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Abstract
We construct the six-point NMHV one-loop amplitude in N = 4 supergravity using unitarity
and recursion. The use of recursion requires the introduction of rational descendants of the cut-
constructible pieces of the amplitude and the computation of the non-standard factorisation terms
arising from the loop integrals.

PACS numbers: 04.65.+¢



I. INTRODUCTION

Despite perturbative Quantum Gravity being a mature subject [1], it is a very challenging
area computationally. Although great strides have been made in computing tree ampli-
tudes [2], there remain a very limited number of loop calculations available to study. For
the four and five point amplitudes all one-loop graviton scattering amplitudes have now been
calculated [3-9]. For Maximal supergravity great progress has also be made at multi-loop
level for the four point amplitude [10-12]. These computations are by necessity amplitudes
which are “Maximally-Helicity-Violating” (MHV). MHV amplitudes are very special and
have many features not shared by non-MHV amplitudes. In this article we compute the six
graviton “Next-to-MHV” (NMHV) scattering amplitude for N' = 4 supergravity. (The first
NMHV amplitude appears at six-points.) The six-graviton scattering amplitude has been
computed for N'= 8 and N = 6 supergravity.

This amplitude has considerable algebraic complexity relative to the more su-
persymmetric cases including the appearance of rational terms. We construct the
MYN=%(a=,b", ¢, d*,et, f+)! amplitude using unitarity and recursion augmented by limited
off-shell behaviour.

One-loop amplitudes in a massless theory can be expressed as [13]

M =N a0, Ty b Y e I+ Ra+O(e), (1.1)

ieC jeD keE

where the I’ are r-point scalar integral functions and the a; etc. are rational coefficients.
R, is a purely rational term. The box, triangle and bubble coefficients can be determined
via unitarity methods [13-17] using four dimensional on-shell tree amplitudes. These con-
tributions are termed cut-constructible. Progress has been made both via the two-particle
cuts [13, 15, 18] and using generalisations of unitarity [16] where, for example, triple [19-22]
and quadruple cuts [17] are utilised to identify the triangle and box coefficients respectively.
The remaining purely rational term, R,, may in principle be obtained using unitarity but
this requires a knowledge of 4 — 2¢ dimensional tree amplitudes [23]. In this paper a recursive
approach is adopted that generates the rational term from four dimensional amplitudes.

An important technique for computing tree amplitudes is Britto-Cachazo-Feng-Witten
(BCFW) [24] recursion which applies complex analysis to amplitudes. By shifting the mo-
menta?

j\a — S\Q—Zj\d R )\d — )\d+2)\a s (12)

the resultant amplitude M, (z) may be computed via Cauchy’s theorem. Loop amplitudes,
as functions of complexified momentum, contain both poles and cuts so BCFW does not
immediately apply to these. However by defining

Ry = M,—M< (1.3)

where M is the cut-constructible part of the amplitude, we can compute the purely rational
R, from a knowledge of its singularities. R,, has singularities corresponding to the poles of

1'We wuse the normalisation for the full physical amplitudes M = j(x/2)""2Mtee,
M L-loop — Z'(ZTF)_Q(H/Q)”MLIOOP.

2 As usual, a null momentum is represented as a pair of two component spinors p# = o* d)\o‘jxd. For real
momenta A = +\* but for complex momenta A and \ are independent [25]. We are using a spinor helicity

formalism with the usual spinor products (ab) = eaﬁ)\g)\f and [ab] = —edﬁj\g‘;\f.
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Helicity| 2 3/2 1 1/2 0 —1/2 -1 -3/2 —2
graviton| 1 4 6 4 2 4 6 4 1
matter [0 O 1 4 6 4 1 0 0

TABLE I: Particle content of the multiplets

the amplitude but also induced singularities arising because M has singularities which are
not present in the amplitude and which must be cancelled by equal and opposite singularities
in R,,. We refer to these contributions as the rational descendants of MS*.

The particle content of the NV = 4 graviton and matter multiplets are shown in table I.
For convenience, we will calculate the one-loop amplitude using the N' = 4 matter multiplet,
which is related to the amplitude with the graviton multiplet circulating in the loop by

Mé\/’:4,graviton — Mq.i\/’:S _4Mr./L\/:6,matter_|_2M7./L\/’:4,matter. (1 4)

The N = 8 and N/ = 6 components are considerably simpler and given in [7, 26]. In particular
R,, = 0 for these two components.

II. CUT-CONSTRUCTIBLE PIECES

The cut-constructable pieces consist of box-functions, triangle functions and bubble inte-
gral functions. The analytic form of these depends upon how many of the external legs have
non-null momentum: these are referred to as massive legs although non-null is more correct.
For the one-mass box the fourth leg is conventionally the massive leg and the integral function
depends upon S = (ki + k2)?, T = (kg + k3)? and M? = K?. For the two-mass boxes there
are two types: “two-mass-easy” (2me) where legs 2 and 4 are massive and “two-mass-hard”
(2mh) where legs 3 and 4 are massive. For six-point amplitudes the three and four mass
boxes do not appear and for the NMHV Mé\/ =dmatter amplitude there are no two-mass-easy
boxes.

The various box, triangle and bubble contributions present in the six-point NMHV are
shown in fig. 1 together with the labelling of helicities which yield a non-zero coefficient.
Permuting the positive and negative helicity legs separately gives eighteen one-mass boxes,
thirty-six two-mass hard boxes, nine 2:4 bubbles, nine 3:3 bubbles and six three-mass trian-
gles.

A. IR consistency and Choice of Integral Function Basis

For one-loop amplitudes Infra-Red (IR) consistency imposes a system of constraints on
the rational coefficients of the integral functions. For the matter multiplets [27] there are in
fact no IR singular terms in the amplitude, so the singular terms in the individual integral
functions cancel. This gives enough information to fix the coefficients of the one- and two-
mass triangles in terms of the box coefficients. The three-mass triangle is IR finite, so its
coefficient is not determined by these constraints. It is convenient to combine the boxes and
triangles in such a way that these infinities are manifestly absent. There are several ways to
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FIG. 1: The Integral functions appearing in the six-point NMHV amplitude
do this [15, 19, 28-30], here we choose to work with truncated box functions,

—K2)e
= 1=y e (21)

where the a; and K? are chosen to make I IR finite. This effectively incorporates the
one- and two-mass triangle contributions into the box contributions. Using these truncated
boxes the amplitudes can be written as

Mé—loop _ Z a; Ii,trunc+z bj 15,3—mass+z Cr I§+Rn . (22)
i€C JED! keg

There is one remaining IR consistency constraint: »_ ¢, = 0.
The one-mass and two-mass-hard truncated integral functions are

2 K? K2 1 —y 2
[ = ‘ﬁ(% (1‘?4) + Li?( ‘?4) 5o’ (—_T) + 5 ) ’

2 1 L
pombanune _ ﬁ( — 5 (K3/S) n (K3/S) + 5 I (S/T)

K2 K?
+ Liy (1—?3) + Liy <1—74)> : (2.3)

where S = (k; + k2)? and T = (ky + K,)%

B. Boxes

The six-pt NMHV amplitude contains both one-mass and two-mass hard boxes. The
coefficients of these boxes are readily obtained using quadruple cuts [17].
The coefficient of the first one-mass box in fig. 1 is

Im—g] 5252 [d| K|c)* [b| K |c)[a| K |c) X([cb][ef] [eb][cf][a\K\c>) (2.4)

1
adbicest = 9 [ad]" (ce) K2b|K|f)[al K|f)[b| K e)

{ef)  lalKle){cf)
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FIG. 2: A two-particle cut of a one-loop amplitude

where K = K. The other one-mass box coefficients can be obtained from this by conjuga-
tion and relabelling. The coefficient of the two-mass-hard box is

omniv=] 1 SaRl[f [ Kesal®)" [be)(cf)(bd) alKey|b) [af][f|Kepald)
wdlbeblel) =2 alKepald)t (be)lef](ed)]al Kerle) [calle| Kegald)

(2.5)

and the other coefficients are obtained by relabelling. The expressions for the box coefficients
have the appropriate symmetries under exchange of external legs. Specifically the two-mass
hard is invariant under the joint operation of (a,b,c) <> (d, f,e) and conjugation. The one-
mass coefficient is invariant under a <> b although this is not manifest (and similarly under

e+ f).

C. Canonical basis approach for triangle and bubble coefficients

The canonical basis approach [18] is a systematic method to determine the coefficients of
triangle and bubble integral functions from the three and two-particle cuts. The two particle
cut is shown in fig. 2 and is

Cy = Z'/d4£(5(€%>5(£§)Atree(—€1, a,:-- ,b, Eg) XAtree(_ng s ,61) . (26)

The product of tree amplitudes appearing in the two-particle cut can be decomposed in
terms of canonical forms F;,

A (—ly, e M) XA (—ly, -+ ly) = Z eiFi(l;), (2.7)

where the e; are coefficients independent of £;. We then use substitution rules to replace the
Fi(€;) by the rational functions F;(K) to obtain the coefficient of the bubble integral function

as

> eFi(K). (2.8)
Similarly, we can obtain the coefficient of the triangle functions from the triple cut [18, 20, 21]
as shown in figure 3,

Cy =~ [ @A A (o, .81
X ATy ) X ATl fy) 2.9)



The product of tree amplitudes can, again, be expressed in terms of standard forms of /;,

Atree(_go, s ,€1>XAtree(_€1’ s ,EQ)XAtree(—gz, s ,go) = Z €z€z<£j> (210)

and substitution rules used to replace the &;(¢;) by the functions E;(Kj;) to obtain the triangle

coefficient as
> eEi(K;). (2.11)

by l3

4

FIG. 3: Triple Cut

In general the integrands are rational functions of A(¢;) of degree d = dpym — dgenom- The
simplest canonical forms have dgenom = 1 or 2. More complex denominators can be expressed
in terms of the simplest forms by partial fractioning. Terms in the integrand with d < 0 only
contribute to higher point integral functions. The degree generally decreases with increasing
supersymmetry and for maximally supersymmetric Yang-Mills and supergravity there are no
triangles. With increasing d the canonical forms become increasingly complex.

D. Triangles

Using the truncated box functions, we only need to compute the coefficient of the (IR
finite) three-mass triangle: b?;”_ A b et e f ) Using the Kawai-Lewellen-Tye (KLT) rela-
tions [31], with a scalar circulating in the loop the cut integrand is

Cg = M(gbgia d+7 _€2)M(€27 bia €+7 _63)M(€37 cia f+7 _61)
= SadA(Ela a, da EQ)A(éla d: a, EQ)SbeA(g% ba €, 63)14(62’ €, ba £3)
XSCfA<€3> C, f? 61)14(63, f7 C, €1>
:Sadsbeschg/M’O(a7 d7 b) €; ¢, f)O;M’O(dv a;e, bu f7 C) . (212)
The four-point Yang-Mills amplitudes above are simultaneously MHV and MHV amplitudes,

so there is a choice of two expressions for each. For algebraic convenience we take a mixed
form for the first ordering:

<(I ll> <CL l2>2 % [6 lg] [6 l2]2 % <C l3> <C ll>2
(ad)(dla) (lily) [be][bl][lals]  (cf){fl) (sh)

C5 M a, d;b,e;c, f) = (2.13)



and a purely MHV form for the second:

(al)(al)”  (bls) (bla)” (k) (cls)’
(ad)(dl) (lila) (be)(ela) (lals) (cf)(fls) (sl)

The contribution to the cut from a particle of helicity A circulating in the loop is given by

C';/M’O(d,a; e, b; f,c) = (2.14)

CIx X" (2.15)

so that summing over the N = 4 matter multiplet gives

1—-X)*
O (X~ -ax 464X 4x7) = O TN — g, (2.16)

The X-factor can be written in several ways. The natural choices given (2.13) and (2.14) are

. (a£1> <b€2> <C€3> . <CLZ£1> [d[g] <O€3>
XU =1a) 0y oty ™ X2 =y @] (et (2.17)
with the corresponding p-factors being
o= <€1 Y>2 <€ b>2 and o = <€1 Y>2
(aly) (ala)(bly) (bls)(cls) (cly) [z L] (aly)(als) [e ls] [e o] <C€3><Cflz ’ |
2.18
where
1Y) =la)[e[f|c)+]|c) eld]|a) . (2.19)
The cut is then
C'E/),V’:4 = Sadsbesch;/M,O(a7 da ba €; ¢, f) XC?E/M’O(d7 a; e, b’ f’ C) XP1XP2 - (220)

Using
(wla)  (wly) [lal3] (b3 lh)  (2|KoIGlh)  (wls)  (xls) [l (L2 6)  (2|KoK|h)

(ylo) — (ylo) [l ls] (lstr) — (Y|KoKslly) 7~ (yls) — (yls) [lsls] (o ly) — (y| KoKy |ly)

(2.21)
and
<€£3> [bgg] <€1 €2> [gg 63] <€3 €1> = [b‘€3w1><6’€3£2’£1> = [b|K3|€1><€|K2K1’£1> (222)
we find
=1 _be)ladl[cf] (161) (1Ko K]6) [e £o] (b L) Lleb) (e fRrh) (v o)
’ [be]{ad) (c f) (dlr) (d|KoK3]61)  [b|Kslbr){e|KoaK1|lr)  (f €r) (f| KK [l) (G K1Ke|)
St i T
where

{lai)} = {ld), [1), Ks|b], K1kKle), KsKold), KiKa[f)}
{IBi)} = {la), [c), [Y),[Y), K1 Ks|c), K3kala)} (2.24)



Now we may partial fraction the expression, i.e. use the identity

6
(v ly) (g (1)
= Cy. 2.25
H (Aily) ; YAl (2:25)
with )
s A,
0y, = i l0s 4. (2.26)
Hj;éi <Aj Ai>
so that the cut is written as a sum of canonical forms:
Polapeg - LOUDED o BB e o

(| K E|0) (Ed) (| K1 EK|l) (0 f)

which have corresponding canonical functions

(b][Ky, K5]|d) {c][ Ky, Kslla)+Ag (bd) {ca) _ {db) (dc) {a|[, Ks|d)

Od' b.e: {K.\| = -
Jl[ 7aa 70;{ ]}] 2A3<d|K1K2|d> 2<d|K1K2|d>2

(2.28)

and

[Blao|b)(f|[K1, Ka]|c)(d|[ K1, Ka]|e)
PZ 4A3(f| K1 K> f)

Z [Blaol f)(b][K1, Ka]|e)(d|[ Ky, Kylle)
o 240(f | K1 | )

Z [Blao| f) (f b) {f c) {d|[ K, Ks]le)
2 K Kl f)?

Z [Blao|b) (f|[K1, Kalle)(f|[K1, Kal|d) (f|[ K1, Kolle)
o A03(f| K1 I f)?

Z [Blao| f) (f b) <fC> (fI[Ky, Ka]|d)(f|[K1, Kale)
e 12(f| K1 Ko f)? ’

Jif;b,c.d,e; By {K;}] =

(2.29)

where

Az = 4(K-Ky)?—4Ki K3 = (K?)* 4+ (K3)*+(K3)* —2( K K3+ K K3+ K2 K?) | (2.30)

i —K3(K3+K3— K2)Kﬂ K}(K3+K3;—-K7)
"

A3 A3

K (2.31)

and P, is the set of n permutations of {b,c,d, e} necessary to generate symmetry in these
variables.
We obtain the coefficient

d
b{a,d},{b,e},{c,f} = % Xizl CAi (Jll [AZ, }/, Y, Qg, b, €; {Kz}]

el KD [As Y,V a6 {E]) . (2:32)



The corresponding three mass triangle integral function is [32, 33]

. 3 . .
1446 1—140;
L — Liy ( — i) ) —Liy( — J O 92.33
’ V=434 [ 12( (1_i5j>) 12( <1+i5j)> + 0L, (23
where
2 172 372 2 172 172 2 172 2
5= BT hs o Ko-KioKy g g = Ba Bk (2.34)

VA T VA V=24

ITII. BUBBLES

The final cut constructible pieces are the bubbles integral functions I5(/K?). There are two
distinct types of bubbles coefficients depending upon whether K is a two particle momentum,
Kfj = (ki + k;)?, or three particle, K-ij = (ki + kj + kx)?. In the three particle case the cut

only involves MHV tree amplitudes whereas the two particle case requires the NMHYV tree

amplitude.
For the K?

4. bubble the cut integrand with a scalar circulating in the loop is

CS = Mgree(gla d+7 €+7 Cl_, _EZ)XMgree(g% b_7 C_a f+7 _gl)

= <851dseaAgree(€17 d7 €, a, 62)Agree(d7 617 a,e, €2>+55165da14§3ree(£17 €, d7 a, 62)14‘;)1“66(6’ 617 a, d7 62))

X <8¢2bscngree(€2, byc, f,01) AT (b, La, [, ¢, 01)+SueS0r A (Lo, ¢, b, f, €1) AT (¢, Lo, [, ), 51))
= CY%a,b, ¢, d, e, )+C¥(a,b,c,e,d, f)+C5%a, ¢, b, d, e, [)+C¥(a,c,b,e,d, f),  (3.1)
where
Cg:o(a,b, c,d,e, f) =s0,45ca AT (1, d, e, a, lo) AT(d, {1, a, e, lo)

X SeapSef A (o, by e, f, 1) AL (b, by, f,c, 1)

(aly)*(als)’[fO [ fLo)? [¢1d][eal (Lab)(cf)
(de)[be] K . (<d51><a6><6£2><f2d>) - ([552][100] [Cfl][glbggz')

As in the three-mass triangle, the contribution from a particle of helicity h is C9 x X2
Summing over the multiplet has the effect of multiplying by p?. For this cut

X = <a€1> [fgl] N p= [f|K|a>2 (33)

(aly) [fLo] (ali)(aly)[f][fC2]

Multiplying C2° by p? gives

(als)(alo) [fL][f L] [f K@)
(de)[bc] K?

« [£1d][eql (L) (cf)
<<d€1><ae><e€2><€2d>) ([b@][ fel [cﬁl][élb]) . (34)

Cg:N:A‘(&, b,c,d,e, f) =




Using

(k) _ (@KIL] 6] [elK]L)
(yla)  (y|K[] lyla]  [ylK|b)
we find A
cra=i_ UKl el e ) | TT2 (o) TT (550
{de)be] {ae) [e fIK2 T (Actr) TTo_, [Bi 6]
where

{lai)}y = {la), K|f1} 5 {140} = {ld), K]},
U8 = 1d], | £1: [ Kla), |K[b) } - {1B5]} = {Ib], |], [K|d), [ Kle) }

Partial fractioning on |¢;) and |¢;] yields

p:N=4 [f1K]a)* [ae]{c ) [B4t1] ( 042£1>
¢, (de)[bc] ae)lcf] K? ZZC” [Bjt1] (Aitq)’

where

(a1 4;) Hk1[5k3]
Hk;éz <Ak > Hk;ﬁ] [Bk B, ]

The cut is now expressed in terms of the canonical form

<CL€1> [bgl]
(Aly) [Bt]

Cij =

Hi =

which has the corresponding canonical function

K?[bB]{aB)  [b|K|A)(a|K|A]

[BIK|A) #0
B|K|A)|B|K|B) |B|K|A)|A|K|A

HITB, A ba: K] = [[b‘A]laf9[>| B) " [BIK|A)AIK[A)
BALE) [B|K|A) = 0.

The contribution of (3.8) to the bubble coefficient is then

cplab,c.d,e, f)= /1K) [ac)c /) ZZC’”Hd 5, Ay Ba, as)

(de)[bc] (ae) [c f] K2

leading to the full bubble coefficient

C{a,d,e},{b,c,f} :Cp(a’a b7 ¢, d7 €, f)+cp(a’7 ba G e, d7 f)+cp<a7 ¢, b7 d7 €, f>+cp(a‘7 ¢, ba €, d7 f) .

The coefficient of the bubble I(K?,) is obtained from the cut

Cy= Y My(—L} ¢, d", —ly")x M{“(ty,a= b~ e, f+ 7).
h

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

This cut can also be decomposed in canonical forms. However the six-point NMHV tree
amplitude in the cut is a sum of fourteen terms [34] which leads to a lengthy expression for
this bubble coefficient. Full expressions for the bubble coefficients of this type are given in
appendix B. An explicit form of the bubble coefficients is available in Mathematica format

at http://pyweb.swan.ac.uk/~dunbar/sixgraviton/R6.html.
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IV. CANCELLATION WEBS AND RATIONAL DESCENDANTS

Although we may split the amplitude into cut-constructible pieces and rational terms,
when we examine the singularities in the amplitude there is a mixing between the two which
is important when we reconstruct R, from its singularities. This has proven useful in the
context of QCD amplitudes [35-37]. The cut-constructible pieces of the amplitude introduce
a number of singularities that cannot be present in the full amplitude. These can be spurious
singularities that occur at kinematic points where the full amplitude should be finite or higher
order singularities occurring at points where the amplitude has a simple pole. If these poles
are of sufficiently high order, they generate rational descendants.

A. Higher Order Poles

As an example of a higher order pole consider the behaviour of the one-mass box contri-

bution aiﬁ[ﬁﬁﬂ nl 1 dbleed} g [ab] — 0. The box coefficient aiﬁ}ﬁﬁﬂ f) in eq.(2.4) contains
a factor of [ab]™ and the expansion of the box integral function around U(= s,) = 0 is [8]
[ (S, T, U, M) = flog(S)+ i log(T)fur log(M)+ i (a.1)

where

ol p U U 2P

ST TST ST 35T

PR

TS ST 384T

MU U2M? 2 UP
G272 GaTs | 3 AT
U UM
R 3es

As the cut constructible terms contain all of the logarithms and dilogarithms in the am-
plitude, the logarithmic pieces of this expansion must combine with the bubbles to give an
effective coefficients that are linearly divergent as U — 0. We have confirmed numerically
that the relevant cancellations between the one-mass box contributions and the bubble con-
tributions occur. The quadratic divergence in the rational descendant, a(ll;{gi[?c/;?} fE™, must
be cancelled by the rational piece of the amplitude. The full rational part of the amplitude
will ultimately be obtained by recursion and one contribution to it will arise from this rational
descendant if the shift excites the [ab] = 0 pole.

There are corresponding (de)™® poles in aégz’[ﬁjﬁ}]j’a’e’{b’c’f } which are obtained from
those above by conjugation.

(4.2)

B. [a|Kpe|d)~* Spurious Singularity

The coefficients of the two mass hard boxes have singularities of the form [a|Kj.|d) 2.
These singularities also occur in the three mass triangle contributions: three powers of the
pole are explicit in the leading term of the canonical form and a fourth arises in the partial
fractioning that splits the cut integrand into canonical forms.

In terms of kinematic variables, [a|Ky|d) — 0 corresponds to UT — MZM} — 0. The
two mass hard integral functions depend on S, T', MZ and M?, while the three mass triangle

11



depends on S, MZ and M} and there is the kinematic constraint: S+ T + U = Mz + M.
For given S, MZ? and M} it is possible find Ty and Uy(= M2 + M} — S — T,) so that
UoTy — MZM? = 0. Close to the pole the two mass hard box integral functions can be
expanded as a series in terms of (T — Tj). In this context it is convenient to work with
dimensionless box integral functions F?™"un¢ defined by

— F2mh:trunc
rymirene = —QTVS—T. (4.3)
The expansion of this dimensionless box function is
Fth:trunc(s’ T, M??7M42) :Fth:trunc(S7 TO,M;?,MZ)-I-](]%/[”; log(Mg?)‘{’f]%}Z lOg(MZ)
- F2™ log(S)+F2 log(T)+£2" (4.4)
where
M2 (MQ)Z M2 (T—T )2
2m —9 3 T—T < 3 2 3 > 0
T, T(T—Mg)( o)+ TAT—MER T2 (T—MD) 2
M2 3 M2 2 M2 T—T 3
_|_<2 ( 3)2 16 ( 3)2 16 3 2)( 0) 4o
T3(T—M3)3  T3(T—-M3)? T3(T—M3) 6
M2 (MQ)Z M2 (T—T )2
2m —9 4 T—T < 4 2 4 > 0
T T(T—Mf)( o)+ TAT—M2R T2 (T—M2) 2
M2 3 M2 2 M2 T—T 3
+<2 ( 4)2 16 ( 4)2 16 4 2)( 0) oo
T3(T—M37)3  T3(T—-M7)? T3(T—-M3) 6
T-Ty) (T-Ty)? (T-Tp)?
2m ) ( 0
S T 21 3% |
B — — fin - fin— A (15)
and
= T2(T—-M2) T2(T-M2) T2
(M2+M2—S—2T)2 (UT—M2M2)® (UT—M2M?)
x A (1-+6 )
1 M?2)? M? M?2)? M? 3
+—<2 ( 32) +5 242 ( 42) +5 s +—)
3N (T—M3)2T3 T3(T—-M3) (T—-MZ)*T3 T3(T—-M3) T°
(M2+M2—S—2T)3 (UT—M2M2)°
X 3 : (4.6)
A;
with
Ay = SPHM+M;—2(SM;+SMi+M;M7). (4.7)

The same pole appears in the two boxes with integral function: Lfmh’a’d’{b’e}’{c’f ' and

I fmh’a’d’{c’f bbel - On the pole the coefficients of these two boxes are not equal and neither
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integral function vanishes. However, the sum of the dimensionless integral functions vanishes,
ie.

= 0. (4.8)

la| Kpeld)=0

2mh
(FedsententFoiiornve)
On this pole the dilogarithms in the individual boxes and triangles survive, but cancel
between them. Setting
B3 = —i/ A IS (4.9)

the integral functions are related by

_ 3mt
= T 0} (be) (e f} (4.10)

[a‘Kbe|d>:0

( 2mh __12mh )
a,d,{b,e},{c,f} a,d,{c,f},{be}

[a‘Kbe‘d):O

where the sign ambiguity is associated with the choice of sign for /Aj3. Schematically,
expressing the box coefficients in terms of their sum and difference, apox1 = S + D, apoxe =
S — D, the box and triangle contributions are

<S+D> Fbox1+<S_D) Fb0x2+5tm'F3mt = S (Fbox1+Fbox2)+D (Fboxl_Fbox2>+Btm'F3mt .
(4.11)
Expanding about [a|Kpe|d) = 0, thanks to (4.8) there is no dilogarithm component in the
first term for any S. However, we can only use (4.10) if D and by,; are equal. In fact

D = £+ O([a] Kield)") (4.12)

Hence the dilogarithms vanish from any term that is singular as [a|Kj.|d) — 0, as required
by the factorisation theorems [38].

As in the one-mass case, there are subleading singularities at cubic order multiplying
logarithms. These combine with the bubble contributions and cancel up to and including
order [a|Kpy|d) ™!, leaving no spurious singularity in the logarithms.

The rational descendant of this combination of boxes and triangle contain both [a|Kje|d) 2
and [a|Kpe|d) ™! singularities. Both of these singularities must be cancelled by the rational
piece of the amplitude R,,. As the expansion has been performed about a singularity specified
in terms of S, M3 and M, there is no need to expand the three mass triangle integral function
when determining this rational descendant.

C. Aj Spurious Singularity

The three mass triangle contributions have A3? poles which can be seen explicitly in the
canonical forms. Around the Az = 0 pole the integral function has the expansion [37],

2 2 A
I(M3, M3, M3) = log(M3) (- 3 ; )
(M7, My, My) og(My) (MZ2—MZ—M2) 3(M M32)3+
2 2 A
lon( 172 <_ 3 >
+ og( 2) (—M12—|—M2 M2)+3( M2—|—M2 MP?)?’_I_
2 2 A
o 12 <_ 3 >
+ Og( 3) (—M2 M2+M2)+3( M2 M2+M2) +
—i—met, (4.13)
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where

st 4 A 4 (4.14)
A S (N NG M) (M VG0

The logarithmic terms in this expansion combine with the bubble contributions to yield a
finite contribution on the pole. The rational piece in the expansion must cancel with the
rational part of the amplitude.

V. OBTAINING Rs BY RECURSION

BCFW [24] recursion applies complex analysis to amplitudes. Using Cauchy’s theorem,
if a complex function is analytic except at simple poles z; (all non-zero) and f(z) — 0 as
|z| —> oo then by considering the integral

167 5.)

where the contour C' is the circle at infinity, we obtain

F(0) = — Z Residue(f, z) , (5.2)

- Zi
We wish to apply this with f(z) = Rg(2), where Rg has been complexified by a BCFW shift
of momenta. Since

M6 = Cb0x+ctri+cbub+R6 — RG = M6_Cb0x_ctri_cbub ) (53)

the singularities and residues of Rg are both those arising from the physical factorisations
of Mg and those induced by the necessity to cancel the spurious singularities of the cut-
constructible pieces.

A. Choice of Shift

The rational part of an amplitude can be obtained recursively if the factorisation properties
of the amplitude are understood at all of the relevant poles. There are three main obstacles to
this: quadratic poles in the amplitude, non-standard factorisations for complex momenta and
contributions for large shifted momenta. Quadratic poles in the amplitude lead to recursive
contributions that depend on the off-shell behaviour of the factorised currents. This can be
addressed using augmented recursion [39, 40]. For non-supersymmetric theories there are
double poles of the form

V(b bt K ) x — x M8 (K- n). (5.4)
[a 0]

For the six-point NMHV amplitude the tree amplitude vanishes since it has a single positive

helicity leg. (This is no longer the case for seven and higher point NMHV amplitudes.)
Non-standard factorisations for complex momenta are unavoidable and are considered in
detail below. The final obstacle is the possibility of contributions from asymptotically large
shifted momenta. The amplitude doesn’t factorise in this limit, so the residue is undeter-
mined. This issue may be avoided if the shift employed causes the amplitude to vanish for

14



asymptotically large shifted momenta. As the amplitude is as yet undetermined, its be-

haviour under any shift is unknown. However, if the cut constructible pieces don’t vanish for

asymptotically large shifted momenta there is little hope that the rational pieces would.
For example under a shift involving two negative helicity legs,

5\& — 5\@ = S\G—f—Z;\b , >\b — )\B = )\b—Z)\a, (55)

the cut constructible pieces of the amplitude are divergent for large z.
However, for a shift involving one negative helicity leg and one positive helicity leg,

Ao = Aa = Mgz, : Ad = Aj = Aa—2 A, (5.6)

the cut-constructible pieces all vanish at large z, at least suggesting that the rational piece
is also well behaved there. The shift (5.6) will be used to obtain Rg.

The contributions to Rg can be grouped into three classes: standard factorisations, non-
factorising contributions and rational descendants of the cut-constructible pieces :

Rg =Ry +Rg " +ReP . (5.7)

B. Standard Factorisations

The standard factorisations of a six-point one-loop amplitude have the forms:

1 1
Miree Ml lOOp ’ Mgree Ml lOOp (5 8)

1
tree 1 loo

K? ’

In a supersymmetric theory the 3-point loop amplitudes vanish and so the third class are
absent in this case. With the shift (5.6) the factorisations of the first type are:

M (6, m= ,K+);2M1 loob(_ = sz, 4+, pt, i),

Mo K ) g M i my Y~ ),

My (K~ d*, p} )fiz My (@, my,my , pf, —KY),

M (my, d*, f(ﬂ%Mg‘b‘Jp(&‘, ~K~,my,pf,p3). (5.9)

While the factorisations of the second type are:

L ; >
—loop — - g+ +
M4 (ml y My 7d a_K )a

My*(a™, K=, 0}, p3) 33

1 00 o — - 3
Mtree(a m17p17K+)K2M11 P(_K 7m27d+7p;_)7
—loop/a— 71— 1 ree - 7 >
Mil p(a 7K >p;r7p2)K2Mt ( 17m2?d+7_K+>7
—loop / ~ — — 1 ree
‘]\441 1 P(a 7m17pT7K+)K2Mt ( K m27d+7p2) (510)

For generic six-point kinematics, the kinematic points at which the 4- and 5-point loop
amplitudes appearing in these factorisations are evaluated are in no way special, hence the
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rational contribution to the residue comes solely from the rational part of the 4- and 5-point
loop amplitudes. Each factorisation therefore gives a contribution to Rg of

R Mgr_e%:i RZ@ ree:i 1 %
RﬁsF = Res (Z—}(ZQ> . = Mgtin (Zi)X?iQXRn(Zi), (511)
with [4, 7]
. L {ab)*[cd]’
Rila™,b",ct,d") ==
4( ) 2 <Cd>2
and
Rs(a™,b™,ct,d" e =Ri(a™,b",cT,d",e")+RE(a", b, c",d",eT), (5.12)
where
_ - b [ed]® [be] (be) (bd)
Rs(a 7b ,C+,d+,€+ :_<a +P a7b7 c,d,e )
5( ) 9 <Cd>2 <b€> <C€> (de) 6({ } { })

RE(a™, b, ¢t dY et) = — (ab)? (5.13)

and Ps denotes a sum over the six distinct permutations of {a,b} and {c,d, e} noting the
symmetry of R¢ under ¢ <+ d. The full contribution of the standard factorisations is then

Rg" =" RJ™, (5.14)

2

where the sum is over all of the standard factorisation channels given in (5.9) and (5.10).

C. Contribution Of Rational Descendants

As discussed above, higher order poles in the coefficients of the box and triangle contri-
butions to the amplitude can generate rational descendants when those poles are excited.
The shift (5.6) excites some poles of each type. Specifically we have the various singularities
listed in table II (with p; # d, m; # a).

Denoting the rational descendant in each case by f&, the corresponding coefficient by ¢;
and the value of z on the pole by z;, the contribution on each of these poles is

RGRD;j —_ —ReS (Ci(da b) Ca d7 67 f)f;i(eL? b7 C? d7 67 f)) (515)
z Z—rZ;
so that
RED =) REP, (5.16)

where the sum is over all of the poles listed above.

Individual terms in the bubble coefficients contain a range of other higher order poles. In
principle these could also generate rational descendants, however in the full bubble coefficients
these are at most simple poles and so do not generate further rational descendants:

RePPub — (5.17)
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o™, pfomy s, pfmg ) | lama] ™"
o™ (d*,my,ps, {mg my pi )| (dpa)™
(o=, d* {my, pi}, {ma, po})| (6] K pm,|d) ™
13", py, {ma, d}, {ma, p2}) | [a| Kp,m,
™ (my,d+, {a, pi}, {ma, pa}) |[ma | Kpym,|d)
™ (my,py s {a, pa}, {ma, d}) | [ma] K g, [p2) ™

B AF?

p2>74

TABLE II: The various non-physical poles which induce terms in Rg

D. Non-standard Factorisations for Complex Momenta

Factorisations of the amplitude occur when propagators go on shell. The standard fac-
torisation channels arise when the on-shell propagator is not in the loop and is explicit in,
for example a Feynman diagram approach.

The loop momentum integral may also generate poles in the amplitude [38] particularly for
complex momenta. Since we are computing the amplitude by recursion in complex momenta
we must determine these complex factorisations.

b=
B d+
—h
V4 T
+h N
A €
o

FIG. 4: Non-standard factorisations channel

Poles can arise when two adjacent massless legs on a loop became collinear as illustrated
in fig. 4. This case has been discussed in the context of amplitudes with a single negative
helicity leg [39, 40]. In the integration region ¢ o< b the three propagators connected to a and
b all become on shell when a and b are collinear. The diagrams of interest can be grouped
together to form a one mass triangle in the integral reduction sense (i.e. the massive corner
represents a sum of all possible tree diagrams). The integration region of interest has all three
propagators on shell and so the pole may be determined by the triple cut of this triangle.
This triple cut wouldn’t normally exist, but opens up when a and b are collinear.

Using an axial gauge with reference spinor ¢ [39-41], the contribution of fig. 4 with a scalar
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particle circulating in the loop is

1 qlatlg\? [ qlbllg)\ ree B
/dDé@A?B2 ([[’aq]L]> ([[’bq]’?] miiv(A, By e, d et 1) (5.18)
tree

where 71y represents the sum of all possible tree diagrams. A and B are given by

A=/(+a and B = —(+b (5.19)

and satisfy A+ B = a + b. The integrands for other particle types in the loop are related to
the scalar contribution by an X-factor:
(Ca) (Bb) (Ac) _ [q|A|c)

X = Aa) (@) (Be) ~ Bl (5-20)

and the A/ = 4 contribution is obtained by multiplying the integrand by a factor of p? where,

b 2
= _lglatble)” . (5.21)
lalAle)]a|Ble)
For ¢ o b the integrand of (5.18) contains (a b) factors in its numerator, leaving a pole in
[ab] in the integral. As M55y is finite as [ab] — 0, 75y — M5y in the region of interest.
For a scalar particle circulating in the loop the KLT relations [31] give

MUE(A Be, f,c,d) = [—isABscfAYMIO(A,B,e,f, ¢, d) [seCAYM(B,A, ce, f,d)
‘F(Sec%_sef)/1YA4(lg7/4707f?ead)]]_k7)(lg7evf)‘ (5'22)

Of the six terms in the permutation sum in (5.22), the two which don’t permute B can be
neglected due to the explicit sp factor. The remaining four form two pairs with the members
of each pair being related by interchange of legs e and f. The N = 4 contributions of one
member of each of these pairs are

Cfo 1 {Aa (BY(AQ) (BA?[AIB  [ef)lglatble)?
= [t (Ad) (Ac)(Bd) (Be) (Bf)  faaPlal ed) efyiapy 2
and
o firn] (Aa)? (BO? (A) (B [ABAIBeld)  [efllala+ble)’
: PAB (Ad) (Ac) (Bd) (B ) PP cd) ) @Y

Partial fractioning the integrand of Cy using the (A c) (B¢)® factor in the numerator yields

six terms whose integrands have loop momentum dependence
1 (Aa)*(Bb)?[Ae][Be]

(2 A2 B2 (Azx) (By) ’

(5.25)

with z € {d,e} and y € {d,e, f}. In the integration region of interest A% and B? are negligible
allowing the integrands to be rewritten as quartic pentagon integrands
e[ Ala)[e] B|b) [x|Ala) [y| B|b)
PA2B%(A+x)?(B—y)?

(5.26)

18



For x # y, using
(b|ByxAla) = 2B.y(blzAla)—2A.2(blyBla)+(bly(a+b) Az|a) (5.27)

splits each of these quartic pentagons into a pair of cubic one-mass boxes and a cubic pentagon
which can be neglected. As a box with two adjacent corners attached to single external legs
of the same helicity has a vanishing quadruple cut, these cubic one-mass box integrals reduce
to bubble and rational contributions only. The bubble coefficients can be evaluated by direct
parametrisation. For example the box integral (5.28) which is illustrated in fig. 5 has bubbles
associated with its {a,z} and {b,a,z} cuts.

b lelAla)(e] BIb)[x|Ala)
2
/d ¢ PA2B?(A+x)? (5.28)
b ° Y °
[ [ ]
B ° °
14 B A
A {
a T b a
FIG. 5: The box integrals associated with (5.28)
The {a,z} cut of (5.28) gives the bubble coefficient
e LN IO (5.29)

[ab]  (bx)?

where terms of order [ab]! have been extracted from the leading term to simplify its denomi-
nator as far as possible. The remaining (bz) singularity in this bubble coefficient is spurious
and must cancel with the {b, a,z} bubble as (bx) — 0. So that this singularity is not present
in the logarithmic part of the integral, the sum of the two bubble coefficients must be finite.
The sum of the two bubble contributions then involves the singular parts of the {a, x} bubble
coefficient multiplied by the difference of the integral functions of the two bubbles. With s
and sy, both being small, the rational descendant of the bubbles on the (bz) — 0 pole is

(ab)’ (az) [ea]? (Sﬁ_li
[ab] (b g;)z Sgr 282

axr

4 -)+O([ab]0). (5.30)

The leading term of the rational descendant has a (b x>_1 spurious pole. This must be

cancelled by the rational piece of the integral, allowing the rational term to be identified as,
(a b)? [ae][be]
lab]  (bz)

+0O([ab]’) . (5.31)
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For z =y in (5.25) the reduction to boxes uses the identity

! L ! 1 2 p2
(A+z)2(B—x)? 2P,x((A+x)2+(B_x)2)+O(A ,B?) (5.32)

which yields a pair of quartic box integrals whose rational pieces are evaluated using the
approach described above. The full rational contribution of ] is

R = P o ) (@ >< oy e
R R %I%’l
G5 >>I”2 e ) (53
where
R e e () o

The C5 contributions involve both quintic and quartic pentagon integrals, but their ra-
tional pieces can be obtained in a similar fashion to the C; contributions. Separating the
quintic and quartic pentagon integrals,

RC’2 _ RCQ RCQ

qum ‘quar?

(5.35)

where
C2 _ [al Pas|c)* cd) IP—(ce) I
e~ o e ey o e ) 0

with

(b [af]  (fU)(ac)[af] {ac)[af] )
(fa) (fa)* 2(fa)[bf]

(blf Pavf)[ea] {ac) [cb] {ab)

(a b>2 Sba
6 <b ZE>2 Sazx

1 2
<—g (a 1) leblleh] (ab)* (

4(z f)(a f)
—(ax) [ea][fa]lca] {ax) (cb)

(ax) (ab) Sba
+ i (b| f Pw|x)[eal[ca] (ax) (cb) 0 $>2 Sax) (5.37)

and

RS, = [aq]z[b;j’;(fgfl?’zf})z o (<cd>2 1390~ (c) (edy I35, —(ed) (e £) I35+ ) (¢ ) L?ff,l)

(5.38)
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with

o Lah b o

__L{ab)" [ac]lbe] ey’ (-pelleler] _clocla
e bl (ry) 22 = 12[ab[z| Pule)

(az)  (ba) > (539)

The contribution of these non-standard factorisations to the rational part of the 6-pt ampli-
tude is obtained by recursion:

(5.40)

Ci(a.b.c.d
R?i(a,b,c,d,e,f)zRes<R (a,b,c, ’e’f)>
VA

[ab]—0

The contributions arising from the conjugate poles, e.g. <CZ e> — 0, can be obtained using
the flip-conjugation symmetry of the amplitude. Defining

RS (a,b,c,d e, f) = RS (a,b, ¢, d, e, f)+RS$(a,b, ¢, d, e, f) (5.41)
and

Rg(a,b, c,d e, f)=RS(d,e, f a,b, c)|< (5.42)

zy) e zy)’

the full non-factorising contribution to Ry is

RE’f(a,b7 c,dye, )= Rg(mb, c, d,e,f)—l—RGC(a,b, c,d, f, e)—l—Rﬁc(a,c, b,d,e, f)+R6C(a, ¢, b,d, f,e)

+R(a,b,c,d, e, f)+RS (a,b,c,d, f,e)+RS (a, ¢, b, d, e, [)+RE (a, ¢, b,d, f,€).
(5.43)

We have computed Rg systematically using its pole structure. Underlying this is the as-
sumption that the amplitude vanishes for large shifts. This is difficult to justify a priori.
However the expression obtained has the correct symmetries and collinear limits (checked
numerically). Generically a BCFW recursion produces terms which are not manifestly sym-
metric and the restoration of symmetry is a good indicator that the amplitude has been
correctly determined.

An explicit form of R4 is available in Mathematica format at http://pyweb.swan.ac.
uk/~dunbar/sixgraviton/R6.html.

VI. CONCLUSIONS

Graviton scattering amplitudes have a rich structure. In particular N' = 8 supergravity has
proven to have a much softer UV behaviour then previously expected with the underlying
symmetry reason still unclear. It is important to understand which structures of N' = 8
survive in theories with lower supersymmetry. It is also important to study amplitudes
beyond MHYV since this can often have a misleadingly simple structure. In this article we have
constructed the six-point NMHV amplitude in N/ = 4 supergravity. Of particular interest
is the rational term since in the MHV case a particularly simple and suggestive structure
appears [42]. The rational terms in the NMHV case do not appear to have any such simple
structure although this may be hiding given the algebraic complexity of the amplitude.

Computing the rational terms has required a blending of techniques including obtaining
the rational descendants of the cut-constructible pieces. Amongst the cut-constructible pieces
the coefficients of the bubble integral functions have been particularly cumbersome although,
fortunately, these do not generate any rational descendants in this amplitude.
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Appendix A: Six-Point Tree Amplitude Expression

The six-point tree amplitude needed for computing the bubble coefficients is
14 14
M(<ll)i:7 a”, b e’ f+7 (l2)2_) = Z Ti(h) = Z Ai(Xi)%‘
i=1 i=1

The fourteen terms in (Al) are
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(ab)" (elz) [bh][e f]"

hi= _i<all><bll>[6|Kabz1|a> (o] Kbty |@) [f [ K apty [0) [f | Kary [11) [€l2] [ fl2]tan, [6}“72]’
T — —i (Ol) [f | Kofi, |a)®lels)] [_Z. (ala)[f11] ]A
(ae)(alz)(ela) [b| Ko, la) (11| Kogi, |a) [f [ Ko pi, | Lf 1 Koy 1) DA [OL][fla]toe, | [ [ g | @)
T — {ab)"(ely)[blo][e f]7 [50s]
(ala) (blo)[e| Kepi|a) [ Kepy |a) [f| Ko 0) [f | Kepiy o) [eb] [fl]tep, -7
. (aly)”(be) e 1) )]
(alg) (Lil2)[b| Kyepla) e Koep|a) [ f [ Kver|l) [ Kpeyll2) [be][0f tves | (aly)
_ (@t) (1 1) [be] [ 1) L)’
(ae) (be) [l Kavel|a) [lo| Kabel @) [ Kape| D) [f | Kapel€) [f 1a] (1 L] tape | [fla] |
L (aly) (bla) [ela] [ 1) 1K) ]
° <a€> <€l1>[b|Kaell|a> [l2|Kael1|a> [f'Kaell|€> [f|Kael1|l1>[bf] [bl2] aely <al1>[fl2] 7
T lef][la| Kaerla)T ((ala) (Ol ) [ Kacy|e) [Dla] —(aly) (bla) [la| Kacr|e) [b1]) [lllKaef|a>
T a2 (e ) K aer |a) I K aer 1) (1] Koaer | @) (1] Koae [€) o Ko [€) 001 o] [l o) ey | 1ol Koaesla)
Ty =i [e| Kty @) [ f12] ({ae) (bly) [ | Kper, |12) [be] = (be) (aly) [ Kper, | 12) [bl1] (laa)lely]
(af)2(fl2) [ Ket, |a) (11| Kper, |a) [ Ker, [lo) [€] Kety [l2) [11 | Ket, | 12) [be] bl1 Lteer, | (€] Kpe l1|a
T (aly)®[elo] [ f11] ({als) (be) [b| Ko, |11) [ela] — (ab) (ela) [lo] Kagr, |11) [be]) el Kap o
U a2 (FL) b Kap, la) [ Kapr, [a) [lo] Kapi, |a) [0 Ko, 1) [e |Kafl1|ll>[l2|Kafl1|l1>[b€][bl2 afh lla )ely
T (ab)®[bfllela]™ ({alz)(ely )11 Kang|D) [ela] —(aly) (ela) [I2] Kaps |b) [els]
O a2 el Kavgla) (1 K apgla) [l Eany | a) [e] Kang D) [11] K [0) [lo| Kt ]B) el [1la]tany
T (ae) (bly)"[ef1* ((bla) [e| Kaep |l ) [L] [ f1o]— (bly) [e| Kaep |l2) [blo] [ f11]) blz>
N ) (o) [ Koo [0) [ Koot D)1 K e 1) [ [ Ko [10) (€] Koaer ) [ K et ) [a€] [a 1P Hacs | (BL1)

T — g (aly) (bly)"[f1a]® ((be) [La| Koer, |11) [bla] [e f14 DIy ) [la] Kper, [€) [be] [ f11]) Z.[f\Kbesz‘,
. (be){eli) [f | Kvety ) (L] Kpery [D)[Lf [ Evet |12) [f | Kpery |€) L2 | Kper, |€) (T2 | Kper, ) [alo] [a f1Ptper, | (1b)[fl2]
T (aly)[F1 K ap, |0)7((be) 1| Kag, [12)[Df][elo]+(elo) 11| Kagi, |0) [be][ f12]) - (LY)[fh] f
B T ey (bla) (elo) [ K g |0) [ K agts ) [ | Koagts ) TR gt o) [ K i 1) @ P o tagts | B agin 1B)
T (ab) [f 1 Kangl0)7 ((ela) (bl Kaps 1) [ela][ f12]— (ely) [B] K aps|T2) [el2] [ f11]) S Kag|lo) !
T el (elo) (Lilo) (D] Kabg€) [ | Kabg €) [0 B abg 1) (DI K ab [12) [ [ Koabp | 12) [ab] [ f Plass | [f [ Eabs|11)

(A2)
with A =4 — 2h.
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Appendix B: Bubble coefficient

The 2:4 bubbles involve the 6-pt NMHV tree amplitude. This has fourteen terms and
consequently, the bubble coefficient has fourteen sources. Each of these generates a collection
of terms leading to an algebraically complicated expression,

Of these fourteen terms two (77 and T3) don’t enter the A/ = 4 matter multiple calculation
and the rest split evenly into massless and massive types. Massive terms involve a factor
of ({4 Q)?)~! where Q* # 0. Terms Ty, Ty, Ty, Ty, T11 and T4 are of the massless type
and their ¢ dependent factors in the denominator are of the from (zf) or [xf]. The bubble
coefficients for these massless type terms can be evaluated using the H¢ canonical forms
presented above (see (3.11)). The overall result for these terms is then

65

Cra+Crs5+Cri+Crip+Crin+Cris = Z DjH(C)l[ij Aj bj, a4 . (B2)
j=1
The explicit results are
2 2

C’T4 =

[cd] (ac)' (be) [e ] sea I
B/ Koo} (e Ky a) {cd) [oe] (b ] ng“zl;@ajﬂ (Bi, Ay byyas]  (B3)

{la;)y ={le), |} {1450} = {Id), Koe| f]} (B4)

{lo} ={ld], Keala)}  {[Bil} = {lc], KeaKee| f1} (B5)
o H?:Alil {ai Aj) o H?jlil [bi B
04] Hk;éj <Ak Aj> i Hk;éi [Bk Bi] (BG)

For Cr4, na = np = 2 and the numerator products simplify to (a; A4;) and [b; B;].

[/ Keale)* ()" o) L
Crs == 2 1aJH BzaA]ab2aa2 B7
<Cd> < > <b 6) [f|Kabe’b> [f'Kabe > abe ; ZB ] ( )

7=1
where

{la)} ={le) Keal 11} {1450} = {ld), KeaFKapela)} (B8)
{loa} ={1/1,1dl, 3 {IBi]} = {lel, Kiela)} (B9)

and «; and (8; are given by B6 with ny = np = 2.

le f] {cd)? [d] K yeg|a)* (
(a f)2 (e ) aef| )b Kaes|e) K2,

2 2 3
[b| K gefla) ZZ@%W By, Aj by, as]— K2, (be) > - 6 H[Di, Gy, dy, cs); )
=1 j=1

=1 j=1

Crr =

(B10)
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{lag)} ={16),[€), Kealacpla)}  {[A;)} = {|d), Kealb], KeaKacrle) }

{Ibi]} ={|d], Kacpla), } - {IBi]} = {0, |]}

{lep)y ={la), le), Kealacyla)y  {1C5) = {ld), Kealb], Kealacsle)}

{Idi]} ={1S], Kaerlar} {IDi] = {le], Kacylel} (B11)

where «; and (; are given in eq.(B6) with ny = 3,np = 2 and

o (e C) 2 de Dy

B, G) T . DeD] (B12)
with ng = 3’nD =92
Crip =— (ab)®[b f] [e| Kualc)* [cd] (
(ed) (a f)* (b )[ | K |a) K2, o] Ky [b) 5

3 3 3
—[e| Keala) ZZ Bio HY [Bi, Aj, bs, as)+(e| Kea| Kabg|b) ZZ(S%HW,OJ,@,@O

=1 j=1 =1 j=1

(B13)
where
{las)} ={le). le), Keale]}  {[A)} = {ld), KeaKapsla), KeaKans|b)}
{10:]} ={Id], le], Kans[b), } {IBil} = {lc], Kavs|b), Kavrla), }
{les)} ={la), le), Kealely  {1C5) = {ld), KeaKabgla), KeaKas|b) }
{Idily ={lel, le], ]} {IDi] = {lc], Kavrla), Kavs|b)} (B14)

and the oy, §;,7i, 0, are given in eqns.(B6) and (B12) with ny = ng =ne =np = 3.

C’T14 =

(@) [f| K aps | Eoald)* (
[ab] [a /T’ abf[bmbfr )| Kapyle) (cd)’

5 2
—[f[Keal€) Z Z B H [ By, Aj, bs, as)—[b| K| Keale] Y > 67 HY Dy, Cj, ds, 03];>

i=1 j=1 i=1 j=1 b1
{las)} ={le), Kas 1} {lAj} = {le). |d)}
{1b:]} ={ld], le], KeaKavs[f1,} - {IBi]} = {lc], Keale), Kcalany[b), }
{lei)y ={le), Kaplf1} - {IC)) = {Id), Kany|b]}
{Idi]} ={ld], |f], KeaKans| I} {IDi] = {lc], Keale), KeaKany|D] } (B16)
and the «;, §;, 7, d; are given in eqns.(B6) and (B12) with ng = 2,np = 3,nc = 2,np = 3.
o= Ll e T o)’ ( (B17)
K3 plae][a f]" (e[ Kaer|b) [f[Haer D)

3

3 2
[f| K apes|D) ZZ@%H"B Aj bs, a0l K2, [be] Y > 6y HY Dy, Cj, ds, cs]; )

=1 j=1 =1 j=1

(B18)
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where

{la;)} ={1b). 1e)} {1A;]} = {ld], Kae| £)}

{1b:]} ={10], d], Kealb)}  {IBi]} = {lc], Kealaes| f], Kealacs|f]}

{lei)} ={1b). [b). )} {IC5) = {|d), Kacgle], Kacs|f]}

{‘d]} :{|f]’ ‘d] cd|b>} {‘D] - {’ ] chaef‘ ] chaef‘ ]} (Blg)
and the oy, §;,7:,0; are given in eqns.(B6) and (B12) with ny = ng = nec =np = 3.

The remaining pieces come from Ty, Ty, Ty, Ty, Ti2 and Ti3 and all involve massive
propagators. These terms generically take the form

_
(+Q)?*

Other denominators such as [¢|Q|¢) " and [a| Ky g|B) ! appear but these can be manipulated
into a common [¢|Q]¢)~! form using

(B20)

al(+@)18) = [laltan+Halals) = 1 (alto+ 22 P ) o - L gy w2

P2
with
P+— P (B22)
Q= P g
where we have used that, on the cut (I; — P)? =0, so that [I;|P|l;) = P?. Also
(14Q)? = [1QI+Q* = [1QIH+Q* 1 = [1QIn) (B23)
where
QQ
Q" = Q“—i— (B24)

The previous six terms were of overall order ¢*. When combined with the other tree
amplitude and multiplying by the p-factor the resulting cut was of order ¢°. The ¢ count of
these terms is +6 and there is no straightforward way of implementing a reduction. As in
the massless case the p-factors lower the overall power count of the N' = 4 contribution by
8, leading to an overall power count of +2. This significantly increases the complexity of the
expressions. The leading large ¢ contributions cancel between the terms at large ¢ indicating
that there is probably an underlying simpler version of the bubble coefficient. The form of
the six-point NMHV amplitude was obtained using a BCFW shift on legs ¢~ and f*. We
have evaluated alternative forms using alternative shifts e.g. @~ and b~ but the resultant
expressions still include terms which would be ¢¢ or have equivalent problems.

Fortunately only three of these contributions are required since

Cre+Cro+Cria = Cro+Crs+Cris . (B25)

We present the analysis of term Cps in detail below and the results for C'rg and Cri3 after.
Term 715 is

(O11) [f | Pysiy la)®els] ; ala)[fli]

B T e o) (ela) D1 Pogn [a) | Pogts [a) £ Pagas ) F1 Poga 2} T LT s o {_ ! Pb{%zag)}
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where A =4 — 2h.
The denominator of (B26) includes a products of three massive factors:

1
[0 Pogi |a) [f | Pogii|€)tosi, (B27)
These denominator factors can be rewritten as
b Pyynla) = [blfla)-+ B} {als) = i (“"f 9 p i3 ) ) = A0 0,0 )
1 Punla) = Lf[bla)-+ 10 )b} = i ([f LUFIS Y ) 0y = L0 1ol
o, = 1ol sng = ] (5P ) 1) = [1Qaalts) (B2s)

Drawing in two /; dependent factors from the numerator, the massive factor can be separated
using

{xlh)(yh) _ (yl) <[51|Q2 2|) [l1|Q2:3|$>>
[ll|Q2:1|l1>[ZI|Q2:2|ZI>U1|Q2:3|ZI> [ll|Q2:1|ll>[l1|Q2:2Q2:3|ll] [l |Q2 2|l1> [l1|Q2:3|l1>
_ 1 [11]Q2:2| ) (yl1) ( [11]Q24y) _ [11]Q22]y) )
[l1|Q2:2Q2:3|l1] [l1|Q2:1Q2:2|l ] [l1|Q2:1|l1> [l1|Q2:2|l1>

_ [11]Q2:3]x) [11]Q21]y) B [11]Q2:3y)
[1]Q21 Q25 ]1] <U1|Q2:1|l1> [ZI|Q2:3|51>>) . (528)

The [11|Q24Q2.|l1] factors can be split by defining QY = Qui — aQ)y.; where (Q9)2 =0, so
that,

[1]Q2:iQ2:5111] = [11](Q2i—aQa:)Qajll] = [11|QF Qas|l1] = [LQFQY |Qa]l] . (B30)

These factors can then be treated in the same way as the massless factors. As the full
denominator may contain factors of the form (zly), partial fractioning on both |I;) and |l;]
yields terms with loop momentum dependent factors of the form:

(AL | B)[Cl | D)+~[E|L | F) [Y] (yli)
[1]Q11) [(X1] (wly)

The canonical form arising from the terms in (B31) are the G1;; functions as defined in
appendix C.

The cut momentum P,y is specified by the sum of the two null momenta ¢ and d, however
it is often convenient to express P.; as the sum of two alternative null momenta. For any
null momentum =z, setting

(B31)

* Py
= Mw, (B32)
gives
P =P a* (B33)
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with (P?)% = 0.
Defining

Ax = [f|Poc|la) N4 fd] (ca) \g

Sed 3
Aoz = ——— N\, Aoz = Ao
Q5,4 [b]f|a) Q3. Q54

Sed

)\ac = )\6 Xac :>\*x
2 [f1ble) e T

{0} = {(Xa|Padl, (Xa|Peal, (Xo|Peal, (Xa|FPeal}

{1Bi]} = {[0l, [cl, (e[Peal, {alPysl, [f|PacPeal}

{la;)} = {0l (el, [f1Q2al, (a|PeaQ2al}

{la3)} = {(bl, (el, [f1Q22l, (a|PeaQ22[}

{lai)} = {(0l, (el, [f1Q2al, (a|PeaQ23[}

{1ADY = {(dl, (f1, (@2, [Q57Q22l, (alPosQasl}

{142)} = {0, (d], (@], [QF*IQual. (€] PoyQual}

{143} = {0, (dl, (f1, (alPyQasl, (e|PoyQasl} (B34)
K H ) (a7 AT [T, [b: B)]
aj = ]# <Ak A’“ B; Hz#j B B (B35)

the contribution of term 75 to the bubble coefficient is

_ [cd] {f)) : : ko kg,
Cro = (ae) [bf]s§d<cd) ;ZZP ]ﬂz

j=1 i=1 k=1

x( G [1elPaals AL, [d), By, 71 (], Qs {8, B2, Pty Q5]
[ {bla)Con [[e| Padl A%, [d], B;. [f], {a], Qa 16", B2}, Pat, Q3]
UMY Gan [[e| Podl, A%, [d], By, 1], al, @, (', P2, Poa ])

(B36)

where . X (fb>
1+ et 3 _\JY
P T T bl T T s

In the above x and w represent arbitrary null momenta.

(B37)
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Crs and Cri3
For Crg we have

ae)lc 0
Crg = (a f>3<Cd 1 e b] ZZ/BZ(

i=1 j=1

Ckl Gill[(dv Aj> [d|’ Bi’ [6|’ <a’|7 Q&l? {b*v P£}7 Pcd’ ngl]
J
[e]b]

G>G011[<C’, Aj> [d’7 Bi7 [6’7 <a‘7 Q&la {b*7 pbb}, Pcd7 g;l]

2 Gill[(d’ Aj7 [dl? Bia [6‘7 <CL|, Q8:27 {33'*, ng}a Pcda w]

[ ’b| >G011[<C|7Aj7[d|7Bi7[6|7<a|7Q8:2u{I*7be}=PCd7w]
(be) [cd] ey
(a /) (cd Q[be]zzz%<

51 Gill[(dj Cj’ [d|> Di’ [elv <CL|, Q&la {b*7 Pbb}a PCda ngl]
J
—[e|b|a>G011[<c|, Cj? [d‘7 Di7 [6’7 <CL|, Q&l? {b*v Pbb}7 Pcd7 Qg:l]

_52 GTHKC‘?C)'?[d|7Di7[e|7<a|7Q8:2;{x*7P£}=w] >
] —lelbla)Gon[(c|, Gy, [d], Di, [e], (al, Qs.2, {*, P}, w]

Ax = —Aelbla)+A: [ec] (ac)+ g [ed] (ac)

where we define

Scd N N *
AQ;:I = )\a AQ;:I = )\b ) )\Qgtl = AQ;:I ) )\ngl = )\Qg;l
C28:1 = Qg;1+k0+kd

Sbe N Y 5 Sbe
Mgz, = A=, gz, = Acs Agr, =AM, Agr, = A=
Secd Sed

Qs = Q8.0 +Qb o +hytke

pg = Pcd+aPaf s.t. Pg =0

(B38)

(B39)

(B40)

(B41)

(B42)

(B43)

(B44)

{14} = {(al, (@], (el}, {laj)} = {0, (a|PaQsal}, {la})} = {(b], (a| PuaQs:2|}
{[Bi]} = {[b], {alPel, [blPagPeal, [c|, (f|Peal, [€|FPusPeal}

{1b:]} = {(al Peal, (X|Peal, (X[Peal, (X|Peal; (X|Peal}

{1CH} ={dl, (e}, {lep)} = {(alPa@sal} . {Ic))} = {(a| Pea@s:2l}
{IDJ} = {lcl, (a|Pscl, [0|PagPeal, (f1Peal, [Px], (Bs|Pagl}

{ldil} = {{alPeal; (X|Peal, (X|Pea|, (X[Peal, (X|Feal}
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z 1 <ak Ak>

A = 15 D @40

Bj N Hi;éi [Bi Bj]

(0%

p o (dQy I, [d: Dy

kA Hi;ﬁj <Czk Cf> Y _Hiyéj [Di Dj] <B47)

Finally,

i
S IR ZZ@(

Cdzl]l

Ginallcl, Ay, [d). B[] (0] Qusa. (s P2, Poas Q] )

—[flalb)Gou[(c|, A, [dl, By, [f], (bl, Quaaa, {S7, Pp}s Ped Q]

Ginllel, Ay, [d], Bi, [f], (O], Qs {2, P2}, Pog, ] ) )

_[f|a|b>G011[<C| Aj? [d| Bi’ [f|7 <b|> QIS:Q; {l‘*, Pmb}7 Pcde]

Ny 32225(

Sed =1 j=1
/1 Giil(el; Dy, [d], Gy, [f], (bl Quza, { f7, P;}; P, Q3.1
J
—[flalb)Goui[(c|, Dy, [d], Ci, [£1, (O], Qusa, {f*, P}, Peas Qf3.1]
_,.)/JZ Gill[(daDj?[d’vCi?[f|><b|7Q13:27{x*7P£}7PCd7w] ) <B48)
—[f|a|b>G011[<c|, Dj? [d|> Oi? [f'v <b|7 Q13z2a {ZL‘*, Pa?}? PCd? W]

where

Ax = Aclflalb)+Ac () [fe]+Aa (cb) [fd] (B49)

Sed N N - "
>\QL113:1 = Ae > ) )\Qlll&l = /\f ) >\Qaf3:1 = )\Qlll&l ) )\Qf&l = )\Q(fgzl <B50)

Q31 = Qg thetka (B51)

_ el Nates = A s At =My Agr . = Aa ol fla) (B52)

13:2 Scd

Q3.2 = Q?&z‘*‘@?:&a"‘ka"‘kf (B53)
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ol, (d|, [b|Pul}, {laj)} = {lelPeal, [f1Qusal} , {laj)} = {[e|Pual, [f|Qu32]}

{14;)} = {{b]

{IBil} = {lal, (el Pal, [f|PocPeal, [c], (b Pagl, (€] Peal }

{|bz]} = {<b|Pcd|a <X|Pcd|a <X|Pcd|a <X|Pcd|a <X|Pcd|}
{IC)} = {0, (@, [blPal} s {lep)} = {[f1Pual, [f1Qusal} s {I))} = {[f|Pual, [f1Quz2]}
{IDi]} = {lal, (el Pagls [f1PocPeals lcl, [Pral, (Pra|Pagl}

{‘dz]} = {<b|Pcd|a <X|Pcd|a <X|Pcd|a <X|Pcd|a <X|Pcd|} (B54)

o IEa(abal) I BB
’ _Hz’;éj <Af A? 7 BJ a Hi;éi [Bi Bj] (B55)

T

B Hi;éj <Ozk C;C> Y _Hi;éj [Di Dj]
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Appendix C: G111 Canonical Form

The massive canonical form required for the bubble coefficients is

(Ca) [£B] [Lf](Le)

g ) 7 ? A7 b’ B7 ) Y ) ) g = e E ~ Cl

with corresponding canonical function
Glll[xayvaaAabaBaf7€7Q767d7P] (Cz)

Specifically the 2:4 bubble coefficients involve cut integrands of the form
5 (Ca) [00] [Lf]* (Le)
gs CLJA?b?B?f?e?Q?/e = = Cg
and

gOll[a> Aa ba Ba f7 €, Q? f] = <£ a> wb} [gf] <£ €> (C4)

(€AY [EB] [01Q¢)
which are special cases of Gj17 with corresponding functions given by

Gill[a’A7b’ B?f’ G,Q,C,d, P] :Glll[fa e,a,A,b,B,f, e)@vcada P]
GOll[aaAvba B7f7 G,Q,C,d, P] :_(Glll[ca c,a,A,b,B,f,e,Q,c,d,P]
+G111[d7 d,CL,A,b,B,f,@,Q,C, d? P])/SCd (C5)

The function of GG;;; is derived below.

a. Real Q

For Q real the canonical form G11; can be evaluated using a basis for the loop momentum
based on any pair of real null momenta ¢ and d since, if the momentum crossing the cut is
the sum of two null momenta, P = ¢ + d, the cut loop momentum can be parametrised by

0 0 . < 0- 0 .
Ay = COS 5)\0+sin 56‘”’)\01 , A¢ = coS 5)\c+sin §€Z¢)\d. (C6)

The expression for the canonical form has a range of special cases if certain combinations
of A, B, P and () vanish:

(

Gl [BIPIA) # 0. (AIPQ|A) # 0, [BIPQ|B] # 0
Gy [BIPIA) = 0,(AIPQ|A) # 0. [B|PQ|B] # 0
G J Gty BIPLA) # 0,(AIPQIA) = 0.[BIPQIB] # 0 o)
G, [BIPIA) #0,(AIPQ|A) # 0, [BIPQ|B] = 0
G [BIPIA) #0.(AIPQ|A) = 0, [B|PQ|B] = 0
(G2 [BIP|4) = 0.(AIPQ|A) = 0,[B|PQ|B] = 0

The full canonical form can be split into terms involving just the [¢|Q[¢)~" pole and terms
involving one or both of (¢ A)~" and [¢(B]~!. The contributions from terms involving no extra
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pole (np), an extra angle pole (ap), an extra square pole (sp) and both extra poles (dp) are
given explicitly below. The decomposition of each of the special cases for G111 into these
pieces is:

G!{U - ( Cnp:O+Cnp:'yR+Cnp:'yI+Cap:0+Cap:a—i_Cap:'yR—i_Cap:fyI
+Csp:0+csp:s +Csp:'yR+Csp:'yI+Cdp:0+Cdp:a+0dp:s +Cdp:'yR+Cdp:’yI) (C8)

Gcfll = ( Cnp:O+Onp:'yR_l'Cnp:'yI+Cap:0+0ap:a+Cap:'yR+Cap:'yI
+Csp:0 + C'sp:s + Csp:*yR—i_Csp:'yI +Cdp:0 +Cdp:a:t + Cdp:sa: + Cdp:'wa +Cdp:71m ) (Cg)

G?{il = ( Cnp:[)+Cnp:7R+Cnp:'yl+Cap:0+Cap:ax+cap:’ny+Cap:’yI:v
+Csp:0+csp:s+Csp:’yR_l'Csp:'yI_{'Cdp:O+Cdp:ay+Cdp:s _I_Cdp:’yRyl +Cdp:'yfyl> (C]-O)

G?ﬁl = ( Cnp:O+Cnp:'yR+Cnp:'yI+Cap:0+Cap:a+0ap:'yR+Cap:'yI
+Csp:0+csp:sx+csp:'ny+Csp:'yfx+cdp:0+Cdp:a+cdp:sy+Cdp:'yRy2+Cdp:'ny2) (Cll)

szlll = ( Cnp:()+Cnp:’yR+Cnp:’yI+Cap:0+Cap:ax+oap:'ny+Oap:'ny
+Csp:0+csp:sz+Csp:'wa+Csp:'yIm+Cdp:0+cdp:axy+cdp:smy+Cdp:'yRa:y+Cdp:'nyy) (C12)

Using the definitions,

A, = dalds) (<cd) (<“A> dy) e ) <dy>+<yA)>+2 (cA) <dy>>

<dA>2 (da) (de)
e (o (laA)dy) (e A) (dy)
A= o) (< A><d>( Lt +<yA>)

s (@A) e A)(dy) (@A) (yA) (e A) (yA) 2
““”( day(de)  {da) | {de) )““” <dy>)

(@A) (e A) (y A) (cd)
(4!

A, =

_Leblef) (1) (L Bllea] [f Blea] cx
§1= ([d]( el e B])+2[dBH ])

[dB][d¢] ([bﬁjgﬂﬁff}f%[w])
(BB Bles] BBEB) BB,
o (e e R o)

e
I
Y
=
Y
")
VR

bB][f B] [« B][dc]’

Sp = 4
¢ B]

(C14)
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and

(da) [cb] (de) [cf]
(dA)[cB] [cQ|d)

the contributions of the no-extra-pole piece are

Cpre =

{dy) [cx] (C15)

Cupo = ~ 22 [ Qld) (c16)

dQley (d]Q|c)?

AoS1+So Ay Aoso([c|@|c>+[d|@\d>)]

Cpre 7
Coprun = =2 (- PQ<1+2TQ)+A1+51—@(A051+50A1) e (2;02 D a0, (1
and
Cone [d|Qd) €[Qc)
Cnp;»y] 16735 PQ[ QCAOSO} ((2+8TQ—3d5)[ ‘Q’ > (87“@ 3d6)[c‘@’d>)
AoSi [d|Q|d) [c]Q]c)
—|'7DQ [./41+ QC }(( 2—1—47@ 3d5) [C’Q‘d) (_4+4TQ_3d6)[C’Q‘d>)
e SuA PN (o] €[Qle)
545521 (@2 +ra-sa Qi) e 3d)[e!@\d>>]
B A (o O L [le)
2fis-Qe- g2 (-2 W ag 3d5)[c|@\d>)
QI L [Qle)
#2.0( (634, Q) 3d‘”[c1©|d>)
o Q) L [elQle)
#25,( (2340 Qi) " 3d5>[c|@rd>)] (C18)
with
_ <[d|@|d>5[c|@|c>> oo Q4 [didld
[c|Qd) ’ [d|Qld)—~[c|Qc) [c|Qld)
P _ \/([dr©|d>—[c|@\c>f+4[d|@|c>[cr@|d>
~ [c]Q]d)?
ddz_zl[CIQI@([CIQI ~[dIQ1d))+2[c|QId) [d|Qle >] (C19)
[C‘Q’d>2 735
The contributions of the bonus angle pole pieces are
C CueA (A QI [ o (1edQle) [dIQld)  (dA)
Cons =5 ey |y "o T em)| (@
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O, (dA? T (cA)?  (cA) [Ald|A)*  [Ald]A)
Capa = Pa (cA>2{<<dA>2+<alA>$1 SO>(2[A|P|A>2 A[A|P|A>)
(cA) [Ald|A)
_((dA> S1+25)) [A]P|A)} (C21)
e A0l
T e A) [d]QIA)
1 [A]d|A)? /(e )2 (cA) 1 [Ald|A)? (cA) [Ald|A)
X[B[A|P|A)3<< S s tpar (e 25°>+[A|P|A>S°]
(C22)
A 2
oo = ~Coney| == ()4 (1) g~ (-8 5
1 (dA) o (dA?\  Po(l+2rq) . (dA)
100 Siea St ) g S >] (C23)
1(dA) 1 1 1_,(dA) 1_(dA)?
Cap’sz _OpreAp |:_§<CA> %—'PQTQ (g_é 1<CA> +§ 0<CA>2>
1 (dA) o (dA?\  Po(l+2rg) . (dA)
4Qc <Sl (c A) 80<0A>2)+ 4Q% SO<CA>:| (C24)

e b e (998
sagt 2| ( jg:j jg:d
oS e | [[irg\‘g +lirg—a-3d )<[[i||g\’3; o)
oS e o ore s (e
S 2 [[irgﬁji e )([[Ccl:g\'g [[cwlg;d;)]
e R Tl ]| I
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reAp [ 1{dA)  Pa (dA)y _ (dA)?
Capiyia 1P? |6 (cA) %_PQTQ {1%—81 (c A) +8o <CA>2:|
Aol Aald [l
" [(8“2“_10‘“) Gy (15 18dori—1665) (20 _[c|@|d>)]~
P WA [, (Ol QL)
(€ A) T porg e g0 (5Ga o))
WA Pa (O [0l
A a0l [0
Po o @A AQU) . Q) [l
+2@031<cz4>{ 0 |>+(4Q 154 (5 5la [c|@|d>>]
Py o (dA)? dIQId [dIQld)  [c|Qlc)
200> <cA>2{ a6 3G )}
(04) P[00l Q)
a2 %[Z[I i re=30) (gi ~ [c|@|d>>]
S (dA) [ [dQld) Aol Gl
Qc (c ) {Q[c\@rdﬁ( G [cr@\co)u (G26)
with
p AP (o) ([c|§2|c>_[d|@|d>)_[d|c§|c> (ed) (A1PQ1A)
@AY @A \[lQld) [0l ) [Ql) (dA7IQk)
e [0 (Ol 1 led) [dG14) 1
b= ~(A) (60 01 P2 = @A) i) P (©21)
Qe 1 (cA) {eA)\ 1
S A T (PQTQ (dA) (dA)2>PA
Po (cA) Porg  (cA)\ 1
Wy Rl S vy o (C28)
Similarly the bonus square pole pieces give
S A B[, (Gl +HdOD) | B
G0 = =5 (0Ol [ ] Ao @G vam)| O
CpreSp[CB]Q
TR P
B} [dB) L[BldB)? | [BlB); [dB] (B|c|B)
(Cearea ) Gizrmr s Eem ([cB]““1+2A°)[BPB(>) |
C30
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Cspisgc :_CpreSp [C 2B]3 [C|Q|d~>
[d BT [ed] [BI|Q]c)

1 [Blc|B)® ([d B] [dB] [Blc|B)? ([d B] [B|c|B)
[3[B|P|B>3<[CB] [cB ]“41 AO) [B|P|B)2<[CB]A1+2AO> [BP|B>(AO})
31
Coprt = —CireS, %(——bQ (; )Al[[clé]] <3+b2)A 5?}2)
1 [cB o(1+2rg) , [c B
4QC< 2 4QC 2 Ao [d B] (€32)
1 11 [cB] 1, [eB)?
Coprie = —CireS,y 27>7~Q——@C< AT Ao[dB]Q)
1 [c B] [c B\ | Po(l1+2rq) , [cB]
“igAaE ) g MmO
e, [P B Bt e QS [
Copnt = —225 47?3([1 Al Ao[dB]Q}[(Q Aby+4rs— 3d5)[d|@|d> (—dby+4rs 3d5)[c@|d>]
¢ B] [c B 1d|Qld) [clQle)
~ A s g g )
Pq [c B] [c B . [d|Q]d) [l@Qle)y , , [eB ([dQld) [c|@Qlc)
*50 (A [aB i g (e 3) [ G —ro=3) 56044 2 L Bl T dia) )
~, Pol(2+8rq 3ds)[d|Q|d)— (8rq—3ds)[c|Q]c)] —2Qc[(2+3ds) [d|Q|d) — (4+3ds)[c| Qle)] [¢ B
" 8Q2[c|Q|d) |4 B]
(C34)
Gy Pyo [c B [c B]? 31— Tel Ol
Comte =~ | e B0 B (Ao[dB]2([d\@|d> Q1)
1 [c B| [CB]2 ~ ) i ~ ~
+5; [1+A1 a5 d B]Q} [(8+12r2—10d5)[d|Q|d>+(15d§—18d5r2—1605) ([d|@|d>—[c|Q|c>)]

A [[fl?ﬁmo[[;?ﬂ 2001040+ (4r3-305) ([0Q1a) 111 )| )

P [cB]  , [eBl ; Bl a6 )
_SCTQCUA[ AR ]][<2+47~Q 3d5)[d|Q|d)— (47~Q—3d5)[cyQ\c>]—4Ao[dB]2[[dIQ\d>—[c!Q\C>]>

1 P3[(24+8rg—3ds)[d|Q|d)— (8rg—3ds)[c|Q|c)| —2Qc[(2+3ds)[d|Q|d)— (4+3ds)[c|Q|c)] [c B]
° 8Q% [d B]
(C35)
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with

4BP [4B) [0l [0y, [Qld
P B e ol o) dala
B Ok [@Qld, 1
b =B [0y [l Ps (€36)
PTQ = %—% , '3 = (PQQTQ>,PLT2 , bg = (QC—PQTQ%),PLS (037)

Finally the double bonus pole pieces are

R S T r e e aa s | MG
o = 5222 () [2(591;—w—) = gp%;?éig}g ] e
Cam = 5 (1) [ éé'P?ﬁ ‘ ”—>
Capary = Opggsp (iiﬁ; )4(1—%) (C42)
with

o= {5 = Hj'g,'ﬁ%j’g";i 0 |pe B e ©9
o = o [[d B]] (+-mipimp 2o - ppg)) (€4

Cipsr = —Cp’";ipAp [[2?; %(1—%)—%@—%) F4 (1—%>

(C45)
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CoreSpAy [ B 1 Lo [BldB)’N Eayr, [BldB)*\ .o/, [BldIB)
Cpoy = = Dy [dB}? [[dg}_% {§<1_[B|P|B>3>_7<1_[B|P|B>2)+8A<1_[B|P|B>>
(C46)
[c B]* 1 1 [B|d|B)*
Cpisey = CoreSpAy 57 E 1( ~ B B>4) (C47)
[©B] ~ [dQld)
with
_ (ldB [dB][dQld)\ 1 _[dB] (c4) _ @Bl 1
fQ‘([CB]Q B [C|@|d>>gQ Da=rmTan " o, (O
Cdpw:R = _lApSpCpre ( <d A>2 (12_2(a1+b1)) o [C B]2 (_22(a1+b§)_5)
4 <CA> Palpm [dB] 73@1731,2
(d A) [e B] Po(2rg+1) (1A B (dA“[dB])) (C49)
(cA)[dB]Qc” (cA)*[d BT’
1 (d A) [e Bl Po(2ro+1)  {(dA)® (b>—1b1+1)
ot =4S (S R0 A
e B]? ((bg+1)2+1 (bg+1)+1)
+ 57 P, ) (C50)
1 e B (=2(a1+by)—5)  (dA)’ (®—3a1+3)
Cm:Rylz__ApSpCpre - 2
‘ 2 ( Q[dB] Pa1Pr2 <CA>37D (é A) PQT’Q)
(d4) [c B] Po(2rg+1) (@ e B ({3 +4) o)
2(cA)[dB]Qc” 2( A)*[d B)* Q¢
1 (dA)? (1-2(ay+by)) e B? (a2 +3a,+1)
Cdm: Y2 — __-ApSpCpre 2 -
v (S, 48] P (5552
(d A) [cB]PQ(ZrQ+1)+<dA> e B (£4+14) 52
2(cA)[dB]Qc* 2(cA)*[dB)* Qc
1 [c B]? (a1?+3a;+4) (d A’ (ar2~La,+3)
Cm:Ry12:__“4pSpCpre -
d 2 ( [d B Py ([dB[lg?rQ_QC> (c AP, (%—%m)
(d A)[c B pQ(er+1)+<dA>2 e B ({3 +4) o5

2(cA)[dB]Qc” 2(c A)’[d B]” Q¢
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2 (cA) | [dB]
S Y <<dA>[cB]7’Q(2rQ+1)+<dA> B ({3+i5)
Aty IR T (e A) [d B Qc? 2 (cA)’[dB]’ Qc
- (dAy - 5] (C54)
A4 (c A) d 3 ([dB]Pgrq
4cd) (<dA>_PQTQ) 41d Bl ( [ B] _QC>
2 QI [l N, 4. B [4)0]d)
Cy J:_ApSpCpre (_<dA> Pri(({gd1a) ol (—4a—4bi+dn —3ds)+205 7))
o 47)[19 <C A>2 Pa1Pr
2 [dQld) _ [eldle) o 1d16]d)
_[CB] PrQ(([dQ\d) 2 |>)( 4&1 4b2+4’f‘2 3d5 12)+2[|Q|d>)
[dB] P.1Pio
[dQld)  [c|Qlc) [d|Q|d)
+<dA> [CB]PQ(([CIQ\d) o)) (8rQ—3ds)+ 2[c|cz\d>)
2(cA)[dB]Qc”
2 [0ld) _ [Gle) [410]d)
+<dA> e B Po(([q810) ~ (ol (4r@—3ds) +2135)
2(cA)?[dB] Qc
2 [d0ld) _ [cOle) 1410|d)
Ad A [e B Po(({g8a~ diay) (—3dst4ro—4)+2355)
2(cA) [dB]” Qc
[Old)  [cle)\ | o [dIOld)
+<dA>[CB](( 3ds—4) (e~ [c|@|d>)+2[c|c2|d>)) (C55)
<CA> [dB]QC
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2 dQld) _ [clQle) d1Qld)
Co :_ApSpCpre(<dA> B Po((iia ~ g (4ra—3da) +24550)
p”x 4P; 2(c A)*[d B Qc

2 Gl [0le) qr. [4[0ld)
(@A) e BIPo(((a ~ gy (8T@—3ds) +2 55 5)

2(cA) [dB]Qc”

20 (Gl [0\ ol
(d A) le B Po(([gd1a ~ fagla) (35 Hro—4)+255)

2(cA)[d B) Qc
(dA>[ B ((—3d; 4)([d|Q|d) [CIQIC>)+2[d|QId>)

+

[l2ld 14l el
CA dB QC
(LQLD 191 ) (4518, — 1811 +15d5)—24byr1+24b1 %~ 16cs)
+ 809 (—12p,+12r,~10d5+8)
6 {c A)* Py
( 3 E:g\'; (d5(18b3—18r3+15d5) —24byry+24b5—16¢;)
A Qud)
+ 9D (—19by+12r5—-10d5+8)
6[d B) Puo
ot e e
[ BJ* Py

C A, S, Cre < [c B)? P’“Q«[[Ccl\'gﬁi_[[jg\';i)<_4“1_4b§+47”é—3d5 12)+2%d|\g‘|;z§>
e (B PurPis
(d AP ([[Ccl\lgl‘g - EJ@QQ\I?)) ((24a1+18ds)(a;—r1)—16¢5+15ds”)
ﬂi;g,‘;’;( 12a;+12r1 —10d5+8)

6<CA> 73 <ﬁ—'PQTQ>
(d A)? [c B] Po (LD _ 19100y (4., 3,)421490D)

N €0l [Qld) el
2(c A)*[d B] Qc

4Old) _ [ele)y [4/0ld)

(dA) [e B Po((G&a —aga) (Bre—3ds) +255)

i 2 (c Ay [d B] Qc”

(d4) [0 BY? Po((14319 — L3Il ) (—3d;+4rq —4)+214212)
2(c4) [d B Qo
BRI o i N
(cA)[dB]Qc
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o = o8O Pt 2
et 4P; (c A Pur P
([C{d g> (24a1+18d5) (a1 —r3) —16¢5415d;°)
dIGld) _ [elGle)
[c B Py ~18((5G10 g (—Aartar—3ds)
+%j|'g|'j§( 12a;412r3—10d;5+8)
d1Qld) _ [elQle) y g 1dIQld)
- 72580 " 10da) 30 g
6[dB]2,P <dBPQ7"Q Q >
d) _[dQle) y (g, Qi)
(d4) [CB]PQ(([c|Q\d> ) (Bro—3d5)+2553)

" 2 (e Ay [d B] Qc?

(d4)° [e B) P51~ (g (ra—3ds)+2580)

N QI [Qld) Q)
2(c A)?[d B] Q¢

2 dlOld)  [Qle)y, N Lolddld

(@A) le B Po((gda ~ faglay) (—3dsH4ro—4)+21555)

2 (cA)[d B Qc
(d A) [c B] ((—3ds—4)( [d|Q|d) [CIC:?C>>+2[dIQd)))

[Qld) — [elQld)) "~ [cl@d)
{cA)[dB] Qo

+ (C58)
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Cdp')/:Ile - =

(d A’ Py

A,S,Clre

(dQla)
[elQld)

_ L9l ((24a1+18d5)(ay—r1) —16¢5+15d52)

[c]@]d)
D) (194 4199 —10d5+8)

<_

4P;

(149l _
[clQld)

[c|Qld)
6 (c 4)° Pur ({53 ~Para)

[cl@le) >

) ((24a1+18ds) (a1 —rs)—16¢s+15d;%)

[¢ B]> Pyy

[c|Qld)
[

S(Q

+[d|Q\ )

[clQld)

[dIQld)
+72(1 810

[clQld)
(—12a14+12r3—10ds+8)

[clQld)

[c|Q]e) )—

[dQ|d)
[clQld)

QoY gq) 4 dry—3dy)

(dA)* [ B] Pq((

6ld
dIQld) _
clQld)

B P
el Qle)
c@ld)

~ [dlQld)
@)

([dB]PQTQ
[c B]

)(4rg—3ds)+2

[dQld)
[clQld)

)

+

2(c

A)’[dB] Qc

(d A) [e B] PA(( {j’g"j;

[clQle >)
[clQld)

[c|Qld)

)

+

(d4)[c

BJ? Po((

[c|Qld)

[clQle)
[clQld)

(8rg—3ds)+2 149D
C

2 (cA) [d B] Qc?
[d|Qld)

)(—3ds+4rg—4)+2

d]Q]d)
[clQ1d)

)

(dA)[c

2{c

B] ((=3ds—4)(

A)[d

[dIQld) _

B Qc

[c|Qle)

[c|Qld)

[c|Qld)

)+ [d|Qld)

+

(cA)[dB] Q¢
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(C59)



2 Q) _ [c|Ole) [410]d)

ApSpCpre(<dA> e Bl Po(({3 80~ g (4re—3ds) +2 55 5)
4P; 2(cA)?[dB] Qc

[dOld)  [clOle) (d10]d)

+<dA> [ BIP6(({58a g Bre—3ds) 25553

2(cA)[dB]Qc”

(d A) [cB]QPQ(([d'Q‘dUC'Q' (—3dy+4rg—4)+2dad)

Odpq/:la:y = -

B 01D~ [dQld) €0l
2(cA)[dB)* Qc
dIQld) _ [DI6) \ | o ldIGld)
+<d’4> le B] ((=3ds—4) (580~ 1030 T2 i)

(cA)dB]Qc

(1) _ [cIQl>)(4c5(55d5 32r1)+120ds°r1 —105d5” )

(dAY P,y | QD Tl
+ L8 (801 +64r) — 7265+ 70d;>~56d5+48)
18 (c A" ({54 -Parq)
—3 (S50 — G289 (—18dsrs—16¢5-+15d5)
35 ({29 1219 ) (4e5(55d5—32r5)+120d5"r5—~105d5°)
B Pa| 4L ﬁ‘g"j( 80dsrg+6475—72c5+70d5* —56d5+48)
[dIQld) _ [cQle) L9 19y, -
_ [d@|d>_[c|cg\> [dIQld)
N e [\Q|d>>+6[\Q|d>
4 B1? (14BPare
[ B)* (o —Qc
(C60)
- - [dQle) ([eQle) _ [dIQld) y | o [dQle) cQlo)
py = (@l _ 1@}y, 1d Qle) déz_z[c@@([c@m 400+ 20 ¢ — Q1)
[cQld)  [elQld)” " [clQld) Pa Pi

b. Complez Q

For complex @, ¢ and d are chosen so that [c|Q|d) = 0 while [d|Q|c) # 0. With ¢ and d
fixed there are now special cases if either [BC] or (Ad) vanish: The massive momentum is
taken to be

Q = P+ Ax. (C62)
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(Gi51 [BIPIA) # 0,(AIPQ|A) # 0,[BIPQ|B] # 0, [Bc] # 0,(Ad) # 0
Gty [BIP|A) =0, (AIPQ|A) # 0, [B|PQ|B] # 0, [Bc] # 0, {Ad) # 0
G5y [BIP|A) #0,(A|PQ|A) = 0,[B|PQ|B] # 0,[Bc] # 0,(Ad) # 0
Gin = Gify [BIP|A) # 0, (A|PQ|A) # 0, [BIPQ|B] = 0, [Bc] # 0, (Ad) #0  (C63)
G5y [BIP|A) #0,(A|PQ|A) # 0,[B|PQ|B] = 0,[Bc| = 0,(Ad) # 0
Gty [BIPIA) # 0, (A|PQ|A) = 0,[B|PQ|B] = 0,[Bc] = 0, (Ad) # 0
(Git1 [BIP|A) # 0,(AIPQ|A) = 0,[B|PQ|B] # 0,[Bc] # 0,{Ad) = 0

cc * * J = J
Glll = (Cgpso—i_cﬁjp:'y +Cz;]p:0+c(;]p:a+cgz]p:7 +C‘;;:O+C;]p:s+csp:'y +Odp

:0+C£l]p:s +C&]p:a+cgl]p:7* )
(C64)

Giclll = (O;L]p:O_'_CJ >k—i_ctszs[)—i_cd +OJ

np:y ap:a ap:y

: +C;]p:0+csirs+csix'y* +C(}]p;0+cdp:ay+cdp:sy+C£l]pw*)

(C65)

Giell = (Cr{pzo_'_cj *+C(;]p:0+CJ +CJ *+O<;;:O+CJ +CJ *+C;l] :O+C(}]p:s+Cip:az+C&]p:72*)

np:y ap:azx ap:yx sp:s spy D (066)
G?{l = (Or{p:0+c7{p:7*+C(;]p:0+0(;]p:a+0(;]p:'y*+Ci):0+C$J:sx+CiJ:7x*+O;l]p:0+0(}]p:sx+C;l]p:a+cjp:7x*)

(C67)

Giil = (CTISJ:O_FC?{ZJ:V*_'_ngo—i_c(g:a—i_cg:'y*) (C68)

Gitll = (CizO—i_ng'y*+C$:O+C£:aa+cgz'ya*) (069)

Giclbl = (CEL/]):O_‘_CT}L;:V*+O§3:O+Cg;):a+cz;:'y*) (070)

The contributions are: from the no bonus pole piece
1 D|e)+[d|Q|d))ApS
s L QAR ASy oy So) )
2[d|Q|c) [d|Q]c)
o - Core <A1T0‘|:-A0T1 _A0T0<[C’Q|~C>+[d|@’d>)) (C72)
" 2 [d|Q]c) [d|Q]c)?
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with
1

ore = B T, = [eb][cf][cz] , To = [dz][db][df]
Ty = [dz][db][cf]+|dz][df][cb]+[db][df |[cz] , Ty = [dx][cb][cf]+[db][cf][cx]+[df][cb] [0(% 73
vy Chre (S1Uo+SoU _SOUo([C\QIC>+[d!Q\d>)
oo =5 1010 PEE ) €7
with
Chre = 7oy + U = (da) (d) (d3) . Ui = (ca) e} c3)
Uy = (da) (ce) (cy)+{ca) (cy) (de)+(ca) (ce) (dy)
Uy = (da) (cy) {de)+{ca) (de) (dy)+{da)(ce) (dy) (C75)
"2 d (] (X ¢)? (X c) (X d)?
(X c) (X d)? (X d)?
(X d)=2(cd)ASy (X ) (6(cd)+(Xd)AS 6(X &) (2 (cd)+(X d))AxSx>
(X d)? (X d)’ (X d)*
(C76)
where
~(da)(de) (dy) [cb][cf][cx]
A, = A LS, = B (C77)
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o =

x
Cpre

+[d|Qle)

To

" 6[elQle) (el Qle)—[d|Q]d))[d|Qle)
34 ([c|Qle) ~[d|Q]d))?
[€|Qle)>—(2[d|Q|d)To+1d|Qc) T ) [e| Q) +[d| Qle) (3[d| Q| dY Ty +[d|Q]c) T) [e| Qlc)?

+ (2131dl Q1) ~3[AI QI Ti[dIQld) ~4[dIQle) TeldIQld)—[d|Qle) Tz ) [elQle)?

A.[d|Qle)

HdIQld) (~ToldIQld)™+[d|Qle) Ty d|Qld) +3[a| Qle) T [d|Qld)+5[d| Q) T

+2[d|Qd) " [d|Q)e) T,

~9Ty[c|Qle)*+15(2[d|Q|d) To+[d|Qle) T ) [c] Qc)*

~0 (475[d1Q1d) " +3[dIQle) T3 [dl Qld)+2[d| Qle) ) [elle)?

+ (18T [dIQId)*+0[dIQle)Ti | Q1) +20(d| Q1) T2 ) [e| Q)

~3T0[d|Qld)"+3[d|Q|) T1[d|Q|d)”
+[d|Q|d) 118[d|Q)e)*T[d|Q|d) []Qlc)
+38[d|0)e)° T,

+2[d|Qld) " [d|Q]c) T

—3A;([c|Qc)—[d|Qld))

i Told|O)d)’ = 1|0V Ty[d|O)d)’ i
+[de>( dI0]d)*~ [dIQIe)Ti dIQld) >[CQC>

T [elQle)>~(A1dIQId) To-+1d|Qle) Ty el QL)'
(6T0[dIQld)” + [AI QIO T [dl Q1) +{dI Qle) T2 ) [elQ)e)?
—ATo[d|O|d) +[d|OITL[dIQId) .
N [~|@|2> HAQL [~|Q|3> Ol
+4[dIQle) To[d|Qld) - [d|Q)e) T,

—5[d|Q|¢) T [d|Q|d)—~10[d|Q|c) T,

~[d|Q|d)’[d|Qe) T,
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Y
Y CPT’E

Crpin = ~ ~ ~ < .2
6(clQle)— Q1) [ Qld) [dIQ]e)
. (3so<[cr@\c>—[d\@rd>>2

[dIQId)Uolc|Qle)*
—[dIQld) (21d| Q1) Uo+dI Qle) U [elQlc)?
x +1d[Qle) (3011dIQld)’* ~3[d| Q1) U2 [d|Qld)~21d|Qle) U ) [elQle)?
+{dIQld) (2U0[d1Q1d)*~3[dIQle) Ur[dl Q1) +4[a1Q)e) Ualdl Q1) ~5[a|Q1e) U ) [elGle)

+dIQldY” (~UoldiQla)*+1dIQle) Ui dl @1y~ d|Qle) Ul Qld) + [ Q1) U, )

~[dIQle)
381l @le)—[dIQld))
[dIQ1d)UolclQle)* - [d|QId) (4[a1Q1d) U +{dI Qle) U [e| QL)
+ (606[dIQId)"+[dIQle) Ur[dIQld) ~5[dIQle) Vald|Qld) ~[d|Q1e)’ U ) el @le)?
+1dIQld) (~ATo[dIQld)"+[IQ1e) U d| QL) +4[dl Qle) Vs [dIQldy~10[dIQle) T ) [elQle)
HdIQla)” (Uoldl@ld)’~[dIQle)Ur [d1Q1d) +dl Qle) Ualdl QL) ~ (1 Q)e) U,

+S. [ Qle)
=3[d| Q1) Uo el Qlc) +3(dl Q1) (6[a|Q]d) Uy +[d|Q]c) Ur) el @)’
+ (3600 [a1Q1d)*+9[a1Q10) U | Q1) *+18[d| QL) Ualdl Q) +2(dIQle) U ) [el e’
+ (3000[dIQld)" ~27(a1Q1e) 7 d|Qld) +38dl Qle) Ui [dl QL) ) [e]le)

HdIQldY” (~9Us[alQ1d)*+15[dIQle) U [dl Q1) 18[a]Qle) Ul Gla) +20[a| Q) U, )

From the bonus angle pole piece:

A A ) )
Cppm HIAA (g (1) Q0 o)
2(c A) [d|Q|c) (cA) [d|Q]c)
(dA?Ad?  (dA)AdDL ((cAS | (cA)2Ss
J <dA>2 A, (2[A|P|A>2 - [A|P|A)A> ( {dA) + (dA)? +50>
ap:a — T, \2.~7 (c A)Sy (079)
(c A)" P4 (dA)Ad ({551 +250)
N [A[P[4)
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with
(cd) (AIPQ|A) (cd) [d|Q|A) 1

Pa=— (dAY? , ba= T4 P (C80)
A (101}~ [A1Q1D) (el Qle) (264 —1)~[dI Dl (26, +3)) Sy
T 2RI P 4Gl (61010 (1-2%) + [AIGI) 265 +1)S Al Dl (264 1)S.)
(C81)
(@A [AdP (L AP s
oo AN A <3[<,4|13|A+>3< zas), (C82)
e (CA>2<Cd> [d|Q|A) _<dA>2[Ad}2<<c<ﬁfl+250> (d A)[Ad)So
2[A|P]A)? [A|P|A)
L A 2 ([AQNAQU QP +AQN) S0 |
T 6ed) [AQIANARL)” \ +dI016) 2Ll — 2l Qle)+HAIQId)S:)
p AAACE, () [6Qle+dQld)
ot = S ey Q) (Tl T°<<cA>+ 0l )) (54

o _ [Ad] A Crre
ap:a 9 <CA>2 ’pj‘(<cA> [A C]+<dA> [A d]>2

(dA) (2c3((c A) [Ac+(d A) [Ad])({d A) Ty+{c A) T)

dA C 1— C C 0
y (A | +(dA) (e A) [Ad) T~ (2 (c A) [Ad+(d A) [Ad])Ty)) (C5)

+(c A’ Ty(2 (c A) [Ac] (ch+1)+(d A) [Ad] (2¢4+3))

+(c AP’ T, (2 (c A [Ad] (h+2)+(d A) [Ad] (2¢}+5))

with

(cA) [clQle)

(d A) P4 (C86)

(d4) [Ad] A,C5,
T 6 (e AP [elQl (e A [Ad+(d A) [Ad)?

(@AY (2(3(0A> [Ac] (dA) [Ad]+3 (c A)* [Ac]"+(d A)* [Ad] )To)

+(cA) [Ad] (2 (c A) [Ad] To= (3 (c A) [Ad+(d A) [Ad])Th)

+(cA)’ (15 (c A) [Ac] (d A) [Ad]+6 (c A)* [Ac*+11 (d A)* [Ad)*) T,
(C87)
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i 2AOIS I A DTy | [l Te([elle) 2e]1+3)— [d|0]d) 2] 1+5))
o 2% 40l + ([cIQle) [ Qld))?
(2e4+3)T5

apry 277A _ [e@Qle)?(2c4+3)To | [clQle)(2ch+3)T1 [d|Q|d)? (2¢7,—1)T _ [dQId)2ch+ DT

g’ T (4ol Gl didlc)
(C88)
I (dA)A Cpre
T 6 (e A) Q) [dIQle) ([elQle) —[1Q)d) )
~[el@1e)? (31l Q1) [dIQle) Ty-+6[a| Q) [d|Qle) “To-+2{a|Q)d) Ty-+2[d|Qle) ' T:.)
+elQle)IQ1d) (~[A1Q1d)’ [A1Q)e) Ty +6[dI Q1) [d|Qle) To+4[dIQld) To+T(d|Qlc) T )
) el @1y (5dIQ1) [A1Q)e)Ti+2[dIQld) Ty +2[dl Qle) T2

—2[|Qle)*(2[d|Q|d) Ty +[d|Qle) T1)

+2[c|Qle)* Ty
+dIQld)” (11 Q1) [dI Q1) T —2{alQ1d) [dIQle) To—21d|Qld) Ty ~11[dl Qle) T,
(C89)
From the bonus square pole piece:
g _ _ [eBlS, B [ B] | [c@le)+[d|Q|d)
RN TN (Al AO([dBﬁ A0k )) (0
e (Somr— ) Ci?fgl*[wﬁ +) (Co1)
7 [dB)*PJ _(en)B (Mt +240)
BTPTB)
with
, led(BBIGI+BABIG) ., “HEL-dQl)
s e B A )
o S, ([clQle)—[dIQd)) ([clQlc) (2b]+3)+[d|Qld) (1-2b])).Aq
T 94| O)e) Py [ Qle)(([clQle) (2] +1)+[d|Qld) (1-2b7)) A +[d] Q| c) (26 —1) A,.)
(C93)
o {cB)[Bc][cB]S,
T 6[d B)* [B|P|B)? [ed] [B|Q|c)
) 2[c B]? (=3 {(c B) [B¢|[B|P|B)+{c B)* B c|*+3[B|P|B)?) Ay
+ (e B) [Bd[dB] ([¢ B] (2 (¢ B) [B c]=3[B|P|B))A1+2 (¢ B) [B ] [d B] A,)

(C94)
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CJ

spyx

kB, 2 ([cl@le)[a1Q1d)-+[el @ley*+ [ Qld)*) Ao o
6led][BIQIdIQIe) "\ +[dQle)(21d]Qle) Ar—([c|Qle)+2[d|Qld)) Ar)

v CuleBIS, (o (1B] [Qld+dQla)
o0 = Sl B 0L (Ul U“([dB]* 4G )) (GE6)

CY _ Cgre <CB> [B C] Sp

P 20eB][dB)* PL((¢c B) [B]+(d B) [ B d])?

[c B> Us((¢ B) [B ¢] (2¢5—1)4+2 (d B) [Bd] (c5—1))
(¢ B? Uy((¢ B) [B ] (2¢5+1)+2 (d B) [Bd] ¢)

+[dB] | +1[d B] ([c B|Us({c BY [B (| (2¢}+3)+2 (d B) [Bd] (c}+1))

+[dB)U,((c¢ B) [B | (2¢5+5)+2 (d B) [Bd] (c5+2)))

(C97)
with
=" 98
CS [C B] PS] ( )
v S 2[c|Qc)[d|Q|d) (2¢4+ 1)Uy [d|Q|C>Uz([C|Q|CZ(2C§+5)~_[d|Q|d>(2cé+3))
R . [dIQle)” ([clQle)—[dIQld))?
s 2P7 [€Qle)22c—1)Us  [e|Qle)2cd+1)U1  [dQld)° (2L +3)Uo | [d]Q]d)(2¢4+3)Un J
O @oe?r [l [d|0)c)? + [d|Qlc) —(2¢5+3)U:
(C99)
Finally, from the double bonus pole piece:
A)[cB A) [eB ) d|Q|d
ol MALBIAS, ((d4) e8] [6Ql) , [l c100)
2(cA)[dB][d|Qlc) \ (cA) [dB] [dQ|c) [dQlc)

Cyre-dpa (cA)[Ad] (cA)[Ad] 2(E4+E)-2)
Cira = 5 164D (G ) (( [ATPIA) H)_(és’—l)(%—l)) 1o

cr_(aA) (A (yA) bBIf BlxB] (cd)’ [d’
(c 4)* e B [l Qle) )
dIQ1d) {c A)—(d 4) [d|Q]c)
[clQle) (c A)

, €)= (C102)

o1



CJ — <d A> [A d] C]ire:dpa
dp:ax

6(E5—1)*({c A) [Ac]+(d A) [Ad])*(E5—E7)

x (6(c A [Ac? (£4°-38{+3) 43 (c A [Ac] (d A) [Ad] (26{°~T€4+9) +(d A)’ [Ad* (264" -Td+11) )
(C103)

(dA)[Ad]C;,

pre:dpa

Capan T 6(E5-1)2((c A) [Ad+(d A) [Ad))*(E5—EF)
x (6 (e A [Ac? (552—355+3)+3 (cAY[Ac] (dA)[Ad] (2552—755+9)+<d A [Ad)? (2552—755“1))

(C104)
;  [eBPAS, [ 2(cB)[Bd(E{+F)) (dB)*[Bd)
d”:s2[dB]2DjQé< BIPIB) (BIP|B) 1) (€10
with
oo _led) [dB o, (dA)[dB]
AT (A  [eB] T T4 (e A)[eBl+(dA)[d B] ) )
;_ [cB][dB][dQld) g/ _ _led(BA[BIQI)+[Bd [BIQ|4)
“ " led (B [BIQlo)+[Bd] [B|Q|d) ~ ¢ e B)?
(C106)
C&]p:sx _ (¢B) [c B]4 A,S,

6 [d B’ [d|Q|d)D4((c B) [B c]+(d B) [B d])?
) ((cB>2 B d? (65f—35j+2) +3(cB) [Bd(dB)[Bd] (45;235;&2)) -~

16 (d BY? (B d)? (512—gj+1)

Clipny = (cB) e BI' A,
" 61dBY Ggl(e B) [Bel+{d B) [Bd])?

((c B)?[B <6fg22—3f5+2> +3(cB)[Bd (dB)[Bd] <4féQ3Fé+2>)

+6(d B [Bd (F5*-F+1)
(C108)

oo ([QI)—[AQId)*AS,
[d|Q]e) P4 PY

((l@Ier-taIa) (~e-v2+3 ) -311Qla))  (c109)
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(e B] ([c|Qlc)—[d|Q]d)) A,S, 2[clQle) 2cA—=1)([elQle) = [dIQ]d))

ol = o1
T edBRIARI P\ 1 (47~ 1ek ) (ElGle)—ldIGI) -3l Rl
(C110)
o dA) (dQl)—[d|Qld) A,S, 2[cQle) (26! =1)([c|Qle)—[d| Q| d))
dp:vz — ~ ~ 2 - - ~
T e EQREIQI P\ ¢ (5221074 (elQle) a1 Qld))*+3(el Qe
(C111)
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