[0,T],

by Ito’s formula, for any r > 0 we have

rIMT)? +1 rIMI? +1 2r
e [t =e2 [Gm 1) M v
exXp (MT), + 1 eXp (MT), + 11 (MT), + 1< t L)

r|MT)? + 1] rIME?? +1 —r(MTY, —r — 20| MT|?
(MT), + 1 ((MT); +1)?

—exp [ }d(MT)t, t e [0,T].

M2 +1
(MT)+1

Since (MT), < ap, when r € (0, 5-2—] the process exp [ | for t € 0,77 is a supmartin-

’ 24«
gale. In particular, by taking r = 5 Jrlao we prove (4.4).

Since & = ME for any T > 0, (4.4) implies

(4.5) supEeXp[ & } <C
>0 2+ apd —

We are now ready to prove the following four lemmas which imply Theorem 4.1 according
to Theorem 2.1.

12



Lemma 4.2. Assume (B1), (B2) and (B3). For any to > 0, there exists a constant co > 0
such that

(P f)?(€) < (Ptof2<77))eco|§in|27 f € BH),&neH:=H xH,.

Proof. Let (X;,Y;) solve (4.1) with (X, Yy) = n, and let (X, ;) solve the following equation
for (XOa }/b) 5

dXt - (AXt + BY/t - LlXt)dt,
dy, = {Z(Xt, Vi) = LYy + Ze7h2!(Yy — Yo) + e 72t & (¢(tg — t) Brelo™D4D) }dt + odW,,

dt

where b € H; will be determined latter such that (X;,,Y;,) = (X4, Vs, ). We have

d(Xt - Xt) — {A(Xt - Xt) + B(Y - Y;g) - L1<Xt - Xt)}dt,
d(Y; - V) = —{Lg(Yt Vi) 4 et (Y — Yo) + e b2t (t(ty — t) Brelo=04"p) }dt.
Then
— t - t =, *
(4.6) Y, - Y, = “t—e*LQt(YO —Yy) — t(tg — t)e L2t B4t € [0, 1],
0
and, since BLy = L1B, AL, = LA,

t
_ _ tn — _
X, — Xy =AM (X — Xo) + / e Ben (Y — Yy )ds
0 0

(4.7)

—tL1

/ s(tg — 5)eA"I1(=9) pe=las preA(t=s)p
0

t
to — _
oA XO—XO _|_/ Ot—SeA(t_S)B(YO—YO)dS

o to
—/ s(to — s)eA(t_S)BB*eA*(tO_S)bds}.
0

According to (B3), the operator

~ to «
Q1 = / s(to — s)eA(tO_s)BB*eA (to=5) g
0

is invertible on H;. So, letting

- _ to ¢ _
b:Qt_ol{eAtO(Xo—Xo)Jr/ —Ot % eAlto- S)B(Yo—YO)ds},
0 0

we conclude from (4.6) and (4.7) that (X,,,Y;,) = (X, Y, )- Moreover, there exists a constant
Cy > 0 such that

(4.8) | Xy — X + [V: = V| < Ci(1Xo — Xo| + [Yo — Yo|), t€[0,t].
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Since A, B are bounded, o is reversible, and Z is Lipschitz continuous, this implies that the
process

= — ]_ — d *
Yoi= o 20X, Y0 = 20X, V) + o B (Y — Yo) 4+ e B2 (it — 1) Brel 04 ) |
0

satisfies ) )
i) < Col| Xo — Xof* + Yo — Yo|?), ¢ € [0, 0]

for some constant Cy > 0. By the Girsanove theorem,

t
Wt = Wt +/ 'Qbst, te [O,t()]
0

is a cylindrical Brownian motion on H, under the probability measure dQ := R dP, where

R :=exp [— /0 O(ws,dWs> — %/00 |ws|2d3}

Rewrite the equation for (X;,Y;) as
dXt - (AXt + B?vt - LlXt)dt,
dY, = {Z(X,,Y}) — LY, }dt + od WV,
By the weak uniqueness of the mild solutions to (4.1) and (X;,,Y,) = (X4, Y3, ), we obtain

(Ptof(g))z = (E@f(Xtoa }_/;50))2 = (E[Rf(Xth;fo)]F S (Pt0f2)(n)ER2 S (PtOfQ)(n)eCo\&—nlz
for some constant ¢y > 0. ]

Lemma 4.3. Assume (B1l), (B2) and (B3). Let (X3:,Y;) solve (4.3) for Xo = Yy = 0. If
AL > X, then there exists a constant € > 0 such that sup;s Ees(Xel*+1?) < 50,

Proof. By (B2), there exists a constant ¢ > 0 such that
Z(z,y)| < e+ Kafz| + Kaly|, @,y € H.
Combining this with (4.3), and noting that (B1) and (B3) imply L; — A+ > A\ and

Lo > A\{, we obtain

t
< [N 18] Yo
(4.9) y
V| < / M (o 4 K |X.| + KaY|)ds + [&].
0

By (B2) and (B3), we have

1
2| Bl

a: (5—K2+\/(K2—5)2+4K1HBH> € (0, 00).
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Obviously, the definitions of @ and X" in (4.2) imply
(4.10) Na=ad+ Ky, «B|+Ky=N\.

So,
(ad + K1)s+ (|| B|| + K2)t = N(as+t), s,t>0.

Combining this with (4.9), we obtain
¢
X+ ] < [ e et (a8 + KX + (al Bl + Ka)lYil s + s
0
t
< X/ e 079 (| X + |Yal)ds + [&] + )\i
0 1

By Gronwall’s inequality, this implies
t

ol Xy + Y] < &) + < X/ e_’\(t_s)<|§8| + i)ds
(4.11) A 0 A

t
<|&l+ e+ A’/ e M=9)g|ds, >0
0

for some constant ¢; > 0 and X := \; — \ > 0.
Finally, applying Jensen’s inequality to the probability measure v(ds) := e **~*)ds on
(—o0, t], we obtain

t 2 t 2
exp [E(X / e“”wss\ds) } — exp [Ai (X / 1[o,t]<s>iss\v<ds>)]

N2

</ e [0 191 vias)

—0o0

t
<+ C2/ e M%) exp [02€|£s|2}ds, t,e >0
0

for some constant ¢; > 0. Combining this with (4.5) and (4.11), we finish the proof. O

Lemma 4.4. Assume (B1), (B2) and (B3). If \y > X, then P; has a unique invariant
probability measure p, and u(est) < 00 holds for some constant € > 0.

Proof. According to [19, Proposition 3.1], the Harnack inequality in Lemma 4.2 implies that
P, has at most one invariant probability measure. So, it suffices to prove the existence of u
with p(el”) < oo for some constant & > 0.

Let (X3, Y;)i>0 solve (4.1) for Xy = Yy = 0. For every t > 0, let u; be the distribution
of (Xy,Y:), which is a probability measure on H. By the Markov property, if p; converges
weakly to a probability measure p as t — oo, then p is an invariant probability measure
of P, and, by Lemma 4.3 and Fatou’s lemma, ,u(egHz) < 00 holds for some constant € > 0.
Therefore, it remains to prove the weak convergence of p; as t — oo.
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Consider the L'-Wasserstein distance

W(vy,1p) ;== inf / |- |dm
TFE%(Vl,Vg) HxH
for two probability measures 14 and v, on H x H, where € (14, 115) is the set of all couplings
of these two measures. If y; is a W-Cauchy family as ¢t — oo, i.e.

(412) lim W(Iu“tl’ :utz) = 07

t1,ta—00

then it converges weakly as ¢t — oo, see e.g. [4, Theorem 5.4 and Theorem 5.6].
~To prove (4.12), for any t5 > t; > 0, let (X;,Y})i>0 solve (4.1) for Xy = Yy = 0, and let
(Xt, Y3)i>t,—1, solve the following equation with Xy, 4, = Y, = 0:

(1) {df(t = (AX, + BY, — L, X,)dt,

dY, = {Z(X,,Y}) — LoY, }dt + odW,, >ty — .

Then the distribution of (X,,,Y;,) is jp, while that of (X,,,Y},) is . By the definition of
W, we have

(4'14) W(/’Lt17l'l’t2> < E(lxtz - X'tzl + thz - };;52|>

On the other hand, (4.1), (4.13), (B2) and (B3) imply that for any ¢ >t — 1,

t
X, — Xy| e MUttt )4 / e MII(81X, — X, |+ ||B]| - |[Y; — Yi|)ds,
to—1t1
t

’Y;t B }N/;’ < ef)\1(t7t2+t1)‘}/227t1‘ +/ ef/\l(tfs)(Klst _ Xs‘ + KQ‘Y; — }N/;Dds

ta—t1

Then by (410), for ¢ Z tz — tl

alX; — Xt| + Y, — Y/;f’
t
< e M X | + Y )) + X / e M (o)X, = X[ + [V, = Va)ds,

ta—t1

(4.15)

By Gronwall’s inequality, we obtain

~ _ t /
a|Xt2 - Xt2| + |Yt2 - Y;52| S (Oé|Xt1| + |}/tl|)e_>‘1t1 (1 + )\’/ e>\ (t2_s)d8)
t

2—t1

< 2(al Xy, | + |V, [Je~ M,

Since sup;sq E(|X¢| + [Y;]) < oo due to Lemma 4.3, this together with (4.14) implies (4.12).
The proof is therefore finished. m
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Lemma 4.5. Assume (B1), (B2) and (B3). If Ay > X, then there exists a constant C >0
such that for any mild solutions (X;,Y;) and (Xy,Y:) of the equation (4.1),

1X; — X +Y; — V5| < O(|Xo — Xo| + Yo — YoJer ™= ¢ >0.
Proof. Similarly to the proof of (4.15), we have
alX, — Xy + |V, - Yy

t
<e Mol Xy — Xol + 1Yo = Yo) = N [ e M) (q|X, — X, |+ Y, — Y.|)ds, t>0.
=~ ( | 0 0‘ | 0 0|) s S S S ) -
0

By Gronwall’s inequality,
alXy — Xi| +Y; = Y| < e M a] X — Xo| + Yo — Yy|), t>0.

This completes the proof. O

5 Some Examples

In this section, we present three examples to illustrate Theorems 3.1 and 4.1, where the first
includes the kinetic Fokker-Planck equation discussed in [14] for V (z) = —%|x|2 + VW with
small | V2W||, the second is highly degenerate in the sense that m can be much larger than
d, and the last is an infinite-dimensional model.

Example 5.1. Let d = m and o be invertible, A= 0,B = I, and Z(z,y) = VW (z) —z—y
for some W € C?(R?). If || V2W|| < 1 is small enough such that

. elidlk
5.1 1> f o
(51 ro€(0,1) {27“0(1 VR o) (1 + I+ drg)

then all assertions in Theorem 3.1 hold. In particular, (5.1) holds if VW || < 3.

+7"—2°(1+m)},

Proof. Tt is trivial that (A1) and (A2) hold. To verify (A3), let r > 0 and ry € (0,1) =
(0,||B||="). By A=0,B = I and the formulation of Z, we have

<T2(CL’ - f) + TTOB(y - g)7A(I - f) + B(y - g» + <Z(l’,y) - Z(jag)7y - g + TTOB*(‘T - j)>
=(? =1 —rro){w—z,y —9) +rroly — g|> + (VW (x) = VW (Z),y — 9§ + rro(z — )
—rrolz — 2 — |y — y*.

Take

(5.2) r= %(1 + 1+ 4r)
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such that 72 — 1 — rry = 0, we obtain

(r*(z —2) +rroB(y — 9), Alw — 7) + Bly — 9)) + (Z(2,y) — Z(3,9),y — § + rroB*(x — 7))
VWIS

< —(7“7’0 — | V2W || srro — 7) |z — Z|? — (1 —rry — ™

>|y_g|27 V> 0.
Therefore, (A3) holds for some constants o € (0,1) and 6 > 0 if

9Vl

1> inf inf <7“T0 +
4y

r0€(0,1) v€(0,rro—||V2W||sorr0)

which is equivalent to (5.1) due to (5.2). It remains to prove (5.1) for ||[VZW | < i. Since
(5.1) is trivial for [|[V?W|| = 0, we assume that ||V2W ||, € (0,1]. In this case we simply
take ro = ||V2W ||~ such that
VWL + 01+ VI T dr)
2ro(1 — || V2W o) (1 + /1 + 4rg) 2

< ||V2W||oo<% + %(1 +v3)) < %(1 + %ﬁ) <1.

Example 5.2. Let o be invertible, m = kd for some natural number k£ > 2, and

By:(ov"'a07y)€dea yERda
Z(l’,y) = b(y> — Tk, Yy e Rdax: (513'17(132,--- ,$k) ede7

Alxy, x9, -+, x3) = (Y9 — 21, YT3 — Ty, - -+ , YT — Tp_1,0), x1,--- 25 € R,
where v # 0 is a constant, and b : R? — R? satisfies
(5.3) b(y) = b(@)| < Kly —gl, (by) = b(y),y —9) < =Bly -3, v,y R
for some constants K, > 0. If

26

A A —F
(5.4) 0<|v] < Nor R

then assertions in Theorem 3.1 hold.

Proof. Tt is easy to see that when 7 # 0, the rank condition in (A1) holds. Since b is Lipchitz
continuous and o is invertible, by Theorem 3.1 it suffices to verify (A3). We simply take
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r =1. For any ry € (0,1) = (0, || B||~!), we have

(22— 2) 4 rroBly — 5), Alx — £) + Bly — ) + {Z(e,9) — Z(E.5),y — 5+ rroB*(x — 7))
k-1

=roly —gf* + Z {’Y(f’?z — Ty Tiv1 — Ti1) — |70 — fz|2}
i=1

+ <b(y) - b(?j)ay —y+ To(xk - ffk)> — T0|$k — :fk|2
< —(B=ro)ly —|* — rolzr — zk)* + oKy — 4| - |ox — Z]

1
- Z {’f’fi —T* - ‘g—||$i —&i[* - m|96'z'+1 - fi+1|2}

< - 1 — Z._Z.2_<_M_
< -2 =hble ol = (1= 5 -

So, (A3) holds for some 6 > 0 provided |y| < 1 and

KZ
sup (ro — m — TO) > 0.

r0€(0,1A122),a>0

Letting 7o 11 A Hia, we conclude that (A3) holds provided |y| < 1 and

B K? kel
1A ><1——>>—.
igg( 14+« 4o 2

By taking a = 1 K? we see that this inequality follows from (5.4). O

Finally, we present an example for Theorem 4.1 in the spirit of Example 5.2 that H is
a subspace of H.

Example 5.3. Let {u;};>1 be an orthonormal basis on Hy, and let Hy = span{us; : i > 1}.
Take B = Iy, and

Liug; = Nugi, Liugi1 = Nugi—1, 12> 1,
where 0 < \; T oo with 2121 A\t < co. Moreover, let Ly = Li|u, and

o0

Ar =)\ Z<$, Ugi)Ugi—1, « € Hy

i=1
for some constant v € R. Finally, let Z satisfy
Z(z,y) — Z(2,9)| < ahilz — 2]+ By — ¥

for some constants a, 5 > 0. Then all assertions in Theorem 3.1 hold provided
(5.5) \/1+’y2+46+\/(25—1—\/1+72)2+804<7.
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Proof. 1t is easy to see that BLy = L1 B, ALy = L1 A. According to Theorem 4.1, it suffices
to prove

(a) For some § > 0 such that L; — A > A\; — ¢ and the condition (4.2) hold.

(b) For any ty > 0, @y, is invertible on Hj.

Proof of (a) We have
(L1 — A)x,x) = (Lo, mx) — (Ax, x)

> M\ Z(x, Ugi)? — Z(% Ui (T, Ugi—1)

i>1 i>1

2()\1—5)qu2, 4(5233“2112’ x e H.

1>1 i>1

Taking

5_1+\/1+72>\
- 2

such that fg = — A\, we have L, — A > A\ — § as required, and the condition (5.5) is
equivalent to (4.2).

Proof of (b) We may simply assume yA; = 1, so that

o0

A*r = Z(x,u%_ﬁu% x € Hl.

=1
Since A? = (A*)? = 0 and BB* is the orthogonal projection onto Hy, for any x € H; we
have

sABB* SA*ZU:([—FSA)BB*{QJ—FSA*QJ}
Z T, Ug;) + (T, Uiy ){u21+3u21 1}
i=1

Then

[ee]

(Qior,x) = Z /to {(aj,um}? + 2s(x, ugi—1) (T, ug) + 52(:U,u2i,1)2}d5

0

=t Z {(957 U2i>2 + to(x, ugi—1)(x, uz) + §0<$, U2i71>2}

i=1

>t§:(1— vy (2oL, 1)? 0

Z b T)<l‘,u22> + 3 Ay 0<x7u21—1> , T>\U.
i=1

Taking r € (0,1) but close enough to 1, we conclude that (Q,x,z) > c|z|? holds for some
constant ¢ > 0 and all € H;. Therefore, )4, is invertible. O
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