
Accepted Manuscript

Two-Time-Scales Hyperbolic-Parabolic Equations Driven by Poisson Random
Measures: Existence, Uniqueness and Averaging Principles

Bin Pei, Yong Xu, Jiang-Lun Wu

PII: S0022-247X(16)30596-0
DOI: http://dx.doi.org/10.1016/j.jmaa.2016.10.010
Reference: YJMAA 20785

To appear in: Journal of Mathematical Analysis and Applications

Received date: 6 June 2016

Please cite this article in press as: B. Pei et al., Two-Time-Scales Hyperbolic-Parabolic Equations Driven by Poisson Random
Measures: Existence, Uniqueness and Averaging Principles, J. Math. Anal. Appl. (2016),
http://dx.doi.org/10.1016/j.jmaa.2016.10.010

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to our customers we are
providing this early version of the manuscript. The manuscript will undergo copyediting, typesetting, and review of the resulting
proof before it is published in its final form. Please note that during the production process errors may be discovered which could
affect the content, and all legal disclaimers that apply to the journal pertain.

http://dx.doi.org/10.1016/j.jmaa.2016.10.010
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Principles

Bin Peia, Yong Xua,∗, Jiang-Lun Wub
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bDepartment of Mathematics, Swansea University, Swansea SA2 8PP, UK

Abstract

In this article, we are concerned with averaging principle for stochastic hyperbolic-parabolic
equations driven by Poisson random measures with slow and fast time-scales. We first es-
tablish the existence and uniqueness of weak solutions of the stochastic hyperbolic-parabolic
equations. Then, under suitable conditions, we prove that there is a limit process in which
the fast varying process is averaged out and the limit process which takes the form of the
stochastic wave equation is an average with respect to the stationary measure of the fast
varying process. Finally, we derive the rate of strong convergence for the slow component
towards the solution of the averaged equation.

Keywords. Averaging principles, stochastic hyperbolic-parabolic equations, Poisson ran-
dom measures, two-time-scales.
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1. Introduction

Let (Ω,F ,P) be a complete probability space with a natural filtration {Ft}t≥0 satisfying
the usual condition. Fix L > 0 arbitrarily, we denote D := (0, L), i.e., D is a fixed, open,
bounded interval of the real line R. Let H denote the Hilbert space L2(D) equipped with the
inner product 〈·, ·〉H and the corresponding norm ‖ · ‖. Let T > 0 be fixed arbitrarily. In this
paper, we are concerned with the following stochastic hyperbolic-parabolic (i.e., wave-heat)
equations driven by both Brownian motions and Poisson random measures,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂2Xε
t (ξ)

∂t2
= ΔXε

t (ξ) + f(Xε
t (ξ), Y

ε
t (ξ)) + g(Xε

t (ξ))Ẇ
1
t

+
∫
Z
h(Xε

t−(ξ), z)
˙̃N1(t, dz),

∂Y ε
t (ξ)

∂t
= 1

ε
ΔY ε

t (ξ) +
1
ε
F (Xε

t (ξ), Y
ε
t (ξ)) +

1√
ε
G(Xε

t (ξ), Y
ε
t (ξ))Ẇ

2
t

+
∫
Z
H(Xε

t−(ξ), Y
ε
t−(ξ), z)

˙̃N ε
2 (t, dz),

Xε
t (ξ) = Y ε

t (ξ) = 0, (ξ, t) ∈ ∂D × (0, T ],

Xε
0(ξ) = X0(ξ), Y ε

0 (ξ) = Y0(ξ),
∂Xε

t (ξ)

∂t
|t=0 = Ẋ0(ξ), ξ ∈ D,

(1.1)

∗Corresponding author
Email addresses: xgdsxxpeibin@126.com (Bin Pei), hsux3@nwpu.edu.cn (Yong Xu ),

j.l.wu@swansea.ac.uk (Jiang-Lun Wu)

Preprint submitted to Journal of Mathematical Analysis and Applications October 10, 2016



for ε > 0 and for (ξ, t) ∈ D × [0, T ], where the drift coefficients f(·, ·) : R × R → R,
F (·, ·) : R × R → R and the diffusion coefficients g(·) : R → R, G(·, ·) : R × R → R, h(·, ·) :
R×Z → R, H(·, ·, ·) : R×R×Z → R are real-valued measurable functions. The detailed con-
ditions on them will be specified in the next section. Here, {W 1

t }t≥0 and {W 2
t }t≥0 are given

independent real-valued {Ft}t≥0-Brownian motions, and Ñ1(dt, dz) and Ñ ε
2 (dt, dz) are com-

pensated martingale measures associated with given mutually independent Poisson random
measures N1(dt, dz) and N ε

2 (dt, dz), respectively. We assume that N1(dt, dz) and N ε
2 (dt, dz)

are also mutually independent of {W 1
t }t≥0 and {W 2

t }t≥0. Before proceeding, let us explicate
the Poisson random measures Ñ1(dt, dz) and Ñ ε

2 (dt, dz). Let (Z,B(Z)) be a given measur-
able space and v(dz) be a σ-finite measure on it. Let Dpit

, i = 1, 2, be two countable subsets
of R+. Furthermore, let p1t , t ∈ Dp1t

, be a stationary Ft-adapted Poisson point process on Z

with characteristic v and let p2t , t ∈ Dp2t
be a stationary Ft-adapted Poisson point process

on Z with characteristic v
ε
. Denote by N i(dt, ds) the Poisson random (counting) measures

associated with pit, i = 1, 2, respectively, i.e., for i = 1, 2

N i(t, A) :=
∑

s∈D
pit
,s≤t

IA(p
i
t), t ≥ 0, A ∈ B(Z).

The corresponding compensated Poisson martingale measures are respectively defined by the
following

Ñ1(dt, dz) := N1(dt, dz)− v(dz)dt

and

Ñ ε
2 (dt, dz) := N2(dt, dz)− 1

ε
v(dz)dt.

The reader is referred to [11, 25] for more detailed descriptions of the stochastic integrals
with respect to (cylindrical) Wiener processes and Poisson martingale measures. It is well
known nowadays that much evidence has been gathered that Poisson jumps are ubiquitous
in modelling uncertainty in many diverse fields of science [1, 25, 13]. By now it is well
established that stochastic dynamical systems driven by Poisson jump noises are much more
suitable for capturing sudden bursty fluctuations, large scale moves and unpredictable events
than classical diffusion modelling systems, see, e.g., [25, 23, 2, 15].

Note that the system (1.1) is an abstract model for random vibration of an elastic string
with external force on a large time scale. More generally, the slow-fast nonlinear coupled
wave-heat equations could model thermoelastic wave propagations in a random medium [9],
describe wave phenomena which are heat generating or are temperature related [20], as well
as model biological problems with uncertainty [10, 5, 27]. Taking advantages of the fast and
slow motions, in this paper, we focus on the limit behavior of the slow-fast nonlinear coupled
wave-heat equations driven by both Brownian motions and Poisson random measures, in
which the original complex system is replaced by a much simpler averaged system.

There is an extensive literature on averaging principles for stochastic differential equa-
tions, see for example, Freidlin and Wentzell [14], Khasminskii [21], Duan [12], Thompson
[26], Xu and his co-workers [28, 29, 30, 31, 32]. To obtain the effective approximation for the
two-time-scales stochastic partial differential equations (SPDEs), the averaging approach for
SPDEs begun to receive more attention recently. In [6], Cerrai and Freidlin showed an av-
eraged result for stochastic parabolic equations with additive noise. In [7], Cerrai succeeded
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with the case of multiplicative noise. The concerned convergence in the latter two works,
however, is in sense of convergence in probability (which implies weak convergence), and
the rate of convergence has not been given. On the other hand, Bréhier [4] derived explicit
convergence rates in both strong and weak convergences for averaging of stochastic parabolic
equations. Xu, Miao and Liu [33] established averaging principles for two time-scale SPDEs
driven by Poisson random measures in the sense of mean-square. Very recently, Fu et al
[17] established an averaging principle for stochastic hyperbolic-parabolic equations driven
by additive noise (Wiener process) with two-time-scales and obtained the rate of strong
convergence for the slow component towards the solution of the averaging equation as a
byproduct.

To the best of our knowledge, the averaging principle for stochastic hyperbolic-parabolic
equations driven by jump-diffusion processes are not yet fully addressed. In this article,
our main objective is to establish an effective approximation for slow process of the original
system (1.1). To be more precise, the slow component Xε

t of original system (1.1) can be
approximated by the solution process X̄t, which governed by the following stochastic wave
equation⎧⎪⎨

⎪⎩
∂2X̄t(ξ)

∂t2
= ΔX̄t(ξ) + f̄(X̄t(ξ)) + g(X̄t(ξ))Ẇ

1
t +

∫
Z
h(X̄t−(ξ), z)

˙̃N1(t, dz),

X̄t(ξ) = 0, (ξ, t) ∈ ∂D × (0, T ],

X̄0(ξ) = X0(ξ),
∂X̄t(ξ)

∂t
|t=0 = Ẋ0(ξ), ξ ∈ D,

(1.2)

where

f̄(x) =

∫
H

f(x, y)μx(dy), x ∈ H,

and μx denotes the unique invariant measure which will be introduced in Appendix B. The
main novelty of this article is the model itself and how to treat the term with Poisson
random measures is the key of the paper. Moreover, we will work in the framework of Green
functions, which is a little different from the previous works [6, 7, 16, 18] investigating the
coupled hyperbolic-parabolic equations.

The paper is organised as follows. In Section 2, we will present our main results and state
some well-known facts for the later use. In Section 3, the existence, uniqueness and energy
identity for an abstract hyperbolic-parabolic equation driven by Poisson random measures
will be proved. In Section 4, some priori estimates will be derived. Section 5 is devoted
to establishing the stochastic averaging principle in sense of strong convergence, with a
determination of the explicit error bounds on the difference between the solution of the slow
component and the solution of the approximating reduction equation (1.2). The paper ends
with two appendices where an important lemma (Lemma 5.1) is proved in Appendix A and
the ergodicity of the fast motion is discussed in Appendix B.

Throughout this paper, C > 0 will denote a generic constant whose value may vary in
different occasions.

2. Preliminary

Recall that H = L2(D). Let us denote abstractly A = ∂ξξ with zero Dirichlet boundary
condition on ∂D = {0, L}. Let {ek(ξ)}k∈N be a complete orthornormal system of eigenvectors
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in H such that, for k = 1, 2 · · · ,
Aek = −αkek, ek|∂D=0,

with 0 < α1 ≤ α2 ≤ · · · ≤ αk ≤ · · · . For s ∈ R, we introduced the space Hs
0 := D((−A)s/2),

which equipped with norm

‖φ‖s =
{ ∞∑

k=1

αs
k〈φ, ek〉2H

} 1
2

.

Let V denote the Sobolev space H1
0 of order 1 with zero Dirichlet boundary condition, which

is densely and continuously embedded in the Hilbert space H. It is clear that for Λ ∈ V ⊂ H,

‖Λ‖ ≤ α
− 1

2
1 ‖Λ‖V. Obviously, ‖ · ‖V = ‖ · ‖1. Identifying H with its dual space, we obtain the

following Gelfand triple
V ⊂ H ∼= H∗ ⊂ V∗.

Then, Poincaré inequality yields that 〈Au, u〉 = −‖∇u‖2 ≤ −α1‖u‖2V, where 〈·, ·〉 denotes
the dual pair of V and V∗.

Note that the Green function U(ξ, ζ, t) for the deterministic equation (∂/∂t−A)X(t, ξ) =
0 can be expressed as

U(ξ, ζ, t) =
∞∑
k=1

e−αktek(ξ)ek(ζ).

Thus, the associated Green’s operator is given by the following

UtΛ(ξ) =

∫
D

U(ξ, ζ, t)Λ(ζ)dζ =
∞∑
k=1

e−αktek(ξ)〈ek,Λ〉H, Λ(ξ) ∈ H.

It is straightforward that {Ut}t≥0 forms a contractive semigroup on H and one has that
‖UtΛ(ξ)‖ ≤ ‖Λ(ξ)‖.

For the deterministic wave equation (∂2/∂t2−A)Y (t, ξ) = 0, its Green’s function is given
by (cf. e.g.,[8])

S(ξ, ζ, t) =
∞∑
k=1

sin{√αkt}√
αk

ek(ξ)ek(ζ).

It is easy to shown that the above series converge in L2(D ×D) and the associated Green’s
operator is defined by

StΛ(ξ) =

∫
D

S(ξ, ζ, t)Λ(ζ)dζ =
∞∑
k=1

sin{√αkt}√
αk

ek(ξ)〈ek,Λ〉H, Λ(ξ) ∈ H.

In order to present our results in a clear manner, it is convenient to formulate our equa-
tions in an abstract setting, where system (1.1) can be rewritten as following⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

d2Xε
t

dt2
= AXε

t + f(Xε
t , Y

ε
t ) + g(Xε

t )Ẇ
1
t +

∫
Z
h(Xε

t−, z)
˙̃N1(t, dz),

dY ε
t

dt
= 1

ε
AY ε

t + 1
ε
F (Xε

t , Y
ε
t ) +

1√
ε
G(Xε

t , Y
ε
t )Ẇ

2
t

+
∫
Z
H(Xε

t−, Y
ε
t−, z)

˙̃N ε
2 (t, dz),

X0 ∈ V, Y0 ∈ H,
dXε

t

dt
|t=0 = Ẋ0 ∈ H.

(2.1)
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The system (2.1) is understood in terms of the following two integral equations⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Xε
t = S ′

tX0 + StẊ0 +
∫ t

0
St−sf(X

ε
s , Y

ε
s )ds+

∫ t

0
St−sg(X

ε
s )dW

1
s

+
∫ t

0

∫
Z
St−sh(X

ε
s−, z)Ñ1(ds, dz),

Y ε
t = Ut/εY0 +

1
ε

∫ t

0
U(t−s)/εF (Xε

s , Y
ε
s )ds+

1√
ε

∫ t

0
U(t−s)/εG(Xε

s , Y
ε
s )dW

2
s

+
∫ t

0

∫
Z
U(t−s)/εH(Xε

s−, Y
ε
s−, z)Ñ

ε
2 (ds, dz),

(2.2)

where S ′
t =

d
dt
St is the derived Green’s operator with integral kernel

K ′(ξ, ζ, t) =
∞∑
k=1

cos{√αkt}ek(ξ)ek(ζ).

We now give the definition of mild solutions of (2.1)

Definition 2.1. The pair (Xε
t , Y

ε
t ) of two adapted processes over (Ω,F ,Ft,P) is called a

mild solution of (2.1), if for any t > 0, the integral equations (2.2) hold true P-a.s..

Next, let us introduce the globally Lipschitz condition for (2.1). We assume the following

(A1) The coefficients of (2.1) are globally Lipschitz continuous in x, y, i.e., ∀x1, x2, y1, y2 ∈ R,
there exist six positive constants Cf , Cg, Ch, CF , CG, CH , we have

|f(x1, y1)− f(x2, y2)|2 ≤ Cf (|x1 − x2|2 + |y1 − y2|2),
|g(x1)− g(x2)|2 ≤ Cg|x1 − x2|2,∫

Z

|h(x1, z)− h(x2, z)|2v(dz) ≤ Ch|x1 − x2|2,

and

|F (x1, y1)− F (x2, y2)|2 ≤ CF (|x1 − x2|2 + |y1 − y2|2),
|G(x1, y1)−G(x2, y2)|2 ≤ CG(|x1 − x2|2 + |y1 − y2|2),∫

Z

|H(x1, y1, z)−H(x2, y2, z)|2v(dz) ≤ CH(|x1 − x2|2 + |y1 − y2|2).

(A2) η′ := α1−C ′
F −CG−CH > 0, C ′

F = max{CF , 1}. This condition is a strong dissipative
condition, it is very important to prove the ergodicity for the fast motion. The detailed
proofs will be given in Appendix B.

Remark 2.2. With assumption (A1), it immediately follows,

|f(x1, y1)|2 + |g(x1)|2 + |F (x1, y1)|2 + |G(x1, y1)|2

+

∫
Z

|h(x1, z)|2v(dz) +
∫
Z

|H(x1, y1, z)|2v(dz)
≤ 2(Cf + Cg + Ch + CF + CG + CH)|x1|2
+2(Cf + CF + CG + CH)|y1|2
+2(|f(0, 0)|2 + |g(0)|2 +

∫
Z

|h(0, z)|2v(dz)),

+2(|F (0, 0)|2 + |G(0, 0)|2 +
∫
Z

|H(0, 0, z)|2v(dz)),

for all x1, y1 ∈ R.

5



Remark 2.3. Since for each t ≥ 0, St is a Green’s operator, the cosine family of operators
{S ′

t : t ∈ [0, T ]} and the corresponding sine family of operators {St : t ∈ [0, T ]} satisfy that
‖S ′

t‖2 ≤ M and ‖St‖2 ≤ M for a positive constant M .

Theorem 2.4. Let (A1)-(A2) hold, then for any X0 ∈ V, Ẋ0, Y0 ∈ H and T > 0, we have

E( sup
0≤t≤T

‖Ẋε
t − ˙̄Xt‖2 + sup

0≤t≤T
‖Xε

t − X̄t‖2V) ≤ C
√
ε, (2.3)

where X̄t is the solution of the effective dynamical system (1.2).

3. Existence, Uniqueness and Energy Equality

For the separable Hilbert space H, we use M2([0, T ];H) to denote the Hilbert space of
progressively measurable, square integrable, H-valued processes equipped with the inner
product

〈u, u′〉M := E

∫ T

0

〈u(t), u′(t)〉Hdt.

We also define Mv,2([0, T ]× Z,H) to be the totality of all predictable mappings Φ(s, z, ω) :
[0, T ]× Z× Ω → H such that

E

∫ T

0

∫
Z

‖Φ(s, z, ω)‖2v(dz)ds < ∞.

In addition, we denote by D([0, T ];H) the space of all càdlàg paths from [0, T ] into H.

3.1. Weak Solution of the Linear Hyperbolic-Parabolic Equations

Consider the following linear equations

d2Xt

dt2
= AXt + ft + gtẆ

1
t +

∫
Z

h(t, z) ˙̃N1(t, dz), X0 = x0,
dXt

dt
|t=0 = ẋ0, (3.1)

and

dYt

dt
= AYt + Ft +GtẆ

2
t +

∫
Z

H(t, z) ˙̃N2(t, dz), Y0 = y0, (3.2)

where f, g, F,G ∈ M2([0, T ],H), h,H ∈ Mv,2([0, T ]× Z,H).
By Itô’s formula, one can get the following Lemmas 3.1 and 3.2 (cf. [3, 22])

Lemma 3.1. Assume that f, g ∈ M2([0, T ],H), h ∈ Mv,2([0, T ] × Z,H). Then there is a
unique weak solution (Xt, Ẋt) ∈ L2(Ω;C([0, T ];V)) × (D([0, T ];H) ∩ L2(Ω × [0, T ];H)) of
(3.1) such that the following holds a.s.

‖Ẋt‖2 = ‖Ẋ0‖2 + 〈AXt, Xt〉 − 〈AX0, X0〉+ 2

∫ t

0

〈fs, Ẋs〉Hds+ 2

∫ t

0

〈gs, Ẋs〉HdW 1
s

+

∫ t

0

‖gs‖2ds+
∫ t

0

∫
Z

[‖h(s, z)‖2 + 2〈h(s, z), Ẋs−〉H]Ñ1(ds, dz)

+

∫ t

0

∫
Z

‖h(s, z)‖2v(dz)ds. (3.3)
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Lemma 3.2. Assume that F,G ∈ M2([0, T ],H), H ∈ Mv,2([0, T ] × Z,H). Then there is a
unique weak solution Yt ∈ D([0, T ];H) ∩ M2(Ω × [0, T ];V) of (3.2) such that the following
holds a.s.

‖Yt‖2 = ‖Y0‖2 +
∫ t

0

〈AYs, Ys〉ds+ 2

∫ t

0

〈Fs, Ys〉Hds+ 2

∫ t

0

〈Gs, Ys〉HdW 2
s

+

∫ t

0

‖Gs‖2ds+
∫ t

0

∫
Z

[‖H(s, z)‖2 + 2〈H(s, z), Ys−〉H]Ñ2(ds, dz)

+

∫ t

0

∫
Z

‖H(s, z)‖2v(dz)ds. (3.4)

3.2. Weak Solution of the Stochastic Nonlinear Hyperbolic-Parabolic Equations

For fixed x0 ∈ V, ẋ0, y0 ∈ H, we now discuss the existence and uniqueness results for the
nonlinear hyperbolic-parabolic equations{

d2Xt

dt2
= AXt + f(Xt, Yt) + g(Xt)Ẇ

1
t +

∫
Z
h(Xt−, z)

˙̃N1(t, dz),
dYt

dt
= AYt + F (Xt, Yt) +G(Xt, Yt)Ẇ

2
t +

∫
Z
H(Xt−, Yt−, z)

˙̃N2(t, dz),
(3.5)

where X0 = x0,
dXt

dt
|t=0 = ẋ0, Y0 = y0.

Lemma 3.3. Assume that the conditions (A1)-(A2) are satisfied. Given X0 ∈ V, Ẋ0, Y0 ∈
H, then there is a unique weak solution (also mild solution) (Xt, Yt) ∈ L2(Ω;C([0, T ];V))×
(D([0, T ];H) ∩M2(Ω × [0, T ];V)) of (3.5) such that for t ∈ [0, T ], the following two energy
identities hold a.s.

‖Ẋt‖2 = ‖Ẋ0‖2 + 〈AXt, Xt〉 − 〈AX0, X0〉+ 2

∫ t

0

〈f(Xs, Ys), Ẋs〉Hds

+2

∫ t

0

〈g(Xs), Ẋs〉HdW 1
s +

∫ t

0

‖h(Xs)‖2ds

+

∫ t

0

∫
Z

[‖h(Xs−, z)‖2 + 2〈h(Xs−, z), Ẋs−〉H]Ñ1(ds, dz)

+

∫ t

0

∫
Z

‖h(Xs, z)‖2v(dz)ds, (3.6)

and

‖Yt‖2 = ‖Y0‖2 + 2

∫ t

0

〈AYs, Ys〉ds+ 2

∫ t

0

〈F (Xs, Ys), Ys〉Hds

+2

∫ t

0

〈G(Xs, Ys), Ys〉HdW 2
s +

∫ t

0

‖G(Xs, Ys)‖2ds

+

∫ t

0

∫
Z

[‖H(Xs−, Ys−, z)‖2 + 2〈H(Xs−, Ys−, z), Ys−〉H]Ñ2(ds, dz)

+

∫ t

0

∫
Z

‖H(Xs, Ys, z)‖2v(dz)ds. (3.7)
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Proof: We will verify the existence by utilising successive approximations. Let ut = Xt, vt =
Ẋt, wt = Yt and {

u0
t = x0 +

∫ t

0
ẋ0ds,

v0t = ẋ0, w
0
t = y0.

For n ≥ 1, let (un
t , v

n
t , w

n
t ) be the unique weak solution to the follow⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

un+1
t = x0 +

∫ t

0
vn+1
s ds,

vn+1
t = ẋ0 +

∫ t

0
Aun+1

s ds+
∫ t

0
f(un

s , w
n
s )ds+

∫ t

0
g(un

s )dW
1
s

+
∫ t

0

∫
Z
h(un

s−, z)Ñ1(ds, dz),

wn+1
t = y0 +

∫ t

0
Awn+1

s ds+
∫ t

0
F (un

s , w
n
s )ds+

∫ t

0
G(un

s , w
n
s )dW

2
s

+
∫ t

0

∫
Z
H(un

s−, w
n
s−, z)Ñ2(ds, dz).

(3.8)

Using the energy equality (3.3), it follows that

‖vn+1
t − vnt ‖2 = 〈A(un+1

t − un
t ), u

n+1
t − un

t 〉
+2

∫ t

0

〈f(un
s , w

n
s )− f(un−1

s , wn−1
s ), vn+1

s − vns 〉Hds

+2

∫ t

0

〈g(un
s )− g(un−1

s ), vn+1
s − vns 〉HdW 1

s +

∫ t

0

‖g(un
s )− g(un−1

s )‖2ds

+

∫ t

0

∫
Z

‖h(un
s−, z)− h(un−1

s− , z)‖2Ñ1(ds, dz)

+2

∫ t

0

∫
Z

〈h(un
s−, z)− h(un−1

s− , z), vn+1
s− − vns−〉HÑ1(ds, dz)

+

∫ t

0

∫
Z

‖h(un
s , z)− h(un−1

s , z)‖2v(dz)ds

≤ −α1‖un+1
t − un

t ‖2V +
6∑

i=1

Ji,t. (3.9)

By Condition (A1) and the inequality |ab| ≤ εa2 + 1
ε
b2, ε > 0, it turns out

E sup
0≤s≤t

|J1,s| = 2E sup
0≤s≤t

∣∣∣∣
∫ s

0

〈f(un
r , w

n
r )− f(un−1

r , wn−1
r ), vn+1

r − vnr 〉Hdr
∣∣∣∣

≤ CE

∫ t

0

(‖vn+1
r − vnr ‖2 + ‖un

r − un−1
r ‖2V + ‖wn

r − wn−1
r ‖2)dr, (3.10)

E sup
0≤s≤t

|J2,s| = 2E sup
0≤s≤t

∣∣∣∣
∫ s

0

〈g(un
r )− g(un−1

r ), vn+1
r − vnr 〉HdW 1

r

∣∣∣∣
≤ εCE sup

0≤s≤t
‖vn+1

s − vns ‖2 + CCεE

∫ t

0

‖un
r − un−1

r ‖2Vdr, (3.11)

E sup
0≤s≤t

|J3,s| = E sup
0≤s≤t

∫ s

0

‖g(un
r )− g(un−1

r )‖2dr
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≤ CE

∫ t

0

‖un
r − un−1

r ‖2dr, (3.12)

E sup
0≤s≤t

|J6,s| = E sup
0≤s≤t

∫ s

0

∫
Z

‖h(un
r , z)− h(un−1

r , z)‖2v(dz)dr

≤ CE

∫ t

0

‖un
r − un−1

r ‖2dr. (3.13)

For J4,s, J5,s, by Burkholer’s inequality, we have

E sup
0≤s≤t

|J4,s| ≤ C[J4, J4]
1
2
t

≤ CE

⎧⎪⎨
⎪⎩

∑
s∈D

p1t
,s≤t

(‖h(un
s , p

1
s)− h(un−1

s , p1s)‖2)2
⎫⎪⎬
⎪⎭

1
2

≤ CE
∑

s∈D
p1t

,s≤t

‖h(un
s , p

1
s)− h(un−1

s , p1s)‖2

= CE

∫ t

0

∫
Z

‖h(un
s , z)− h(un−1

s , z)‖2v(dz)ds

≤ CE

∫ t

0

‖un
s − un−1

s ‖2Vds. (3.14)

E sup
0≤s≤t

|J5,s| ≤ C[J5, J5]
1
2
t

≤ CE

⎧⎪⎨
⎪⎩

∑
s∈D

p1t
,s≤t

〈h(un
s , p

1
s)− h(un−1

s , p1s), v
n+1
s − vns 〉2H

⎫⎪⎬
⎪⎭

1
2

≤ CE

⎧⎪⎨
⎪⎩

∑
s∈D

p1t
,s≤t

‖h(un
s , p

1
s)− h(un−1

s , p1s)‖2‖vn+1
s − vns ‖2

⎫⎪⎬
⎪⎭

1
2

≤ CεE sup
0≤s≤t

‖vn+1
s − vns ‖2 + CCεE

∑
s∈D

p1t
,s≤t

‖h(un
s , p

1
s)− h(un−1

s , p1s)‖2

≤ CεE sup
0≤s≤t

‖vn+1
s − vns ‖2 + CCεE

∫ t

0

∫
Z

‖h(un
s , z)− h(un−1

s , z)‖2v(dz)ds

≤ CεE sup
0≤s≤t

‖vn+1
s − vns ‖2 + CCεE

∫ t

0

‖un
s − un−1

s ‖2Vds. (3.15)

Therefore, gathering (3.10)-(3.15) and choosing ε > 0 sufficiently small, it yields that

E sup
0≤s≤t

(‖vn+1
s − vns ‖2 + ‖un+1

s − un
s‖2V)

≤ CE

∫ t

0

(‖vn+1
r − vnr ‖2 + ‖un

r − un−1
r ‖2V + ‖wn

r − wn−1
r ‖2)dr. (3.16)
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To proceed, using the energy equality (3.4), and the fact that

〈A(wn+1
t − wn

t ), w
n+1
t − wn

t 〉 ≤ 0,

we obtain

‖wn+1
t − wn

t ‖2 ≤ 2

∫ t

0

〈F (un
s , w

n
s )− F (un−1

s , wn−1
s ), wn+1

s − wn
s 〉Hds

+2

∫ t

0

〈G(un
s , w

n
s )−G(un−1

s , wn−1
s ), wn+1

s − wn
s 〉HdW 2

s

+

∫ t

0

‖G(un
s , w

n
s )−G(un−1

s , wn−1
s )‖2ds

+

∫ t

0

∫
Z

‖H(un
s−, w

n
s−, z)−H(un−1

s− , wn−1
s− , z)‖2Ñ2(ds, dz)

+2

∫ t

0

∫
Z

〈H(un
s−, w

n
s−, z)−H(un−1

s− , wn−1
s− , z), wn+1

s− − wn
s−〉HÑ2(ds, dz)

+

∫ t

0

∫
Z

‖H(un
s , w

n
s , z)−H(un−1

s , wn−1
s , z)‖2v(dz)ds.

By a similar calculation as in (3.16), it follows that

E sup
0≤s≤t

‖wn+1
s − wn

s ‖2 ≤ CE

∫ t

0

(‖wn+1
r − wn

r ‖2 + ‖un
r − un−1

r ‖2V + ‖wn
r − wn−1

r ‖2)dr. (3.17)

Putting (3.16) and (3.17) together, we then have

E sup
0≤s≤t

(‖vn+1
s − vns ‖2 + ‖un+1

s − un
s‖2V + ‖wn+1

s − wn
s ‖2)

≤ CE

∫ t

0

(‖vnr − vn−1
r ‖2 + ‖un

r − un−1
r ‖2V + ‖wn

r − wn−1
r ‖2)dr

+CE

∫ t

0

(‖wn+1
r − wn

r ‖2 + ‖vn+1
r − vnr ‖2 + ‖un+1

r − un
r ‖2V)dr.

Let Γn+1
s = ‖vn+1

s − vns ‖2 + ‖un+1
s − un

s‖2V + ‖wn+1
s − wn

s ‖2, we have

E sup
0≤s≤t

Γn+1
s ≤ CE

∫ t

0

Γn
sds+ CE

∫ t

0

Γn+1
s ds, (3.18)

where Γ0
s = ‖v1s − v0s‖2 + ‖u1

s − u0
s‖2V + ‖w1

s − w0
s‖2.

Iterating (3.18), we obtain

E sup
0≤s≤t

Γn+1
s ≤ C

(CTT )
n

n!
.

This implies that there exists (ut, wt) ∈ L2(Ω;C([0, T ];V))×(D([0, T ];H)∩M2(Ω×[0, T ];V))
such that

lim
n→∞

E sup
0≤s≤t

(‖un
s − us‖2V + ‖vns − vs‖2 + ‖wn

s − ws‖2) → 0.
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Letting n → ∞ in (3.8), we claim that (ut, wt) is a weak solution of (3.5). The uniqueness is a
directive consequence of the energy equalities and Gronwall’s inequality. To verify the energy
equalities, one has the following convergence in mean square as n → ∞ for all 0 ≤ t ≤ T ,

vnt → vt,
un
t → ut,∫ t

0

〈f(un
s , w

n
s ), v

n
s 〉Hds →

∫ t

0

〈f(us, ws), vs〉Hds, (3.19)

and hence ∫ t

0

〈g(un
s ), v

n
s 〉HdW 1

s →
∫ t

0

〈g(us), vs〉HdW 1
s ,∫ t

0

‖g(un
s )‖2ds →

∫ t

0

‖g(us)‖2ds,∫ t

0

∫
Z

‖h(un
s−, z)‖2Ñ1(ds, dz) →

∫ t

0

∫
Z

‖h(us−, z)‖2Ñ1(ds, dz),∫ t

0

∫
Z

〈h(un
s−, z), v

n
s−〉HÑ1(ds, dz) →

∫ t

0

∫
Z

〈h(us−, z), vs−〉HÑ1(ds, dz),∫ t

0

∫
Z

‖h(un
s , z)‖2v(dz)ds →

∫ t

0

∫
Z

‖h(us, z)‖2v(dz)ds. (3.20)

in mean as n → ∞ for all 0 ≤ t ≤ T . Then by taking a subsequence converging P-a.s. for
(3.20), one can obtain the energy equality given by (3.6). By a similar calculation we can
get the energy equality (3.7). �

4. A priori bounds for the solution

The following three lemmas provide mean square estimates for the process Xε
t and Y ε

t

with bounds independent of ε.

Lemma 4.1. Assume that the conditions (A1)-(A2) are satisfied. Given X0 ∈ V, Ẋ0, Y0 ∈
H, then there exists a constant C > 0 such that

sup
0≤t≤T

E(‖Ẋε
t ‖2 + ‖Xε

t ‖2V) ≤ C. (4.1)

and

sup
0≤t≤T

E‖Y ε
t ‖2 ≤ C. (4.2)

Proof: By the energy equality (3.6), we have

E(‖Ẋε
t ‖2 + α1‖Xε

t ‖2V) ≤ E(‖Ẋ0‖2 + α1‖X0‖2V) + CE

∫ t

0

〈f(Xε
s , Y

ε
s ), Ẋ

ε
s 〉Hds

+CE

∫ t

0

‖g(Xε
s )‖2ds+ CE

∫ t

0

∫
Z

‖h(Xε
s , z)‖2v(dz)ds

11



≤ E(‖Ẋ0‖2 + α1‖X0‖2V) + CE

∫ t

0

(‖Ẋε
s‖2 + α1‖Xε

s‖2V)ds

+CE

∫ t

0

(1 + ‖Y ε
s ‖2)ds.

Thus

E(‖Ẋε
t ‖2 + α1‖Xε

t ‖2V) ≤ eCtE(‖Ẋ0‖2 + α1‖X0‖2V) + C

∫ t

0

eC(t−s)(1 + E‖Y ε
s ‖2)ds. (4.3)

Hence, we have for ‖Y ε
t ‖2

d

dt
E‖Y ε

t ‖2 ≤ 2

ε
E〈AY ε

t , Y
ε
t 〉+

2

ε
E〈F (Xε

t , Y
ε
t )− F (Xε

t , 0), Y
ε
t 〉H +

2

ε
E〈F (Xε

t , 0), Y
ε
t 〉H

+
2

ε
E‖G(Xε

t , Y
ε
t )−G(Xε

t , 0)‖2 +
2

ε
E‖G(Xε

t , 0)‖2

+
2

ε
E

∫
Z

‖H(Xε
t , Y

ε
t , z)−H(Xε

t , 0, z)‖2v(dz) +
2

ε
E

∫
Z

‖H(Xε
t , 0, z)‖2v(dz)

≤ −2α1

ε
E‖Y ε

t ‖2 +
CF + 1

ε
E‖Y ε

t ‖2 +
C

ε
E‖F (Xε

t , 0)‖2

+
α1 − 1− CG − CH

ε
E‖Y ε

t ‖2 +
2CG + 2CH

ε
E‖Y ε

t ‖2

+
2

ε
E‖G(Xε

t , 0)‖2 +
2

ε
E

∫
Z

‖H(Xε
t , 0, z)‖2v(dz)

≤ −η

ε
E‖Y ε

t ‖2 +
C

ε
(1 + E‖Xε

t ‖2V),

where η = α1 − CF − CG − CH > 0. Next, according to (4.3), we have

E‖Y ε
t ‖2 ≤ e−

η
ε
tE‖Y0‖2 + C

ε
E

∫ t

0

e−
η
ε
(t−s)(1 + ‖Xε

s‖2V)ds

≤ CE(1 + ‖Y0‖2 + ‖Ẋ0‖2 + ‖X0‖2V) +
C

ε
E

∫ t

0

e−
η
ε
(t−s)

∫ s

0

‖Y ε
r ‖2drds.

By change of variables, we get

E‖Y ε
t ‖2 ≤ CE(1 + ‖Y0‖2 + ‖Ẋ0‖2 + ‖X0‖2V) + C

∫ t

0

E‖Y ε
r ‖2

[∫ t−r
ε

0

e−ηvdv

]
dr

≤ CE(1 + ‖Y0‖2 + ‖Ẋ0‖2 + ‖X0‖2V) + C

∫ t

0

E‖Y ε
r ‖2dr.

Finally, by Gronwall’s inequality, we get

E‖Y ε
t ‖2 ≤ CE(1 + ‖Y0‖2 + ‖Ẋ0‖2 + ‖X0‖2V).

which give the estimate (4.2).
By replacing the estimate above in (4.3) and using the Gronwall’s inequality once more,

we derive the first estimate (4.1). This completes the proof. �
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Lemma 4.2. Assume that the conditions (A1)-(A2) are satisfied. Given X0 ∈ V, Ẋ0, Y0 ∈
H, then there exists a constant C > 0 such that

E‖Xε
t+h −Xε

t ‖2 ≤ Ch2.

Proof: Clearly, by (4.1), we have

E‖Xε
t+h −Xε

t ‖2 = E

∥∥∥∥
∫ t+h

t

Ẋε
sds

∥∥∥∥
2

≤ hE

∫ t+h

t

‖Ẋε
s‖2ds ≤ Ch2.

This completes the proof of Lemma 4.2. �
Our goal is to estimate the difference between Xε

t , the slow component of (1.1), and
X̄t, the solution of the effective dynamics. To this end, we introduce an auxiliary process
(X̂ε

t , Ŷ
ε
t ) ∈ V×H. Considering a partition of [0, T ] consisting of intervals of the same length

δ (δ is sufficiently small and is fixed), that is, [0, T ] = [0, δ]∪ {∪
T
δ
�−1

k=1 (kδ,min{(k+1)δ, T}]},
where �x� stands for the integer part of real number x ∈ R. We then construct auxiliary
processes Ŷ ε

t and X̂ε
t as

Ŷ ε
t = Y ε

kδ +
1

ε

∫ t

kδ

[AŶ ε
s + F (Xε

kδ, Ŷ
ε
s )]ds+

1√
ε

∫ t

kδ

G(Xε
kδ, Ŷ

ε
s )dW

2
s

+

∫ t

kδ

∫
Z

H(Xε
kδ, Ŷ

ε
s−, z)Ñ

ε
2 (ds, dz) (4.4)

and

X̂ε
t = S ′

tX0 + StẊ0 +

∫ t

0

St−sf(X
ε

s/δ�δ, Ŷ

ε
s )ds+

∫ t

0

St−sg(X
ε
s )dW

1
s

+

∫ t

0

∫
Z

St−sh(X
ε
s−, z)Ñ1(ds, dz). (4.5)

Lemma 4.3. For t ∈ [kδ, (k + 1)δ], we have

E‖Y ε
t − Ŷ ε

t ‖2 ≤ Cδ2 (4.6)

and

E sup
0≤t≤T

(‖Ẋε
t − ˙̂

Xε
t ‖2 + ‖Xε

t − X̂ε
t ‖2V) ≤ Cδ2. (4.7)

Proof: By the energy equality (3.4), we have

d

dt
E‖Y ε

t − Ŷ ε
t ‖2 =

2

ε
E〈AY ε

t − AŶ ε
t , Y

ε
t − Ŷ ε

t 〉+
2

ε
E〈F (Xε

t , Y
ε
t )− F (Xε

kδ, Ŷ
ε
t ), Y

ε
t − Ŷ ε

t 〉H
+
1

ε
E‖G(Xε

t , Ŷ
ε
t )−G(Xε

kδ, Y
ε
t )‖2

+
1

ε
E

∫
Z

‖H(Xε
t , Y

ε
t , z)−H(Xε

kδ, Ŷ
ε
t , z)‖2v(dz)
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≤ −2α1

ε
E‖Y ε

t − Ŷ ε
t ‖2 +

CF + 1

ε
E‖Y ε

t − Ŷ ε
t ‖2 +

CG + CH

ε
E‖Y ε

t − Ŷ ε
t ‖2

+
C

ε
E‖Xε

t −Xε
kδ‖2

≤ −2α1 − CF − CG − CH − 1

ε
E‖Y ε

t − Ŷ ε
t ‖2 +

C

ε
δ2,

where 2α1 − CF − CG − CH − 1 > 0, and further by Gronwall’s inequality, we get

E‖Y ε
t − Ŷ ε

t ‖2 ≤ Cδ2.

Next, by (4.6), (A1)-(A2), Lemma 4.2 and [8, Lemma 3.2], we have the following

E sup
0≤s≤t

(‖Ẋε
s − ˙̂

Xε
s‖2 + ‖Xε

s − X̂ε
s‖2V)

≤ CE sup
0≤s≤t

∥∥∥∥
∫ s

0

Ss−rf(X
ε
r , Y

ε
r )− f(Xε


r/δ�δ, Ŷ
ε
r )dr

∥∥∥∥
2

V

+CE sup
0≤s≤t

∥∥∥∥
∫ s

0

S ′
s−rf(X

ε
r , Y

ε
r )− f(Xε


r/δ�δ, Ŷ
ε
r )dr

∥∥∥∥
2

≤ CE

∫ t

0

‖f(Xε
s , Y

ε
s )− f(Xε


s/δ�δ, Ŷ
ε
s )‖2ds

≤ CE

∫ t

0

(‖Xε
s −Xε


s/δ�δ‖2 + ‖Y ε
s − Ŷ ε

s ‖2)ds
≤ Cδ2.

This completes the proof of Lemma 4.3. �

5. Averaging Principles

The mild solution X̄t of (1.2) is formulated in the following manner

X̄t = S ′
tX0 + StẊ0 +

∫ t

0

St−sf̄(X̄s)ds+

∫ t

0

St−sg(X̄s)dW
1
s

+

∫ t

0

∫
Z

St−sh(X̄s−, z)Ñ1(ds, dz) (5.1)

where f̄ (introduced in Section 1) satisfies the global Lipschitz condition (due to the global
Lipschitz condition (A1) for f given in Section 2). By similar arguments as before, the
above integral equation (5.1) admits a unique mild solution X̄t. The time derivative of X̄t

is denoted by ˙̄Xt then, (X̄t,
˙̄Xt) ∈ L2(Ω;C([0, T ];V))× (D([0, T ];H) ∩ L2(Ω× [0, T ];H)).

Lemma 5.1. Suppose that (A1)-(A2) hold. Then there exists a constant C > 0 such that

Qε
k =

∞∑
i=1

E

[∫ δ

0

sin{√αi(s+ kδ)}〈f(Xε
kδ, Y

Xε
kδ,Y

ε
kδ

s
ε

)− f̄(Xε
kδ), ei〉Hds

]2
≤ Cδε,

Q̃ε
k =

∞∑
i=1

E

[∫ δ

0

cos{√αi(s+ kδ)}〈f(Xε
kδ, Y

Xε
kδ,Y

ε
kδ

s
ε

)− f̄(Xε
kδ), ei〉Hds

]2
≤ Cδε,

for k = 0, 1, · · · , �T/δ� − 1.

14



Proof: Please see Appendix A.

Lemma 5.2. Suppose that (A1)-(A2) hold. Then, for T > 0, we have

E sup
0≤t≤T

(‖Ξε
t ‖2V + ‖Ξ̇ε

t ‖2) ≤ C(δ +
ε

δ
)

where

Ξε
t =

∫ t

0

St−s(f(X
ε

s/δ�δ, Ŷ

ε
s )− f̄(Xε

s ))ds,

Ξ̇ε
t =

∫ t

0

S ′
t−s(f(X

ε

s/δ�δ, Ŷ

ε
s )− f̄(Xε

s ))ds.

Proof: For any t ∈ [0, T ], there exists an nt = �t/δ� such that t ∈ [ntδ, (nt+1)δ∧T ]. Hence,
we have the following representation

Ξε
t = I1(t, ε) + I2(t, ε) + I3(t, ε)

where

I1(t, ε) =


t/δ�−1∑
k=0

∫ (k+1)δ

kδ

St−s(f(X
ε
kδ, Ŷ

ε
s )− f̄(Xε

kδ))ds,

I2(t, ε) =


t/δ�−1∑
k=0

∫ (k+1)δ

kδ

St−s(f̄(X
ε
kδ)− f̄(Xε

s ))ds

=

∫ 
t/δ�δ

0

St−s(f̄(X
ε

s/δ�δ)− f̄(Xε

s ))ds,

and

I3(t, ε) =

∫ t


t/δ�δ
St−s(f(X

ε

t/δ�δ, Ŷ

ε
s )− f̄(Xε

s ))ds.

Let us first deal with I2(t, ε). Due to the Lipschitz continuity of f̄ , (A2) and [8, Lemma 3.2],
we have the following

E sup
0≤t≤T

‖I2(t, ε)‖2V = E sup
0≤t≤T

∥∥∥∥∥
∫ 
t/δ�δ

0

St−s(f̄(X
ε

s/δ�δ)− f̄(Xε

s ))ds

∥∥∥∥∥
2

V

≤ TE

∫ T

0

‖f̄(Xε

s/δ�δ)− f̄(Xε

s )‖2ds

≤ CTE

∫ T

0

‖Xε

s/δ�δ −Xε

s‖2ds
≤ Cδ2.

Next, for I3(t, ε), due to Hölder inequality, Remark 2.2, (4.1)-(4.2) and [8, Lemma 3.2], we
obtain

E sup
0≤t≤T

‖I3(t, ε)‖2V = E sup
0≤t≤T

∥∥∥∥
∫ t


t/δ�δ
St−s(f(X

ε

t/δ�δ, Ŷ

ε
s )− f̄(Xε

s ))ds

∥∥∥∥
2

V
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≤ CδE sup
0≤t≤T

∫ t


t/δ�δ
‖(f(Xε


t/δ�δ, Ŷ
ε
s )− f̄(Xε

s ))‖2ds

≤ Cδ + CδE sup
0≤t≤T

∫ t


t/δ�δ
(‖Xε


t/δ�δ‖2V + ‖Ŷ ε
s ‖2 + ‖Xε

s‖2V)ds

≤ Cδ + CδE sup
0≤t≤T

∫ t


t/δ�δ
‖Xε


t/δ�δ‖2Vds.

For the second term on the right hand side above, we further derive that

CδE sup
0≤t≤T

∫ t


t/δ�δ
‖Xε


t/δ�δ‖2Vds ≤ Cδ

⎡
⎣
T/δ�∑

k=0

E

∫ (k+1)δ

kδ

‖Xε
kδ‖2Vds+ E

∫ T


T/δ�δ
‖Xε


T/δ�δ‖2Vds
⎤
⎦

≤ Cδ,

where we have used the inequality (4.1) in the derivation. Hence, we have the following
estimation

E sup
0≤t≤T

‖I3(t, ε)‖2V ≤ Cδ.

For estimation of I1(t, ε), we start with the following series representation of Green’s function

I1(t, ε) =


t/δ�−1∑
k=0

I(t, k, ε)

where

I(t, k, ε) =

∫ (k+1)δ

kδ

∞∑
i=1

sin{√αi(t− s)}√
αi

〈f(Xε
kδ, Ŷ

ε
s )− f̄(Xε

kδ), ei〉Heids

=
∞∑
i=1

sin{√αit}√
αi

ei

∫ (k+1)δ

kδ

cos{√αis}〈f(Xε
kδ, Ŷ

ε
s )− f̄(Xε

kδ), ei〉Hds

−
∞∑
i=1

cos{√αit}√
αi

ei

∫ (k+1)δ

kδ

sin{√αis}〈f(Xε
kδ, Ŷ

ε
s )− f̄(Xε

kδ), ei〉Hds,

for k = 0, 1, · · · , �t/δ� − 1. We have

E sup
0≤t≤T

‖I1(t, ε)‖2V ≤ C
T

δ


T/δ�−1∑
k=0

E‖I(t, k, ε)‖2V

≤ C

δ


T/δ�−1∑
k=0

E

∞∑
i=1

[∫ (k+1)δ

kδ

cos{√αis}〈f(Xε
kδ, Ŷ

ε
s )− f̄(Xε

kδ), ei〉Hds
]2

+
C

δ


T/δ�−1∑
k=0

E

∞∑
i=1

[∫ (k+1)δ

kδ

sin{√αis}〈f(Xε
kδ, Ŷ

ε
s )− f̄(Xε

kδ), ei〉Hds
]2

≤ C

δ


T/δ�−1∑
k=0

E

∞∑
i=1

[∫ δ

0

cos{√αi(s+ kδ)}〈f(Xε
kδ, Ŷ

ε
s+kδ)− f̄(Xε

kδ), ei〉Hds
]2
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+
C

δ


T/δ�−1∑
k=0

E

∞∑
i=1

[∫ δ

0

sin{√αi(s+ kδ)}〈f(Xε
kδ, Ŷ

ε
s+kδ)− f̄(Xε

kδ), ei〉Hds
]2

.

By a time shift transformation, it follows from the definition of Ŷ ε
s that, for s ∈ [0, δ], the

process Ŷ ε
kδ+s coincides in distribution with the process, Y

Xε
kδ,Y

ε
kδ

s
ε

which is defined by (B.1)

in Appendix B. We have

Ŷ ε
s+kδ = Y ε

kδ +
1

ε

∫ kδ+s

kδ

AŶ ε
u du+

1

ε

∫ kδ+s

kδ

F (Xε
kδ, Ŷ

ε
u )du

+
1√
ε

∫ kδ+s

kδ

G(Xε
kδ, Ŷ

ε
u )dW

2
u +

∫ kδ+s

kδ

∫
Z

H(Xε
kδ, Ŷ

ε
u−, z)Ñ

ε
2 (du, dz)

= Y ε
kδ +

1

ε

∫ s

0

AŶ ε
u+kδdu+

1

ε

∫ s

0

F (Xε
kδ, Ŷ

ε
u+kδ)du

+
1√
ε

∫ s

0

G(Xε
kδ, Ŷ

ε
u+kδ)dW

2∗
u +

∫ s

0

∫
Z

H(Xε
kδ, Ŷ

ε
(u+kδ)−, z)Ñ

ε,∗
2 (du, dz), (5.2)

where W 2∗
u = W 2∗

u+kδ −W 2
kδ and p2∗u = p2u+kδ − p2kδ are the shift of W 2

u and p2u, respectively.
Let W̄u be a Wiener process which is independent of W 1

u and W 2
u , and let p̄u be a simple

Poisson Process which is independent of p1u and p2u. We construct process Y Xε
kδ,Y

ε
kδ as follows

Y
Xε

kδ,Y
ε
kδ

s
ε

= Y ε
kδ +

∫ s
ε

0

AY
Xε

kδ,Y
ε
kδ

u du+

∫ s
ε

0

F (Xε
kδ, Y

Xε
kδ,Y

ε
kδ

u )du

+

∫ s
ε

0

G(Xε
kδ, Y

Xε
kδ,Y

ε
kδ

u )dW̄u +

∫ s
ε

0

∫
Z

H(Xε
kδ, Y

Xε
kδ,Y

ε
kδ

u− , z)N̄(du, dz)

= Y ε
kδ +

1

ε

∫ s

0

AY
Xε

kδ,Y
ε
kδ

u
ε

du+
1

ε

∫ s

0

F (Xε
kδ, Y

Xε
kδ,Y

ε
kδ

u
ε

)du

+
1√
ε

∫ s

0

G(Xε
kδ, Y

Xε
kδ,Y

ε
kδ

u
ε

)d ¯̄Wu +

∫ s

0

∫
Z

H(Xε
kδ, Y

Xε
kδ,Y

ε
kδ

(u
ε
)− , z) ¯̄N(du, dz) (5.3)

where ¯̄Wu =
√
εW̄u/ε and ¯̄pu = p̄u/ε are the scaled version of W̄u and p̄u, respectively.

Comparing (5.2) and (5.3) yields that

(Xε
kδ, Ŷ

ε
u+kδ) ∼ (Xε

kδ, Y
Xε

kδ,Y
ε
kδ

u
ε

), u ∈ [0, δ) (5.4)

where ∼ means the coincidence in the distribution sense.
Furthermore, in view of (5.4) and Lemma 5.1, we have

E sup
0≤t≤T

‖I1(t, ε)‖2V

≤ C

δ


T/δ�−1∑
k=0

E

∞∑
i=1

[∫ δ

0

cos{√αi(s+ kδ)}〈f(Xε
kδ, Y

Xε
kδ,Y

ε
kδ

s
ε

)− f̄(Xε
kδ), ei〉Hds

]2

+
C

δ


T/δ�−1∑
k=0

E

∞∑
i=1

[∫ δ

0

sin{√αi(s+ kδ)}〈f(Xε
kδ, Y

Xε
kδ,Y

ε
kδ

s
ε

)− f̄(Xε
kδ), ei〉Hds

]2

≤ C

δ


T/δ�−1∑
k=0

EQε
k +

C

δ


T/δ�−1∑
k=0

EQ̃ε
k
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≤ C
ε

δ
.

The estimation of ‖Ξ̇ε
t ‖2 can be done analogously to ‖Ξε

t ‖2V as following

Ξ̇ε
t = İ1(t, ε) + İ2(t, ε) + İ3(t, ε)

where

İ1(t, ε) =


t/δ�−1∑
k=0

∫ (k+1)δ

kδ

S ′
t−s(f(X

ε
kδ, Ŷ

ε
s )− f̄(Xε

kδ))ds,

İ2(t, ε) =


t/δ�−1∑
k=0

∫ (k+1)δ

kδ

S ′
t−s(f̄(X

ε
kδ)− f̄(Xε

s ))ds

=

∫ 
t/δ�δ

0

S ′
t−s(f̄(X

ε

s/δ�δ)− f̄(Xε

s ))ds,

İ3(t, ε) =

∫ t


t/δ�δ
S ′
t−s(f(X

ε

t/δ�δ, Ŷ

ε
s )− f̄(Xε

s ))ds.

For İ1(t, ε), we have

İ1(t, ε) =


t/δ�−1∑
k=0

İ(t, k, ε)

where

İ(t, k, ε) =

∫ (k+1)δ

kδ

∞∑
i=1

cos{√αi(t− s)}〈f(Xε
kδ, Ŷ

ε
s )− f̄(Xε

kδ), ei〉Heids

=
∞∑
i=1

cos{√αit}ei
∫ (k+1)δ

kδ

cos{√αis}〈f(Xε
kδ, Ŷ

ε
s )− f̄(Xε

kδ), ei〉Hds

−
∞∑
i=1

sin{√αit}ei
∫ (k+1)δ

kδ

sin{√αis}〈f(Xε
kδ, Ŷ

ε
s )− f̄(Xε

kδ), ei〉Hds,

for k = 0, 1, · · · , �t/δ� − 1.
Similarly to the proof of I1(t, ε), I2(t, ε), I3(t, ε), we have the following

E sup
0≤t≤T

‖İ1(t, ε)‖2 ≤ C
ε

δ
,

E sup
0≤t≤T

‖İ2(t, ε)‖2 ≤ Cδ2,

E sup
0≤t≤T

‖İ3(t, ε)‖2 ≤ Cδ.

This completes the proof of Lemma 5.2. �
Lemma 5.3. Let (A1)-(A2) hold, then, we have

E( sup
0≤t≤T

‖ ˙̂
Xε

t − ˙̄Xt‖2 + sup
0≤t≤T

‖X̂ε
t − X̄t‖2V) ≤ C(δ +

ε

δ
). (5.5)
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Proof: By Lemma 4.3, B-D-G inequality, Hölder inequality, (A1) and [8, Lemma 3.2, Lemma
3.3, Lemma 3.6], we have

E sup
0≤s≤t

‖X̂ε
s − X̄s‖2V ≤ CE sup

0≤s≤t
‖Ξε

s‖2V + CE sup
0≤s≤t

∥∥∥∥
∫ s

0

Ss−u(f̄(X
ε
u)− f̄(X̂ε

u))du

∥∥∥∥
2

V

+CE sup
0≤s≤t

∥∥∥∥
∫ s

0

Ss−u(f̄(X̂
ε
u)− f̄(X̄u))du

∥∥∥∥
2

V

+CE sup
0≤s≤t

∥∥∥∥
∫ s

0

Ss−u(g(X
ε
u)− g(X̂ε

u))dW
1
u

∥∥∥∥
2

V

+CE sup
0≤s≤t

∥∥∥∥
∫ s

0

Ss−u(g(X̂
ε
u)− g(X̄u))dW

1
u

∥∥∥∥
2

V

+CE sup
0≤s≤t

∥∥∥∥
∫ s

0

∫
Z

Ss−u(h(X
ε
u−, z)− h(X̂ε

u−, z))Ñ1(du, dz)

∥∥∥∥
2

V

+CE sup
0≤s≤t

∥∥∥∥
∫ s

0

∫
Z

Ss−u(h(X̂
ε
u−, z)− h(X̄u−, z))Ñ1(du, dz)

∥∥∥∥
2

V

≤ C(δ +
ε

δ
) + C

∫ t

0

E‖X̂ε
s −Xε

s‖2Vds+ C

∫ t

0

E‖X̂ε
s − X̄s‖2Vds.

Further by Grownwall’s inequality, we obtain

E sup
0≤s≤t

‖X̂ε
s − X̄s‖2V ≤ C(δ +

ε

δ
)eCT . (5.6)

Next, by Lemma 4.3, B-D-G inequality, Hölder inequality, (A1) and Remark 2.3, as well as
by Grownwall’s inequality, we have

E sup
0≤s≤t

‖ ˙̂
Xε

s − ˙̄Xs‖2 ≤ CE sup
0≤s≤t

‖Ξ̇ε
s‖2 + CE sup

0≤s≤t

∥∥∥∥
∫ s

0

S ′
s−u(f̄(X

ε
u)− f̄(X̂ε

u))du

∥∥∥∥
2

+CE sup
0≤s≤t

∥∥∥∥
∫ s

0

S ′
s−u(f̄(X̂

ε
u)− f̄(X̄u))du

∥∥∥∥
2

+CE sup
0≤s≤t

∥∥∥∥
∫ s

0

S ′
s−u(g(X

ε
u)− g(X̂ε

u))dW
1
u

∥∥∥∥
2

+CE sup
0≤s≤t

∥∥∥∥
∫ s

0

S ′
s−u(g(X̂

ε
u)− g(X̄u))dW

1
u

∥∥∥∥
2

+CE sup
0≤s≤t

∥∥∥∥
∫ s

0

∫
Z

S ′
s−u(h(X

ε
u−, z)− h(X̂ε

u−, z))Ñ1(du, dz)

∥∥∥∥
2

+CE sup
0≤s≤t

∥∥∥∥
∫ s

0

∫
Z

S ′
s−u(h(X̂

ε
u−, z)− h(X̄u−, z))Ñ1(du, dz)

∥∥∥∥
2

≤ C(δ +
ε

δ
)eCT .

This completes the proof of Lemma 5.3. �
The proof of Theorem 2.3: As a consequence of Lemma 4.3 and Lemma 5.3, we clearly
get

E( sup
0≤t≤T

‖Ẋε
t − ˙̄Xt‖2 + sup

0≤t≤T
‖Xε

t − X̄t‖2V) ≤ C(δ +
ε

δ
).
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Next, by choosing δ =
√
ε, the above then yields

E( sup
0≤t≤T

‖Ẋε
t − ˙̄Xt‖2 + sup

0≤t≤T
‖Xε

t − X̄t‖2V) ≤ C
√
ε.

This completes the proof of Theorem 2.4. We are done. �

Remark 5.4. We would like to emphasize that we have confined ourselves to the case that
the diffusion coefficients of the slow dynamics do not depend on the fast component, that is,
g(x, y) = g(x), h(x, y, z) = h(x, z). In fact, a simple example (see [19]) indicates that strong
convergence does not hold where the noise coefficients of the slow equation depend on fast
variable.
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Appendix A: Proof for Lemma 5.1

Recall that we have defined Xε
kδ, Y

ε
kδ, Y

Xε
kδ,Y

ε
kδ

s . Fix x ∈ H and given y ∈ H, let Qy denote
the probability law of the diffusion process {Y x,y

t }t≥0 which is determined by the following
stochastic differential equation

dY x
t = [AY x

t + F (x, Y x
t )]dt+G(x, Y x

t )dW̄t +

∫
Z

H(x, Y x
t−, z)N̄(dt, dz), Y x

0 = y, (A.1)

where W̄t is a Wiener process, and N̄(dt, dz) is a Poisson random measure with the compen-
sator v(dz)dt which is independent of W̄t. Both W̄t and N̄(dt, dz) are defined on the given
filtered probability space (Ω,F ,P; {Ft}t≥0). The expectation with respect to Qy is denoted
by Ey. Hence, we have

Ey(Ψ(Y x
t )) = E(Ψ(Y x,y

t )),

for all bounded function Ψ . The reader is referred to [24] for more details about Qy. Recall
that {ei}i∈N is an orthonormal basis of H defined in Section 2, by the Fourier expansion and
the Fubini theorem, we have

Qε
k =

∞∑
i=1

E

[∫ δ

0

sin{√αi(s+ kδ)}〈f(Xε
kδ, Y

Xε
kδ,Y

ε
kδ

s
ε

)− f̄(Xε
kδ), ei〉Hds

]2

= 2

∫ δ

0

∫ δ

τ

∞∑
i=1

E sin{√αi(s+ kδ)}〈f(Xε
kδ, Y

Xε
kδ,Y

ε
kδ

s
ε

)− f̄(Xε
kδ), ei〉H

× sin{√αi(τ + kδ)}〈f(Xε
kδ, Y

Xε
kδ,Y

ε
kδ

τ/ε )− f̄(Xε
kδ), ei〉Hdsdτ
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≤ 2

∫ δ

0

∫ δ

τ

∞∑
i=1

E

∣∣∣〈f(Xε
kδ, Y

Xε
kδ,Y

ε
kδ

s
ε

)− f̄(Xε
kδ), ei〉H

∣∣∣
×
∣∣∣〈f(Xε

kδ, Y
Xε

kδ,Y
ε
kδ

τ/ε )− f̄(Xε
kδ), ei〉H

∣∣∣ dsdτ
for k = 0, 1, · · · , �T/δ� − 1. For i = 1, 2, · · · , we set

Qi(s, τ, x, y) = E
[∣∣〈f(x, Y x,y

s )− f̄(x), ei〉H
∣∣× ∣∣〈f(x, Y x,y

τ )− f̄(x), ei〉H
∣∣] .

To proceed, by invoking the Markov property of Y x,y
t , for i = 1, 2, · · · , we have

Qi(s, τ, x, y) = Ey
{
Ey

[∣∣〈f(x, Y x
s )− f̄(x), ei〉H

∣∣× ∣∣〈f(x, Y x
τ )− f̄(x), ei〉H

∣∣ |Mx
τ

]}
= Ey

{∣∣〈f(x, Y x
τ )− f̄(x), ei〉H

∣∣× EY x,y
τ

∣∣〈f(x, Y x
s−τ )− f̄(x), ei〉H

∣∣}
where Mx

t stands for the σ-field generated by {Y x
r , r ≤ t} and EY x,y

τ 〈f(x, Y x
s−τ )− f̄(x), ei〉H

means the function Eȳ[〈f(x, Y x
s−τ )− f̄(x), ei〉H] evaluated at ȳ = Y x,y

τ .
Using Hölder inequality and the Lipschitz continuity of f̄ , B.3, B.5 in Appendix B, we

then obtain the following

∞∑
i=1

Qi(s, τ, x, y) ≤ {
Ey‖f(x, Y x

τ )− f̄(x))‖2} 1
2 ×

{
Ey

(
‖Eȳf(x, Y x

s−τ )− f̄(x))‖2ȳ=Y x,y
τ

)} 1
2

≤ C
{
Ey‖f(x, Y x

τ )− f̄(x))‖2} 1
2 × {

Ey(1 + ‖x‖2 + ‖Y x
s−τ‖2)

} 1
2 e−

1
2
(s−τ)η

≤ C(1 + ‖x‖2 + ‖y‖2)e− 1
2
(s−τ)η.

Let Mε
kδ be the σ-field generated by Xε

kδ and Y ε
kδ, which is independent of {Y x,y

r : r ≥ 0}.
By adopting the approach in [24] (cf. Theorem 7.1.2 therein). We have

Qε
k = 2

∫ δ

0

∫ δ

τ

∞∑
i=1

E(E[|〈f(Xε
kδ, Y

Xε
kδ,Y

ε
kδ

s
ε

)− f̄(Xε
kδ), ei〉H|

×|〈f(Xε
kδ, Y

Xε
kδ,Y

ε
kδ

τ/ε )− f̄(Xε
kδ), ei〉H||Mx

kδ])dsdτ

= 2

∫ δ

0

∫ δ

τ

E[(
∞∑
i=1

Qi(s/ε, τ/ε, x, y))|(x,y)=(Xε
kδ,Y

ε
kδ)

]dsdτ

≤ C

∫ δ

0

∫ δ

τ

e−
1
2
(s−τ)ηdsdτ

≤ Cδε

for k = 0, 1, · · · , �T
δ
� − 1.

Analogously, we derive that Q̇ε
k ≤ Cδε, for k = 0, 1, · · · , �T

δ
� − 1. This then completes

the proof. �

Appendix B: The Ergodicity of The Fast Motion

For fixed x ∈ H, we consider the problem associates to the fast motion with frozen
component

dYt = [AYt + F (x, Yt)]dt+G(x, Yt)dW̄t +

∫
Z

H(x, Yt−, z)N̄(dt, dz), Y0 = y, (B.1)
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where W̄t and N̄(dt, dz) are given as before. Then, for any fixed x ∈ H and any y ∈ H, there
exists a unique mild solution of (B.1), which is denoted by Y x,y

t . By the energy equality
(3.7), we get

‖Y x,y
t ‖2 = ‖y‖2 + 2

∫ t

0

〈AY x,y
s , Y x,y

s 〉ds+ 2

∫ t

0

〈F (x, Y x,y
s ), Y x,y

s 〉Hds

+2

∫ t

0

〈G(x, Y x,y
s ), Y x,y

s 〉HdW̄s +

∫ t

0

‖G(x, Y x,y
s ‖2ds

+

∫ t

0

∫
Z

[‖H(x, Y x,y
s− , z)‖2 + 2〈H(x, Y x,y

s− , z), Y x,y
s− 〉H]N̄(ds, dz)

+

∫ t

0

∫
Z

‖H(x, Y x,y
s , z)‖2v(dz)ds. (B.2)

Then by (A1)-(A2) and Remark 2.2, we have

d

dt
E‖Y x,y

t ‖2 ≤ 2E〈AY x,y
t , Y x,y

t 〉+ 2E〈F (x, Y x,y
t )− F (x, 0), Y x,y

t 〉H + 2E〈F (x, 0), Y x,y
t 〉H

+2E‖G(x, Y x,y
t )−G(x, 0)‖2 + 2E‖G(x, 0)‖2

+2E

∫
Z

‖H(x, Y x,y
t , z)−H(x, 0, z)‖2v(dz) + 2E

∫
Z

‖H(x, 0, z)‖2v(dz)
≤ −2α1E‖Y x,y

t ‖2 + (CF + 1)E‖Y x,y
t ‖2 + CE‖F (x, 0)‖2

+(α1 − 1− CG − CH)E‖Y x,y
t ‖2 + (2CG + 2CH)E‖Y x,y

t ‖2
+2E‖G(x, 0)‖2 + 2E

∫
Z

‖H(x, 0, z)‖2v(dz)
≤ −ηE‖Y x,y

t ‖2 + C(1 + ‖x‖2)

where η = α1 − CF − CG − CH > 0.
Moreover, by Gronwall’s inequality, we have

E‖Y x,y
t ‖2 ≤ ‖y‖2e−ηt + C(1 + ‖x‖2). (B.3)

Next, let Y x,y′
t be a solution of (B.1) with the initial value Y0 = y′, with (A1) and (A2),

we have the following derivation

‖Y x,y
t − Y x,y′

t ‖2 = ‖y − y′‖2 + 2

∫ t

0

〈A(Y x,y
s − Y x,y′

s ), Y x,y
s − Y x,y′

s 〉ds

+2

∫ t

0

〈F (x, Y x,y
s )− F (x, Y x,y′

s ), Y x,y
s − Y x,y′

s 〉Hds

+2

∫ t

0

〈G(x, Y x,y
s )−G(x, Y x,y′

s ), Y x,y
s − Y x,y′

s 〉HdW̄s

+

∫ t

0

‖G(x, Y x,y
s −G(x, Y x,y′

s )‖2ds

+

∫ t

0

∫
Z

‖H(x, Y x,y
s− , z)−H(x, Y x,y′

s− , z)‖2N̄(ds, dz)

+2

∫ t

0

∫
Z

〈H(x, Y x,y
s− , z)−H(x, Y x,y′

s− , z), Y x,y
s− − Y x,y′

s− 〉HN̄(ds, dz)
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+

∫ t

0

∫
Z

‖H(x, Y x,y
s , z)−H(x, Y x,y′

s , z)‖2v(dz)ds.

Furthermore, with the aid of the energy equality (3.7) and the conditions (A1) and (A2), we
obtain the following

E‖Y x,y
t − Y x,y′

t ‖2 ≤ ‖y − y′‖2e−ηt (B.4)

where η = α1 − CF − CG − CH .
Next, for any x ∈ H, we use P x

t to denote the Markov semigroup associated to (B.1)
which is defined by the following

P x
t Ψ(y

′) = EΨ(Y x,y′
t ), t ≥ 0, y′ ∈ H,

for any Ψ ∈ Bb(H), where Bb(H) is the space of bounded measurable functions on H. We
recall that a probability measure μx on H is an invariant measure for (P x

t )t≥0, if∫
H

P x
t Ψdμ

x =

∫
H

Ψdμx, t ≥ 0

for any Ψ ∈ Bb(H). As in [6, 7], it is possible to show the existence of a unique invariant
measure μx for the semigroup (P x

t )t≥0 satisfying the following∫
H

‖y′‖2μx(dy′) ≤ (1 + ‖x‖2), x ∈ H.

Finally, according to the global Lipschitz assumption on f and the condition (B.4), we end
up with the following∥∥∥∥Ef(x, Y x,y

t )−
∫
H

f(x, y′)μx(dy′)

∥∥∥∥ =

∥∥∥∥
∫
H

[Ef(x, Y x,y
t )− Ef(x, Y x,y′

t )]μx(dy′)

∥∥∥∥
≤ C

∫
H

E

∥∥∥Y x,y
t − Y x,y′

t

∥∥∥μx(dy′)

≤ Ce−
1
2
ηt

∫
H

‖y − y′‖μx(dy′)

≤ Ce−
1
2
ηt(1 + ‖x‖+ ‖y‖). (B.5)
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