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Bounds on the dimension of trivariate spline spaces:
A homological approach

Bernard Mourrain and Nelly Villamizar

Abstract. We consider the vector space of globally differentiable piecewise polynomial functions
defined on a three-dimensional polyhedral domain partitioned into tetrahedra. We prove new lower
and upper bounds on the dimension of this space by applying homological techniques. We give an
insight of different ways of approaching this problem by exploring its connections with the Hilbert
series of ideals generated by powers of linear forms, fat points, the so-called Froberg—Iarrobino
conjecture, and the weak Lefschetz property.

Keywords. Splines, dimension, bounds, tetrahedral partitions, Hilbert function, Froberg’s conjec-
ture, Ideals of powers of linear forms.

1. Introduction

A spline is a function which is conformed by pieces of polynomials defined on a rectilinear partition
of a domain in the d-dimensional real space, and joined together to ensure some degree of global
smoothness. For a tetrahedral partition A of a domain embedded in R3, we denote by C5(A) the
space of splines or piecewise polynomial functions of degree less than or equal to k defined on A, with
global order of smoothness r (> 0). This set is a vector space over R. We usually refer to it as the
space of C" trivariate splines of degree k on A.

Trivariate spline spaces are important tools in approximation theory and numerical analysis; they
have been used, for instance, to solve boundary value problems by the finite-element method (FEM)
[30, 31] (see also [21] and the references therein). More recently, they have became highly effective
tools in Isogeometric Analysis [9], which is a recently developed computational approach combining
the exact topology description in finite element analysis, with the accurate shape representation in
Computer Aided Design (CAD). In these areas of application, finding the dimension for C}(A) on
general tetrahedral partitions is a major open problem. It has been studied using Bernstein—Bézier
methods in articles by Alfeld, Schumaker, et al. [1-3]. The results in these papers do not take into
account the geometry of the faces surrounding the interior edges or interior vertices. A variant of that
approach by Lau [22], gives a lower bound for simply connected tetrahedral partitions; the formula,
although it contains a term which takes into account the geometry of faces surrounding interior edges,
lacks of the term involving the number of interior vertices. This frequently makes the lower bound
much smaller than the one presented in [3]. In general, an arbitrary small change of the location of the
vertices can change the dimension of CJ,(A). Thus, finding an accurate way of including conditions in
the formulas regarding the geometry of the configuration is one of the main open problems in trivariate
spline theory.

The use of homological algebra in solving the dimension problem on spline spaces dates back to
1988, [5]. In this article, Billera considers triangulated d-dimensional regions in R%; with his approach
he gave the first proof of the generic dimension of the space of C'! bivariate splines. In [27], Schenck
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and Stillman introduced a different chain complex which, in the bivariate settings, leads to prove a
new formula for the upper bound on the dimension of the space, generalizing the bounds already
known [21], and also yielding a simple proof of the dimension formula for the space of C}, splines with
degree k > 4r 4+ 1 ([24]). Our aim in this paper is to apply the homological approach to approximate
the dimension of trivariate spline spaces.

The formulas we present, apply to any tetrahedral partition A, any degree k, and any order of
global smoothness r. They include terms that depend on the number of different planes surrounding
the edges and vertices in the interior of A. The main contribution of this paper are the new formulas
for lower and upper bounds on the dimension of the space of C" trivariate splines. These bounds
represent an improvement with respect to previous results in the literature. Moreover, the construction
and results we present throughout the paper give an insight into ways of improving the bounds and
finding the exact dimension under certain conditions.

The paper is organized as follows. In Section 2, we recall the chain complex of modules proposed
by Schenck [26], in the case of a three-dimensional simplicial complex. The Euler characteristic equa-
tion for such chain complex yields a formula for dim C},(A) in terms of the dimension of the modules
and homology modules of the complex. In order to get an explicit expression for the dimension, in
terms of known information on the subdivision, there are two important aspects to consider. Firstly,
we need to analyze ideals generated by powers of linear forms in three variables, and no general reso-
lution is known for this kind of ideals as it was in the case of ideals in two variables [27]. Secondly, it is
also necessary to determine kernels of maps to compute the dimension of the two homology modules
appearing in the formula. These two problems are considered as follows. In Section 3, by using the
Froberg sequence associated to an ideal generated by homogeneous polynomials of prescribed degrees,
we obtain a formula that approximates the dimension of ideals generated by powers of linear forms.
We discuss the cases where this formula gives the exact dimension, and some other formulas that can
be used to get better bounds when the number of linear forms are less than nine. This discussion covers
the relationship between splines and fat points [18], and connections of this theory with the Weak
Lefschetz Property, Hilbert series of ideals of powers of generic linear forms, and Froberg’s conjecture
and its most recent versions. In Section 4, we rewrite the dimension formula obtained in Section 2
and prove an explicit upper bound on dim C};(A) for any A. Additionally, we prove an upper bound
that can be applied in the free case (when the first two homology modules vanish). Similarly, a lower
bound is proved in Section 5. Finally, we conclude with some examples in Section 6.

The approaches we make to the problem differ from the ones used before, see [21] and the
references therein, hence enriching the tools to confront the problem, and thus to develop the theory
of trivariate splines.

2. Construction of the chain complex

The notations and definitions we present in this section appear in [28] for a finite d-dimensional
simplicial complex, here we restrict them to the trivariate case.

For a 3-dimensional simplicial complex A, supported on |A| C R3, such that |A| is homotopy
equivalent to a 3-dimensional ball, let A and A? (i = 0,1,2,3) be the set of interior faces, and
i-dimensional interior faces of A whose support is not contained in the boundary of |A|. Denote by
f2and f2 (i =0,1,2,3) the cardinality of these sets, respectively. Let A be the boundary complex
consisting of all 2-faces lying on just one 3-dimensional face as well as all subsets of them.

We will study the dimension of the vector space CJ,(A) by studying its “homogenization” defined
on a similar partition but in one dimension higher. Let us denote by A the simplex obtained by
embedmg A in the hyperplane {w = 1} C R* forming a cone over A with vertex at the origin. Denote
by C"(A)y the set of C" splines on A of degree exactly k. Then O7(A) := ®5oC"(A)}, is a graded

R-algebra. Furthermore, the elements of C”(A)j, are the homogenization of the elements of C%(A), so
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there is a vector space isomorphism between C}(A) and C” (A)y, and in particular
dim CF(A) = dim C"(A)y. (2.1)

Thus, to study the dimension of the space C},(A) it suffices to study the Hilbert series of the module
CT(A)7 which is a finitely generated graded module.

Let us define R := R[x,y, z, w]. For every 2-dimensional face o € AY, let ¢, denote the homoge-
neous linear form vanishing on & (this is just the homogenization of the linear equation vanishing on
o), and define the chain complex J of ideals of R as follows:

I () = (0) for each ¢ € A

J(o) = (em ) for each o € A9

J(1) = {7 )oor for each 7 € A}, 0 € AY
T () = (€5 ) o5y for each v € AJ, o € AY.

Let R be the constant complex on A°, defined by R(B) := R for every 8 € AY. Take 9; for i = 1,2,3
to be the simplicial boundary maps from R; — R;_1 relative to 0A, where R; := @BGA?R(5)~ Then
Hi(R) = H;(A,0A;R) is the relative simplicial homology module, with coefficients in R. Let us
consider the chain complex R/J defined as the quotient of R by J (R/J(8) = R(B)/T(8)):

0> P RO P RITO)Z P RITE)E @ RIT() —0

LEA3 oeAY TeA? vEA

where the maps 0; are induced by the maps on R;. The top homology module

Hg(R/j) = ker(ﬁg)
is precisely the module C"*1(A) [26]. Thus, by (2.1) we have that dim CJ(A) = dim H3(R/J)x, and
the Euler characteristic equation applied to R/J
X(H(R/T)) =x(R/T)

leads to the formula:
3

dim CE(A) =) (=1)" > dimR/T(B)x + dim Hy(R/J )y — dim Hy (R/ T )x. (2.2)

i=0 BeAy

—1

The subindex k& means that we are considering the modules in degree exactly k. The goal is to determine
the dimension of the modules in the previous formula as functions of known information about the
subdivision A.

Let us consider the short exact sequence of complexes

0—J —R—R/T—0.
It gives rise to the following long exact sequence of homology modules
0 —H3(R) = H3(R/J) = H2(J) = Ha(R) = Ha(R/T) — H1(J) (2.3)
— H(R) - Hi(R/J) = Ho(J) = Ho(R) = Hoy(R/T) = 0

Since by hypothesis A is supported on a ball, H;(R) is nonzero only for ¢ = 3 [16, Chapter 2]. Thus,
by the long exact sequence (2.3), we have the following:

(i) Ho(R/J) =0,
) Hi(R/J) = Ho(J),
(iii) Ha(R/J) = Hi(T),
) H3(R) = R, and hence C"(A) = R® Ha(J).
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Here the notation “A = B” means that A and B are isomorphic as R = Rz, y, z, w] modules. Let us
notice that, in particular, the isomorphism in (iv) says that the study of the spline module reduces to
the study of H(J) = ker 0s.

The complex of ideals J, as defined above, is given by

0— P T) 2 P am2 @ am —o (2.4)
oeAf TEAY YEA]

where 9; are the restriction of the maps from the chain complex R. Let us denote K; := ker(9;) and
W; :=Im (0;41) for i = 0, 1. Then, the homology modules Hy(J) and H;(J) are by definition

= @ T/

yEAY
H(J) := K1 /W;.
By the short exact sequence
0— K1 — @ J(r) 2 Wo — 0,

TEA?

and the fact that |A| is homotopic to a ball (and hence the Euler characteristic of A is equal to 1),
we can rewrite (2.2) as follows,

3
dim CE(A) =) (=1)" > dimR/J(B)x + dim Hy (7 )& — dim Ho(J )« (2.5)
=0 BeAY_,
= dim Ry, + dim € J(0)x — dim(W1)s. (2.6)

o€

In the following theorem we collect two results from [26], restricting ourselves to the trivariate case.

Theorem 2.1 (Schenck, [26]). Assume that A is a topological 3-ball.
(1) The homology module H;(R/J) has dimension <1i—1 for all i < 3.

(2) The module C"(A) is free if and only if Hi(J) = Ho(J) = 0. In that case, the Hilbert series of
CT(A) is determined by local data, i.e., by the Hilbert series of the various R/J(B), B € AY.

Then, it follows from Theorem 2.1-(1) that dim H;(R/J) = 0, and hence dim Hy(J) = 0, since these
two modules are isomorphic, see (ii) above. Therefore, Hy(J) vanishes in sufficiently high degree, and
so for k> O:

3
dim CE(A) =) (-1)" > dimR/T(B)k + dim H1 (T )x. (2.7)
i=0 BeEAY_,
In the case that C”(A) is free, Theorem 2.1-(2), and formula (2.2) imply
3
dim C{(A) =Y (-1)" Y dimR/J(B)r = dim Ry + Z ydim EH T8 (2.8)
=0 BeA i=1 ﬁeA s

—1i

Let us notice that all the terms in (2.8) only involve modules generated by powers of linear forms.
Before considering bounds on dim C},(A) for general A (sections 4 and 5), we will consider the dimen-
sion of modules generated by powers of linear forms, leading so to an approximation for dim C}(A)

when C(A) is free (see Theorem 4.2).
Since by definition R = R[x,y, z, w], it is easy to see that the space of homogeneous polynomials

in R of degree k has dimension
k+3
dim Ry = ( ; > (2.9)
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For o € AY, the ideal J (o) is generated by the power 7 + 1 of the linear form vanishing on &, thus

k+3(r+1)>

dim J (o), = < ;

and hence

dim @ (o) = f2 <k +§ - 7”). (2.10)

geAY

For 7 € AY, the ideal J(7) by definition is the ideal generated by the powers r + 1 of the linear forms
that define hyperplanes incident to 7 in A. By construction, each interior edge 7 is at least in the
intersection of two (different) hyperplanes corresponding to 2-dimensional faces of A. Hence J(7) has
at least two generators for any 7.

Let us give a numbering 7, ... ;Tpo %O the elements in A{. Note that for any edge 7;, we may
translate 7; to be along one coordinate axis, and hence may assume that the linear forms in J(7;)
involve only two variables, say x and y. Thus,

R/T(7:) = R[z,w] @ Rz, y]/ T (7:)

If ¢1,. .., ¢, are pairwise linearly independent linear forms in Rz, y] defining s; hyperplanes incident to
7, and the ideal J(;) is generated by £, ... ,E:jl, then the ideal [J(7;) has the following resolution
[27]:

0— R(—Q — 1) & R(—Q)" — &5, R(—r —1) = J(;) = 0 (2.11)
where §2;, and the multiplicities a; and b; are given by
Qi = \‘ss”a]_J —|—1, a; = S§; (r—i—l)—l—(l—sl) Qi7 bz :si—l—ai. (212)

For each i, the number s; corresponds to the number of different slopes of the hyperplanes incident
to ;.
It follows that

dim@j(mk:§8i<k+3—3(r+l)>_bi<k+33—ﬂi>_ai(k+3—3(Qi+1)> _—

N i=1

Here, and throughout the paper we adopt the convention that the binomial coefficient (:fl) is zero if
u < m.

Finally, for a vertex v € AJ, by definition [7(7) is the ideal generated by the powers r + 1 of the
linear forms that define hyperplanes incident to 4. Similarly as before, we give a numbering 71, . . . sV fo
to the vertices in AJ. Any vertex ; may be translated to the origin, and hence we may assume that
the linear forms generating 7 (+y;) involve only three variables, say x, y and z. In the next section we
will discuss some approaches to find the dimension for such ideals. This, together with (2.9-2.13) will
give us an approximation (and in some cases an exact) formula for the dimension of the spline space
when C" (A) is free. We will also use the formulas presented in this section to prove upper and lower
bounds in the general settings in Sections 4 and 5.

3. On the dimension of the modules R /7 ()

By translating the vertex v € A to the origin, we may assume that the linear forms defining the
planes in A® incident to 4 involve only the variables z,y and z. Thus we have,

R/T(7) = Rlw] @& Rlz, y, 2]/ T (7).
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Let R := Rz, y, z]. From the previous isomorphism, we can study dimg R/J(7)r by considering the
Hilbert function of the R-module R/ 7 (7). Let us recall that the Hilbert function H(M) of a graded
R-module M is the sequence defined by

H(M, k) = dimR Mk.

The problem of computing the Hilbert function associated to ideals of prescribed powers of linear
forms, not only in 3, but in n variables, has attracted a great deal of attention in the last years. Its
study is linked to classical problems [13], and in spite of many partial results (see e.g. [8] and references
therein) it is still open.

The connection between the Hilbert function of powers of linear forms and the Hilbert function
of a related set of fat points in projective space [18] has been strongly used to prove several results in
this topic. This connection translates the problem on powers of linear forms into the study of linear
systems in projective n-spaces with prescribed multiplicity at given points. The ideal of fat points
I(m;ly,..., 1) is the ideal of homogeneous polynomials which vanish at the points Iy, ...,l; € P™ with
multiplicity m (all derivatives of order m — 1 vanish at the points). By apolarity, we have

H(R/<l714+17-'~7l:+1>7k) = H(I(k _T;lla---alt)7k)'

For instance, in the case of points in P!, the Hilbert function is given by the formula of the dimension
obtained from resolution (2.11) for ideals generated by power of linear forms in two variables [12].

In this section, we will study the dimension of ideals generated by powers of linear forms in three
variables. By apolarity, this corresponds to study the Hilbert function of ideals of fat points in P2. It is
clear that if we have ¢ different points in P? then the expected Hilbert function H(I(k—7r;ly,... 1), k)
is given by

1
E(t,r+1,3);:= max(O, 5((k + D) (k+2)—tk—r)(k—r+ 1))) (3.1)
Thus, for any linear forms Iy, ..., l; in three variables, the Hilbert function of R/(I7 1!, ... I/™!) satisfies
HR/T Y k) > Bt r + 1, 3)%. (3.2)

In [11], Froberg made a conjecture about the Hilbert function associated to an ideal generated by a
generic set of forms in n variables and proved the conjecture for n = 2. Since then, many authors have
studied the conjecture and particularly the special case when the forms generating the ideal are powers
of linear equations. The conjecture has been proved in several cases and under certain conditions, see
for instance [8,18] and the references therein. In particular, for the purpose in this section, it has been
proved for ideals generated by generic forms in n = 3 variables [4].

The formula conjectured by Froberg for the Hilbert function associated to an ideal generated by
t forms of degree 7+ 1 in a polynomial ring R in n variables over R (or any other field of characteristic
zero) will be denoted by F'(t,r+ 1,n);. This sequence is frequently called Froberg’s sequence and it is
defined with the following formula:

F'(t,r+1,n);, if F'(t,r+1,n), >0 for all u <4,
Ft,r+1,n); = (t,r+1,n);, i (.r—s— n) or all u < (3:3)
0 otherwise;
where F'(t,r + 1,n); is given by
. t
F'(t,r +1,n); = dimg R; + Y (=1)7 dimg R;_ (41, ( )

1<5<n J
with the convention that the binomial coefficient (;) is zero if t < j.
We have the following lemma.
Lemma 3.1 ([18]). For any set of different t linear forms ly,...,l; in R, and an integer r > 0, the

Hilbert function of the power ideal satisfies:
dimg (R/(I7T, . 1Y) > F(t,r +1,3); > E(t,r + 1,3),. (3.4)
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Equality holds on the left of (3.4) when t < 3, and also when t =4 and ly,...,ls are generic.

Proof. Since Froberg’s conjecture is valid for n = 3 [4], then F(¢,r +1,3); = H(R/{f1,..., ft),1) for
generic forms fi,..., f; of degree r + 1 in R.

Although in general, R-algebras defined by ¢ generic forms of some degree are non isomorphic,
they have the same Hilbert function [11], and this Hilbert function is minimal among the Hilbert
function of algebras defined by ¢ forms of the given degree. Thus, F(¢t,r + 1,3); bounds below the
Hilbert function H(R/{f1,..., fi),%) where f1,..., f; are any (non necessarily generic) forms of degree
r~+ 1 in R. In particular when fi,..., f; are powers of linear forms. This implies the inequality on the
left of (3.4).

The right inequality is clear from definitions 3.3 and 3.1 for F(¢,7 + 1,3); and E(t,r + 1, 3)x,
respectively (since dimR; = 3(i + 1) (i + 2)).

For ¢t < 3, it is the Hilbert function of a complete intersection. The case t = 4 is a particular case
of the result by Stanley [17]. O

Remark 3.2. In the settings of Lemma 3.1, when the number of (different) linear forms is 4 < ¢ <8,
the dimension of the ideal is given by the Froberg sequence if the points in P? corresponding to the
linear forms are in “good position” [14,25]. For being in good position, there are some conditions
on the divisors on the surface determined by the blow up of the points. For a given set of points in
P? those conditions can be verified but there is not a general formula for the dimension that can be
given a priori without that verification. In his article [14], Harbourne also conjectured that the Hilbert
function for ideals generated by powers of any ¢ > 9 linear forms is given by the Froberg sequence.
This conjecture turned out to be equivalent to other three conjectures, which together gave rise to the
well-celebrated Segre-Harbourne-Gimigliano-Hirschowitz Conjecture [8]. This conjecture states that
HR/(LT™, ... L7, k) = F(t,r +1,3); when t > 8 and Ly, ..., L; are generic linear forms. It is a
special case of the conjecture made by Iarrobino [18], which states that the Froberg sequence in P"
gives the Hilbert function for ideals generated by uniform powers of generic linear forms except in few
cases.

Proposition 3.3. Let J(v;) be the ideal generated by the powers r + 1 of the t; linear forms defining
the hyperplanes containing the vertex 7; in A, then

13 sk
dim@R/j(%)k- > Z(Z F(ty,r+1, 3)]‘)3
i=1

i=1 \j=0

equality holds if for each vertex v; € A, the number t; of generators of J(7;) is t; = 3, ort; =4 and
the linear forms are generic.

Proof. By translating the vertex ~; for 1 < i < f{ to the origin, we may assume that 7 (7;) is generated
by powers of linear forms in three variables. Thus, by Lemma 3.1 we have

dimR/J (vi)r = dim(R[w] @r Rz, y, 2]/ T (vi))x

k k
=Y dim(R[z,y,2]/T (v:)); = Y Flti,r +1,3);,
Jj=0 7=0
The proposition follows by applying the previous procedure to each vertex v; € AJ, for i =1,..., fJ.

]

We will use this proposition in the next sections to prove lower and upper bounds on dim C},(A).

Remark 3.4. In [15] and [23], using also the duality between powers of linear forms and ideals of
fat points, the authors relate Froberg’s conjecture to the presence or failure of the weak Lefschetz
property (if multiplication by a general linear form has or not the maximal rank in every degree). A
consequence of this connection, is that the results about the failure of the weak Lefschetz property
for ideals in n + 1 variables can be interpreted as results about when an ideal generated by powers of
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general linear forms in n variables fails to have the Hilbert function predicted by Froberg. The first
theorem concerning the dimension of spline spaces using this approach was originally due to Stanley
[17]. He showed that when ¢t = n + 1, the Hilbert function of an ideal generated by prescribed powers
of ¢t general linear forms in n variables is the same as the Hilbert function conjectured by Froberg.

Remark 3.5. A geometric interpretation of Fréberg—Iarrobino conjecture is given in [7]. A linear
system is said to be special if it does not have the expected dimension. In the planar case P2 (number
of variables n = 3), Segre-Harbourne-Gimigliano—Hirschowitz’s conjecture describes all special linear
systems: a linear system is special if and only if it contains a multiple (-1)-curve in its base locus. In
spite of many partial results (see e.g. [8] and references therein), the conjecture is still open.

Remark 3.6. For P3| there is an analogous conjecture formulated by Laface and Ugaglia, see [20].
The authors employ cubic Cremona trasformations to decrease the degree and the multiplicity of the
points. In the recent article [6], the linear components of the base locus of linear systems in P™ are
studied and the notion of linear-speciality is introduced: a linear system is linearly non-special if its
speciality is only caused by its linear base locus. Sufficient conditions for a linear system to be linearly
non-special for arbitrary number of points, and necessary conditions for small numbers of points are
given.

4. An upper bound on dim C}(A)

In this section we will use formulas (2.5-2.8) from Section 2 and Proposition 3.3 from Section 3, to
prove an upper bound on dim C},(A) for a 3-dimensional simplicial complex A.

Let us establish a numbering 71, ..., 7y on the interior edges 7 in AY. For each i = 1,..., f7, let
s; be (as before) the number of different planes supporting the faces incident to 7, and define §; as
the number of those planes which correspond to triangles whose other two edges are either on A, or
have index smaller than i. See Fig. 1 as an example.

FiGURE 1. For 74, s = 5 and sg = 2.

We consider the embedding A of A in R*, and for each edge 7; € A) we define the ideals 7 (7;)
and J(7;) in R = R[z,y, z,w], to be the ideal generated by the power r + 1 of the s;, and §; linear
forms of hyperplanes incident to 7;, respectively.

Theorem 4.1. The dimension of C}(A) is bounded above by

dmOy(A) < (k—£3)+fg<k+?2)—r>

fi [ <k+2—r> ~<k+3—§22—> ~<k+2—Qi>]
—Z S; —bi — Qa;
o 3 3 3
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MMQF:hﬁw%ﬂ,QZEMW+D+04@DQ7@:$*1*@ if§;>1,anda; =b; = =0
when §; = 1.
Proof. Let us consider the map
o1 : @ J ()] — @ @ Rlo|m]
o=(7,7',7"")EAS T, €AY c€EN(T;)

where, for each i, N(7;) denotes the set of triangles that contain the edge 7; and ([0])scag, and
([o|7i])een(r;) are the canonical bases of the corresponding free modules. The map ¢; is induced by
the boundary map 8. Thus, & ([o]) = [o|7] — [o]|7'] + [o|7"] for o = (7,7, 7") € AY, see Fig. 2.

d2[0] = [1] = [*'] + [1"]

FIGURE 2. Orientation of a triangle o € A.

Let
o1 @ @ Rlo|m] — @ R[7]
TiGA? UGN(T{,) TGA[I)
with
[Ti] ifr; € A(l)

wﬂanZ{OﬁT¢A%

Then, for the restriction map 95 to the ideals J (o) in the complex (2.4), we have 0y = 1 0 §;. We

consider the map
e @ EB Rlo|m] — EB @ Rlo|7]

€AY 0EN(T;) €AY 0EN(7;)
defined as follows, according to the numbering established on the edges. For each triangle ¢ =
(1,7, 7") € AY, either one or two of the edges of o are in A, or 7,7/, 7" € AY. By construction, at
least one of the edges of ¢ is in the interior of A, and hence there is an index assigned to it. Without
loss of generality, we may assume that 7 € A{ is the edge with the smallest index among the edges of
o that are in the interior A{. Then 7, is defined for the edges corresponding to o by:

e m([o]7]) = [o]7],

e m([o]r]) = m([o]7"]) = 0.
Let us denote 9y := (1 071 ©07.
For 7; € AY, define N(7;) as the set of triangles ¢ € A9 that contain 7; as an edge and whose
other two edges do not have index bigger than .
Thus, J (1) = 2 oeN(m) R+ C J(74). By construction, and using the notation we introduced
in Section 2, we have
W1 = Im82 = @ j(Tz)[Tz]
T,'GA?
Therefore, dim (W), := dim Im (d2)x > dim Im (d3),. From formula (2.6) for dim Cf(A) in Section 2,
it follows
dim Cf(A) < dim Ry + dim @) JT(0)x — dim (W)
ogEA,
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By a change of coordinates such that the edge 7; is along one of the coordinate axis, we may assume
that the linear forms in J(7;) only involve two variables and then use the resolution (2.11) for ideals
generated by power of linear forms in two variables to get a formula for dim W7, . Thus, we get

7 ~ ~
dim(W)e = dim @ F(r) =3 5 (k + ?2) - r) L (k + 33— Q) L (k + 23— Q)
T.;EA? i=1

with & = |N(7;)|, Qi, @; and b; given by formulas (2.12), with §; instead of s;. This together with
formulas (2.9) and (2.10) prove the theorem. O

A different upper bound can be proved for dim Cj(A) when Cf(A) is free, i.e. when Hy(J) = Ho(J) =
0 and the formula for dim C};(A) reduces to (2.8).

We keep the numbering on the edges 7, € AY, and establish also a numbering 71, ... ;Yo on
the interior vertices of A. For each i = 1,..., fJ, let t; be the number of linear forms defining the
hyperplanes containing the vertex 4; in A, and J (7:) the ideal generated by the power r + 1 of these
linear forms.

Using the results from Section 3, Froberg’s sequence gives a formula to bound from above
dim 7 (), for each v € A, and we have the following.

Theorem 4.2. If C"(A) is free then, dimension of CJ(A) is bounded above by

dim C(A) < (k;3)+f§(k+2—r)>

by

_;{Si<k+23r)> _bi<k+33m) —ai(k+239i>}

+f8(k;:3> —f:(iF(ti,r—i-l,S)j),

i=1 \j=0

with s; and t; as defined above, ; = {ﬁJ +1,a,=s(r+1)+(1—38)Q, b =8, —1—a;, and
F(t;,r+1,3); the j-th term of Friberg’s sequence associated to an ideal generated by the power r+1
of t; forms in three variables.

Proof. Formulas (2.9), (2.10) and (2.13) give the dimension for the modules in (2.8) corresponding
to the tetrahedra, triangles and edges of A. For the last term, which corresponds to the vertices, we
apply Proposition 3.3, and obtain the formula appearing in the last line of the bound in the statement.
It corresponds to applying Froberg’s sequence (3.3) to ideals generated by powers of linear forms in
three variables in the ring R = Rz, y, 2, w]. O

Remark 4.3. From Proposition 3.3, when C"(A) if free, the upper bound on dimension dim C};(A)
in the previous theorem can be improved depending on the number of different planes containing the
vertices in AY. For instance, if the number of different planes incident to ; is t; = 3 for every ; € A,
then Froberg’s sequence gives the exact dimension for the ideal corresponding to the vertices and
thus, dim C};(A) is exactly given by the formula in Theorem 4.2, see Examples 1 and 3 below. Also
in the case t; = 3, this upper bound coincides with the formula for the lower bound that we prove in
Theorem 5.1 in the next section.

5. A lower bound on dim C}(A)
Let us recall formula (2.5) for dim C},(A) from Section (2),

3
dim Cf(A) = dim R + Y _(=1)'dim @ T(B)x + dim Hy (T ) — dim Ho(T ).

i=1 NS
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If we take zero as a lower bound for dim H;(J )k, then for any k& > 0:

2

dim C}(A) > dim Rg + Y _(—1)'dim @ T(B)x + dim(Wo)x (5.1)
i=1 BEAY_,

where Wy := Im (0;), as defined before. From (2.9), (2.10) and (2.13), we have explicit expressions
for all the terms in (5.1) except for dim (Wy),. By numbering the vertices in A} and by applying
the analogous to the procedure used in last section, we are going to get an explicit formula that
approximates dim (Wp) from below. This, by (5.1), immediately leads to a lower bound on dim CJ,(A).
Let us fix the ordering 71, ..., 70 on the vertices in AJ. For each vertex v;, denote by M (~;) the

set of edges 7 in A that contain the vertex +;. Let M(y;) be the set of interior edges connecting ;
to one of the first ¢« — 1 vertices in the list, or to a vertex in the boundary.
N For each v; € A§, let t; be defined as before, the number of generators of J(v;). Define the ideal
J (i) as N

T (i) = {5 ) o7 for 7€ M(vy),

and let #; be the number of generators of 7 (v;). Finally define ¢; = min(3, ).
Theorem 5.1. The dimension dim C},(A) is bounded below by

e (7)< (1)
BB ) ()

k

() S (Srere)]

+

with s; the number of different planes incident to 1;, €; = L%J +1,a, =5 (r+1)+(1—s)Q,
b =s; —1—a; (2.12), and ¢; = min(3,1;).

Proof. Consider the following map
bo: P IO~ D D Rlrhil
T=(7,7") V€AY TEM (73)

such that &y is induced by the boundary map 9y, so that do([7]) = [7|y] — [7]7/] for T = (7,7') € Af.
Let g be the map defined as

%o : @ @ R[r|vi) — @ R[vi]
V€AY TEM (i) Y €A
with
~ Jlifvi € A
eo([r]vi]) = {Oif%- ¢ A,

Then, for the restriction of the map 9 to the ideals J(7;) in the complex (2.4), 91 = ¢g o §p. Consider

the map
m: P P Rirhil- B @ Rirhil

Vi €AY TEM (v:) Yi€AY TEM (v:)
defined as follows, according to the numbering established on AJ. For an edge 7 = (v,7') € A{, at

least one of the vertices v or 4’ is in AY. Let us assume v € AJ, and either 7/ is in 9A, or v/ € Ay
and the index of 7 is smaller than the index of v/. Then 7y is defined on the vertices of 7 by:

e mo([r7]) = [71],
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o mo([7]7']) = 0.
We define the map 0 by
(91 = Yo 0o 050.

For each v; € AY, J(v;) = Y orel(vi) 2o R+ C J(v;). Then, by construction

fo
Im (0h) = P T ()il
i=1

and therefore dim(Wp)y, := dim(Im 9;); > dim(Im 51)k~ Thus, from (5.1) it follows that
0

2 fo
dim Cj(A) > dim R + Y (=1)'dim @) T(B)x + dim P T (vi)x.

i=1 BeAl_, i=1

By construction #; < t;. Choose (; linear forms from the generators of j(%), where (; = min(3,t~i).
Let J¢, (7:) be the ideal generated by the powers r + 1 of these ¢; linear forms. Then, for each ; € A,

Je;(vi) € T (v4), and hence

70 £
dim @ J (i) > dim @ Je; (Vi)k-
i=1 i=1

From Proposition 3.3, we have

k
> F(Gr+1,3); = dim R/ T, (i)x,
3=0
where F'((;,7+1, 3); is defined by the formula (3.3). Thus, we obtain the lower bound on the dimension
of C}(A) given in the statement of the theorem. Since the dimension of the spline space is at least the
number of polynomials in tree variables of degree less than or equal to k, then we take the positive
part of the additional terms. O

The next corollary follows directly from the proof of the previous theorem.

Corollary 5.2. For a fixed numbering on the interior vertices and j(%) defined as above,

dim Ho(J) < dim @ J(v) —dim > T(%).

Vi EAY YV EAY

Remark 5.3. Following the proof of Theorem 5.1, better lower bounds can be proved if the linear forms
defining the ideals J(7;) are generic, see Proposition 3.3 and the remarks at the end of Section 3. By
knowing the Hilbert function of ideals generated by powers of #; > 4 linear forms in three variables
one might avoid the step of taking ¢; = min(3, ;) and improve the lower bound.

Remark 5.4. In the case of C"(A) being free, we can use the upper bounds either from Theorem 4.2
or Theorem 4.1, together with the lower bound in Theorem 5.1. Depending on the value of k£ and r,
they provide a closer approximation to the exact dimension, see the examples in Section 6.

6. Examples

For the central configurations that we will consider in this section, it is easy to see that Hy(J) is
always zero; it can be deduced directly, or it can be proved using the construction in the last section,
see Corollary 5.2. The values for H;(J) were computed using the Macaulay2 software [10].

Example 1. Let A be a octahedron subdivided into eight tetrahedra by placing a symmetric central
vertex, see Fig. 3.
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FI1GURE 3. Regular octahedron.

Computations show that H;(J) is zero for all non-generic constructions [26]. Since in this par-
tition, there are exactly three different planes through the central vertex, then the Froberg sequence
gives us an explicit formula for the dimension of the ideal associated to the (unique) interior vertex,
and the dimension dim C},(A) is given by the upper bound formula in Theorem (4.2), see Remark 4.3.
The formula is the following

dim €T (A) = (k;r:s) +12<k‘+3—3(r+1))

_Z[ <k+3— r+1)> B <k+3—3(27'+2))]

i k
( 3 ) ZF3r+13
7=0

From the definition of Froberg’s sequence (3.3),

|+ 2 4+ 1 — | — 2 | —3r—1
F(3,7"+173)j_(]—;>—3<‘7+2 T)+3<]27")—<3 2’“ >

It is easy to check that F'(3,7+1,3); > 0 for every 0 < j < 3r+3, and equal to zero otherwise. Hence,
we can write

k

SR 19), - (k—?i)—?)) _3<k+§—r)+3(k—23r+1> - (k:—33r> 6.1)

j=0

and thus, the formula for the dimension of the spline space on the regular octahedron in Fig. 3 reduces
to the expression

B G G M)

Ezxample 2. Let us consider the generic case of an octahedron subdivided into tetrahedra, where no
set of four vertices of the octahedron is coplanar, Fig. 4. As we mentioned above, we have Hy(J)
equal to zero. But in contrast to the regular case, H;(J) is equal to zero when r = 1 but not for any
other value of r [26].



14 Bernard Mourrain and Nelly Villamizar

FIGURE 4. Generic octahedron.

For this partition A, we have t = 12 different planes corresponding to the triangles meeting at
the central vertex. Then ¢ = min(3,¢) = 3, and using the formula (6.1) from the previous example for
the sum of the F(3,r +1,3); for r = 1, Theorem (5.1) gives us the following lower bound

et (57) [ 3 o3 Q) () Frnn],
() o)) 2+ ().

In order to find an upper bound, we apply Theorem 4.1 for some ordering on the interior edges of
the partition. For instance, with the numbering on the edges as in Fig. 4, we have 51 = 0, 55 = 1,
S3 =384 =2, 55 = 3, and § = 4, and so for any degree k:

amctr= (3% (7)) '3

Also, when r = 1, since Hy(J) = 0, we can find an upper bound by applying Theorem 4.2. This upper
bound is given by the formula

k
k+3 k—1
imCH(A) <2 - F(12,2,3)..
amei) <2(" 7)o" S22,

From (3.3), we have that F'(12,2,3), > 0 only for j = 0,1, and it is zero otherwise. Then

(k?,:g) when £ = 0,1
dim C{(A) < s -
2" +6(";") — 4 for k> 2.

Remark 6.1. In [29], by using inverse systems of fat points, the author studies the dimension of C?
splines on tetrahedral complexes in R? sharing a single interior vertex. By a classification of fat point
ideals, the question in this case leads to analyze ideals associated to (only) < 10 hyperplanes passing
through a common vertex.

Ezxample 3. Let A be the Clough—Tocher split consisting of a tetrahedron which has been split about
an interior point into four subtetrahedra, Fig. 5.

We consider r = 1 and r = 2. In these two cases the homology module Hy(J) is zero.
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F1GURE 5. Clough—Tocher split.

(i) For r =1, as in the previous example, we have

k k+3 E+1 k—1 k-3
F(3,2,3); = -3 +3 -

Then, the lower bound on the spline space proved in Theorem 5.1 is given by

it ()L ) ) () ().

The upper bound we obtained in this example, by applying Theorem 4.1 with the numbering of
the edges as in Fig. 5 is the following:

wmci (1)) )

Since for r = 1 the homology module H; (J) = 0, applying Theorem 4.2 we find the upper bound

1 for k=0
dim C{(A) < fs . i (6.2)

2(°3%) —6("t") +8(5) —4 fork>1.
The formula (6.2) coincides with the generic dimension formula computed in [3] for this partition
A. Although the formula in [3] holds only for £ > 8 (and r = 1), it in turn coincides with the
lower bound formula proved in [1] in every degree k > 0. In fact, in general, the dimension of
the spline space of any nongeneric decomposition is always greater than or equal to the generic
dimension, it is the smallest dimension encountered as one moves the vertices of the complex.
Thus, since the lower bound formula proved in [1] coincides with the upper bound we proved
above (6.2), we deduce the following result:
the exact dimension of the C* spline space over the Clough—Tocher split is

1 fork=0
dim C}(A) =

203 —6("i") +8(5) -4 fork>1.

Remark 6.2. In [19], the authors consider the general case of this example. They study C* splines
on the n-dimensional Clough-Tocher split, i.e., on a simplex in R™ partitioned around an interior
point into n + 1 subsimplices. A formula for the dimension is proved by combining results about
the module structure of the spline space and Bernstein-Bézier methods.

(ii) Let us consider the case r = 2.
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A lower bound is given by the formula

amcpis)= (37 () e ) +a(57) (5 + (550

Using that H;(J) = 0, and Theorem 4.2, the following is an upper bound for k& > 3:

amezia) <2(* 2% -o(8) wa(*3 ) o2

The values of the previous bounds on dim C?(A) for k < 9 are given in the following table. The first
row shows the values obtained using the lower bound formula from [1].

E |
Lower bound [1]

Lower bound
Upper bound

| 2] 3[ 4] 5] 6] 7] 8] 9]
10] 20| 35 56| 84] 120 | 179 | 261

10 20 35 56 84 | 123 | 187 | 282
10 20 36 58 90 | 136 | 200 | 286

FNQERNQENNG |

Remark 6.3. The examples above illustrate the improvement that our lower and upper bounds provide
with respect to previous results in the literature. Furthermore, as we showed in the last example, the
formulas we presented here might be combined with results obtained by using different techniques
leading thus to sharper bounds, and in many cases to the exact dimension of the space.
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