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GROUNDSTATES AND RADIAL SOLUTIONS
TO NONLINEAR SCHRODINGER-POISSON-SLATER EQUATIONS
AT THE CRITICAL FREQUENCY

CARLO MERCURI, VITALY MOROZ, AND JEAN VAN SCHAFTINGEN

ABSTRACT. We study the nonlocal Schrédinger—Poisson—Slater type equation
—Au+ (I * |uP)|ulP"2u = |u|9%u  in RV,

where N € N, p > 1, ¢ > 1 and I, is the Riesz potential of order a € (0, N). We introduce
and study the Coulomb—Sobolev function space which is natural for the energy functional of
the problem and we establish a family of associated optimal interpolation inequalities. We
prove existence of optimizers for the inequalities, which implies the existence of solutions to the
equation for a certain range of the parameters. We also study regularity and some qualitative
properties of solutions. Finally, we derive radial Strauss type estimates and use them to prove
the existence of radial solutions to the equation in a range of parameters which is in general
wider than the range of existence parameters obtained via interpolation inequalities.
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1. INTRODUCTION
1.1. Setting of the problem. We study the Schrédinger—Poisson—Slater type equation
(SPS) — Au+ (I * [uP) [ulP?u = [u|? 20 in RY,

where N €N, p>1,¢>1and I, : RY — R is the Riesz potential of order a € (0, N), defined for
x € RV \ {0} as

A NG
1, — o A, = 2 7
() [z[N—a” 0(3)rN/22e

The choice of normalisation constant A, ensures that the kernel I, enjoys the semigroup property
Tnyp=14%1g for each «, 8 € (0, N) such that a + 5 < N,
see for example [46, pp. 73-74]. Since I, * ¢ — @ as a — 0 for all p € C°(RY), the local equation
—Au A [uP?u = |u|? %y in RY

can be seen as a formal limit of (SPS) when @ — 0. Local equations of this type were studied, e.g.
in [21,40]. Because for o € (0, N) the Riesz potential I, is the Green function of the fractional
Laplacian (—A)®/2 (see for example [51, Section 5.1.1]), the system of equations

—Au+olulP2u = |ul7 2,
(_A)Oz/Q,U = U/p)

is formally equivalent to equation (SPS).
The nonlocal nonlinear Schrédinger equation, in natural units,

(1.1) 10 = — A + Ve (2)0 + (4 ] * || ) — |92, (z,t) € R® x R,
and its stationary counterpart

(1.2) — At Vi ()u + (

47T1|37| * \u|2)u = |ulT%u, = eR3,
appear in the physical literature as an approximation of the Hartree—Fock model of a quantum
many-body system of electrons under the presence of the external potential Veys, see [30] for a
mathematical introduction into Hartree—Fock method and further references therein. Within this
context equations (1.1) and (1.2) are known under the names of Schrédinger—Poisson—Slater [13],
Schrodinger—Poisson—X,, [6,37], or Maxwell-Schrodinger—Poisson [9, 18] equations. The function
|ul? : R® — R in equation (1.2) is the density of electrons in the original many-body system. The
nonlocal convolution term represents the Coulombic repulsion between the electrons. The local
term |u|?"%u was introduced by Slater [50] with ¢ = 8/3 as a local approximation of the exchange
potential in the Hartree-Fock model [13,37]. The multidimensional version of Schrédinger—Poisson—
Slater equation in R was proposed in [6], where the approximated exchange term corresponds to
¢ =2+ 2/N. The equation (1.2) is also related to Thomas—Fermi-Dirac-von Weizsicker (TFDW)
models of density functional theory [30, pp. 311-313].

From a physical point of view, the most relevant objects in the study of equation (1.2) are
minimisers and critical points of the energy J corresponding to (1.2), defined by

1 |u(@)Plu(y)* 1
_ Dul? + el + // dvd _,/ ¢
g =3 [ 10u+ 5 [ Velut?+ o [ BOEDE gL [ e,

subject to a prescribed mass constraint ||u||L2(R3) = m > 0. This leads to solutions of equation
(1.2) with a free Lagrange multiplier A = A\(m),

(1.3) — At A+ (Ve () + N + ( * |u|z)u = [u|" %, eR3,

1
47 ||
while the ansatz 1 (z,t) = eMu(z) produces standing-wave solutions of the time-dependent
equation (1.1). Equation (1.3) where Voxt + A > 0 and X is either a free Lagrange multiplier or
a fixed parameter had been extensively studied by many authors, see for example survey papers
[4,18] for an extensive list of references.
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In the critical frequency case, when Voy + A = 0, equation (1.3) becomes

1
4|z

(1.4) —Au+ ( * \u|2)u = |ulT%u, xR,

and had been studied by Ruiz [49] and Ianni and Ruiz [27]. Their results reveal a complex
mathematical structure behind (1.4). In particular, (1.4) admits a positive solution for 3 < ¢ < 6
[27, Theorem 1.2] and radial positive solution for 18/7 < ¢ < 3 [49, Theorem 1.3]. In addition,
[49, Theorem 1.4] shows that for 18/7 < ¢ < 3 solutions of (1.3) with Vexy = 0 and A — 0 converge
to nontrivial solutions of (1.4). In other words, under some circumstances (1.4) plays a role of the
limit equation for (1.3) in the critical frequency régime A — 0.

In order to capture and to understand various mathematical features of Schrédinger—Poisson—
Slater equations with zero potential, we embed it in a wider class of equations (SPS) in arbitrary
space dimensions and with general parameters. As we point out later in the present introduction,
our analysis of the functional setting provides new insights on the significance of the exponents ¢ = 3
and ¢ = 18/7 and highlights new phenomena occurring at different ranges of the parameters. In
particular we identify several values of the parameters which play the role of critical thresholds for
continuous, and locally and globally compact embeddings of a natural functional space associated
with (SPS), as well as for the existence and the nonexistence of solutions.

1.2. Function spaces and interpolation inequalities. Equation (SPS) has a variational struc-
ture. Using the semigroup property of the Riesz potential, the energy functional that corresponds
to (§PS) can be written as

1 1 2 1
j*u:f/ Du2+—/ I,/9 % |ulP 77/ ul9.
(w) 2RNl | 2]DRN| J2 * [ulP| qRNl\

Our first step in the study of Schrodinger—Poisson—Slater type equation (SPS) is to define a natural
energy space associated with the energy functional 7,. In Section 2 we define the Coulomb—Sobolev
space EP(RYN) as the space of weakly differentiable function for which the norm

1/p\ 1/2
lu]| gae = (/ |Du|2 + (/ ‘Ia/Z * |u|p|2) p)
RN RN

is finite. In the case N = 3, @ = 2 and p = 2, this space has been studied by P.-L. Lions [33, Lemma
4; 35, (55)] and D. Ruiz [49, section 2]. From their works, it is known that E22(R?) is a uniformly
convex separable Banach space, that E%?(R3) C L4(RY) for every ¢ € [3,6) and the embedding
fails for ¢ < 3. The proofs rely on the quadratic algebraic structure of the nonlocal term in the
case p = 2 and cannot be directly extended to a general p # 2. Note that both the norm ||-|| go.»r
and the energy J,, can be considered for all p > 1 and ¢ > 1, although for p =1 or ¢ = 1 the
interpretation of equation (SPS) as the Euler-Lagrange equation for 7, becomes delicate.

In Section 2 we show that the Coulomb-Sobolev space E*P(R¥) is indeed a well defined Banach
space for a general set of parameters N € N, a € (0, N) and p > 1. The space is uniformly convex
and reflexive for p > 1. We also show that L{. —convergence can efficiently replace the usual notion
of the weak convergence for p > 1 and that the subspace of smooth test functions C2°(R¥) is dense
in E4P(RN).

In Section 3 we study embedding properties of the space E“P(R™). Our main result in that
section is a Gagliardo—Nirenberg type interpolation inequality for Coulomb—Sobolev spaces and
associated optimal embeddings into Lebesgue spaces.

Theorem 1 (Coulomb-Sobolev interpolation inequality). Let N € N, a € (0, N), p,q € [1,+00).
The space E4P(RN) is continuously embedded in L4(RN) if and only if the following assumption
holds:

either lzu and l_iglgl_p_lv
1 (N —2)4 1 1 1 1 p—1

or —<-— and ———>->-— .

P N+a 2 N~ q 2 a+2p



SCHRODINGER-POISSON-SLATER EQUATIONS AT THE CRITICAL FREQUENCY 4

Moreover, if (Q) holds and a + N # p(N — 2) then there exists S = S(N,a,p,q) > 0 such that for
every u € E*P(RN) the interpolation estimate

(1.5) s( / wa < ( / N\Duﬁ)%( / (Lape s |u|P)2)%

s valid with

1 1 1 N+«
1.6 ,:9(,_7) 1-6
(1.6) q 2 N +( )ZNp
where
« a 1+«
<0#<1 if N>2, <6b< if N =1.
2p4+a = T SN =z 2p+ o l1+a+p /

If N > 3 and o« + N = p(N — 2) then there exists C = C(N,a) > 0 such that for every
u € BN (RN),

—a 2
(1.7 ¢ [ gl < ([ 10uP) ([ el 35 P) T
RN RN RN

In the cases N =1 and N = 2 only the first option of condition (Q) occurs, while £ — 4 < %
reduces to g < 400, so the assumption (Q) reads as
20+«
>1 and ¢g>2 .
P= =9 a

The parameter 6 in the interpolation estimate (1.5) can be computed explicitly in terms of the
exponent g as

2pN 2pN
N+o¢—pT pT—p(N—Z)
1.8 0= , 1-60= .
. N+ -pN =2 N+ -pN -2
In the assumption (Q) the reader will recognize g = % as the classical Sobolev critical exponent.

_ 92pta
The exponent ¢ = 25 s

estimate (1.5) with 6 = 55—,

=2 -2
(1.9) 5222‘1?/ W%g(/ \Du|2)“°‘(/ [Lajo % lul?2) 77
RN RN RN

When N =3, @ =2 and p = 2, the value ¢ = 3 was already known to be Coulomb—Sobolev critical
[35, (55); 49, theorem 1.5]. Inequality (1.5) for N € N, « € (0,N) and p = 2 was obtained in
[7, proposition 2.1]. We emphasise that unlike the classical Hardy-Littlewood—Sobolev inequality

2 aNp \ T
/ (Ia/2 * |u|p) < C(/ |ul N+a) ,
RN RN

inequality (1.5) is a lower bound on the Coulomb term and, via Young’s inequality, on the
I - || ga.p—norm. The latter ensures the continuous embedding

is a new Coulomb—Sobolev critical exponent. This case corresponds to
which reads as

2pta

E*P(RYN) C L*2%= (RV).

In section 3 we also study weighted lower estimates on the Coulomb term. By homogeneity
considerations, a natural candidate would be

P 2
(1.10) ( fut@)l” d:c) <C [ |l |ulP.
RN |x| 72 RN

However, as already observed by Ruiz [49, section 3] this estimate cannot hold. In proposition 3.5
we show that a necessary condition on the weight W : RY — R for inequality

(1.11) ( N W(x)|u(:r)\pdx>2 < c/RNura/2 « Jul?|?
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to hold for all u € E*P(RY) is
w
/ T S (z) dr < oo
BN\B, || 72 (1 + [logla|[)2 (1 4 log(1 + [log|x|[))°

for every o > % This completes the study of Ruiz who showed when « = 2 that inequality (1.11)

does not hold when W (z) > |a:|_¥ llog|||? when 8 < § — % [49, remark 3.3]. We also obtain a
family of weighted estimates (proposition 3.6), which as a particular case asserts that for v < %,

P 2
(/ — |’U/($)| d{B) < C/ |Ia/2 " |u|p|2
RN |z[ 7= (1 + [log|z|])” RV

for all u € E*P(RY). This particular inequality was established by Ruiz [49, theorem 3.1], but the
new proof we give is more direct.

1.3. Existence of groundstates. We prove the existence of optimizers for the Coulomb—Sobolev
inequalities except at the Coulomb—Sobolev critical exponent ¢ = 2% and Sobolev critical
2N

exponent ¢ = w—3-.

Theorem 2 (Existence of optimizers). Let N € N, a € (0, N) and p,q € [1,+00) be such that the
following assumption holds:

1 N -2 1 1 1 1 -1

either 7>Q and 77—<7<77p ,

(@) p N+« 2 N qg 2 a+2p
1<(N—2)Jr J 1 1>1>1 p—1

or P N+« an 2 N q¢q 2 a+2p

Then the best constant

Q:

$ 1o
(1.12) Si= inf (fRN|Du|2) (f]RN (Ia/j . |u|p)2> z
u€E~P(RN)\{0} (fRN|u\q>“

where 0 is given by (1.8), is achieved.

Existence of optimizers for (1.12) was previously established in [7, theorem 2.2] for N € N,
a€ (0,N)and p=2.

Existence of optimizers for the multiplicative minimization problem (1.12) is equivalent up to a
rescaling to the existence of optimizers for the constrained additive minimization problem

(1.13) M, :=inf {&(u) | u € Ea’p(RN),/ lu|? = c},
RN
where ¢ > 0 and we denote
1 1
1.14 (u) == Dul? + — I P2
(114) e.w) =5 [ 1D+ 5 [ hagasfup!

The direct proof of the existence of optimizers for M, which we give in theorem 8 provides some
additional understanding about the behaviour of minimizing sequences. In particular we show that
all the minimising sequences are relatively compact modulo translations, this result is in the spirit
of P.-L. Lions [34].

The multiplicative and additive minimization problems share up to a rescaling the same Euler—
Lagrange equation, in the sense that minimizers of (1.13) and, after a rescaling, minimizers of
(1.12) are weak solutions of the equation

(1.15) — Au+ (I * [u”)[ulP~?u = plu|? %y in RY,

with an unknown Lagrange multiplier 1 > 0, see section 5.2. If g # 2‘?—3 then a rescaling of
solutions of (1.15) allows to get rid of the Lagrange multiplier and to obtain a solution of the
original equation (SPS). Solutions of (SPS) obtained as rescaled minimizers of (1.12) or (1.13)
are called in what follows groundstate solutions.
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The proof of theorem 2 relies on a “compactness up to translations” type lemma (lemma 5.1,
see also [32, p.215]) and on a novel nonlocal Brezis-Lieb type lemma (proposition 4.1).

In contrast with its local counterpart [16], our nonlocal Brezis—Lieb lemma is an inequality:
we prove that if (u,),en converges to u : RY — R almost everywhere and if (Lo /2 * [un|P)nen is
bounded in L2(R¥), then

o p|2 IR p2
(1.16) hnrr_l)lonof RN’IQ/2*|un| 1" = [Tay2 * |up — ufP|” > RN|IQ/2*\u| .
This inequality is sufficient for the purpose of proving theorem 2.

It is natural to ask whether equality holds in the inequality (1.16), similarly to the classical local

Brezis-Lieb lemma. The answer is that equality holds if and only if (u,)nen converges strongly to

win LP (RYN) (proposition 4.3). This will be the case if (up)nen is bounded in some L (RY) for
some q > p, allowing to recover a result of Moroz and Van Schaftingen when ¢ = ﬁ,ﬁ’_’; [42, lemma

2.4] and of Bellazzini, Frank and Visciglia when p = 2 and ¢ > 2 [7, lemma 6.2].

One can also wonder whether a stronger assumption of boundedness in the Coulomb—Sobolev
E*P(RN) could imply equality in (1.16), or equivalently strong compactness in LY (RY). An
elementary local estimate on Riesz potentials (proposition 2.3) always ensures the local embedding
E*P(RN) c LV (RY). However, this embedding is compact if and only if p < 2%. In fact,

2a

for each a > 2 and p > =25 we construct a sequence of smooth functions which is bounded in

E*P(RYN), converges almost everywhere to zero and has LP-norm which is bounded away from
zero. Functions in the sequence have uniformly bounded supports located around a d—dimensional
hypercube in RY with d > N — « (see lemma 3.4).

Going back to the question about equality in the Brezis—Lieb inequality (1.16), we obtain that
ifa<2o0rp< %, and if the sequence (up)nen is bounded in the Coulomb—Sobolev space
E*P(RY), then equality holds in (1.16). We show that this restriction is optimal by constructing

for every p > (037&2% a sequence of smooth functions whose support concentrate to a bounded

Cantor-like set of positive H*/?~capacity and vanishing Lebesgue measure (lemma 4.6) .
In section 5 we study some additional qualitative properties of solutions of (SPS) such as
regularity and positivity. The following theorem summarizes our findings.

Theorem 3 (Existence of groundstates). Let N € N, a € (0, N) and p,q € (1,+00).

Assume that assumption (Q') holds. Then there exists a nontrivial nonnegative groundstate
solution u € E*P(RN) N C%(RYN) to equation (SPS) and u € C(RN \ u=1(0)). In addition, if
p > 2 then u(z) > 0 for all z € RV,

In the case N = 3, a = 2, p = 2 the existence of a positive solution to (SPS) was proved by
Tanni and Ruiz [27, theorem 1.2] using a mountain—pass type argument.

We do not know whether or not the restriction p > 2 is essential for the positivity of groundstates.
We also do not know whether or not groundstate solutions obtained in Theorem 3 are radial. We
study the existence of radial groundstates separately.

1.4. Radial estimates and existence of radial groundstates. In section 6 we study the
embeddings of the subspace E07(RY) of radially symmetric functions in E*?(R") into Lebesgue
spaces, in the spirit of the seminal result of Strauss [52] (see also [53,54]) and its counterpart for
some Coulomb—Sobolev spaces [49] (see also [8,14,39]). For « > 1 the radial embedding intervals
are wider then the intervals given by Theorem 1: the critical Coulomb-Sobolev exponent 222E< g

24+«
replaced by a stronger critical exponent.
Theorem 4 (Radial embeddings). Let N € N, o € (0,N) and p,q € [1,+00).
If a <1, then EXT(RYN) is embedded in LY(RYN) if and only if E*P(RYN) is embedded in LI(RYN).
If a > 1, then EST(RYN) is embedded in LY(RYN) if and only if the following assumption holds:

~—

rad
_ 1 (N-2), 11 1 SN +a—4
ther - > —F g - <=
(Qua) cuner p - N+a wmey N_q<2(2p(N—1)—|—N—a)7
rad 1 (N-2), 11 _1 3N +a—4
or —<-—— and - ——>-> .
D N+« 2 N 7q¢ 22p(N—-1)+N-q«)
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In this case, the interpolation estimate (1.5) is valid with 6 given by (1.8).

The embedding E%2(R3) ¢ L(R3) for q € (18/7,6] was established by Ruiz [49, theorem 1.2].

rad

Ruiz also conjectured that E5(R?) ¢ L'®/7(R3) [49, remark 4.1].
The intervals of assumption (Q,.q) are wider then intervals in (Q). As a consequence, for N > 2,

a > 1 and ¢ > 0 we establish the existence of optimizers for the radial minimization problem
(1.17) M, raq = inf {&(u) lue E;;;g(RN),/ |9 = c}
RN

where the functional &, is defined by (1.14), for a range of ¢ which is wider then the range
given in theorem 7. In particular, the existence range will include the Coulomb-Sobolev critical
exponent q = 2221’15 where the Euler-Lagrange equation (1.15) should be interpreted as a nonlinear
eigenvalue problem rather then as an equation, since the Lagrange multiplier in (1.15) cannot be

scaled out. The following summarizes the results.

Theorem 5. Let N > 2, a € (0,N) and p,q € [1,+00). Assume that either o <1 and (Q’) holds,
or a > 1 and the following condition holds:

either 1>7(N—2)+ and 1—l<1< SN a4
Q) D N+« 2 N q¢ 22p(N—-1)+N-q)’
rad 1<(N—2)+ PR B O 3N +a—4
or —<-—"— and - ——> - .
D N+« 2 N~ ¢ 22p(N-1)+N-«w

Then the embedding ECL(RN)  LY(RYN) is compact and the constrained minimization problem
(1.17) admits a nonnegative optimizer w € ESY(RN). When a # 1 the conditions are also necessary
for the compactness of the embedding.

In addition, assume that p > 1. Then for q # 222X% ¢ rescaling of w solves equation (SPS),

24«
while if ¢ = 22217:(3 then w solves the eigenvalue problem
(1.18) — Aw 4 (I * |w|P)|wP 2w = M yaq|w]? 2w in RY.

Moreover, w € C?(RY), w € C®(RYN \ w=(0)) and w(|z|) — 0 as |z| = oo. If p > 2 then
w(|z|) > 0 for all z € RV,

For N =3, a = 2, p = 2 the above theorem was proved by Ruiz in [49, theorem 1.3] (case
q € (18/7,3)) and by Tanni and Ruiz [27, theorem 1.2 and theorem 1.3] (cases ¢ € (3,6) and ¢ = 3).

In the Coulomb—Sobolev critical case ¢ = 222”:; the problem is invariant by scaling, in the sense
that if w is a solution of

(1.19) — Au+ (I * [u”) [ulP~%u = qu|u|?"%u in RY

for some p > 0, then for every A > 0 the function wy(z) = A~ 2D w(z/A) is also a solution of (1.19)
and £, (wy) = & (w). In particular, the scale invariance implies that M, = My and M¢ yaq = M rad
for every ¢ > 0 (see also (5.6)). Note that unless p = %t‘;, the L9—norm of w) is not preserved
and the scale invariance does not lead to the nonuniqueness of the minimizer for M, or M¢ 4. We
show in remark 7.2 that if ¢ = 2225 p £ N+ and the pair (p,u) € Ry x E“P(RY)\ {0} is a

24«
solution of (1.19) then

/«LZMlv

so that M; could be seen as the least eigenvalue of (1.19). This further justifies that in the
Coulomb—Sobolev critical case (1.19) should be interpreted as an eigenvalue problem rather then
an equation.

1.5. Open questions. We close this introduction by listing several problems that are left open in
the present work.
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1.5.1. Radial versus non radial minimizers. Radial symmetry of the minimizer constructed in
theorem 2 is open. It is also unclear whether the optimal constants M; and Mj ;.q share the same
value. A result in [49, theorem 1.7] shows that for N =3, a = 2, p = 2 and ¢ < 3 a breakup of
symmetry may occur when equation (SPS) is considered with Dirichlet boundary data on a ball
of sufficiently large radius. This construction however excludes the range of ¢ where both M; and
Mj raq are attained.

1.5.2. Uniqueness of the minimizers. Uniqueness up to translations of the minimizers constructed
in theorems 2 and 5 is open. If the minimizer for (1.12) was a nonradial function, then due to
rotations, we would have a strong non-uniqueness situation.

1.5.3. Positivity versus dead—cores for p < 2. Positivity of the groundstate solutions constructed in
theorems 2 and 5 is open for p < 2 and a-priori, the possibility of dead cores (regions in which the
solution vanishes) cannot be ruled out.

1.5.4. Radial compactness in the case « =1 and q = %(Zp -+ 1). Compactness of the embedding
ELRRN) ¢ L3@PH)(RN) in the case (N —2)p # N + 1 is open. If answered positively, this would
lead to the existence of a radial solution to the eigenvalue problem (1.18) in that case.

1.5.5. Double—critical case. The existence of optimizers in the double—critical case p = %f‘; and
q= 222’3;& = 2N is open. Observe that in the particular case N > 3 and a = 2 solutions of (1.15)
for p = % andg=p+1= % can be formally constructed from the explicit radial groundstate
solutions U € Ef;ﬁ (RM) of the critical Emden-Fowler equation

AU =U~%, U>0 iRV
Indeed, then I5 * |U|% = U and therefore,
—AU + (I« UN2)U~N= = 2U~% in RV,

It is unclear however whether U is a groundstate of (SPS), i.e. if it is a minimizer of (1.17).

2. COULOMB—-SOBOLEV SPACES
2.1. Definition of Coulomb—Sobolev spaces.

Definition 1. Let N € N, a € (0, N) and p > 1. We define the Coulomb space Q*P(RY) as the
vector space of measurable functions v : RN — R such that

1
.
fullges i= ([ Vaga e lule?) ™ < ox.
R

It can be observed that for every measurable function, v € Q%P(RY) if and only if |u? €
Q1 (RY). By the Hardy-Littlewood-Sobolev inequality [32, theorem 4.3] we have

2 2N Nio
P N
/ ’Ia/2*|u|p‘ SC’(/ |u|N+a)
RN RN

and thus L+ (RV) € QP (RN).

Proposition 2.1. Let N € N, o € (0,N) and p > 1. Then ||-||gor defines a norm.

Proof. By the classical integral weighted Minkowski inequality [32, theorem 2.4] we have for every
x € RN,

1 1 1
< age * [ulP) @)+ [(Lago * [ofP) (@) |7

| (Zayz * [u + vlP) ()
By integrating and applying the Minkowski inequality in L?’(R™) we conclude that

</RN|(IQ/Q lut U|p)|2>ﬁ = </RN|(Ia/2 * \U|p)|2>ﬁ + (/RN |(Za 2 * |v\1’)|2)ﬁ_ O
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When p = 1 the norm ||-||ge.1 is not generated by an inner product and does not coincide with the
a—energy norm of the classical potential theory. The latter is defined by |[ul[ga := [[1q/2 * u| L2 ®N),
see for example [46, pp. 80-81].

Definition 2. Let N € N, a € (0, N) and p > 1. We define the Coulomb-Sobolev space E*P(RY) as
the vector space of functions u € Q%P (RY) such that u is weakly differentiable in RY, Du € L*(RY)

and "
2 1/p
|u|| ger = (/ |Du|2+(/ | To /2 * |ul?] ) ) < 0.
RN RN

The function ||-||ga.» defines a norm in view of proposition 2.1.
The space E*2(R3) was introduced and studied by Ruiz [49, section 2].

2.2. Completeness of Coulomb—Sobolev spaces. It is not difficult to see that the Coulomb
space Q*P(RY) is not complete, as it contains Cauchy sequences vaguely converging to measures.
We are going to prove that the Coulomb-Sobolev space E*?(RY) is a Banach space.

Proposition 2.2. For all N €N, a € (0, N) and p > 1 the normed space E“P(RN) is complete.
The first ingredient of the completeness is the following local estimate, which in particular

implies that E*P(RYN) c LV (RY).

loc

Proposition 2.3. For all N € N, o € (0, N) and p > 1, there exists C > 0 such that for every

a€RY and p >0,
1
N—« 2\ 2
[ <es s ([ e elalf)”
By(a) By (a)

P

Proof. We observe that for every z € B,(a),

(N-a u(y)[?
(2p)" W /2)/3 (a)\u|pdy < /B “ mdy < C1(Tayz * ul?) (2).

The conclusion follows by integration. O
The second ingredient is the following Fatou property for locally converging sequences.

Proposition 2.4 (Fatou property). Let N € N, a € (0,N) and p > 1. If (un)nen is a bounded
sequence in E“P(RYN) that converges to a function u: RN — R in L (RYN), then u € E*P(RYN),

/ | Dul? gliminf/ | D, |?

/|Ia/2*|u|p|2§liminf/ |Ia/2*|un|p|2_
RN BN

n—oo
Moreover Du,, — Du weakly in L*(RY).

and

This property is known in the context of classical Sobolev spaces [59, theorem 6.1.7].

Proof. 1f ¢ € CLH(RY;RY), then

—/ udivy = — lim U, divey = lim Du,, -,
RN

n—oo RN n—oo RN

and therefore by the Cauchy—Schwarz inequality

[

By the Hahn—Banach theorem, the distribution Du induces then a linear functional on L?(RY).
Therefore, by the Riesz representation theorem, there exists F' € L?(R™;RY) such that for every
¥ € C(RY;RY),
— / udivey = F -,
RN

RN
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and

/ |F|? §liminf/ | Du,, |2,
RN n—oo RN

that is F = Du in the weak sense and Du satisfied the required estimate. From the fact that
F = Du it follows that Du,, — Du weakly in L%(RY).
Next we observe that by Fatou’s lemma, for almost every z € RY holds

(Ia/Q * \u|p) (:L') < llnrglogf(_[a/z * |un|P) (LE)

Hence, by Fatou’s lemma again,

/ Loz * |u|p|2 < liminf/ [ To /2 * |un|?
RN n—oo [pN

Proof of proposition 2.2. Let (u,)nen be a Cauchy sequence in E*P(RY). By Proposition 2.3,
(un)nen is also a Cauchy sequence in LI (RY). Hence there exists u € L} (R"™) such that
(tn)nen converges to u in LfOC(RN). In view of proposition 2.4 we conclude that u € E*P(RY).
Moreover, for every n € N the sequence (t, — U )men converges to u, —u in L (RY). Hence, by

loc
proposition 2.4 again,

/ | Du,, — Dul? +/ [ * Jun — u|”’2 < limsup/ | Dy, — Dy |2 +/ [ # Jun — um|p’2.
RN RN m—oco JRN RN

2. 0

Since (uy)nen is a Cauchy sequence in EP(RY),

limsup/ | Du,, — Dul? +/ [T * Jun — u|”’2
n—00 RN RN
< limsuplimsup/ | D, — Dy, |2 +/ ’Ia * Uy, — um\p‘z
n—oo m—oo JRN RN
< limsup/ | Dy, — Dy |2 +/ ‘Ia * |y — um|”’2 =0.
RN RN

m,n— 00

O

We complete this description of the completeness properties of E*?(RY) with an embryonic
local compactness result.

Proposition 2.5 (Elementary local compactness). Let N € N, a € (0,N) andp > 1. If (un)nen
is a bounded sequence in E*P(RN), then there exists a subsequence (un, )ren that converges in
Li (RN).

loc

Proof. By proposition 2.3 and Holder inequality, the sequence of functions (uy,)nen is bounded in
LL.(RY) and thus in W,! (RY). The conclusion then follows from the classical Rellich theorem

and a diagonal argument. O

2.3. Density of test functions in Coulomb—Sobolev spaces. We are going to show that
Coulomb-Sobolev space E*P(RY) can be naturally identified with the completion of the set of
test functions C2°(RY) under the norm ||-|| ga.».

Proposition 2.6 (Density of test functions). Let N € N, a € (0,N) and p > 1. The space of test
functions C°(RYN) is dense in the Coulomb space E*P(RY).

For N > 3 this implies that the Coulomb-Sobolev space E*P (RN ) can be represented as
E*P(RY) = @*?(RY) nDV*(RY),

where D2(RY) is the homogeneous Sobolev space of weakly differentiable functions [59, definition
7.2.1]. Taking this as a definition would not allow to cover the low dimensions N € {1,2}, when
DL2(RY) is not defined.
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Proof of proposition 2.6. Let 8 € C*°(R) be a cut-off function such that [§’| <1 on R, § =0 on
[-1,1] and 6(¢) =t if |t| > 2. For n € N, let 0,,(t) = 6(nt)/n. Choose a nonnegative radial test
function 7 € C2°(RY) such that [,y 17 =1 and suppn C By and set n,,(z) = n’n(nxz). For a given
u € E¥P(RY), define

Up := O, 0 (N % ).

By proposition 2.3, u € Llloc(RN ) and therefore u,, is well-defined. By smoothing properties of the
convolution and by the chain rule, u,, € C*(RY).

We are going to show that the support of u, is compact. Observe that for each z € RN, by
Holder inequality and by proposition 2.3,

1
[N * u(x)] < CnN/ lu| < Cn¥ (/ |u|p) T < O'nm (/
Bl/n(‘r) Bl/n(l) B

Since [pn Loz * |u|p|2 < 00, we deduce therefrom that lim|,| (7, * u)(z) = 0, and thus the set
supp(f,, o (1, * u)) is compact.

Moreover, since the function u is locally integrable and weakly differentiable, the sequence
(Nn * u)pen converges to u in Wl’l(RN). By the properties of 6,, and by Lebesgue’s dominated

loc

1
|Ia/2 * |u|p|2) -

l/n(w)

convergence theorem, it follows immediately that the sequence (uy)nen converges to u in Wlicl (RM).
Since 7 is nonnegative, we observe that for every n € N|

/ D2 < / D(pn )2 < / |Dul?.
RN RN RN

Since the sequence (Duy,)nen converges to Du in measure, it follows that

lim |Du,, — Dul* =0

n— oo RN

(cf. [59, proposition 4.2.6]).
Next, by Fatou’s lemma, we have for every z € RV,

(2.1) lim inf (1, /2 * [un|P)(2) > (In/2 * [ulP)(2).
n—oo
On the other hand, by Jensen’s inequality
Ia/? * |un|p < Ia/Q * ‘pn * u|p < pn * (Ioz/2 * |u‘p)7

and hence

(2.2) hmsup/ | To /2 * \un|p|2 < / [T /2 * |u\p|2.
RN RN

n—oo
Therefore, we deduce from (2.1) and (2.2) that for almost every z € RV,
(2.3) lim (1o /2 * [un|?)(2) = (T2 * |ul?) (),
n—oo
and thus (see for example [59, proposition 4.2.6]), for every such x € RV,
nlLrI;O(Ia/z * |uy, —ulP)(x) = 0.

We deduce also from (2.2) and (2.3) that

. 2
lim |Ia/2 * [up|P — Loy * \u|p’ =0.
n—oo RN

Finally, since
Iy * Jup —ulP < 2”*1[(,(/2  (Jul? 4 [un [P) < 2P 14 /9 * [uf? + 2p*1|Ia/2 * [up|P — Io)0 |u|p|,
we conclude by Lebesgue’s dominated convergence theorem. O

2.4. Further properties of Coulomb—Sobolev spaces.
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2.4.1. Uniform convexity and reflexivity. In order to study the uniform convexity of the Coulomb—
Sobolev space E*P(RYN), we first establish uniform convexity of the Coulomb space Q*P(R™Y).
The property will follow from the following inequalities.

Proposition 2.7 (Clarkson-Boas—Koskela inequalities). Let N € N, o € (0,N). Ifp,r,s € (1,00)
satisfy

P S
> 2777 }7
r_max{pp—l s 1

then for every u € QVP(RY),
(f Mg stut ol )7 4 ([ e sl o)
RN RN
<20 ([ o)+ ([ el ?) )
RN RN

Proof. The Clarkson—Boas—Koskela inequalities in uniformly convex spaces [36, theorem 3.2] (see
also [10, lemma 8.1; 11, theorem 2; 28, theorem 3]) states that for every U,V € L?(RY; LP(RY)),

(/RN (/RNlU(x,y) JrV(:c,y)|z>dy>2<ilgg)é + (/RN (/RNW(‘T’y) 7V(I’y)|pdy>2dx>ﬁ
< zr(l—i)((/RN (/H§N|U(x,y)|pdy)2dx)% N (/RN (/RNIV(x,y)V’dy)de)z;);

In particular, if we take U(z,y) = I(z — y)%u(y) and V(x,y) = Io(x — y)rv(y), we reach the
conclusion. 0

D=

In particular, if p < % one can take r = ﬁ and s = p and we obtain

1 1
) ([ Mool ol )™ ([ o o) T
RN RN

1 1\ =1
<o (Vi) o (o))
RN RN

whereas when p > % one can take r = 2p and s = % and we obtain

@5)‘/|am*m+vm%5/\am*m—vm2
RN RN

1 1
<o () ™7 ([ rogaeloP) 7T
RN RN

An important consequence of these considerations is the uniform convexity of the Coulomb
spaces with p > 1.

2p—1

Proposition 2.8. Let N €N, a € (0, N) and p € (1,00). Then Q*P(RY) is uniformly convez.
Proof. Follows immediately from the inequalities (2.4) and (2.5). O

Remark 2.1. Alternatively, one can observe that the map £ : Q*P(RY) — L% (RY; LP(RY))
defined by

(2.6) (Lu)(@,y) = (Laj2(z —y))

is a linear isometry from Q%P (RY) into L% (RY; LP(RY)). Since the latter is uniformly convex
[10, §8; 11, theorem 2], its linear subspace £(Q*P(RY)) c L?P(RN; LP(RY)) is also uniformly
convex and thus the space Q*P(RY) is uniformly convex.

T =

u(y),
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Remark 2.2. When p > 2, it is possible to deduce the uniform convexity directly from the classical
LP Clarkson inequality. Since p > 2, for every a,b € R,

la+b|” + |a— b < 2°7 ([al” + [b]").

Hence, by linearity of the convolution and by positivity of the Riesz-kernel,
/ |Ig*|u+v|p+Ig*|u—v|p|2§22p72/ |Ig*|u|p—|—lg*\v|p|2.
]RN 2 2 RN 2 2

Expanding the square and applying the Cauchy—Schwarz inequality then implies

2 2 - 2 2
/RN|I%*|u—|—v|p| —l—/RN|I%*|u—'U\p‘ < 2% 1(/RN|I%*|u|p| —|—/RN|I%*|U|p| )

This inequality was proved for p = 2 by D.Ruiz [49, p. 355] and follows directly from the stronger
inequality (2.5) by the discrete Holder inequality.

The uniform convexity of the Coulomb space Q*P(RY) implies uniform convexity of the
Coulomb-Sobolev space E*P(RY).

Proposition 2.9. Let N €N, a € (0, N) and p € (1,00). Then E“P(RYN) is uniformly convex.

It follows from proposition 2.9 that the space E*P(RY) is reflexive [41] (see also for example
[15, theorem 3.31; 61, theorem V.2.2]).

Proof of proposition 2.9. We consider the map P : E4P(RY) — QP (RY) x L2(RY;RY) defined
by Pu = (u, Du) and we set

[[(w, U)llQer (@) x 2@ vy = \/H“”éa’p(uw) +IUN L2 @ vy

so that P in an isometry. By a general result on the product of uniformly convex spaces [20, theorem
3] (see also [49, lemma 2.3]), the space Q*P(RY) x L?(RY;R¥Y) is uniformly convex and thus
E*P(RY) is also uniformly convex. O

2.4.2. Weak convergence in Coulomb—Sobolev spaces. The above results allow to obtain a useful
characterization the weak convergence in E*P(RY), which we are going to use extensively in the
sequel.

Proposition 2.10. Let N € N, a € (0, N) and p € (1,00). A sequence (un)nen in E*P(RN)
converges weakly to u € E*P(RN) if and only if it is bounded in E*P(RN) and converges to u
strongly in LL (RY).

loc

Proof. Since the space E“P(RY) with p > 1 is reflexive, its unit ball is weakly compact. In view
of the compactness property of proposition 2.5, it suffices to show that if (uy,),en converges weakly
to u in E*P(RY) and converges strongly to @ in L, (RY), then u = @ almost everywhere.

To check this, we take ¢ € C.(R") and we define the linear functional ¢,

(0, ) :/RN 0.

By proposition 2.3, £ is well-defined and continuous on E%?(RY). Therefore,

lim PUp = / pu.
n—oo RN RN

On the other hand, we conclude immediately that
lim PUy = / pu.
n— oo RN RN

Since ¢ € C.(RY) is arbitrary, we conclude that u = @ almost everywhere. (]
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2.4.3. A characterization of the dual space. Since Q*P(R™) can be identified with a linear sub-
space of L% (RY; LP(RY)) via isometry (2.6), any linear functional Q®?(R") can be extended
to a linear functional on L?P(RY; LP(RY)), whose elements can be represented by functions in

Lo (RN L7 7 (RY)). This gives a representation of linear functionals on Q2 (RM).

Proposition 2.11. Let T be a distribution, then T € (Qa’p(RN)), if and only if there exists
F:RN xRN — R such that
2(p—1)

/RN(/RN|F(x,y)|ﬁ dx) Py < oo

and for every p € C°(RY),

T = [ ([ Penlpl-1)? dy)e@ do
RN \JRN
This representation is still valid when p = 1, it should then be understood that
2
/ (ess supmeRN|F(x,y)|) < 0.
]RN

The representation of proposition 2.11 allows to represent the dual of E*?(RY).

Proposition 2.12. Let T be a distribution, then T € Q*P(RN) if and only if there exists
F:RNYN xRN %R and G : RN = R such that

2(p—1)
/ |G|2+/]RN</RN\F(9:,y)|%d:E) " dy < .

and for every p € C(RY),
Q)= [ 6@ Telw)+ ([ Pea)lapsle —)* dy) (o) do

3. COULOMB—SOBOLEV EMBEDDINGS

In this section we prove theorem 1 and study local compactness properties of the embedding of
Coulomb—Sobolev spaces into Lebesgue spaces.

3.1. Continuous embedding into Lebesgue spaces and proof of theorem 1. In order to
prove theorem 1 we first establish the critical Coulomb—Sobolev inequality (1.9).

Proposition 3.1 (Coulomb-Sobolev inequality). Let N € N, o € (0, N) and p > 1. There exists
C > 0 such that for every u € E*P(RYN),

22p+ 2+a 2 Hia
. o < p .
(3.1) | <o ([ ) ([ e s ur?)

Proof. For every z € RY and p > 0, we have [38, theorem 1.1.10/1] the estimate

Du(y
Ju(z)| < C(/B . deé (I)|u|>.

1 * X{y:lx—y\<t}(y)
—— =(N-1 e =Tt dt
|z —y[N -t ( )/0 tN ’

Since for N > 1

by Fubini’s theorem and by the definition of the maximal function

Mf(z) = sup]{B » |f(z)|dz,

p>0

| Du(y)| > [Du(y \X{y |x i<t} (¥ )dtdy
B,(z) |z —y[N- 1 ()

1 !
= (N - 1)/ o~ (/ |Du\dy) dt < C'pM|Dul(x).
0 By (x)

we have
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The same estimate is obviously true when N = 1. On the other hand, by Hoélder’s inequality and
by definition of the Riesz potential I, 2,

% Cl/ 1
Fowls(f ) < S @)
B,(x) By (z) per

Therefore for every x € RV,

u(z)] < " (pMIDu\(x) P73 (I * |u|p(x))%).

If we take
_ (Ia/g * IUIp(ﬂf))zz%
M|Du|(zx) ’
then N 2
lu(x)| < C"" (M|Dul(x)) ¥ (In/2 * [ulP (x)) ¥,
and

2a 4
[ua) PHE < O (M|Du|()) 7 (Tajo * [ul? (2)) 7.
By integration and by Holder’s inequality,

[ s <o ([ apa?) ([ ()
RN RN RN

By the classical maximal function theorem [51, theorem 1.1], we conclude that

_2
/1\,|7ML|222”_*_—+(;1 < o (/ ‘D | )2+a (/N (Ia/g . |U|p)2) 2+a' O
R R

As a direct consequence of the critical Coulomb—Sobolev inequality (3.1) we obtain a pointwise
one—dimensional estimate. We give a proof for completeness, which could also be obtained by
invoking directly the classical homogeneous Gagliardo—Nirenberg interpolation inequality.

Theorem 6. Let o € (0,1) and p > 1. There exists C > 0 such that for every u € E*P(R),
1+a 1
supl|u(z)| < C’(/|u’\2) (A Fatp) (/|Ia/2 % |u|p‘2> 2(1+a+17).
R R R
Proof. We prove the inequality for u € C2°(R), the conclusion will follow by density. Let ¢t = 2 2p 'H’
from the fundamental theorem of calculus and by the Cauchy- Schwarz mequahty we have:

¢ t+2 [ t
o)l F <522 [ it < of [lu) ([ wr)

By Proposition 3.1, the integral of |u|* can be estimated and the theorem follows. O

Proof of theorem 1. We first assume that N = 1. Since ¢ >t = 22p+a then

(L) = (L) < i ([ 1ar)

The statement easily follows by estimating the two factors, respectively, by theorem 6 and
proposition 3.1.

Assume that N > 2. By the Gagliardo—Nirenberg interpolation inequality [24,44] and by the
Coulomb—Sobolev inequality (proposition 3.1), we have

24«

< & 2p [e] = a
(/ ‘u|q)q§01(/ |Du|2)2(/ |u\ 2;:‘) 2 2p+
RN RN RN
2\ @ty 2\ Z¥a
<G [ D) ([ oy )
RN RN

with p,q € [1,+00), u € [0,1] and

L (1_l>+(1_ )Hia
g "2 N Moep+a)
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Then (1.5) follows with 6 € [ﬁ, 1] and
1 1 1 N+
5_9(5_N)+<1_9) T 0

Proposition 3.2 (Necessary condition for the embeddings). Let N € N, a € (0,N) and p > 1. If
for every u € O (RY),

(32 ([ ) ([ 1pur+ ([ ap)?)")

then assumption (Q) holds.
Proof. Let u € C°(RY)\ {0}. For A > 0, define the function uy € C(RY) by
ux(z) = u(z/N).

[t =x [ i,

RN RN

/“|Duﬂ2::AN*2/“|DuF,
RN RN

/ (Ljs # [us|?)? = AN / (Lo * [ul?)?.
RN RN

By (3.2), we have for every A > 0,

We compute

N N-—2 N+to
2p

Ao <e(A7 +A

).

N -2 N—l—a}
2 7 2 ’

We deduce therefrom that
C(N—-2 N+« N
mln{ , } < —
2 2p q

< max{

which is weaker then (Q).
Assume that N + a # p(N — 2). Optimizing with respect to A > 0 the quotient

o e D0+ (s (T ¢ fn)’)

2 )

(Sanluals)”

=

(3.3)

we see that R()) attains an optimal value at

(o (o )

fRNlD“‘Q 7

P
(N=2)p—(N+a)

(3.4) A= C,

where C, = C.(N, «,p,q). This leads to the estimate

a(N+o)—2pN 2N —g(N—2)

(3.5) (/RN|u|q)2 - C(/RN‘DUP)W(/RN(I&/Q*Iulp)a)m_

Given a vector a € RY \ {0} and n € N, define the function u, , € C2°(RY) by

n

Un,a(T) = Z u(z + ia).

i=1

Then

lim |Dup o* = n/ | Dul?,
RN RN

la]—o0

lim [tin,ql? = n/ ]9,
la| =00 JrN RN
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tim [l sl =n [ Tugo s b
]RN

al|—o0 N
al R

Using the diagonal argument, from (3.5) we deduce that for all sufficiently large n € N must hold

, q(N+a)—2pN 2N —q(N—-2)
n? < O'nN+a)=pN=2) n N Fa)—p(N=2) |

which implies (Q).
Next assume that N + a = p(N —2). For A > 0, consider the rescaling

ux(z) = A7 u(z/N).
. . . N2, N . . 2N
Substituting to (3.2) we obtain A~ "2 "« < C, which requires ¢ = 75 O

2p+

Remark 3.1. In the critical case ¢ = 2 a rescaling of the sequence (up,q)nen is bounded but

not compact up to translations in E*P (R ) In fact such a sequence is vanishing in the sense of
P.-L. Lions [34].

3.2. Local compactness in Lebesgue spaces. Since the functional space E*P(R") is invariant
under translations, the embedding E*?(R") into LI(R™) is never compact.
By theorem 1 and proposition 2.3, we have continuous embedding E*?(RY) C L{ (RY) for all
q > 1 such that
1
q = mm{Q N’ p' 22p+a
We show that this embedding is compact if and only if the inequality is strict.

1 11 2+a}
)

Proposition 3.3 (Local compactness in L?). Let N € N, a € (0, N) and p > 1. The embedding
E*P(RN) c LI (RN) is compact if and only if

1 > mi {1 1 1 24+« }

- >miny = — —,—, ——

q 2 N'p' 2(2p+a)

In particular, the embedding E*P(RY) C LY (RY) is compact if and only if
1 1 1

3.6 —>(5-2) .
(3.6) PRSI
Indeed (3 6) is equivalent to 1 é;fa) Then by proposition 3.3 we should have elther = > 5— %,
or = > 5> Or > 5 — = The second condition can never be satisfied, and the third is Weaker than

the ﬁret one smce a < N
We shall see later in lemma 4.6 that (3.6) is equivalent to the weak continuity of the map
u € E¥P(RN) = I, % |ulP € L2(RY).

Proof of proposition 3.3. If the sequence of functions (uy)nen is bounded in the Coulomb—Sobolev
space E%P(RY), then passing to if necessary to a subsequence by proposition 2.5, (u, )nen converges
strongly to a function v € LL _(RY). By theorem 1 and proposition 2.3, the sequence (uy)nen is
bounded in L{ _(R™N) for every g such that

1 111 24«

- > mln{f - =, - 7}

q 2 N'p'2(2p+a)
In particular, we can take ¢ > ¢. Then by the classical Hélder inequality we have for every compact
set K C RV,

/ [un, — ul? < (/ \un—u|) qil(/ \un—u|q> o
K K K

Therefore, the sequence (u,)nen converges to u in L (RY).
Ifp < N +a , then
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2N
In this case the lack of compact embedding from E“P(RY) into LJ_>(RY) can be seen by
considering, for a given function u € C2°(RY) \ {0}, a sequence of functions (u,),en defined by

Then supp(u,) is uniformly bounded in RY, ||up||gar = [Jullgar (1 4 o(1)) and [Juy|zr — 0 as
n — oo, but |luy| 2x =||ull o~ .
LN=2 LN=2
If p > SZ£2 then the lack of compact embedding from E*?(RY) into L{ (R™) is a consequence
of lemma 3.4 below. U

Lemma 3.4. Let N >3, a € (0, N) and p > %ig There exists a sequence of functions (un)neN

in C°(RYN) such that supp(u,) is uniformly bounded, (u,)nen is bounded in E*P(RY), u, — 0

. 2
almost everywhere and, if a <2 or p < =5,

P 2pto
lim inf [un |>2Fa > 0,
n—oo RN

whereas if o« > 2 and p > %;

liminf/ [un, [P > 0.
RN

n—oo

Proof. For R > 0, let Qr = [~ R, R]" be the cube in RY. Take a nonnegative wy € C°(Q1) \ {0}.
Fix an integer d € {1,..., N} such that d > N — . For n € N, := NU {0} and p,, > N which will
be specified later, define the sequence of functions (wy )nen, C C°(RY) by

wy(z) = Z wo(x — a).
a€pn{—n,...,n}e
We compute

/ |Dwy|* = (2n + 1>d/ | Dwol?,
RN RN

/ lw,|? = (2n + 1)d/ lwo |,
RN RN

while we estimate the Coulomb term as

[ M lwaPP

RN

<@t [ pseolPr 3 [ Loyt a- t)lu)lu)P dedy
R 1 1

a#b
a€pn{-nmi}?
bepn{—n,....,n}¢

C 2
<@n+1)? | |1, p|2 7/ P
<Co ) [ astolPr Y o ([ up)

a#b
a€pn{-n,...,n}*
bEpn{—n,..A,n}d

Since N — a < d,

1 1 1
Z |a_b|N7a = N—a Z m

ab Pn ab
a€pn{—n,...,n}? ac{-n,...,n}*
bEpn{—n,...,n}¢ be{—n,...n}?
C 1 C 2d—(N—Oc) 1
< N—a/ / ﬁdadb:nT/ / T v dadb,
Pn Qe JQe la — bl Pn 4JQ¢ la — bl
where Q¢ = [—n,n]? is the cube in R?. Therefore, we estimate the Coulomb term by

CnQd—(N—a) 2
/ [Laya * |wa [P < (2n + 1)d/ Lo )2 * |wol?|* + T(/ |wo|”) .
RN RN Pn RN
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Set

Then, as n — oo,
/ |Duy|? = A =2 (2n)4(1 +o(1))/ | Dwo|?,

RN RN
2 a 2
[ e la)? = A= (14 0) [ (Lajo xwol)’,

RN RN

[ Junlt =¥ @y (1 4 o(w) [ ol
RN RN
Assume that o <2 or p < % and let

_2a+2p
T a+427

Taking into account (3.4), define

_ d(p—1)
Ap =1~ F—Dp=(NFa)

Then we compute

iy WunllEer _ flwollge s

= > 0.
n—o0 ||un||La [[wol La
Note that Supp(u,) C Qr,,, where
_ d(p—1) d
R, = M\y(npn +1) =n~ T2e=-0FanN-a (1 4 o(1)).

Therefore, we compute that
2
R,—1 ifa>2andp:7a,
a—2

and

N 2
R,—0 ifa<2or Nta P af?
Moreover, it is clear that
Hz € RN s u,(x) # 0} < CAVnd = 0,

so in both cases u, — 0 almost everywhere in R¥.

Next assume that @ > 2 and p > % We set

q=2p and Ap i=n~ N-a,

Since p > %, we compute that

1
po Junlles _ [ ago * fwo I

= > 0.
n—oo |[|unl|Lr [[woll

Note that Supp(uy) C Qg,, , where
R, = (np, +1) = nTNap Ve (1+0(1)) =1+ o0(1).

Moreover, it is clear that u, — 0 almost everywhere in RY .

19
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3.3. Weighted Coulomb estimates. The goal of this section is to improve the Coulomb estimate
on balls of proposition 2.3 to global weighted estimates. By homogeneity considerations, a natural
candidate would be

7) [ < ([ e i)

However, as already observed by Ruiz [49, section 3], this estimate cannot hold.

Proposition 3.5. Let N €N, a € (0, N), p>1 and W : RN — R. If for every u in E*P(RY)

1
Lol < ([ ozl R),
RN RN

then for any 6 > %

W (z)
- 5 dz < oo.
B || 75 (1 + [logla| )% (1 + log(1 + [logl| )
In particular, since
1
/ I dx
Ry |2V (1 4 [logla| [)2 (1 + log(1 + [log|«| [))°
for every d € R, the estimate (3.7) cannot hold.

Proof of proposition 3.5. Given § > 0, we define the function v : RN — R for each € RN by
1
U’(x) = 1 Nia XRN \Bg( )
(loglz]) 7 (log(logz])) > 2] 2

Observe that for every z € RY
e 1
)P <€ [ v\, () .
3 |2[7= p(log p)= (loglog p)°

Since for every x € RV

Cl
I, 0% (Iin_ XRN ) < ——M—,
(a/2 ((N a)/2XR \B,,))( ) (‘I|—|—p)%
we have
1 1
Ioys * Ju(@)P < CC / 3 dp< " —— e
(Jz| + p) % p(log p) ? (log log p)° (log|z|) (loglog|z|)° || =

Therefore I, 5 * [ulP € L*(RY) as soon as § > 3. This implies that

/ W (x)

dz < oo.
’N\B; |22 (log|x]) (log log|z|)9
To obtain the condition around the origin, we define for § > 0,

1
u(x) = N Nta XB1/3( ) u
(log 1/|])? (loglog 1/|x[)# || 27
Although (3.7) does not hold, it is still possible to prove a scaling invariant inequality that
implies the local estimate on balls of proposition 2.3.

Proposition 3.6. Let N €N, a € (0, N), p > 1. For every a € RV,

f, () o taose [ fu s
0 B,(a) RN

It is clear that proposition 3.6 implies proposition 2.3.
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Proof of proposition 3.6. For every x € B, \ B,/2, we have
ot f P < CLaga s uP) o)
BP

Therefore, by integrating over B, \ B, /2,

2
me(][ ) SC// [Fajo ]
B,

Bo\B, /2

Hence by integration and by Fubini’s theorem

21

o0 2 o0
/ (7[ |u|p) PNy < 0’/ (/ |Ia/2*|u\”\2)@ =C’ln2/ a2 * [ul[*. O
0 B, 0 Bo\B, /> P RN

More generally, we can deduce from proposition 3.6 families of weighted estimates.

Proposition 3.7. Let N e N, a € (0,N), p>1 and w: (0,00) = R. If
/ PN w(p)? dp < o0
0

and W (p) = f:o w(r)dr, then

(f Ju@rwiahar) < c( | o) ) ( / m(]é ) o dp).

P

Observe that by the Cauchy—Schwarz inequality, we have

=

<1 (/OOO w(p)pt*e dp) g

VN —alz|"7"

In particular, if we choose

1
W(p) = —+= :
p~7 (1+[logp|)
with v < %, then
|u(z)P 2 2
(3.8) / — dz) <C I /o  |ul?|”,
( r~ |z "7 (1 + |loglz||)? ) Loz * P

and we recover the inequality obtained by Ruiz for p = 2 [49, theorem 3.1]. By proposition 3.5, the
restriction v < 3 is optimal for (3.8) to hold. This completes the study of Ruiz who has showed

that the inequality does not hold when p =2 and v < 2 — & [49, remark 3.3].

Proof of proposition 3.7. Integrating by parts and using the Cauchy—Schwarz inequality, we obtain

([ wienas)’ = ([ o [ wiparaz)’

x|

= C'(/Omw(p)pN ]{BPIUIPdp)2

<c( )2 ) ( / N (f 1) 5+ ap).

O

In the sequel, we shall use the following particular case which gives a good practical substitute

to (3.7).
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Proposition 3.8. Let N e N, o€ (0,N) andp>1. If B > NQ_", then for every u € Q*P(RY)

|u(z)|P C / 2\ 3
dz < I, /9 |ulP .
/]RN\BR |£L’|ﬁ T > Rﬁ_N;a ( ]RN} /2 |u| | )

If B < N;O‘, then for every u € Q*P(RY)

|u(z)|P N-a_g 2\ 3
/BR 2] de < CR > (/RNHa/z*|U|p’> '

In view of proposition 3.5, the restrictions on § are optimal.

Proof of proposition 3.8. For the first inequality we apply proposition 3.7 with the function w :
(0,00) — [0,00) defined for p € (0, 00) by

Ir\% if p> R,
w(p) = .
0 if p<R.

The proof of the second inequality is similar. O

4. NONLOCAL BREZIS-LIEB LEMMA

4.1. General nonlocal Brezis—Lieb lemma. The main result of this section is the following
nonlocal Brezis—Lieb property.

Proposition 4.1 (Nonlocal Brezis—Lieb lemma). Let N € N, « € (0,N) and p > 1. Assume that
(tn)nen 5 a sequence of measurable functions from RN to R that converges to u: RN — R almost
everywhere. If the sequence (I /2 * |un|P)nen is bounded in L*(RY), then

|2

lim ‘|Ia/2*|un|p - |Ia/2*(|un—u|p+\u|p)|2‘ =0.
RN

n—oo
In particular,
(4.1) liminf/N|Ia/2 * |Un|p|2 = Tay2 * Jun — u|p|2
R

n— oo

:/ |Ia/2*|u|p|2+21iminf/ (Ia/2*|u|p)(Ia/2*|un—u|p)2/ ‘Ia/2*|u|p|2,
RN n—oo  JpN RN

that is, we have a Brezis—Lieb type inequality. Versions of the nonlocal Brezis—Lieb property with
equality were previously obtained in [1,2,7,42,60].

We shall deduce proposition 4.1 from the following variant of the Brezis—Lieb lemma with mixed
norms.

Proposition 4.2 (Brezis-Lieb lemma with mixed norms). Let p € (0,00), q € (0,00), A C RY,
B C RM be measurable sets, and (Uy, )nen be a sequence of measurable functions from A x B to R.
If the sequence (U, )nen converges almost everywhere to a function U : A x B — R and

q
swp [ ([ Wate)l ay) ao < o,
neNJA N B

then
q
lim A(/\|Un<m7y>|f’—|Un<x,y>—U<x,y>|P—\U(x,y>|1’|dy) dz = 0.
B

n—oo

Proof. The proof follows the strategy of the original proof of the classical Brezis—Lieb lemma [16].
We first observe that by Fatou’s lemma,

/A</B|U(w,y)\pdy)qu§L(l%nigf/jgwn(x’y”pdy)qu

(4.2) .
< lim inf (/ |Up (2, y)P dy) dz < oo.
ANB

n— 00
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Given € > 0, there exists Cc > 0 such that if s,¢ € R, then
|Is[? — |s — ¢ = [t[P| < e]s]? + Ce[t]?.
Hence, for every n € N and every (z,y) € A X B,
([1Un (@, 9)IP = [Un(2,y) = Uz, )P = U2, y)|"| — e|Un(z,y)I?), < Ce|U(z,)["-

By (4.2), for almost every = € A, we have U(z,-) € LP(B), and thus by Lebesgue’s dominated
convergence theorem,

lim | ([[Un(z, )" = Un(z,y) = Uz, )| = |U(z,y)I| = e|Un(z,y)|) , dy = 0.
B

n—oo

Moreover, for every n € N, we have
/B(!\Un(x,y)l” —Un(a,y) = U(z,9)[” = Uz, 9)|P| = e|Un(z,9)P) , dy < Cs/BIU(w,y)Ipdy-

Thanks to (4.2), we can apply a second time Lebesgue’s dominated convergence theorem to deduce
that
q
Jim [ ( /B (10, )P = [Un(,) = UG, )P = U, )P | = elUn(,9)lP), dy)” da =0,

Finally, we observe that
q
[ ([0l =10 = V)P = 00| ) o

< [ ([ (0P =len) Ut )P =0 )l | el )P, el (o)) )

Hence if ¢ > 1, by the Minkowski inequality,

iimsup [ ([ Wata.)l? = Uns) = Ul )P = 10 )P|dy) ' da

n—oo

Q=

< limsup(</A(/B(|\Un($7y)|p — |Un(z,y) — U(z,y)|” — U (z, )| - €|Un(:c,y)|p)+dy)qd$)

n—oo
+</A</Bs|Un(x,y)|pdy)qu);)q §6‘1lirrlnﬁsotip/A(/B|Un(m,y)|pdy)qdx,

whereas if ¢ < 1,

iimsup [ ([ |10, = Us(o9) = UG}l = (U7 dy) " da

n—oo

<timswp [ ([ |[Uu@ )P = [Us(o9) = UG}l = (0G| = <lU@)l") )’

n— oo
q q
+(/ 5|Un(x,y)|pdy> de < et limsup/ (/ |Un(x,y)|pdy> dz,

Since € > 0, is arbitrary, the conclusion follows in both cases. O
We are now in a position to prove the nonlocal Brezis—Lieb lemma.

Proof of proposition 4.1. We define the function U, : RY x RV — R and U : RY x RY — R for
every z,y € RN and n € N by Uy(z,y) = Loj2(z — y)Pun(y) and U(z,y) = Lojo(z,y)Puly).
By assumption and by construction, the sequence (U, )nen converges almost everywhere to U in
RY x RY. Moreover, since the Riesz kernel I, is nonnegative,

2 2
swp [ ([ Wtz dy) =sup [ Lo x| <.
neNJRN MRN neNJRN

Hence by proposition 4.2,

2
lim Ioz/2 * ||un|p - |un - u|p - |u‘p|
n—oo RN
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= i [ ([ WP = 10sGe) = Ul = 0P| dy) do =0,

n—oo RN

By the Cauchy—Schwarz inequality,

[ Mgz Qual? ) = T (i = ul? + ")

:/RN

1 1
< ([ Mgzt llanl? = un =l = PP ([ ago x (unl? + o = al? + ul?) )
RN RN

and the conclusion follows. O

Loy (unl” = [ = ul? = [u]?)|[Tas * ([unl? + it = ul? + Ju}?)

4.2. Refined nonlocal Brezis—Lieb identity. For our purpose the inequality (4.1) given by
proposition 4.1 will be sufficient. For comparison with existing results and further use, we give
some sufficient conditions for equality in (4.1).

We first obtain a general principle for equality.

Proposition 4.3. Let N € N, o € (0,N) and p > 1. Assume that (up)nen s a sequence of
measurable functions from RN to R that converges to u : RN — R almost everywhere. If the
sequence (1o /o * [un|P)nen is bounded in L2(RN) and if u # 0, then the following conditions are
equivalent:

? [* = [faje x| =0,

(i) lim N"Ia/2*|un|p —’]a/2*|un—u\p
R

n— oo
s P12 I 0|2
(i)l [ Vogo s lunP P = gl =P = [ (fjelalP
(iii) the sequence (un)nen converges to u strongly in LY (RY) |
(iv) the sequence (Jun|P)nen converges to |u|P in the sense of measures,
(v) the sequence (12 * |un|P)nen converges to I * |u|P weakly in L*(RY).
The proof of proposition 4.3 will use the local Brezis—Lieb lemma.

Proposition 4.4 (Local Brezis-Lieb lemma). Let N € N, p > 1 and A C RN be a measurable
set. If the sequence (uy)nen of measurable functions from A to R converges to u : RN — R almost
everywhere and if (un)nen s bounded in LP(A), then

lim / |t |P = Jun — ul? — |ul’| = 0.
A

n—oo

This statement can be found in [31, lemma 2.6]. It might seem slightly stronger then the original
Brezis—Lieb lemma, but it is however a direct consequence of the original proof [16, theorem 2]
(see also [59, proof of theorem 4.2.7]). It also follows from proposition 4.2.

The proof of proposition 4.3 will also rely on the following classical continuity property of Riesz
potentials.

Proposition 4.5 (Weak continuity of Riesz potentials). Let N € N and o € (0, N). Assume
that (jin)nen s a sequence of signed Radon measures on RN that converges weakly to a signed
Radon measure pi. If the sequence (1o /2 * |pin — pt|)nen is bounded in L2(RYN), then the sequence
(Iaj2 * tn)nen converges to Io o * pu weakly in L2(RYN).

In particular, if (i )nen is a sequence of nonnegative measures then the sequence (I, /2 * fin)nen
converges weakly in LZ(RY) if and only if it is bounded in L2(RY).

Proposition 4.5 can be deduced directly from the weak convergence of the sequence (uy)nen in
the space £*(RY) of Radon measures v € M(RY) such that ||v|ge := |[I4/2 * V| 12 < oo [46, §3.4
and lemma 3.12].

Proof of proposition 4.5. Let ¢ € C.(RN). Let n € C.(RY) such that = 1 on B; and define
nr(z) = n(z/R). For every n € N and every R > 0, we have

/ (Tay2 * (pn — 1) = / nr(Iayz * @) (n — 1) + / (Tay2 * (1 = nR) (pn — 1)) .
RN RN RN
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We first observe that for every x,y,z € RY if |#| > 2min(|y], |2|) then
In(z —2) <3N "I(z —y).

Hence, for every y € RV \ Bg,

L (1 — ) (1 — ) ()] < sN*“/B Lo (1= )l — .

Hence, by the Cauchy-Schwarz inequality, if supp ¢ C Bgs,

C 2\ 3
‘/ (Zajo * (kn — u))cp‘ < ‘/ 1R (Tay2 * ©) (pin — u)‘ + j(/ | (Zayz * 1o — pel| ))2 / -
RN RN Rz \Jrry RN
The conclusion follows by letting R — oo, and then n — oo, since ng (IQ/Q * <p) € C.(RM). O

Proof of proposition 4.3. It is clear that (i) implies (ii). If (ii) holds, we observe that in view of
proposition 4.1,

(4.3) nl;rrgo N(Ia/Q * |u\p)(1a/2 * |u, —ulP) =0.
Since u # 0, we conclude that I, /5 * [u[P is locally bounded from below, and |u, — u|P converges to
01in LL (RY).

If (iii) holds, then by the classical Brezis—Lieb property of proposition 4.4, the sequence (|u,|?)nen
converges in Li (RY) to |ulP.

If (iv) holds then (v) follows from proposition 4.5.

Finally, assume that (v) holds. By the classical Brezis-Lieb property of proposition 4.4, the
sequence (|un|? — |Ju, — u|P)peny converges weakly in the sense of measures to |u[P. Thus by
proposition 4.5 we conclude that the sequence (I /2 * |un — u|P)nen converges weakly to 0 in
L?(RY). This implies (4.3), and hence (i) follows by proposition 4.1. O

In view of proposition 4.3 it is natural to ask for examples where the convergence does not occur.
We shall rely on the next lemma, which states that there exists a set of positive H®/2?-capacity and
vanishing Lebesgue measure (see for example [3, theorem 5.3.2; 17, theorem IV.3; 45]). We give
here an explicit construction in order to give more insight on the failure of the Brezis—Lieb equality.

Lemma 4.6. Let N € N, a € (0, N) and p > 1. There exists a sequence (fp)nen in C°(RY) such
that:

(a) the set |, cysupp frn is bounded,
(b) for everyn € N, f,, >0,

(c) for everyn € N, / fn=1
RN
(d) the sequence (fn)nen converges almost everywhere to 0 in RY,

(e) the sequence (In2 * | fnlP)nen is bounded in L*(RY).

In particular, if we take u, = (u? + fﬁ)% for some given function u € C2°(RY) \ {0}, it is clear
that the sequence (un)nen converges to u almost everywhere, that the sequence (142 * |u,|?) is
bounded in L?(RY) but that (|u,|?)n,en does not converge to |ulP in the sense of measures.

Proof. Let Q = [—1,1]™ be the unit cube. We take fo € C°(Q) such that fQ fo=1and fo > 0.
Fix p > %, and we define inductively the function f, € C°(Q) for every n € N and = € Q by

)= S a(50),

N
(2p) ae{—1/2,1/2}N P
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It is clear that f,, > 0 and that fQ fn = 1. We compute

/RN|L1/2 $ fog1]? = pN T > / / y) +a—0)fn(x)fnly)drdy

ac{-1/2,1/2}~
be{—1/2,1/2}N

1 C
< ek P .
= 2N pN-a /RN| j2* ful” + (1+2p)N—a
Therefore,
1
1 "= C
lajo o < e [ Maga s fol? +
-/RN o/ (@NpN=e) Jn 1 - ovow== (L+20)N-
In particular, if p > 27N/ (N=®) then the sequence has the announced properties. O

The reader will recognize that the sequence (f,,)nen converges to a measure concentrated on a
generalized Cantor set of Hausdorff dimension N log2/log(1/p) > N — . This is consistent with
the known relationship between Hausdorff measure and capacity. In particular, small values of «
require mildly concentrating sequences.

Remark 4.1. Note that construction in the last part of the proof of lemma 3.4 (case o > 2
and p > az%) provides also an alternative proof of lemma 4.6. Indeed, the restriction a > 2
and p > a—f‘z in lemma 3.4 was necessary to control the gradient term, otherwise one could take
arbitrary p > 1.

We now give some sufficient conditions for proposition 4.3 to apply.

Proposition 4.7 (Brezis-Lieb lemma with high local integrability). Let N € N, a € (0, N) and
p > 1. Assume that (uy,)nen is a sequence of measurable functions from RN to R that converges
tou: RN — R almost everywhere. If the sequence (1o /2 * |un|P)nen is bounded in L*(RN) and if
there exists ¢ > p such that the sequence (up)nen is bounded in L (R N, then (Lo /2 * [un|P)nen
converges weakly to I s * [ulP in L*(RY) and

2 2 2
li ‘Ia*,p—la*—p‘:/la*p.
Jim [ oy funl” | = gz fun =l [F| = | (a2 %[l

The local boundedness assumption is satisfied in particular if the sequence (uy,)nen is bounded
in LY(RY). When ¢ = N &, we recover a result of Moroz and Van Schaftingen [42] whereas when
p =2 and ¢ > 2 this is due to Bellazzini, Frank and Visciglia [7].

Proof of proposition 4.7. The almost everywhere convergence and boundedness in LIOC(RN ) imply

that the sequence (|uy, |P)nen converges weakly in LQ/p(]RN) [12, proposition 4.7.12; 59, proposition
5.4.7). 0

Proposition 4.8 (Brezis-Lieb lemma in Coulomb-Sobolev spaces). Let N € N, a € (0, N) and
p > 1 be such that
1 1 1

272
Assume that (un)nen 5 a sequence of measurable functions from RN to R that converges to
u: RN — R almost everywhere. If the sequence (1o * |un|P)nen is bounded in L*(RYN) and if the
sequence (Duy)nen is bounded in L*(RY), then
. 2 2 2
nlgrolo RN“IQ/g # [un |P|” = [Lay2 * [tn — ulP| ‘ = /RN|L1/2 * [ulP|”.

Proof. We observe that by proposition 3.3, the sequence (uy,)nen is relatively compact in LP (RY).
Then we apply proposition 4.3.
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5. GROUNDSTATES OF SCHRODINGER—POISSON-SLATER EQUATIONS

5.1. Existence of optimizers to multiplicative inequalities and proof of theorem 2. Let
N eN,a € (0,N),p>1andq > 1besuch that assumption (Q) holds. For each u € E~?(R¥)\{0},
we define the quotient

] 1-6
(fiow1Dul?) ™ (fuwajz 5 ul?2) ™

u) = - )
(Sfanlulr)

where the parameter 6 is given by (1.6) of theorem 1. For a,b > 0, define

(5.1) S := inf {R(u) :u e E4P(RN)\ {o}},

S, = inf{R(u) . w e EYP(RV)\ {0}, / ult = a}
RN
and
Sap := inf {R(u) cu € E*P(RY)\ {0}, / |Dul? = a, / lul? = b}.
RN RN
By using the scaling and homogeneity invariance of R we see that
S=25,=Sap.

In fact, using the invariance, it is possible to minimize constraining either one or two of the three
integrals involved in the quotient R, without changing the value of the infimum.

The following lemma is in the spirit of a classical result of Lieb, see e.g. [32, p. 215]. Together
with proposition 2.5 it implies that, under a suitable condition, a given bounded sequence in
E*P(RY) contains a subsequence which after translations has a nontrivial limit in L (RY). In
view of proposition 2.10, when p > 1 this is equivalent for a bounded sequence in E“?(R™N) to
have a nonzero weak limit, up to translations and a subsequence. A similar statement was recently
established in the fractional case [7, Lemma 2.1]. We give a short self-contained proof, in the spirit
of the proofs of interpolation inequalities between Sobolev spaces and Morrey spaces given recently
in [57].

Lemma 5.1 (On vanishing bounded sequences). Let N € N and (un)nen be a sequence in
WLULRN). If

loc

1imsup/ |V, |* < oo
RN

n—oo

and there exists R > 0 such that
lim sup / |un| =0,
N0 2eRN J Br(z)

nl;rrgo LY{z: Jun(x)] > €}) = 0.

then for every e >0,

Proof. We first observe that the assumption implies that for every R > 0,

lim sup / |un| = 0.
N0 2eRN J Br(x)
Following the strategy of [57], we start from the Sobolev representation formula: for every n € N
and almost every z € RY, we have

1

w(z) = u + Vu,(x) - Sr(x —y) dy,
@ = oy fy v, T Snl -

where wy = 7N/2/ F(% + 1) is the volume of the N-dimensional unit ball and the Sobolev kernel
Sgr : Br(0) — R is defined by
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For every € > 0, we have

{xERN:un(x)zs}g{xe]RN:/ [tn| >
B

with LN (E) = 0.
‘We now observe that

N N sy < 4 2o 4 ? 2
LN ({w € BY - (Sp» Vun)@) > 5}) < 4 /RN|5R*vun| <3 (/BR(O)SRD /RN|Vun| .

Since

we conclude that

wn RN 2
LY ({z e RN upy(z) > €}) §£N<{x€RN:/BR(z)|un| > NI; E})—F((NQZ—Vl—Ij)s)Q/Rdvun :

In order to obtain the conclusion, for every n > 0, we take R > 0 small enough so that for each

n €N,
INR 2 )
R < .
((N+1)6) /]Rvaun| =

By the other assumption, when n € N is large enough
wyRNe
{JJERN:/ [un| > N }:(0,

and the conclusion follows. O

An immediate consequence of the preceding lemma is the following

Lemma 5.2 (Nonzero weak limit after translations). Let N € N, a € (0, N) and p > 1. Let
(un)nen be a sequence in EVP(RN) such that ||uy|| ger@yy < C and let €,6 > 0 be such that for
alln e N

(5.2) LY (2 jun(z)| > ) > 4.

Then there exists a sequence (an)nen i RY such that v, := u,(- + a,) does not contain any

subsequence converging to zero in Li (RY).

Proof. By Lemma 5.1 R,Cy > 0 and a sequence (a,)ney in R exist such that

/ |vn|:/ |tun| > Co > 0,
Br(0) Br(an)

where v,, 1= u,, (- + a,,). And this concludes the proof. O

Now we are in a position to prove theorem 2 of the Introduction. For convenience, we reproduce
here the statement.

Theorem 7 (Existence of optimizers). Let N € N, a € (0,N), p > 1 and assumption (Q') holds.
Then the best constant S in (5.1) is achieved.

Proof. Let (un)nen be a minimizing sequence for S such that ||Duy| 2 = 1 and ||uy||e = 1.
Such a minimizing sequence is obviously bounded in E“?(RM). By the so-called p, ¢, theorem,
[26, Lemma 2.1 p.258], using the assumption on ¢, and by theorem 1 it follows that (5.2) holds.
By lemma 5.2 and proposition 2.5, up to translations and a subsequence (u,)nen converges in
LE (RN) and almost everywhere in RY to a nontrivial limit w.
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Passing if necessary to a subsequence, by proposition 2.4 and by proposition 4.1,

1-0
S~ lim ||Dun||%2(RN)||Ia/2 * |Un|p||Lg(RN)
n—oo HunHL‘Z(RN)
9 1-0
> lim sup (”Duniz(uw) + [ D(un — U)Hiz(mz\!))z (||Ia/2 * |U|pH%2(RN) + HIa/z * |uy, — U|p||%2(]RN)) 2P
T n—oo |t ey 7
where

By the discrete Holder inequality, this implies that

20p 2(1—0) 20p 2(1-0) 6, 1-0

o 1—6 0 1—6 o 1—6 0 1—6 3T o5

5 iy (DI W [P + 1D (0 — ) FGET a2 = = w28 )
© n—ooo |l Larn)

By definition of S and by the classical Brezis-Lieb lemma this implies that

) i 5+ 952
(flull + llun —ul| )

S > limsup S Li®Y) Le@®Y) B
oo (HU”qu(RN) + lun — U”qu(RN)) K
Since by our assumption,
1 0 n 1-40
¢ 2 2

it follows by strict concavity and since |ul| go.p(mvy 7# 0, that
lim [[u — up || payy = 0,
n—oo

passing if necessary to a subsequence. In view of the Fatou property (proposition 2.4) this implies
that

1—6 1—6
0 > 0 -
S~ fim ||DUnHL2(RN)||Ia/2 * ‘“n‘ang(RN) S HD“HL2(RN)||I(1/2 * |U|pHL§(RN)
n—o0 l[wnll Loy N [wll oy
which is enough to prove the claim. O

We emphasise that assumptions of theorem 7 include p = 1, although in this case there is no
obvious Euler-Lagrange equation which could be associated to R. If p > 1 then the Euler-Lagrange
equation of the quantity log R(u) for u € E*P(RM)\ {0} has the form

(5.3) A(=A)u+ B(I, * [ulP)|ulP~?u = Clu|?™?u  in RY,
where
0 1-06 1
A= r—mb—— B= 5 , C= .
”Du”Lz(RN) ||Ia/2 * |w‘p||L2(RN) ||UHLq(RN)

In particular, minimizers for S constructed in theorem 7 are weak solutions of (5.3) and, after a
rescaling, of equation (SPS). Note also that if u is a minimizer for S then |u| is also a minimizer
and hence we can assume that u is nonnegative.

In the next section, we are going to consider an equivalent to (5.1) additive minimization problem
for the functional which has a meaning of the physical energy which is naturally associated to
(SPS).
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5.2. Additive minimization problem. For v € E*P(RY), set

1 1
A L(u) = = Du|* + — I, p|2
(54) e.w) = [ 1Du+ 5 [ s lul
and for ¢ > 0 define a minimization problem
. M, = inf &,
(5.5) ulenAcg (u)
where

Ac={ue Br@Y) / ul? = c.
on

Up to a rescaling, for p > 1 this problem shares with (5.1) the same Euler-Lagrange equation.
In fact, one can show that minimization problems (5.1) and (5.5) are equivalent. Indeed, given
u € A, consider a rescaling uy(z) = A\™V/%u(x/\) € A.. Minimizing E, (uy) with respect to A > 0,
after a direct computation we find that
20
in &, =C.(R ,
min €. (uy) = C. (R(u))
where
(N +a)—p(N —2)
(a+2) - E(p-1)

N N o
= (5" (507 )

and

p

with 6 as in (1.8). We conclude that the best constant S in the multiplicative minimization problem
(5.1) is achieved if and only if M, is achieved in the additive minimization problem (5.5). Moreover,
(5.6) M, =C, (C%S’)QU = ¢ M.

In particular, Theorem 7 implies the existence of a minimizer for (5.5). Nevertheless, below we
sketch an independent proof, which uses the same tools as the proof of Theorem 7 but provides an
additional information about the properties of the minimizing sequences.

Theorem 8. Let N € N, o € (0,N), p > 1 and assumption (Q') holds. Then all the minimising
sequences for M, in (5.5) are relatively compact in E*P(RN) modulo translations. In particular,
the best constant M, is achieved.

Proof. Let (uy)nen be a minimizing sequence for M;. By p, ¢, r theorem [26, Lemma 2.1 p. 258],

using the assumption on ¢ and by Theorem 1 it follows that (5.2) holds. By using Lemma 5.2 and

Proposition 2.5, up to translations and a subsequence we can assume that (u,)nen converges in

L (RN) and almost everywhere in RY to a nontrivial limit w.
Now, up to subsequence, there holds

lim [[u — up || pamyy = 0,
n—oo

and in particular ||ul|pe@~y = 1.
In fact, passing if necessary to a subsequence, by Proposition 2.4, by Proposition 4.1 and by
(5.6) we obtain

. 1 1
M, = lim <§”Dun||2L2(RN) + %Hfaﬂ * ‘un|p||%2(RN)>

n—oo

. 1 1
> tim sup (51 DulFgen + 51D (s = )l gy

n—oo
1 2 1 2
g Mgz * [0l gy + 5 Mg hin =l [Faga) )

> My timsup (|Jul35 v, + = un[F ) )-
n—oo
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In view of the assumption (Q'), we have 20 /g € (0,1). The strong convergence in L4(R™) follows
by strict concavity, as |u||ps@~) # 0.
As a consequence M, is achieved, since by Proposition 2.4 (Fatou’s property) we have

1 1
My > *||DU||%2(1RN) + a2 |U|p||2L2(RN)~
2 2p
Notice that the convergence is in E*P(R") in view of Proposition 4.1 and Proposition 2.4. O

Remark 5.1. By interpreting (|u,|?)nen as a sequence of probability measures, in the language
of the concentration-compactness principle of P.L. Lions [34], Lemma 5.2 rules out the vanishing
case, and (5.6) yields the strict subadditive inequality

M01+02 < Mcl + M027 c1, e >0,
which rules out the dichotomy case.
5.3. Existence of groundstates and proof of theorem 3. We now formulate our main result on

the existence of groundstates solutions of equation (SPS), namely theorem 3 from the introduction,
which we recall here for reader’s convenience:

Theorem 3. Let N € N, « € (0,N), p > 1 and assumption (Q’') holds. Then there exists a
nontrivial nonnegative groundstate solution u € E*P(RY) N C%(RY) to equation (SPS) and
u € C°(RY \ ©=1(0)). In addition, if p > 2 then u(x) > 0.

Proof. Let w € E“P(RY) be a minimiser for M in (5.5). Since |w| € E*P(RY) is also a minimiser
for My, we can assume that w is nonnegative. Since p > 1, the energy E is of class C'(E*P(RY); R)
and the Euler-Lagrange equation for w can be written in the form

—Aw + (I, * |w|P)|w|P" 2w = plw|? 2w in RY,

with a Lagrange multiplier p > 0.
Writing w(x) = yu(dx), for arbitrary v,d > 0, it follows that w is a solution of

(5.7) — Au A+ P22 (L % [ulP) [uP 20 = py 262 |ul? 2u in RV,
Since q # 222’1—%‘ we can define v,0 > 0 such that
el I | and 2672 =1,

It follows that u is a nonnegative solution to the equation (SPS).
Regularity and positivity properties of the ground states of (SPS) will follow from the results
in the remaining part of this section. O

. . .. 2pta -
Remark 5.2. The above simple scaling argument shows that the condition g # 23 +; is necessary

and sufficient to get rid of any arising multipliers for this class of Euler-Lagrange equations.

5.4. Regularity and positivity of weak solutions. We first establish regularity of weak solu-
tions of (SPS).

Proposition 5.3 (Local regularity). Let N € N, a € (0,N), p > 1 and assumption (Q') holds. If
u € E¥P(RN) is a weak solution of the equation
(5.8) — Au+ (Lo * [ulP) [ulP~?u = |u|?%u  in RY,
where p > 0, then the following holds:
o uc L"(RY) for every r € [1,00) such that
1 < { 1 1 2+« }
S <maxd s - 2%
r =Y N’ 2(2p+a)l’
o uc C’lk”Y(RN) for every k € N and v € (0,1) such that k + v < min{p, G} + 1, where for

ocC
s € R we denote § = oo if s is an even integer and § = s otherwise,

o uc C®°(RN\ u=1(0)).
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Proof of proposition 5.3. The essential new step in the proof is the following claim which improves
regularity using the Coulomb—Sobolev embedding.

Claim 1. Letr > q and u € L"(RY). If s € [1,00) is such that either r — q < 24—%((]\] —2)p —

(N +a)) and
N -2 >1 o+ 2

N2+7r—q) _;Z 2(a+2p)+ (a+2)(r—q)
orr—qzﬂ%((N—@p—(N—&—a)) and
(N-2), _1_ a+2

N2+r—q) — s~ 2(a+2p)+ (a+2)(r—q)’

then u € L*(RYN).

NQR+r—q) 2p
N

T (RN N L2FE YR,

In particular, if N > 3 then u € L

Proof of the claim. Given m > 0, we define the truncated solution u,, € E%P(RY) for each x € RY
by
-m ifu(x) < —m,
Um(z) = S u(z) if —m <wulx) <m,
m if u(z) > m.

Given 8 > 1/2, we test the equation against the function |u,,|*?~2u,, and we get
/ T T :/ V- V([ [*2um) + (Lo # ul?) ulP > [~
RN RN
Since u,,u < u?, we first have

[l a2 < [ g,
RN RN

Since Vuy,, = Vu on supp(Vuy,), we also have

28 -1
/ V- V([ |22 20, = 62 / |V [t P2,
RN B RN

Finally we have, by the Cauchy—Schwarz inequality

/ (Lo [P [Pt [P0, > / (Lo # [t )t 252
RN RN

Z/ (I * |um|p+ﬁ71)|um|p+ﬁfl'
RN
In summary, we have the estimate

26 —1 p— p—
. / IV |22 + / (Lo # (Jum )55 ) (Jum )5 < / Jufe+26-2,
/82 RN RN RN

We now take § =14 5. Then

1 Pl _2Zptr—g
B 2+r—q

and hence |u,,|? € B F= (RY). By the Coulomb-Sobolev embedding (theorem 1), the integral

6:9) [ el

is bounded uniformly with respect to m > 0. We conclude by Lebesgue’s monotone convergence
theorem that u € L*(RY). o

Claim 2. u € L"(R") for every r € [1,00) such that

1 1 1 2
fgmax{ ta }
T

2 N’2(2p+a)
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Proof of the claim. This follows by the Coulomb-Sobolev embedding (theorem 1) and by iterating
claim 1.

Indeed, for p > %fg we can set
2a +2p
ro i= .
0 o+ 2
Then by claim 1, u € L™ (RY) for all k € NU {0}, where

N 2N a—+2p
s ::maX{N2(Tk_q)+N2’rk+(2a+2 _q)}'

a+2p
a+2

Since % <qg<?2 it is clear that ry — oo as k — oo.

On the other hand, for N >3, 1 <p< %‘fg and 2%122” <q< %7 we can choose

2N
Tro ‘= 7]\[ — 9
Then by claim 1, u € L™ (RY) for all k € NU {0}, where

2N 7(72a+2p> N ( 7)+ 2N
N2\ E ) [T Nk

o N
Tk41 := INax m(rk — q) +

since ¢ < % Clearly 7, — oo as k — oc. o

Claim 3. u € W2 (RYN) for every r € [1,00).

loc

Proof of the claim. By claim 2 and the Hélder inequality, one has for every r € [1,00), u € LI, (RN).
It follows that I, x |u[P € L>°(RY), and therefore for every r € [1,00), (1o * |u[P)|u[P~%u € LI (RY).
Since we also have for every r € [1,00), |u|7"%u € LI, .(RY), we conclude by the classical Calderén—

Zygmund regularity estimates that for every r € (1,00), u € w2r (RM)[25, chapter 9]. o

loc

The additional Holder and C*°—regularity follows from the classical Schauder estimates. O

Remark 5.3. If p(N —2) < N 4 « then regularity of weak solutions can be obtained by a classical
bootstrap argument. Indeed, by the Kato inequality, every weak solution u € E*P(RY) of (5.8)
satisfies

—Alu| < —Alu| + V(I * |uP)uP~ < Ju/f"!  in RV,
By the Coulomb-Sobolev embedding we have u € L"(RY) for % <1 <1 - L. Then regularity of
u follows by iterating standard linear regularity estimates (see [25, proof of theorem 8.16; 56] and
also [22]).

One of the important consequences of proposition 5.3 is positivity of nontrivial nonnegative
solutions of (5.8) in the case p > 2.

Proposition 5.4 (Positivity). Let N € N, a € (0,N), p > 2 and assumption (Q') holds. If
u € E*P(RN)\ {0} is a nonnegative weak solution of the equation (5.8) then u(xz) > 0 for all
r € RV,

Proof. Under the assumptions, u satisfies the equation
—Au+Vu=0 inRY,

where V = (I, * uP)uP~2 — u9~2. By proposition 5.3 and since p > 2, V € L"(RY) for all r > &
Then u(x) > 0 for all z € RY by the strong maximum principle (see [25, theorem 8.19)). O

It is an interesting open question whether equation (5.8) with p < 2 admits nontrivial nonnegative
solutions which vanish on subsets of R,
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5.5. Pohozaev identity. An important feature of equations of type (SPS) is that under mild
regularity assumptions its finite energy solutions satisfy a PohoZaev type integral identity.

Proposition 5.5 (Pohozaev identity). Let N € N, a € (O,N), p>1, ¢ > 1 and p > 0. Assume
that u € E4P(RN) N LY(RY) is a weak solution of the equation

(5.10) — Au+ (Io * [uP) [uP~?u = plu|?%u  in RV,

If Vue EZPRN)NLL (RY) then

loc

N —2 N N
(5.11) 7/ Vul? + +0‘/ Lo * [ul?|* = J/ ful?,
2 RN Qp RN RN

q

By Vu e B (®Y) N LY,
LA(RN).

In particular, if assumption (Q’) holds then u € C?(R¥) by proposition 5.3, and therefore (5.11)
is valid.

For N = 3, a = 2, p = 2 a Pohozaev type identity for Schrodinger—Poisson—Slater type equations
is well known [19,48]. The proof of proposition 5.5 for the general case is an adaptation of the
argument in [42, Proposition 3.1]. The strategy is classical and consists in testing the equation
against a suitable cut-off of x - Vu(z) and integrating by parts, cf. [58, appendix B]. We omit the
details.

A direct consequence of Pohozaev identity (5.11) is the following nonexistence result for (SPS).

(RY) we mean that for every ¢ € C°(RY;RY), ¢- Vu € E“P(RV)N

Proposition 5.6 (Nonexistence of solutions). Let N € N, a € (0, N) and p > 1. Assume that

_ 1 (N-2), 1 /1 11 a
ther - d ~g(-2, 4%
» either p> NTa an q¢(2 N’2p+2Np>’
E T S A T A
or D Nta q 2p 2Np’'2 N/~

Then equation (SPS) has no nontrivial weak solutions u € E*P(RN) N LI(RN) such that Du €
EZP(RN) N LEL (RY).

loc loc

Proof. Testing (SPS) against the solution u we obtain a Nehari type identity

/ IVl + / Lo * [ul?|® = / Jule.
RN RN RN

Combining this with the PohoZaev identity (5.11) we conclude that the solution u must satisfy the
relation

2N _ N4« ) 2N _ N+«
5.12 v 2=%/ a / I, PP 1.9 P / q
G.12) [ [vu e IRULR YA Nk ) [
The conclusion follows. O

Comparing nonexistence assumption (P) with the existence range (Q’) we observe that there is
a gap between the two assumptions. We are going to show that the existence range (Q’) indeed
could be extended.

6. ESTIMATES FOR RADIAL FUNCTIONS AND RADIAL COULOMB—SOBOLEV EMBEDDINGS

In this section we study embedding properties of the subspace of radial functions E} (RY) into

Lebesgue spaces LY(R™) and prove theorem 4.
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6.1. Necessary conditions for the radial Coulomb—Sobolev embeddings. We begin by
justifying the necessity of the embedding assumptions (Q) and (Qyaq) of theorem 4.

Lemma 6.1 (Criticality of the classical Sobolev exponent). Let N > 1, a € (0,N) and p > 1.

Then there exists a family of radial functions ug € CL(RYN) such that if% > J]\\,’;i, then

limsup/ |Dug|? + |1a 2 * |UR‘p‘2 < oo
R—0 RN

and for every q € [1, ],

. N-2_ N
liminfllug| L@y R~ > 0;

. N+
and if p > {5, then

1imsup/ |Dup|? + 1o /2 * lug|?|” < oo
R—oo JRN
and for every q € [1,00],

limianuRHLq(RN)R% a > 0.
R—o0

In particular, the classical Sobolev exponent ¢ = % is always an extremal exponent for the

radial Coulomb—Sobolev embeddings.

Proof of lemma 6.1. Choose a radial function v € C}(RV)\ {0}. For R > 0 and = € RV, set
ugp(x) =R~ =N u(%). Then we compute

/ \DuR|2+\Ia/2*|uR|p|2:/ |Du|2+RN+a_p(N_2)/ Lo * [ul?|?
RN RN RN

and
N_N-2
|urllpamyy = Ra™ "2 |lull pa@gy)-

The conclusion follows. O

Lemma 6.2 (Criticality of the Coulomb—Sobolev exponents). Let N > 2, a € (0,N) and p > 1.
Then there exists a family of radial functions ur € C}(Bar \ Br) such that if p(N —2) < N + «,

Hmsup/ |Dug|® + L)z * |ugl’|” < oo
R—oo JRN

and, for every q € [1, 0],

3N+ta—4 2p(N—-1D+N-—o

hRHi)iOIlf”uR”Lq(BQR\BR)R 2 12) FIEE) >0 if a > 1,
o N_1(s_2ptly L ,
hRIgloféfHUR”LQ(BzR\BR)R 22770 Jllog R|?? >0 ifa=1,

at2_ 2pta)
q

lim infl|wp Loy s RFFETC 2 >0 ifa<l,
— 00

and if p(N —2) > N + «, then
limsup/ |Dug|® + o)z * |ugl’|” < oo
R—0 JRN

and, for every q € [1, 0],

3N+ta—4_ 2p(N—-1D+N-—o
1 1 2 2 2 ]
hgﬂgf”uR”LﬂBzR\Bk)R (=) T >0 if a > 1,

.. b(é,%) 1 .
11}1%1_}51ﬂ|UR||Lq(BzR\BR)R"*2 2774 /logR|?* >0 ifa=1,

at2_ 2pta)
q

N—-1 .
hgl_%lfnUR||L<1(BQR\BR)RP+“+1( z >0 if o < 1.

In particular, when o < 1 the embedding of ECF(RN) into LY(RYN) is noncompact for ¢ = 222”rf.
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We point out that when o > 1 and p(N — 2) < N + « there is no embedding of E7(R"Y) into
La(RN) if
2(N—1)+ N —a
3BN+a—-4 7~
from which we recover in the case where N = 3, o = 2 and p = 2, the condition g < 8 of Ruiz
[49, theorem 1.2]. When « < 1 there is no embedding of E2F(RY) into LI(RY) if

q<2

2p+ «
a+2’

which coincides with the necessary condition for the embedding of E*?(RY) into LY(R") (Theo-
rem 1). The case p(IN —2) = N + « is covered by lemma 6.1.

In order to prove lemma 6.2, we study the form of the Riesz integral kernel on radial functions,
where it reduces to less singular kernel.

qg<?2

Lemma 6.3. If N > 2 and a € (0,N), then for every measurable function f : [0,00) — [0, 00),

fzD) f(yl) N—1_N-1
/]RN |z —y|N= o= yN-e 42y / / fr r,s)f(s)r™ s drds,

where the kernel KCIiN : [0,00) x [0,00) — [0,00) is defined for r,s € [0,00) x [0,00) by

KR (rs) — C /1 ST PR N L)
a rs)=0UN — = — .
N o ((s+7r)? 4rsz)N2 N (s+r)N-«

Moreover there exists M > 0 such that

Kf,N(r,s) < MH,(r,s).

where

1 1

" — fa<l,
(rs)~= Ir—sl

1 2lr + s .

H,(r,s) = — In | | ifa=1,

(rs)~=  |r—s

1 .
T N—a ZfO[ > 1.
(rs)~=

In this statement, F' denotes the classical hypergeometric function (see for example [29, chapter
9]). Similar estimates were previously obtained in [23,47,55].
When N = 3, the kernel K, f; N (7, 8) is particularly easy to compute:

! ( ! ! ) ifa<l
- if
1—a\|r—s|l=® |r+s/t-@ ’
Cs |r + s
——4In
2rs r—s|

ﬁ(\r—&—ﬂa_l —|r—s*"t)  ifa>1

KEy(r,s) = ifo=1,

In particular, when N = 3 and « = 2, we recover [32, proof of theorem 9.7; 49, p. 359]

03 C’gmin(r,s)
K3l(r,s) = %OT +sl—r—s]) = e

Proof of lemma 6.3. By writing the integral in spherical coordinates, we have

f(z)f(yl) / / / / 1 I
dody = T dud drds.
/]RN RN |x_ |N o GV )( SN-1 JgN-1 |7“u—T"U|N_a " ’U)f(s)r 5 rds
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By writing the spherlcal integral in aznnuthal coordinates and by using the trigonometric identities
— 1, we obtain

sinf = 2sm cos 5 ¢ and cosf = 2 cos?
: 0N72
(sin ) a9

s
. — 7

/SN 1 /SN—l ru — ”1|N_O‘ 0o (s2+712—2rscos G)NT
N-2

_ C’/W 2V =2(sin £)V=2(cos §) W
0 ((s+1r)%—4rs(cos §)?)

2

(1 _ Z) = dz.

1
[y =
sv-1 Jgv-1 [ru— o 0 ((s—|—7‘) —47’sz) P

N for every r,s € (0,00) as

By a change of variables z = (cos £)?, this gives

In order to prove the bounds, we rewrite the kernel K R
)N 2(cos
N—a

2N =2 (sin g)N-2
(r,s) C’/
(r—s)2+ 47‘3(5111 8=

If @ > 2, we have
2] [ — T oa O\a— a—
/ oN 2(sm )N 2(COS§)]Z,,i 6 < / 2 2(81?\,?2 2 4 < 2 j,a
0 ((r—s)2+4rs(sinf)?)~= 0 (rs)~ = (rs)7=
If @ < 2, we bound
m QN=2(gip 0\N-2 O\N—2 1 ™ 1
/ (sin )™ =(cos 3) _ah< _ / W
0 () +drsEn D2 ()22 o ((r— 5)2 + dra(ein )2)
Since for every 6 € [0, 7] we have sin & > £ and for every a,b € R we have a + b% > (|a| + [b])?/2,
we deduce that
1 g ol-%
df < de.
= /0 (|r — s| + 24/rsf/m)2—«
O

/0 ((r — s)2 + 4rs(sin £)2)
and the conclusion follows.
Proof of lemma 6.2. Observe that if we choose a radial function u € C}(B; \ {0}) \ {0} and define

vg € CLHRYN) for z € RY, R >0 and v € R by
|z = R
or(le]) = u(F=),

then, taking into account lemma 6.3, as R7~! — 0 we have
[ Jurl =o(®¥-17),
RN

/ Dogl> = O(RN-1-7),
RN

O(RN—2Fat2y), if > 1,
/ (Ia/Q * |UR|p)2 S O(R 1+27) In Rl 7), if a = 17
e O(RN- 1+7<1+°‘>), it o< 1.
To construct the required family of functions, when o > 1 choose a radial function u €
C}(B; \ {0}) \ {0} and we define ur € CL(RY) for x € RY by
1 || — R
(6.1) un(le) = sz (s )
When a = 1, we take similarly
1 |z| — R
3(N—1) U<R(N7;3r(21)71) )7

ur(|z|) =
R26+2) 2<p+2> [log R| b
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whereas when a < 1, we set

1 || — R
uR(|x|) = T (N-D(at2) u( (N—D(p—1) )

R 21+ R p¥i+a

The choice of « in all the above cases ensures that R?~' — 0, and the support of upr is contained
in the annulus with radii R, R+ R which is contained in Bag \ Bg, as RY~! is small enough. In
particular, since v < 1 (resp.y > 1) as p(N —2) < N 4+ « (resp. as p(N —2) > N + «), we take
R — oo (resp. R — 0). The required conclusion now follows by direct computation. O

Finally, we are going to show optimality of the assumption (Qyaq) for the continuous embedding
ECP(RN) into LI(RY).

Lemma 6.4 (No limiting radial estimate). Let N > 2, a > 1 andp > 1. If p(N —2) # N + «
then there exists a sequence of radial functions (up)nen in CL(RYN) such that

sup / |Dun\2 + [Lo)2 * |un\p|2 < 00
RN

n—oo

and
. 22p(N—1)+N -«
lim [t |7 3NFa=T = 0.
n—roo RN

When N =3, a =2 and p = 2, lemma 6.4 was conjectured by D. Ruiz [49, remark 4.1].

Proof of lemma 6.4. Let q = 2% and p(N —2) < N + a. Define for R > 1,

k
URE = E URi,
=1

where up is the family of functions constructed in (6.1) in the proof of lemma 6.2. Since p(N —2) <
N + «, we have

(62) dim [ lage s s P < b Jim [ oo lunl? P

lim |Dug x> =k lim/ |Dug|?,
R—o0 RN R—o0 RN

li T=Fk i a,
Rgnoo ]RN|URJC Rl—I>noo AN|UR‘
To deduce (6.2), we observe that for a > 1 by lemma 6.2,

e

/Ilaxz*\uRIPF:O(l» /|uR|P=o<RN5 )
RN RN

Then for a fixed k € N and for sufficiently large R > 1 we have

k
/ Loz * luril’|* < Ck/ [Tayz * lurPP+2 // Io(z = y)lup: (@) P |ugs (y)[” dz dy
RN RN RN
1>7

ij=1
g |uRJ-|P)
RN

k
1
= /RN| /2*|uR‘ ra Z ((RZ—RJ)N_Q ./]RN|UR

i,j=1
i>]
k . . N-—a
(RIRI)™3
gck/ Lojo s ugP P4 ey 3 ot ) =
RN / 132::1 (R' = RI)N=e
1>7

. & (Ri+j)7N§a . k r-t \N@
and limp_, o Zi,j:17i>j R—RHN = — limp oo ZM‘ZLDJ‘ (m) =0.
If we define 1
x
VRE(T) = ——am—— UR,k(ip_l )a

k2(NFa=p(N—2)) k NF+a—p(N-2)
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we have
li I P12 < ¢ i I p|2
g [ agsslonaPP < e Jim [ (oo lunb P,
li D 2= 1 Dugl?
A, [ Vonal? = Jim || D’
1)
(6.3) lim |ka|q—k3N+a 7 lim lugl?.
R—o0 RN R—oc0 RN

Since « > 1, the conclusion follows from (6.3) by a diagonal argument. The case p(N —2) > N +«
is similar, by letting R — 0. O

6.2. Radial estimates and proof of theorem 4. We establish additional estimates for radial
functions.

Theorem 9 (Uniform decay estimates for radial functions). Let N > 2, a« € (0,N) and p > 1.
The estimate

(6.4) )l < (] i) ( [ ere R) ™

is satisfied for every function u € f;g(RN) for almost every x € RN if and only if
1
——<0<1
1+ 14+ min(1,a)
and N9 N
B=b6==+(1-0) T

The assumption < 0 <1 implies immediately that 8 > 0, unless # = 1 and N = 2.

U e
When 6 =1 and N > 2, we recover the classical estimate of Ni [43]

(6.5) u(z)] < % (/RN|DU|2>§

||

1
1+4»

(see also [52, radial lemma 1; 54, lemma 1]). The other cases are new. In particular, when § =
we have the estimate

C P Pl
(6.6) ()] £ s ([ IDuP?) “(/ [Lajo < Jul?2) 7,
RN RN

|x| 2(p+2)
whereas when § = —L5—, we have
I+
C 2\ ZGTiT® 12 TEFFE
(6.7) lu(x)] < W( | Dul ) ( oy * |ul?| ) .
|:17| 2(p+ita) RN RN

When N > 3 it is possible to deduce the estimates of theorem 9 from the endpoint estimates (6.5),
(6.6) and (6.7), in order to cover the case N = 2 we prove directly the whole scale of estimates.
When N > 3, the range of admissible decay rates 8 can de rewritten explicitly as follows:

oeitherozlezN2 d3N+‘X4252¥

Nta 2(p+2) )
°0F0421,%§11\\;+§ d3N+a4 <B< L
eora<l i>N=2 and(g(jl(j‘_l‘f)zﬁz Nz

1 N-2 (N—-1)(a+2) N-2.
oora§1,5§N+aand Sprita) < B <=5

whereas when N = 2, we have:

e either & > 1 and 2(2':0‘2) >B6>0,

e or <1 and >3>0.

2(p+1+a) =
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Proof of theorem 9. We split the proof into three separate claims.

Claim 1. Estimate (6.4) holds if B = 082 + (1 — 9)N+a >0 and 0 > 5

w\'@

Proof of the claim. Let v > 0. For almost every r > 0, we have
1 o0
(6.8) u(r)]” < ;/ [/ (s)[Ju(s)|"~" ds.

If v <1+ %, then by the generalized Holder inequality

1/ [ _ 300 |u(s)|P N_ T ds \3- 5
i < 2w tas) ([ 5SS T () )T

where N
S=N-24+ "% 1.
Since & > 0, we deduce in view of proposition 3.8 and the explicit computation of the last integral
that
C 3 =
o < ([ |Du|2) (f Maslul?) ™
B RN
Since 6 > 1+p , we conclude by taking v = % so that in particular § = —9. o

Claim 2. Estimate (6.4) holds if = 9% +(1- Q)NT';" >0 and 6 > 1

+ 1+a

Proof of the claim. We start from (6.8) with 1 <~ < 2”;117&“ and apply the generalized Holder
inequality to obtain

1 ) % ) Zpta (‘Y;(zl)(er)a) o) dS %7 ('Y;(;)(er;l)
) < ([T st as) ([P as) T ([T )T
’y T T T S

where ( )

2(N -1

0= ] G=D@+a) N
pta
and therefore
O e 2 N—1 % *° 92pta A g (727(21;):<f+)a)
7 _ _ a
lu(r)[” < | |M+<7_1)N(2+a) (/ |u'(s)|%s ds) (/ lu(s)|*2Fe s ds)
x| 2 2pta r r
We observe that this inequality also holds when v = 2B ;ri;rl by the Cauchy—Schwarz inequality
and the fact that s > r in the integrals.
We deduce from proposition 3.1 that if § > 0,
5 Cl 2 % P2 ’;;er}x
S e ([ o) (] s ?) 77
x€X 2p+a
We take
v = S B

02p — (1 — 0)a’

It is clear that v > 1. Moreover, since 6 > 1+72”’ we have v < 2p+a+1, so that the conclusion
a+1

follows. o

Claim 3. The assumptions of theorem 9 are necessary for estimate (6.4) to hold.

Proof of the claim. First we remark that when N = 2, the estimate cannot hold if § = 0: indeed if
u € CY(R?\ {0}) is radial, suppu is compact and u(x) = (log|z|)? for some v € (0,1/2) for z in a
neighbourhood of 0, then v € EXT(RY) but u is unbounded.

The necessity of all other conditions follows directly from the examples of lemmas 6.1 and 6.2. ©

This completes the proof of theorem 9. O
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The proof of Claim 2 also works when § = 0 and 6 = 1_}_‘;1){ and gives back the proof of
Theorem 6.

Using uniform estimates of theorem 9, we are going to prove a weighted version of the radial
embedding of theorem 4. The weight will be used later in order to prove compactness of the
embedding.

Proposition 6.5 (Weighted radial embedding). Let N > 2, a € (0,N), vy € R, p > 1 and ¢ > p.
Ifp(N -2) # N + a,

_p
4 <6 <1,
1+ 14+ min(1,c)
and N N -2 N
q 2 2p

then for every u € EXR(RY),

|u(x)|9 9 g 9 2
dor < p .
/ o _C( N|Z)u| ) ( N|Za/2*|u\ | )

If @ > 1, the assumptions reduce to

- JN-2 o N-2 1 3N +a—4
either - an _ < - ,
(Ora) p~ N+a 2(N=v) ¢ 2(p2N-2-7)—(N-a-2y)
rad,y l_N-2 o N-2 1 3N+a—4
or -— an P e — - .
p N+a 2(N=v) " q 22N -2-7)—(N—-a-2y)

Proof. If % > x;z, then for every 6* > 1/(1+p/(1 4+ min(1,))) and 8* = 6* 22 4 (1 — 9*)%

by Theorem 9, we have

C N iz~
< — p|2 .
u(z)] < P (/RNIDu\ ) (/RNIIQ/Q*IUI | )

Since 1/(1+ p/(1 + min(1,@))) < 8 < 1 and % =082 4+ (1-0) NQ';O‘, we can choose 6* € (6,1)
such that v + 8*q < N, and we have thus

(1-6%)q

a g
[ MO qwcon([ 1) T ([ e tul) T [
Br 2] RN RN By |z 1P

(1-6%)q

<@ D ) I P2y
< g (ool D0F) © ([ Morz < ul”P)

On the other hand, by theorem 9 again we have

q 0% (a—p) (1—6+)(g—p) P
/ lu(z)] de < Q9P (/ |Du|2> 2 (/ |Ia/2*|u‘p|2) 2p / w dz,
RN\BR ‘x|"/ RN RN RN\BR ‘m|7+5*(q7p)

with 6, =1/(1+1/(1 4+ min(1, «))). By our assumption 6 > (1 — %)/(1 +1/(1 + min(1, a))), we
have

(6.9)

N —a«a
2
, and thus by the estimate of proposition 3.8,

’V+B*(q—p)=N_a (N+a

2 2p
By our assumption , we have v + S.(q — p) >

—~ N;Q)(qH— (¢ —p)b.) >

N—«
2

q q—p 8x(a—p) (179*)’(179*1)
(6.10) / @)l 4, < o (/ |Du|2) : (/ |Ia/2*\u|P\2) e
RN\Bpg |l’|ﬁ R’Y“’ﬁ*(q_P)_ 3 RN RN

The result follows by combining the estimates (6.9) and (6.10) and optimizing with respect to
R >0.

The case % < ﬁ;i is similar. O

Theorem 4 follows directly from the previous results.
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Proof of theorem 4. The estimates follow from the weighted estimates of Proposition 6.5 in the
constant weight case v = 0 and from the nonradial estimates of Theorem 1.
The necessity follows from Lemmas 6.1, 6.2 and 6.4. O

Next we are going to show that away from the end points of the embedding interval the
embedding ECT(RY) C LY(RYN) is compact.

Proposition 6.6 (Compactness of the radial embedding). Let N > 2, a € (0,N) and p > 1.
Assume that

12 N _ Nia

g qg " 2p 1

1+ _—_» SN2 _Nia -
14+min(1,x) 2 2p

Then the embedding EF(RY) € LY(RN) is compact. When o # 1 the conditions are also necessary

for compactness of the embedding.
Equivalently, we are assuming that either o < 1 and (Q’) holds, or « > 1 and (@’ ;) holds.

rad

Proof of proposition 6.6. Let (u,)nen be a bounded sequence in ECT(RY) radial functions is

bounded. By proposition 2.5, by passing to a subsequence, we can assume that the sequence
(un)nen converges strongly in Li (RY) to u € ECT(RY). In view of the uniform radial estimate
of theorem 9, the sequence (uy)nen is bounded in L2 (RY \ {0}) and thus converges strongly in
LE, (BN {0}) to 0.

Moreover, in view of our assumptions, for v € R close to 0, the weighted estimates of Proposi-

tion 6.5 apply. In particular, we have for v > 0,

sup R™7 |tn|? < lim sup/
neN Br neN RN

q
7|Un($)| dz < o0,
||

and therefore

limsupsup/ |un|? = 0.
R—0 neNJBgp

Similarly, for v < 0 close enough to 0, we have
U (2)]?
sup RV/ [un|? < limsup/ M dx < oo,
neN RN\Br neN RN |‘T|’y
and thus

lim sup sup/ |unl? = 0.
R—oo neNJRN\Bgr

It follows that the sequence (u,,)nen converges strongly to u in LI(RN).
When « # 1 as a result of lemma 6.1, lemma 6.2 and lemma 6.4, the conditions are also necessary
for the compactness of the embedding. O

In the case a = 1 the compactness of the critical embedding E:;S(RN) C L3@PTD(RN) in the
case (N —2)p # N + 1 is an open question.

7. EXISTENCE OF RADIALLY SYMMETRIC SOLUTIONS AND PROOF OF THEOREM 5

Consider the radial minimization problem

(7.1) Mevaa = inf  E.(u)

uEAc rad

where F is the energy functional defined in (5.4),
At = (e @) [ pur =),
RN

and ¢ > 0. Since the rescaling relation (5.6) also applies to M, raq, in what follows we can restrict
ourself to the case ¢ = 1.

Proposition 7.1. Let N > 2, « € (0,N), p > 1. Assume that either « < 1 and assumption (Q')

holds, or o > 1 and assumption (Q. 4) holds. Then all the minimising sequences for M aq in

(7.1) are relatively compact in EL(RN). In particular, the best constant My yaq is achieved.



SCHRODINGER-POISSON-SLATER EQUATIONS AT THE CRITICAL FREQUENCY 43

Proof. Let (un)nen C Al rad be a minimizing sequence for M yaq. By the minimization property,
we have sup,,cy £« (un) < 0o. In view of proposition 2.5 and proposition 2.4, up to a subsequence,
(un)nen converges to a function u € E“P(RY) strongly in Ll (RY). Moreover, &, (u) < M raq-
By proposition 6.6, the embedding EC}(RY) C LY(RY) is compact. Hence, (uy,)nen converges to
u strongly in LI(RYN), u € A vaq and E,(u) = My yaq. Therefore, the sequence (Duy,)nen converges
strongly to Du in L2(R™), while the sequence (I, 2 * [t |[P)nen converges strongly to I, o * |ulP in

L?(RY) by the Brezis-Lieb property of proposition 4.7. U

Proof of theorem 5. The compactness part of the statement of the theorem is contained in propo-
sition 6.6. The existence of a minimiser w € Elf;’é’(RN) for Mj yaq follows from proposition 7.1.
Since |w| € ESF(RY) is also a minimiser for Mj a4, We can assume that w is nonnegative. Since

p > 1, the energy F is of class C'(E©T(RY); R) and by the Palais symmetric criticality principle
[58, theorem 1.28], w is a weak solution of

(7.2) — Aw + (I, * |w|P)|w|P 2w = qu|w|!?w in RV,

with a Lagrange multiplier p > 0.

Local regularity of w follows via the same arguments as in the proof of proposition 5.3, but
using the radial Coulomb-Sobolev embedding of theorem 4 in order to estimate the norm in (5.9).
In addition to local regularity, uniform decay estimate of theorem 9 implies that w(|z|) — 0 as
|z| = oo. Finally, positivity of w for p > 2 follows by the arguments of proposition 5.4.

If ¢ # 222”:;, then as in (5.7), minimizer w can be rescaled to a solution of the original equation

(SPS) with p = 1. On the other hand, if ¢ = 222”++;‘ then (7.2) is invariant with respect to
the scaling (5.7). In this case, using Pohozaev identity of proposition 5.5, similarly to Pohozaev

relations (5.12) and since &, (w) = M yaq, we compute that

(N-=2)p— (N +a)
2N(p—1)—q(2+a)’

o= 2Jw-l,rad

2p+a

In particular, if ¢ = 2 o

then yt = M ya4, and this concludes the proof. O

Remark 7.1. The significance of the threshold ¢ = 2221’_::3 in the statement of theorem 5 is clarified

by the analysis of the geometry of the unconstrained energy functional

1 1 2 1
() = = Dul? + — I P72 a,
T(w) 2/]RN| ! +2p/nw| sz * el Q/]RN|U|

Similarly to the arguments in [49, theorem 1.3], one can show that if the assumption (Q’) holds,
then J, has a mountain pass geometry on EoF(RY). On the other hand, if & > 1 and the
complementary to (Q') assumption

N -2 1 -1 1 N -4
either Q and — — P < - SN +ra ,
Q") N+a 2 a+2p ¢ 22p(N—-1)+N-—a)
1 (N-2). 1 p-1 1 3N +a—4
or —<-—- and - ——-—>—->
P N+« 2 a+2  q 22p(N-1)+ N —a)

holds, then 7, is coercive on ECF(RY) and infueEméa(RN) Jx(u) < 0.

Indeed, a scaling argument similar to [49, p. 361] together with the continuous radial embedding
of ECF(RYN) into LY(RYN) shows that there exists a constant C' > 0 such that

rad

2N(p—=1)—=(24+a)q

(7.3) T(u) 2 Ex(u) — O&, (u)?@N=2=N =),

where &, is defined in (5.4). Then (Q’) implies that u = 0 is a strict local minimum of 7, while if
the assumption (Q”) holds then 7, is coercive on ESF(RY).

rad

If p> 1, then for u € ECY(RYN)\ {0} and A > 0 we define

rad

24«
ux(x) = A2e=Du(Ax).
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Then
2+at(@-N)(p-1) /1 1 2 (2+a)g—2N(p-1) ]
; =) =1 (— Dul? —/ I, PI%) — AT 207D 7/ 7,
AT 5 D5 [ Tl SN
If (Q’) holds then J,(uy) is unbounded below, while (Q”) implies that J.(u)) attains negative
values for small A > 0.
Finally, if (Q”) holds and p = 1, then for u € ECF(RN) \ {0} and A > 0,

1 1 2 1
=Xz 24 - _\1Z q
7.00) = (5 [ 1Dul 50 [ agealP) =1z [ e

Since ¢ < 2 in view of (Q”) we conclude that J.(A\u) attains negative values for small X > 0.
This geometric characterisation of J, combined with the compactness of the embedding of
ECP(RYN) into L9(RY) could be used to provide an alternative proof of the existence of the radial
solution of (SPS) via direct minimization or via mountain—pass lemma, similarly to [48,49],
where the case N = 3, p = 2, a = 2 was considered. Such approach however excludes the

Coulomb—Sobolev critical case g = 222’3:':‘.
Remark 7.2. Let p # %fg‘, q= 22211—1?‘ and u € E“?(RY) be a nontrivial solution of

—Au+ (I * [uP)[ulP~%u = qu|u|?"%u in RY.
Then following universal bound holds for pu:

(7.4) > M raa.

2p+a

In order to see this notice that in view of the relation (5.6), taking into account that for ¢ = 2 s

we have 20/g = 1, we can rewrite the Coulomb-Sobolev inequality (1.9) as

—a 2
MiaaCit [ 55 < ([ 10u?) ([ e a7
RN RN RN

By combining Pohozaev’s and Nehari’s identities the above inequality becomes

20+« /,\ 7% e
75 My aaCY < 12 ()7 (1-0)""
( ) 17 ad * - :U’ 2 + a
5z otz
Here 6 = 32— and C, = ((2) Ty (3) “r ) ( 14) It is easy to check that
e « « opats
2 o
2P Y sta 1 _gyrte — 1.
24+«
Hence (7.4) follows.
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