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We extend our existing hp-finite element framework for non-conducting magnetic fluids (Jin et al., 2014)
to the treatment of conducting magnetic fluids including magnetostriction effects in both two- and three-
dimensions. In particular, we present, to the best of our knowledge, the first computational treatment of
magnetostrictive effects in conducting fluids. We propose a consistent linearisation of the coupled system
of non-linear equations and solve the resulting discretised equations by means of the Newton-Raphson
algorithm. Our treatment allows the simulation of complex flow problems, with non-homogeneous per-
meability and conductivity, and, apart from benchmarking against established analytical solutions for
problems with homogeneous material parameters, we present a series of simulations of multiphase flows
in two- and three-dimensions to show the predicative capability of the approach as well as the impor-
tance of including these effects.
© 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CCBY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction which govern the electromagnetic fields. In (1), p is the fluid den-

sity, » is the fluid velocity, [[of]] is the Cauchy stress tensor and f

Magnetohydrodynamics (MHD) studies the behaviour of elec-
trically conducting fluids under the existence of a magnetic field
[6,15,30]. Since it was established by Hannes Alfvén in 1942, the
field of MHD has grown rapidly and is now widely established
and used in a variety of research fields, such as in geophysics
(e.g. [3]), space weather forecasting (e.g. [33]), plasma physics
(e.g. [22]), nuclear fusion reactors (e.g. [31]), metal casting (e.g.
[14]) and in the Lorentz force flowmetre [28], to name but a few.

MHD can be viewed as a particular case of coupling between
magnetic fields and fluids. In general, time independent
magneto-fluid coupled problems can be described by the coupling
between the steady incompressible Navier-Stokes equations

p(Vo)yv =V -[[oF] = f, (1a)
V-v=0, (1b)

which govern the fluid flow, and the time independent Maxwell
equations

V xH =Tt + T ohms (2a)
VxE=0, (2b)
V.-B=0, (20)
V.-D=p, (2d)

* Corresponding author.

http://dx.doi.org/10.1016/j.compstruc.2015.11.008
0045-7949/© 2015 The Authors. Published by Elsevier Ltd.

is total body force. Furthermore, in (2), B is the magnetic flux den-
sity vector, D is the electric flux intensity vector, J. is the external
current source, J,nn is the Ohmic current, p,, is the volume current
density and £ and A are the electric and magnetic field intensity
vectors, respectively.

From the fluid perspective, we shall consider it to be Newto-
nian, with constitutive law

(o] = =Dl + 2/u[[e]], G3)

where [[0]], [[€]] are the identity and strain rate tensors, respectively.
Furthermore, p is the pressure and ji is the dynamic viscosity. From
the electromagnetic perspective, we consider constitutive laws of
the form

B= /’t/}L Johm = ng D= 6“:1 (4)

where p is the permeability of the material, which describes the
extent of magnetisation, X is its conductivity and € is its permittiv-
ity. Note that residual magnetism will be ignored and that, in gen-
eral, 4,2 and e are tensors, in which case we denote them as
([1], [[Z]] and [[€]], respectively. For a discussion on different classes
of diamagnetic, paramagnetic and non-magnetic fluids, we refer to
[26].

Intrinsic to simulating MHD problems is the coupling mecha-
nism. The existence of a magnetic field applies a magnetic body
force fry (ponderomotive force) (as a contribution to f) onto the

This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).



162 D. Jin et al./ Computers and Structures 164 (2016) 161-180

fluid domain, which affects the fluid flow. There are several differ-
ent expressions for this magnetic body force, which can be found in
the literature [10-12,29,38]. All in all, the magnetic body force con-
sists of the Lorentz force, the magnetostrictive force and the
dimagnetophoretic force [10]. We follow Stratton [38] and call
the combination of dimagnetophoretic and magnetostrictive forces
magnetostriction. In previous research on MHD, the electromag-
netic constitutive relations are usually selected as (2), with a scalar
constant permeability and conductivity. Furthermore, dielectric
effects and the magnetostrictive (and dimagnetophoretic) forces
are neglected and only the Lorentz force is considered [1,29]. This,
in turn, leads to the standard governing equations for MHD stated
in Moreau [30], Davidson [6] and Armero and Simo [1]. However,
when considering problems with different fluid phases [16,41],
as well as problems where the induced strain rate alters the distri-
bution of [[u]], which in turn changes the magnetic field distribu-
tion, magnetostrictive effects become important [26,27]. This
coupling mechanism is illustrated in Fig. 1. In order to include
magnetostrictive effects with ease, it makes sense to revisit the
governing equations for MHD and instead express the ponderomo-
tive force fry in terms of the divergence of a stress tensor [[ou]]

SFem =V - [[oml], (5)

which, in turn, permits more general coupling mechanisms to be
considered. In order to solve MHD problems cost-effectively, vari-
ous finite element methodologies have been applied thus far. Guer-
mond and Minev [19,20] dealt with a decoupled linear MHD
problem involving electrically conducting and insulating regions

by using a mixed finite element approach with nodal (H'() con-
forming) finite elements for the magnetic field. It was observed that
in non-convex domains with sharp edges and corners, a nodal finite
element approach may fail to capture the singularities associated
with these domains. Therefore, Schneebeli and Schoétzau proposed
a new mixed finite element for stationary incompressible MHD
based on the Sobolev space H(curl,Q) [34,36]. In [21], a weighted
regularisation approach was used to solve the same equation set.
In [5], Codina and Herndndez-Silva present a stabilised finite ele-
ment method for the stationary magneto-hydrodynamic equations
based on a simple algebraic version of the subgrid scale variational
concept. Houston, Schoétzau and Wei applied a discontinuous
Galerkin (DG) method to linearised incompressible MHD in [23].

Fluid Domain with Magnetic Field

Magnetic Field

- Magnetic field H exerts
1 stresses in the fluid do-
main.

Greif, Schotzau, Wei and Li used a DG method with divergence free
velocities for incompressible MHD [18]. A H(div) conforming finite
element has been proposed to solve the MHD equations so that the
divergence-free condition on the magnetic flux intensity vector is
rigorously guaranteed [4]. However, in all of these approaches, only
a simple conducting fluid with constant permeability and conduc-
tivity was considered.

Our recent work has been devoted to the application of high-
order hp-finite element discretisations to problems involving the
coupling of electromagnetism, mechanics and fluids including
electrostricitive and magnetostrictive effects. In [17], a fixed point
algorithm was applied to the simulation of fully coupled elec-
trostrictive dielectric materials. Then, in [25,26], we extended our
methodology to account for magnetostrictive effects in both nearly
incompressible and incompressible Newtonian fluids and applied a
Newton-Raphson algorithm, which exhibits quadratic conver-
gence of the residual and exponentially fast convergence of the
unknown fields. In closely related work, [32], the hp-finite element
analysis of three-dimensional linear piezoelectric beams is also
considered.

This work continues to build on these developments and pre-
sents the following novel contributions. We extend our existing
hp-finite element framework for non-conducting magnetic fluids
to the treatment of conducting magnetic fluids including magne-
tostriction effects in both two- and three-dimensions. In particular,
we present, to the best of our knowledge, the first computational
treatment of magnetostrictive effects in conducting fluids. We pro-
pose a consistent linearisation of the resulting non-linear equa-
tions and solve the resulting discretised equations by means of
the Newton-Raphson algorithm. We once again employ the high
order hp-finite element discretisation of Schoberl and Zaglmayr
[35,40], but the computational complexity in the present contribu-
tion is considerably higher than in our previous work due to the

requirement of compatible H', L, and H(curl) conforming discreti-
sations, which this basis set provides. The advantages of hp-finite
elements are already outlined in [7,8,17] and thus are not dis-
cussed here.

The article is broken down into the following sections. In
Section 2, the coupling approach is introduced and applied to
derive the governing equations of MHD for homogeneous
conducting fluids as well as for conducting magnetostrictive fluids.

Fig. 1. Two way coupling mechanism for magnetic fields and fluids (note that H is the scaled magnetic field intensity and » is the fluid velocity introduced in Section 2.1).
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In Section 3, the Newton-Raphson algorithm is established via a
consistent linearisation for both cases. Section 4 describes, briefly,
the main features of the hp-finite element framework employed for
the spatial discretisation of the weak form. Section 5 includes a
series of numerical examples, well known within the fluid
mechanics community, which are used to demonstrate the
accuracy and robustness of the hp-implementation. Finally, some
concluding remarks are summarised in Section 6.

2. Coupling approach

In this section we construct the boundary value problems
(BVPs) for describing the problem of stationary incompressible
MHD, beginning with the boundary value problem for homoge-
neous isotropic conducting fluids with constant scalar permeabil-
ity and conductivity and then, extending this to the treatment of
more general magnetic fluids, including magnetostrictive effects.
In the first case, following the discussion in the introduction, the
electromagnetic body force is assumed to be described entirely
using only the Lorentz force. Then, in the second case, we consider
a more general ponderomotive force, which is expressed as the
divergence of a stress tensor.

2.1. MHD for homogeneous isotropic conducting fluids

In a similar manner to [23,36], we consider a bounded Lipschitz
domain Qc RY, d=2,3,Q := Q" UM, where QF is the fluid
domain and Q" is the magnetic domain. For simplicity, we shall
assume that @ = Q" = Q" and its boundary can be described as
0Q = 00k U aQk = QM U OQY. We introduce the scaled fields as

E=¢’E, D=¢,""D, p,=¢,""po,

6
H:ué/z’H, B:Hal/sz ]:'u(l)/ZJ, (6)

where €, and p, denote the permittivity and permeability of free
space, respectively. It can then be shown that the coupling between
(1) and (2) due to the Lorentz force, in absence of dielectric effects
and the magnetostrictive forces and with constitutive relations (4)
and (3), leads to the BVP formulation derived in [1,18,36], which
we write in the form

p(Vo)v -V -[[of]] =f inQ, (7a)
V.-v=0 inQ, (7b)
W)V +V xc[[6] 'VxH-V x (vx[[u]JH =g inQ (7c)
V- ([#JH) =0 in @, (7d)
v=wvp ondQk, (7e)
([oF)n =t on 8Qf, (7f)
nxH=fp, onaQY (7g)
nx (c[[6]] 'V x H+ v x [[]JH) =fy on QN (7h)

where H is the scaled magnetic field intensity introduced in (6) and
g:=Vx (c[[&]}"]“) is a source term, n is unit outward normal vec-

tor. In addition, [[G]] := (#0/60)1/2“2“ is the scaled electric conduc-
tivity tensor, [[1,]] := [[u]]/ 1, is the relative permeability tensor, ¢
is the speed of light and J* is an external current source. Here r is
the Lagrange multiplier which is used to enforce (7d) [36].

The constitutive laws for this system are stated in (4) and (3)
where, for the scaled fields, [[u]] becomes [[x,]] and [[2]] becomes
[[6]]. Furthermore, in the case of a homogeneous isotropic
conducting fluid, [[¢,]] and [[¢]] become constant multiples of [[1]]
and [t adopts a constant value. Furthermore, the body force f in
this case is

S=F+fm=F+V xHx (([]H), 8)
which follows from rescaling the Lorentz force J x B. In the above,
f is the non-magnetic part of the total body force. Note that, com-
pared to the form of the stationary incompressible MHD equations
presented in [23,36], we have chosen to write the formulation in

terms of the scaled magnetic intensity H, rather than the magnetic
flux density B := [[(]]H.

2.2. MHD for magnetostrictive conducting fluids

With the addition of suitable transmission conditions, (7) can
already treat problems involving subdomains in which [[x,]] and
[[o]] are different scalar multiples of [[1]]. However, we also wish
to include other effects. As stated in the introduction, magne-
tostrictive effects become crucial in the case of multiphase prob-
lems where the magnetic permeability exhibits changes in its
gradient. In order to include these effects, we consider a total body
force acting on the fluid domain, where we express fry in terms of
the divergence of a stress tensor as

f=F+V-[[owm]),
and, in general,

([oem]] ==

= [[oe]] + llon)],  [[oe]] = [[oe]lo + [Tl
[lon

| = llonllo + [[oul],

Note that fry expressed in this form implicitly includes the
effects described by J x B=V x H x ([[]]JH) in the absence of
magnetostriction. In our case, only magnetic effects are important
and so [[0gm]] = [[ox]] and the contributions [[ox]], and [[ow]], are
those associated with free space and a magnetic material, respec-
tively. Specifically, in the case of a homogeneous isotropic medium
with [[4]] = uop,[[1]], then in the same manner as [17],

[
]

loullo = Ho# & H — L2 (3¢ 2) 1], (%)

(1)
naanuo(((url)“g )H@Hé((u,1>+u£2>>m-munn>,
(9b)

where 1" and u? are as defined in [26].
Further simplifications can be made by making use of the scaled
magnetic intensity H, such that
1

[onllo = H® H -5 (H-H)[[1]],

5 (10a)

(1
(low]), = ((ﬂr -n-5 )H®H—%((ur = 1)+ i) (H - H[[1]).

(10b)

For a magnetostrictive conducting fluid, the stress tensor can be
expressed in a similar way to [26] to include magnetostrictive
effects as

([oem]] = [[on(H)]]
" 1 b))
— (- HeH - L (4 i) -y (1)
(k] = [l ()]
= 1 ([] + (V- 2)[[1]) - 2[[e(@)]]) + " [[e()]
+ 2 (V- o). (12)

Using the stress tensor approach allows us to consider a more
general set of boundary conditions for (7) as
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v=wvp ondQ,

([lo¢]] + [[oeml)n =t on 90y,

nxH=f, onoQY
n x (c[[6]]"

where 9Q = 9Qf UQE = 0QY UOQN and, in general we do not
require that 9QF = 9QY or 9Q% = oQ)N. The difference between
the homogeneous isotropic conducting fluid and a magnetostrictive
conducting fluid is that, the Neumann boundary for the fluid
domain contains the total stress tensor, which is more realistic at
describing the actual physics since, in real experiments, terms mak-
ing up the contributions to the applied traction cannot be identified
separately.

If Q consists of a series of non-overlapping regions such that
Q=0Q,UQ, U---then, at the interfaces between different materi-
als, 9Q; N 99;, the following conditions are required to hold

V)pg, = ”|agj

V xH+vx[[u]JH) =fy on oQY,

([oe]] + [[Teml])N| o0, = ([[OF]] + [[Tem]]) N 5,

nxH|,, =nxHly,

'VxH+vx ([t ]JH) o,
V xH+ v x [[1]H)] 5,

x (c[[o]]

=nx (c[[a]]"

3. The linearised schemes

In this section, we present the linearised schemes for both
homogeneous isotropic conducting and magnetostrictive
conducting fluids. Once the linearised schemes have been estab-
lished by computing directional derivatives, the Newton-Raphson
is applied and the resulting algorithms are summarised in
Algorithms 1 and 2.

3.1. MHD for homogeneous isotropic conducting fluids

We begin by following the treatment described in Section 2.1.
Associated with (7), we define for the weak solutions
(v,p,H,r) e W(wp) xZx Y(fp) xX the associated residuals
Ry, Rp, Ry and R; as

Ro(0: 0.9 H) = / p(Vo)v. ¥+ / o)) : [[e(2)]) d2

- /f-véd9+/véx ([ ]H) - V x HdQ

—/ t-v°doQ,
a9,

v)p’dQ,

(13a)

Ry(p'v) = [ (¥ (13b)

Ru(H’ . H,1) = —/Qc[[a—]rlv «H-V x H'dQ
+ [2 v x ([]H) - V x H'dQ — /9 (]| Vr - H' dQ
+'/Qg-H‘5dQ—/m%fN-H‘3d89, (13¢)
R, (% H) / (W ]H - Vi de, (13d)

for all (2°,p°, H’, ") € W(0) x Z x Y(0) x X where, following [36],
we have

W(vp) = {v e (H'(@)": v=wpon 09},

/de 0}

{H € H(curl,Q) : n x H = fp on 0Q},

{PGLZ

Y(fD) =
X = {reHl(Q):r:OOnaQ}.

In the above H'(Q), L,(Q), H(curl,Q) have their usual meanings (e.g.
[7]) and we denote by (u,»), := [,u - vdQ the standard L, inner

product and by ||u||,, = (u,u),"? the L, norm. In addition, we

2172
)

associate the corresponding ||u ::(HquZH\VuHLZ and

lcun = (2, + 1V = w,)""* norms.

The residuals given in (13) are obtained by weighting Eq. (7)
with the weights #°, p° H® and r° and performing integration by
parts. Notice that all boundary terms disappear for the pure Dirich-
let case.

We remark that it is necessary to add the criteria that
JopdQ =0in Zin order to ensure uniqueness of the pressure field
when dealing with pure Dirichlet boundary conditions for » [37].

With an iterative solution approach in mind, we consider possi-
ble trial solutions (2™, pim H™ rm) ¢ W(wp) x Z x Y(fp) x X and
linearise the residuals (13) as follows

Ro(9°; 0™ P H™) + DR, (0 0™ pim H™)[5)

+DR, (v 0™ p™ H™)[6") + DR,(v7; 0™ pI" H™) (5] =0, (14a)
Ry (p°; v™) + DR, (p%; o™ [5™] = 0, (14b)

Ru(H’; ™ H™ M) 4 DRy (H; /™ HI™ riml) 5]

+ DRy (H'; 2" H™, r™)[5]1] + DRy (H'; 0™ H™,r™)[5"] =0, (14c)

Re(r; H™) + DR, (1 H™)[51] = (14d)

for all (¢°,p°, H’,1°) € W(0) x Z x Y(0) x X with update equations

™l = m g 5im (15a)
am+1] _ 5 [m]
H™ — ™ 4 s (15¢)
pm 1l — il gl (15d)
The directional derivatives can be computed as
DR, (v°; ™ pim H™)[sm ]f/,uVB Vv’ dQ
+/ﬂ(V-6[;"])(V-v"')dQ
JQ
/p -v°dQ
/p -v°dQ, (16a)
DR, (9 9", pi" H™) 6] = — / (V- )5 dQ, (16b)
Q
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DR, (0% 0™ pim H™) (51 = / (7 x ([, ]13") -V x H" dQ

+ / (¥ x [, JH™) -V x 8" dQ, (16c)
Q

DR,(p's ™))" =~ [ (V-5 ae (164
DRy(H’; v, H,1)[3}}"] = 7/9c[[&}]'1v x 8V x H'dQ

+/Qv[’"] x ([, 160"y -V x H°dQ,  (16e)
DRy(H; v, H,1)[o!"] = /Q (M 5 [, JH™) - V x H° dQ, (16f)
DRu(H's . H.1)") = - / Vo - H, (168)
DR, (r’; H)[6]]"] / [0 - Ve dQ. (16h)

where certain terms have been highlighted for later reference.

Assuming the solutions (2™ piml H™ rimy to be known, and
associating the bilinear forms Cy,,Cyp,Cons Cpv, Chiti, Chv, Chr and Cry
in turn with the directional derivatives stated above, the
Newton-Raphson iteration can be stated as: Find

(8m s s sImy € W(0) x Z x Y(0) x X such that

p s Yr

Con(¥”,807) + Cop(0°,0)") + Con(¥°, 8))") = =R, (v; 0™, p™ H™),

(17a)
Cpo(D°,8,") = =Ry (0% ¥™), (17b)
Crrr(H®, 8,") + Crap(H®,8™) + Cpir(H®, 8™ ) = —Ryy (H®; o™ HI™ rim),

(17¢)
C(r',0)) = —Ry(r'; H™). (17d)
for all (2°,p°, H°,1°) € W(0) x Z x Y(0) x X with (2%, pl% H® r0) ¢

W(wp) x Z x Y(fp) x X.
Note that, by neglecting terms with an underline in (16) the
simplified Picard iterative scheme can be obtained [36]. This

scheme is fully symmetric with C,y(2°, 6['" )= CH,,(é .H’), in addi-
tion to the already symmetric terms C,;(?°, b = C,g,,(é[ | 2°) and

Crr(H®,8I™) = Cu(8!™, H°). The Newton- Raphson scheme for a
homogeneous fluid can be summarised as shown in Algorithm 1.

Algorithm 1. Newton-Raphson scheme for a homogeneous iso-
tropic conducting fluid.

Require: oM pim giml pm RIm-1 Rg”’
m =0 and TOL

Ui R for

1: while [|RY" |, [R)" V||, IR and ||7z[m*”|\ TOL do
2: Solve the linear system of Eq. (17) — 6" 6 fm] il slml
3: Record the residual for step m — RI™ RIM R! Ry ™ and RI™

4: Update the solution with Eq. (15)
N v[m+1]’ﬁ[m+1] ) HMm+1 pim+1]
5: m—m-+1
6: end while
7: return v — v p— pmll H — M g pime)

3.2. MHD for magenostrictive conducting fluids

In this section we consider the extension of Section 3.1 to more
complex magnetostrictive fluids. In order to achieve this we follow
Section 2.2 and our own presentation in [26]. In this case,

associated with (7), we define for the weak solutions
(v,p,H,1) e W(vp) x Zx Y(fp) xX the associated residuals
Ry, Rp, Ry and R, as
R,(v°; v,p, H) /p (Vo)v- v"dQ+/[[GF+GEM]]
e(@)de - [ f-v°dQ - t-°doQ, (18a)
Q o0k,
Ry(p') = [ (V- vp'de, (18)
Q
Ru(H’ v, H,1) = — / Cll]'V xH-V x H'dQ
Q
+ [ o (I (o)H) - ¥ x B ag
JQ
- [ @ivn -wae+ [g
Q Q
— | fv-HdOQ, (18c)
e
R(r'iH.v) = - [ (1, (0))H) - VP d. (18d)
Q

for all (2°,p°, H,1*) € W(0) x Z x Y(0) x X. Note that in the case of
non-pure Dirichlet conditions the constraint of [, pdQ =0 in Z can
also be dropped.

Analogue to the previous section, with the possible trial solu-
tions (2™, pim H™ rimy e W(wp) x Z x Y(fp) x X, the linearised
residuals (18) can be written as follows

Ry(2%; 0™ pmH™) + DR, (07 2™ piml H™) (5™

+DR,(v; 0™ p™ H™ ) 51" ]+DR (@ o™ pm H™)[5" =0, (19a)
Rp(D%; 9I™) + DRy (p°; ¥™[81"] = 0, (19b)

ﬁH(H(j; v[m]7H[m]~,r[m]) +D7~2H(H(>7 v’m]:H[er[m])[&lIIn]]

+DRy(H; ™ H™ r™) (8] + DRy (H?; o™ H™ r™[s™] =0, (19¢)

R (r; 0™ H™) £ DR, (1%; 0™ H™)[6™] + DR, (r*; 0™ H™)[51] =
(19d)
for all (¢°,p°,H’,1°) € W(0) x Z x Y(0) x X with similar update

equations to (15).
The directional derivatives are

DRy (v"; ™ pim H™)[50"] = DR, (v°; o™ pI™ H™)[s!"],  (20a)

DR,(#"; o™, pI™, H™)[5)") = DR, (; /™, p™ H™)[5]"],  (20D)

DR,(: 0", 5 H™ a7 = [ (/)] Mol smao, (00
Q

DR, (p%; v™)[61) = DR, (p%; v/™) 6], (20d)
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DRu(H; »™ HI™, rm) (M) — / Cll6) 'V x 8™ . V x H' dQ
Q

+/v[’"]
JQ

x ([ (@™)]]8") - V x H' dQ,

(20e)

DRy (H’; v

T .
s [om (—M .neww)n)

.V x H°dQ, (20f)

DRy (H’; o™ H™ rim)[slm] =

DR, (r’; o™ H™)[6I"] = (20h)

DR, (r; o™ H™)[51") = ol vrdo. (20i)

In the above

0[|oEm]] M\ ~ \
[ 8:1M ],»jk - (,ur h 'uz (0uH; + 03 Hi) — (1 +,U(r2>)5ink7

= 214,)9;Hr.

U] — G et

d[le]]

Assuming the solutions (2™ pim H™ ") to be known, and
associating the bilinear forms C,y, Cui, Chv, Chir, Cro and Cpy in turn
with the new directional derivatives stated above, the Newton-
Raphson iteration can be stated as: Find (6[2’]‘],52“1,5?1,5[,””) €
W(0) x Z x Y(0) x X such that

Con(¥,85) + Cop(2°,0)") + Con (V" 311"

= —R,(¥°; v pim HM), (21a)
Coo(P°,0,")) = =Ry (p%; ™), (21b)
Crr(H’, 81") + Cy (H®, 8™ + Cpie (H°, ™)

szH(H";vm],Hm],r b, (21¢)
Crp(r,0™) + Coa (2, 817) = =R, (r'; H™). (21d)

for all (2°,p°, H°,1°) € W(0) x Z x Y(0) x X with (2%, pl% H rl0) ¢
W (wp) x Z x Y(fp) x X. Note that this reduces to (17) for a homoge-
neous isotropic conducting fluid without magnetostrictive effects.
The Newton-Raphson scheme for a magnetostrictive material can
be summarised as shown in Algorithm 2.

Algorithm 2. Newton-Raphson scheme for a magnetostrictive
fluid.

Require: v/ pim gl pml Q-1 kgm’l],kﬁ,"’”ﬂﬂm’” for
m =0 and TOL
1: while [R5V, RV, 1R and [|R™ || > TOL do

2: Solve the linear system of Eq. (21) — 6! ,613 m s lml

v
3: Record the residual for step m — =" R R}’ and R}
4: Update the solution with Eq. (15)

— plm+1] pim1], H[m+1]7 plm+1]
5: m—m-+1
6: end while

7: return v — v+ p — pim+1l g MU o plme]

4. hp-Discretisation

The hp-finite element discretisation of (17) and (21) follows
similar lines to that already discussed in [17,26], where we employ
the hp-finite element discretisation of Schoberl and Zaglmayr
[35,40]. In the following, we discuss the discretisation for an
unstructured tetrahedral discretisation for d = 3, the correspond-
ing triangular discretisation for d = 2 follows mostly by obvious
simplifications. For this we consider a regular simplicial triangula-
tion of Q denoted by 7, with the set of vertices V, the set of edges
&, and the set of faces F, and recall the low-order vertex, high-
order edge-face-cell based splitting of the hierarchic scalar H' con-
forming finite element space

Xnp == Xn1 @ Z Xg )

edges Ec€y

>, X @

faces FeFp

> X, c H(Q

cells IeTy

where X;,; is the classical space of continuous piecewise linear hat

functions and X}, X X denote its hierarchic edge, face and cell
enrichment. In the case of a uniform polynomial degree we obtain
the space of polynomials of total degree p, i.e. Xsp|; := PP(T) on
each element T € 7, employed. For problems in this work we
require a discretisation of the vector H(curl) conforming space,
employing the approach of Schéberl and Zaglmayr [35,40] this
results in the splitting low order edge, high order edge-face-cell
based splitting

Yip = Yo Z Y, o

edges E€&y,

>, Yo

faces Fery

> Y, CH(curlQ),

cells IeTy,

where Y, is the classical Nédélec element with continuous con-
stant tangential components on edges and Y%, Y/ Y} denote its hier-
archic edge, face and cell enrichment. In addition, we set

Wi, = {v:ve X)),

Zhpr:=Zno® Y, Z,,4 CL(Q),
cells IeTy
where Z,o is the space of classical scalar finite element space of

piecewise constants. We present below the fully discretised version
of (17), which must be solved at each Newton-Raphson iteration for
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a simple conducting fluid. Then, in Section 4.2, we present the cor-
responding discretised version of (21) for the case of a conducting
magnetostrictive fluid.

4.1. Homogeneous isotropic conducting fluids

The mth step of the discrete Newton-Raphson scheme for this
fluid in d=3 is: Find (8)},,00% 07, 00) € W(0) N Wiy,
XZﬁth,] X Y(O) N Y}ler] x X th[HZ such that

Con(Wy, 8h,) + Cop(hy, 00 ) + Cont (Ui, 3171

= —R,(¥},; vy by Hi ), (22a)
Cou(Dhps D) = —Rp (D Vi), (22b)
CHH(H?}p752":Lp) + CHV(H;)'P’ vhp) + CH’(H;iP rnflw)

= —Ru(Hy,; vy Hy 1), (220)
Cot(Thy Oiihy) = ~Re(rhps Hip). (22d)

for all (2,05, Hp,.15,) € W(O0) "Wy x Z N Zppq x Y(0) N Yy
xX NXppio. The update equations are similar to those given in
(15). It is important to note the need to use different sets of basis
functions for the different fields but, also, the need to use different
polynomial degrees. For d = 2 triangular elements, the updates of
velocity 5” p and pressure bp np are approximated as polynomials
of degree P,, P, , in order to satisfy the LBB condition [37]. For
d = 3, the updates of velocity 4, and pressure 3, are approxi-
mated as polynomials of degree P,, P, 3 in order to satisfy the LBB
condition for tetrahedral elements for this case [8,37]. The updates
of the magnetic field émp and the Lagrange multiplier 5% are

selected to be P,_1,P, for bothd =2 and d =3 [8].

4.2. Conducting magnetostrictive fluids

The mth step of the discrete Newton-Raphson scheme for a

conducting fluid including magnetostrictive effects in d = 3 is: Find
(01 Oty Orthps Orhp) € W(0) MWy 5 x Z01 Zip 1 x Y(0) N Yipy x X
N Xpps2 such that

CVU(vhp7 5vhp) + Cﬂp(vhp 5p hp) + CUH(vﬁw 6;-,!“!]113)

= Ry (v vy P Hi), (23a)
Coo(Dh: Op)) = —Rp(Pis i), (23b)
Cr(Hy, [,",w)+cH,,(H‘5 M)+ Cuur(Hy,, 51

= —Ru(Hyy,; vy Hyy 1), (23¢)
Cro(Tys D) + Cota (T Op7,) = —Re (1 H™), (23d)

for all (vﬁp,ﬁhp,Hﬁp, ) EW(O0) N Whyo x ZNZpp 1 x Y(0) N Vi1 X
XN Xpps2. In the above, terms with a tilde are different from those
n (22), which have been constructed in order to include magn-
tostrictive effects, but do reduce to their previous forms in the case
of a homogeneous isotropic conducting fluid. The polynomial orders

are taken as described in Section 4.1.

5. Numerical examples

A series of numerical examples are presented to benchmark our
approach by applying it to the simulation of MHD problems in
d = 2,3 with known analytical solutions. Then, the predictive capa-
bility of our approach is considered by applying it to the simulation
of problems in d = 2,3, which include non-homogeneous media
and magnetostrictive effects, that do not have analytical solutions.

5.1. Two-dimensional problems

In order to verify the d =2 implementation, we apply the
scheme to several well-known benchmarking problems. We start
from a simplified linearised case with smooth and singular solu-
tions. We then progress to the fully coupled problem, where a
smooth problem and the well known Hartmann flow problem
[18,9,15] are used for verification.

5.1.1. Linearised L-shape domain smooth problem

The first example consists of an L-shaped domain
Q= (-1,1)%\ ([0,1) x (—1,0]) on which we consider the solution
of a linearised MHD problem [36] by considering
]l = c[[6]]"" =[[1]] and p = ji = 1. For this linearised problem,
only a single step of the Picard iteration scheme is required for
which we set

v[o]:<2>, H["]:(X) in @,
1 -y

and choose f and g so that the analytical solution is [23]

5~ (
o (

in Q. Then, the boundary conditions are different to those in Algo-
rithm 1 and are of the form 6vhp 4, on DQE =02 and

nx éH =M X oy on o0M = 9Q. As the analytical solution is
smooth, we consider a fixed uniform mesh consisting of 382 trian-
gular elements and apply uniform p-refinement with polynomial
degrees p = 2,3,4,5,6, where p refers to the degree of the H' con-
forming approximation and the degrees of the approximation for
the other variables are chosen to satisfy the LBB constraints (see
Section 4.1). Unless otherwise stated, we follow this convention
for naming p in each of the following examples.

In Fig. 2(a) we show the convergence of ||§, —

— i X
(yeosy +siny)e ) 5, = 2e¥siny,
ysinye*
—(ycosy + siny)ex>
ysinye*

(24)
, O0p=—sin7mx sinmy,

yhPHH] and

|6 — éﬁ?hpn,,(wrl), which both indicate a downward sloping curve
confirming the expected exponential convergence of p-
refinement for this smooth problem. In Fig. 2(b) we show the com-
puted streamlines for 6[3],117 for the converged solution.

5.1.2. Linearised L-shape domain singular problem

We again consider the L-shaped domain described in the previ-
ous subsection for the linearised MHD problem with the same
material parameters as described above. Let us consider a single
step of the Picard iteration with

v = (8), HY = (‘:) in Q,

and f and g selected so that the analytical solution is [23]
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Fig. 2. Two-dimensional L-shape domain with a smooth solution showing: (a) the convergence of 5, — 83, ‘H‘ and ||6H — 8 ) with p-refinement and (b) the
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Fig. 3. Two-dimensional L-shape domain with a singularity showing: unstructured graded meshes with (a)176 (grading factor 3) and (b) 308 (grading factor 5) triangular

elements, respectively.

PH((1+ 2) sin(d)y () + cos(4)y/'(¢))

o= (et s meoston s smion (o )
Sp = =P (1 + 22 (@) + 9" ($))/(1 = ), (25)
oy = V(p*Psin(2/3¢9)),
or =0,
in Q where
V(¢) =sin((1 + A)¢) cos(Aw)/(1 + 4) — cos((1 + 1))
—sin((1 — A)¢) cos(Aw)/(1 — A) + cos((1 — 2)¢). (26)

In the above (p,¢) represent the polar coordinates centred at
x=0,y=0 and, for the case where w=3n and
/.~ 0.54448373678246, the analytical solution exhibits a strong
magnetic singularity at the origin [23]. The boundary conditions
are analogous to Section 5.1.1.

A series of meshes are constructed with geometric refinement
towards the re-entrant corner (and the location of singularity),
the geometric refinement factors are 2,3,4,5 and 6, respectively.

[llustrations of typical meshes with grading factors 3 and 6, and
176 and 308 unstructured triangles, respectively, are shown in
Fig. 3.

On these meshes we apply uniform p-refinement with polyno-
mial degrees p = 2,3,4,5,6 leading to the results shown in Fig. 4
(a) where the convergence of |5, — 5[110.]}1;.“# and ||y *55,]11p||n(cur1>
can be observed. As expected, a family of convergence curves are
produced and each show a similar behaviour: initially p-
refinement on particular grid produces a rapid convergence of
the error, which then slows to an algebraic rate of convergence
with further increments of p. By combining both h- and p-
refinements the resulting error envelope is a downward sloping
curve, confirming the expected exponential convergence for this
problem with a strong singularity. Fig. 4(b) shows the computed

streamlines for 55],”, for the converged solution. In Fig. 4(c) and

(d), the computed contours for the x and y components of Jthp,

for the converged solution, are presented from which we can
observe the strong singularity towards the re-entrant corner.
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Fig. 6. Two-dimensional rectangular domain with Hartmann flow with Ha = 10, showing: (a) the typical quadratic convergence for updates 4,,05 and oy and the relative

residual R for the Newton-Raphson implementation for uniform p = 7 elements and (b) the convergence of Hv ”;. ]H and ”H H ) for Newton-Raphson and
curl
_ o - i
5, ”hp” and HJH oy hp‘ ) for one-step Picard.

Table 1
Two-dimensional rectangular domain with Hartmann flow showing: the convergence with Ha =10 for h=0.25. (Here E(v) Hy ”;.p ) Hy - y,{g] =
2
N M) _
E(p) Dy |, EHwcun, = [H - .
p Dofs in th/rhp/vhp/ﬁhp E(V)H‘ E(”)L2 E(ﬁ)LZ E(H)H(curl)
3 2880/1681/3454/1200 7.64E—02 2.45E-02 1.22E-03 4.34E-03
4 5440/3041/6206/2400 1.46E-02 2.09E-03 2.17E-04 1.11E-03
5 8800/4801/9758/4000 2.43E-03 2.13E-04 3.34E-05 2.25E-04
6 12,960/6961/14,110/6000 3.46E-04 2.45E-05 4.82E-06 3.77E-05
7 17,920/9521/19,262/8400 4.42E-05 2.65E-06 7.98E-07 5.39E-06
Table 2
As Table 1 but for h = 0.125.
p Dofs in Hy, /Ty / ¥y /Pryp E(v)p E(v), E(P)y, E(H)y(cun)
3 12,900/7645/15,478/5256 1.12E-02 1.92E-03 1.43E-04 1.26E-03
4 24,208/13,697/27,646/10,512 1.03E-03 6.18E-05 1.38E-05 1.58E-04
5 39,020/21,501/43,318/17,520 8.43E-05 3.54E-06 1.31E-06 1.55E-05
6 57,336/31,057/62,494/26,280 6.46E—06 2.21E-07 1.57E-07 1.28E-06
7 79,156/42,365/85,174/36,792 5.51E-07 1.51E-08 2.15E-08 9.21E-08

5.1.3. Fully coupled non-linear square domain smooth problem

A fully coupled non-linear MHD problem with a known smooth
analytical solution can be found in several references such as
[18,9]. We use the former for benchmarking our fully coupled
Newton-Raphson implementation summarised in Algorithm 1.
The geometry consists of a square domain = (—1,1)?, and we
construct the problem by setting the parameters as
] = (1), c[[6]]" = 10* and p = jt = 1. The source terms f,g are
chosen so that the analytical solution is

2
v=<ﬁz>, p=x,
12
H—<l_i2>, r=(1-x)1-y).

in Q and the Dirichlet boundary conditions ), = » on 9Qj, = 0Q

(27)

and n x H}ﬁl =n x H on 9Q = 99 are applied. From (27), we can

deduce that, of the different fields, r is of the highest polynomial
degree being bi-quadratic and, for triangular elements, this means
that p = 4 H' conforming elements are required to fully capture this
field. Although H and » are quadratic functions, which can be cap-
tured with p = 2 H' conforming and p = 2 H(curl) conforming ele-
ments, respectively, we expect that, due to the coupled nature of
the problem, these fields will not be fully resolved until the degree
is p = 4 (using our earlier naming convention).

For the fully coupled smooth problem, we consider performing
hp-refinement with elements of uniform size h=0.6,0.3,
0.15,0.075, the finest mesh having 2048 unstructured triangular
elements. Uniform p-refinement is applied with polynomial
degrees p =2,3,4,5, where the last p increment represents an
intentional overkill to test the implementation.

In Fig. 5(a) we show the computed quadratic convergence
for updates 5yhp,6,’f,]1p and o), and the relative residual
R= ”Rv

R R R /RS, RY, R RV for p =5 elements,
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Fig. 7. Two-dimensional rectangular domain with Hartmann flow showing: Centreline profiles for (a) z, and (b) Hy for Ha = 1,10,10+/10 on an unstructured mesh of 400

triangular elements and uniform polynomial degree p = 7.

which implies the correct implementation of the Newton-Raphson
method. Then, in Fig. 5(b) we show the convergence of hp-

refinement for || — o} ;1. [p — Py [, and [|H — Hy [l cun) With

m = M, such that R < 107'°, which indicate a downward sloping
curve confirming the expected exponential convergence of p-
refinement for each of the meshes considered. Note that, unless
otherwise stated, this Newton-Raphson convergence criteria will
be used in the following. As the analytical solution for r is bi-
quadratic, the p-refinement should converge to machine precision
with p =4 for this problem, which is exactly exhibited in the
figure.

5.1.4. The two-dimensional Hartmann flow problem

The description of the d = 2 Hartmann flow problem can be
found in [18,9] and this allows us to further benchmark our full
Newton-Raphson scheme as the resulting solution satisfies both
the linearised and the non-linear MHD equations. For this problem,
the domain is set to be Q = (0,L) x (—1,1) with L > 1, for which
we choose L= 10. The analytical solution corresponds to an
unidirectional flow under constant pressure gradient —G in the
x-direction with f =g =0. In order to apply our scheme to
the reference non-dimensional Hartmann flow problem, we set the
parameters as [[u]] = [[1]],v=it/p =0.1,[[6]] = &[[1]],6 'c/p =0.1,
Ha=10,G=0.5,p =1,p, =10. The analytical solution to this
problem then corresponds to

v= <,uvHut§nh(Ha) (1 - C(";;Lﬁ("]i“;) ) s (28)
0
e (% (S ) ) | 29)
1
oy G (sinhGHa)  \? 30
P=-0%=55sinh(Ha) ~¥) *Po %)
r=0. 31

in Q. We set 9Q2f to be the boundaries corresponding to
(0,y),y€(0,1) and (x,+1),x<c (0,L) and here we prescribe
v =v and we set 9Q) =0Q and nxHj) =nxH, while on
o0k = 0Q\ 0Qf, we prescribe ty, =t =[[om]n (free velocity
boundary), based on the above analytical solution.

As the analytical solution is smooth for this low Hartmann
number, a single mesh consisting of 400 triangular elements is

051

0 0.5 1 1.5 2

Fig. 8. Two-dimensional multiphase duct flow problem showing: geometry and
mesh with 2910 unstructured triangular elements for duct flow problem.

Table 3
Two-dimensional multiphase duct flow problem showing: parameters for inside and
outside MHD fluids.

Parameters Inner fluid Outer fluid
p (kgm3) 2700 1000

it (Nsm~2) 0.3 0.1

cG 1(AVkg ' s?) 104, 014,

. 1.002 0.99

! 0.01 0.01

/152) 0.01 0.01

employed. On this mesh we consider both the linearised one step
Picard [23] and the fully coupled non-linear Newton-Raphson
schemes. For the one-step Picard scheme we solve the linearised
problem, as described in [23], and for the Newton-Raphson
scheme we apply Algorithm 1. In both cases, we apply uniform
p-refinement with polynomial degrees p=3,4,5,6,7 and
show, in Fig. 6(a), the typical quadratic convergence of the
relative residual R = |RI", RI"™, R, RI™| /R, R, Ry, RY|| for
the Newton-Raphson iterations when uniform p =7 elements
are used. In Fig. 6(b), we show the convergence of || — ||,
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Fig. 9. Two-dimensional multiphase duct flow problem showing: (a), (c), (e) the quadratic convergence for updates 4,, 4, and 4 and the relative residual R of the Newton-
=5 elements with H =

Raphson implementation for uniform p
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Fig. 10. Three-dimensional lid-driven cavity problem showing: (a), (c), (e) the typical quadratic convergence for §,,5, and R for Newton-Raphson implementation for
Re = 100,400, 1000 with p = 6,6, 8, respectively, and (b), (d), (f) the centreline profiles of 2,(0.5,y,0.5) for 0 <y < 1 for Re = 100,400, 1000 with p-refinement, respectively,

and comparisons with the reference solutions [39].



174 D. Jin et al./ Computers and Structures 164 (2016) 161-180

()

(f)

Fig. 11. Three-dimensional lid-driven cavity problem showing: (a), (b) the streamlines for Re = 100 with p = 6, (c), (d) the streamlines for Re = 400 with p = 6, (e), (f) the

streamlines for Re = 1000 with p = 8.

and |[H — H}} ||y, Where M denotes the iteration of the con-

verged solution for Newton-Raphson scheme and |5, —5[1)0)]},p||H1

and [0y — 8, llu(cun) for the one-step Picard. Fig. 6(b), indicates
that both schemes converge exponentially fast with p-refinement
to the analytical solution.

Subsequently, we have considered the convergence of updates
2= 2 I, 12 = 2 Nl 11D = By Il, and |H — Hy [y for Hart-
mann numbers Ha = 0.01,1,10,10v/10 under hp-refinements.

These tabulated results are presented in full in [24], here we show
only the case for Ha = 10 for h = 0.25 and h = 0.125 in Tables 1
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Table 4
Three-dimensional lid-driven cavity problem with a magnetic field applied showing:
the parameters for the problem with Hartmann number Ha = 10.

Ha A Vi K e

10 0.0025 0.025 0.00625 1

and 2, respectively, which we compare with the convergence of the
error stated in references [18,9].

Although the results shown in [18,9] are obtained with a differ-
ent method and are presented for h-refinement only, we can com-
pare the accuracy of the solutions with respect to the number of
degrees of freedom (DOFs). Our hp-finite element scheme shows
a significant improvement in terms of accuracy when compared
to the reference solution. In particular, we can use much fewer
DOFs yet still achieve the same level of accuracy, which indicates
the high efficiency and high accuracy of the current approach.
However, we also acknowledge that, ideally, if the data is available,
the computational cost should not only be measured in terms of
degrees of freedom as a hp-approach does result in matrices that

©
>
i)
(%]
[0)
o
()
=
s
(0]
o
1 2 3 4 5 6 7
Iterations
(a)
©
>
©
D
[0
ol
[0}
=
=
[0)
o

are not as sparse as in pure h-refinement and there are additional
computation costs associated with the generation of the basis
functions and the evaluation of the elemental contributions.
Nonetheless, these can be minimised by a careful implementation,
see e.g. [24]. From the tables of convergence behaviour in [24], we
also can conclude that, for higher Hartmann number, more DOFs
are needed. This indicates that a high Hartmann number intro-
duces strong coupling, steeper gradients as well as non-linearity
into the system, which makes the flow behaviour much more chal-
lenging to capture.

The numerical solutions for the centreline profiles for x-
component of the velocity and x-component of the magnetic field
are illustrated in Fig. 7 with different Hartmann numbers. It tran-
spires that, on the chosen mesh, the degree of the elements needs
to be chosen as p = 7 to fully capture the behaviour of the strong
coupling and the non-linearity of the MHD problem. The compar-
ison between numerical and analytical solutions, which shows a
good agreement, indicates the accuracy of the implementation.
From the results, we can also see that, a high Hartmann number
results in steeper gradients near the boundary, which are well cap-
tured by our hp-refinements.

Fig. 12. Three-dimensional lid-driven cavity flow problem with a magnetic field showing: (a), (c) the typical quadratic convergence of updates é,,5; and 6y and relative
residual R for Ha = 10 with Hp = (1,0,0) and Hp = (0, 1,0), respectively, for uniform p =4 elements and (b), (d) the centreline profiles of »,(0.5,y,0.5) for 0 <y <1

compared with a reference solution in absence of the magnetic field [39].
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5.1.5. Two-dimensional duct flow with cylinder shaped different media
inside

After verifying our implementation, and in order to show the
applicability of our approach to capture complex flow patterns,
we now consider applying Algorithm 2 to solve a multiphase
MHD flow, which consists of two different fluids. The geometry
and mesh are shown in Fig. 8. The mesh is refined near the inner
droplet as we are interested in the behaviour between two differ-
ent fluids.

The domain consists of @ = (0,2) x (—1,1) with 9 droplets, each
being a circle with radius r;; = 0.1 and equally separated inside the
squared domain at positions (0.5,-0.5),(0.5,0),(0.5,0.5),
(1,-0.5),(1,0),(1,0.5),(1.5,-0.5),(1.5,0) and (1.5,0.5). The Neu-
mann boundary for the fluid part is 9Q§ = (2,y),y € (-1,1) with
condition ty, = t = [[0py]|n and the Dirichlet boundary for the fluid
part 9Qh = 9Q\ QL with condition # = (v(1 —y2),0). For the
magnetic  field, the Dirichlet ~ boundary  conditions
nx Hﬂ =n x Hp are applied on 9QY = 9Q where Hp = (0, H). Note
that v is the amplitude of input velocity and H is the amplitude of
the magnetic field. In order to investigate the influence of the mag-
netic field on the multiphase problem, the amplitude H of the mag-
netic field is increased. The parameters for the inner and outer
fluids are taken from [13,15] and shown in Table 3. Here v can
be obtained by the relation v = Re x ji/(2r;,), where Re = 0.01 is
the Reynolds number without the magnetic field and in absence
of the droplets.

With a mesh of 2910 unstructured triangular elements, we
found, by uniformly incrementing the polynomial degree, that
p =5 is required in order to fully capture the complex fluid pat-
tern. Several different magnetic amplitudes are applied, namely
H =0.1,0.2,0.4, and the results of the streamlines for the multi-
phase problem and the quadratic convergence curve for the differ-
ent magnetic fields are shown in Fig. 9. The results shown in Fig. 9
(a), (c), and (d) indicate the correct implementation of the New-
ton-Raphson scheme and in Fig. 9(b), (d), and (e) the influence of
the magnetic field over the fluid flow pattern is illustrated. In par-
ticular, we see that as the magnitude of the magnetic field is
increased, the flow pattern is substantially effected creating
regions of low and high velocities in the vicinity of the conducting
cylinders. This complex flow pattern would be impossible to be
captured without the use of a higher order discretisation. Fig. 9 also
indicates that the contrast of the magnetic permeability for the two
different fluids could result in a complex flow pattern under a large
magnetic field.

Table 5
Three-dimensional rectangular domain with Hartmann flow showing: the parameters
for Hartmann flow problem with various Hartmann numbers Ha = 0.01, 1,10, 10+/10.

Ha v Vm K G

0.01 1 le4 1 0.5
1 1 10 10 0.1
10 0.1 1 10 0.1
10V/10 0.01 1 10 0.1

5.2. Three-dimensional problems

Next, we verify the d =3 implementation by applying the
scheme to several well-known benchmarking problems. As we
have already established the benefits of the Newton Raphson over
the Picard iteration we consider only the former and use it to
benchmark a lid-driven cavity with and without a magnetic field,
a three dimensional extension of the Hartmann flow problem
and, to finish, we show the predicative capability of the scheme
by applying it to a multiphase MHD flow problem.

5.2.1. The three-dimensional lid-driven cavity problem
We first consider the standard lid-driven cavity problem for
pure Navier-Stokes flow in the absence of a magnetic field on

Q=(0,1?% We define the
(x,y,1),x,y € (0,1) as 9QL" and the other boundary faces as
00 — 9Q\ 0QHY. We impose the boundary conditions

the cubic domain surface

F(1
v=(2,0) onaQy",
v=0 onoQ)?.

where v is the constant amplitude of the applied of the driving
velocity. For this problem an unstructured mesh of 756 tetrahedral
elements is generated on which uniform order p = 3,4,5,6 ele-
ments are applied for Re = 100,p = 4,5, 6 are applied for Re = 400
and p = 6,7, 8 are applied for Re = 1000.

Initially, we consider the flow pattern in the absence of a mag-
netic field. Fig. 10(a), (c), and (e) shows the quadratic convergence
of a suitably simplified version of the Newton-Raphson procedure
given in Algorithm 1 to the previously stated criteria where
R =R RM|/|RY, RY|| and the convergence of the updates
variables &, and &, are also presented for completeness. We can
observe that, with an increasing Reynolds number, we need more
iterations to converge. For Re = 1000, an incremental approach

(a)

(b)

Fig. 13. Three-dimensional lid-driven cavity flow problem with a magnetic field showing: (a) and (b) the streamlines for Ha = 10 with Hp = (1,0,0) and Hp = (0,1,0),

respectively, for uniform p = 4 elements.
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using 2 increments has also been applied (see [24] for details).
Note that the convergence shown in Fig. 10(e) is for the final incre-
ment for Re = 1000 with p = 8. In Fig. 10(b), (d), and (f), the centre-
line profiles for 2,4(0.5,y,0.5) for 0 <y < 1 for Re = 100,400, 1000
with p-refinement are presented and in Fig. 11 the corresponding
streamlines are shown. The results show that as the degree of
the polynomial order is increased, the solution converges to the
reference solution. For the lower Reynolds number Re = 100 we
can see that, with p = 4, we can already accurately capture the
fluid behaviour. For Re = 400,p = 6 is needed to fully solve the
problem. For Re = 1000, even with p = 8, our computed solution
is still slightly away from the reference solution. In this case local
mesh refinement, combined with p-refinement could be applied, if
desired, to improve the accuracy.

Secondly, we consider the case of the coupled MHD problem
where, in addition to the fluid boundary conditions, we apply
n x H}f’,} =nxHp on QY = 9Q where we choose Hp = (1,0,0)
and Hp = (0,1,0), in turn, as uniform magnetic fields. Here, in
order to adapt our framework to the dimensionless schemes, we
set the parameters as [[i]] =[[l],x=p,v=ft/p=0.1,[G] =
G[[1]], vm = 67 'c/p,Ha = \/K/vvy. The fluid parameters are sum-
marised in Table 4 for the Hartmann number Ha =10 with
Re=1/v =400 and Rem = 1/v;; =40 as [2]. The mesh of 6048
unstructured tetrahedra is employed and uniform p = 4 elements
are used throughout. In Fig. 12(a) and (c) we show the quadratic
convergence of the Newton-Raphson procedure given in Algo-
rithm 1 to the previously stated criteria and in Fig. 12(b) and (d),
the centreline profiles of 24(0.5,y,0.5) for 0 <y <1 for Ha =10
when Hp = (1,0,0) and Hp = (0, 1, 0) are shown. In the latter cases,
we also include the corresponding reference solution for the
Navier-Stokes lid driven cavity problem with Re = 400 as a com-
parison. Illustrations of the computed streamlines for this problem
are presented in Fig. 13. Note that, for further increases in Hart-
mann number, we see an even greater departure of the flow field
for the MHD problem from the flow field of the standard lid driven
cavity problem [24].

5.2.2. The three-dimensional Hartmann flow problem

The description of this problem can be found in [18,9] and con-
sists of a rectangular duct given by Q = (0,L) x (—¥,,¥0) X (—20,20)
with y,,zo < L. The source terms are f =g = 0 and the analytical
solutions is in the form of

04 o Ha = 0.01,7};”)
— Ha = 0.01, 4,
0.35 4 Ha=1,0y,
—Ha=1,7,,
| « Ha= 10,0,
0.3 —Ha=10.5,0

-2 -1 0 1 2
Y

(a)

z

y

Fig. 15. Three-dimensional multiphase duct flow problem showing: the geometry.

v(y,2) b(y,z)
v= 0 , H= 1 ,
0 0
p=-Gx+po(y,z), r=0.

in Q where

+00
§y.2) = GV @ - 2) + D tnly) cOS(in2),

n=0

+00
b(y,z) = "bu(y) c0s(/s2),
n=0
X kb(y,z)?
poy.2) = 2L 1
and
P (2n+1)m
‘n = 220 )
v, - B-p
buy) =~ | A 221 sinh(p,y) + B, “2—P2 sinh(p,y) |,
K D1 |2)
0.015 =
o Ha = 0.01, iy,
—Ha=0.0L,H,
0.01f « Ha=1Hy,
—Ha=1,H,,
= Ha =10, Hy,
0.005 —Ha=10H,
o) 0
-0.005 |
-0.01 f
-0.015 ‘ ‘ ‘
_2 -1 0 1 2

Fig. 14. Three-dimensional rectangular domain with Hartmann flow showing: (a) the centreline profiles of z,(5,y,0) and (b) Hy(5,y,0) for —2 < y < 2 for Hartmann numbers

Ha = 0.01,1 and 10 with uniform p = 6 elements.
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Ha’ Ha’
Pio =i+t Hay i+

—p, (2% — p? :

A, = M Un(¥o) sinh(p¥o),
n

_p ()2 _p2 i

B, — Mun(yo)smh(?ﬂdv

An = P, (73 — p}) sinh(p,y,) cosh(p,y,) — p; (% — p3) sinh(p,y,)
x cosh(pYy),

Un(Yo) = TG sin(/nZo),
V2o

In order to again adapt our framework to the dimensionless
Hartmann flow problem, we set the parameters as [[x,]] = [[l],
K=p,v= la/p =0.1, Ha-” = 6[[”“7‘)?71 = 6-71C/p7Ha =V K/VVm. The
fluid parameters for the three-dimensional Hartmann flow prob-
lem for different Hartmann numbers of Ha = 0.01,1,10,10v/10
are shown in Table 5. Then, following the literature [18,9,13], we

0-2 "[~=ftin = 0.01
- pin = 0.1
= mn =
"'Zm =1

0.15 | b

01t i

5
0.05 J
0 nﬁ 7 ‘ ﬁ’"’
-0.05 : : :
-2 -1 0 1 2
Y
(a)
0.15 ' ' "[=/tin = 0.01
~flin = 0.
i, = 1
0.1r ~fin, = 10

-0.15 1

-0.2 : : ‘
_2 -1 0 1 2

(c)

consider the solution of this problems for the dimensionless quan-
tities L = 10,y, = 2 and z, = 1. The fluid Neumann boundary 9%
is set as the face (10,y,2), (¥,2) € (—¥o,¥o) x (—20,20) and the fluid
Dirichlet boundary @}, as 9Qf = 9Q \ 9Q), and, for the magnetic
field, we set 9Q) = 9Q. Introducing Hp = (0,1,0) the boundary
conditions can be summarised as

29 =0

E
0= on 09,

tiy = ([[0¢]] + [[Teu]))n = Pon + [[Tem]ln  on Ry,

an}gj:anD on 9QY.

The benchmarking is performed on an unstructured grid of 125
elements by performing uniform p-refinement. By uniformly
increasing p until convergence was reached, it was deduced that
using p = 6 on a mesh of 125 elements can capture the Hartmann
flow pattern accurately for the Hartmann number up to Ha = 10.
By applying Algorithm 1 the Newton-Raphson procedure exhibits
quadratic convergence similar to that shown in the previous cases,
although, for higher Hartmann numbers, the number of iterations
required to reach the aforementioned convergence criteria
increases.

0.05

0% &
-0.05 | |
5
-0.1 |
-01571 ~in = 0.01
—fin = 0.1
= pin =1
[y = 10

-02 : ‘ :

2 1 0 1 2
Yy
(b)

0.15 ‘ ‘ =7, =001
—— i, = 0.1
= flipy =1

0.1 - flin =
0.05
01 :
-0.05
-0.1
-0.15 | 1

-02 : : :

2 1 0 1 2

Fig. 16. Three-dimensional multiphase duct flow problem showing: (a) and (b) centreline profiles for »,(—1.5,y,0), v,(2.5,y,0), respectively, for —2 <y <2 when
Wi =0.01,0.1,1,10 and (c), (d) centreline profiles for H,(—1.5,y,0) and H,(2.5,y,0), respectively, for the same problem.



D. Jin et al./ Computers and Structures 164 (2016) 161-180 179

The centreline profiles of 24(5,y,0) and Hy(5,y,0) for
—2 <y <2 are illustrated in Fig. 14 for the Hartmann numbers
Ha = 0.01,1 and 10. The comparison between the numerical solu-
tions and the analytical solutions show a good agreement for the
presented cases. For higher Hartmann numbers the flow patterns
exhibit increasingly sharp gradients in the flow field close to the
boundaries and, as discussed in [24] performing p-refinement
alone on a coarse mesh of 125 tetrahedra is not sufficient to cap-
ture the flow pattern. In this case, h- and p-refinements must be
combined.

5.2.3. The three dimensional multi-phase MHD flow problem

The geometry of the multiphase MHD flow is shown in Fig. 15,
which is a rectangular duct given by Q= (0,L) x (—¥,,¥o) X
(—20,20) with dimensionless coordinates y,=2,z0=1,L =8
containing a sphere with radius 0.3 at the point of (2,0,0). The
source terms are such that f=g =0 and the fluid Neumann
boundary condition &, =t = [[opm]In (free stream velocity) is
applied at the face (8,y,z) with (y,z) € (—¥y,¥0) X (—20,20) and
the fluid Dirichlet boundary conditions vg = vp where
vp = (0.001(2 +y)(2 —y),0,0) is a Poiseuille flow distribution in
the x-direction. For the magnetic field, the boundary condition
n x Hﬂ =nx Hp is imposed on 9Q¥ = 9Q where Hp = (0,H,0).
The parameters are taken to be same as those previously provided
in Table 5, except that we assign the background fluid such that, in
absence of the inclusion, the Hartmann number would be Ha = 1
and in absence of the background the Hartmann number would
be Ha = 10+/10. We fix the relative permeability of the background
fluid to be ., = 1 whilst varying the relative permeability of the

()

inner fluid droplet according to y,;, = 0.01,0.1,1,10, in turn. For
both fluids we set u{" = ¥ = 0.

By uniformly incrementing p on an unstructured grid of 1765
tetrahedral elements it was found that convergence is reached
with p = 4 elements. As in previous cases, the application of Algo-
rithm 2 results in a Newton-Raphson scheme that converges
quadratically exhibiting a behaviour similar to that shown in ear-
lier plots. In Fig. 16 we also present the centre line profiles for
U (—1.5,y,0), v4(2.5,y,0),Hy(-1.5,y,0) and Hy(2.5,y,0), for
-2 <y <2, such that they represent the x-components of the
flow field and magnetic field just before and just after the inclu-
sion with u,;, =0.01,0.1,1,10, in turn. Fig. 16(a) and (b) shows
the centreline profiles for v, and Fig. 16(c) and (d) shows the cen-
tre line profile for Hy. In these plots, the effects of including the
sphere droplet and increasing permeability contrast can clearly
be observed. Note that despite that "’ = u® = 0 in both fluids
the distribution of [[u,]] is still dependent on the strain rate for
this problem.

The streamlines, which show the influence of the magnetic
fields on the fluid pattern, are shown in Fig. 17 for different values
of u,;,. From Fig. 17(c), when there is no contrast between the inner
and background fluid, the flow pattern tends to that of the pre-
scribed Poiseuille flow. However, with the presence of a permeabil-
ity contrast, the flow pattern around the droplet is greatly affected
by the magnetic field. This simple example illustrates that the gra-
dient of the permeability, which forms an important role in magne-
tostriction, also plays a major role for the multiphase MHD
problem. In order to resolve these complex flow patterns an hp-
finite element scheme is essential without it such complex phe-
nomena observed in this simulation cannot be recovered.

(d)

Fig. 17. Three-dimensional multiphase duct flow problem showing: (a)-(d) streamlines for different material properties for inside sphere: p,;, = 0.01,0.1,1, 10, respectively.
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6. Conclusions

In this paper, we have extended our previous work [25,26] on
the numerical simulation of two-dimensional non-conducting
magnetostrictive fluids to the simulation of two- and three-
dimensional conducting magnetostrictive fluids as well as multi-
phase MHD problems. The coupled formulation is implemented in
a monolithic manner and solved by means of a Newton-Raphson
strategy in conjunction with consistent linearisation. A finite
element discretisation employing hp-finite elements conforming

to the spaces H(curl),H' and L, has been used leading to a non-
trivial implementation. By the application of p-refinement,
exponential convergence for problems with smooth benchmark
solutions has been obtained, and by combining h- and p-refinements,
exponential convergence for benchmark solutions with singularities
due to sharp corners and edges has also been demonstrated. We
have included further problems that show the predictive capability
of the approach and the complex flow patterns that result in
the presence of non-homogenous materials and the presence of
magnetostrictive effects. Further work will include reducing the
computational cost of our approach as well as exploring the role that
magnetostriction plays in three dimensional MHD problems in
greater detail.

Acknowledgements

The first author gratefully acknowledge the support of the Col-
lege of Engineering, Swansea University in terms of a Zienkiewicz
PhD studentship and the second author gratefully acknowledges
the financial support received from EPSRC - United Kingdom in
the form of the Grant EP/K023950/1. The third author acknowl-
edges the support received through “The Leverhulme Prize”
awarded by The Leverhulme Trust, UK.

References

[1] Armero F, Simo JC. Long-term dissipativity of time-stepping algorithms for an
abstract evolution equation with applications to the incompressible MHD and
Navier-Stokes equations. Comput Methods Appl Mech Eng 1996;131:41-90.

[2] Aydin SH, Nesliturk Al, Tezer-Sezgin M. Two-level finite element method with
a stabilizing subgrid for the incompressible MHD equations. Int ] Numer
Methods Fluids 2010;62(2):188-210.

[3] Busse FH. Magnetohydrodynamics of the earth’s dynamo. Ann Rev Fluid Mech
1978;10(1):435-62.

[4] Cai W, Wu ], Xin ]. Divergence-free H(div)-conforming hierarchical bases for
magnetohydrodynamics (MHD). Commun Math Stat 2013;1(1):19-35.

[5] Codina R, Herndndez-Silva N. Stabilized finite element approximation of the
stationary magneto-hydrodynamics equations. Comput Mech 2006;38(4-
5):344-55.

[6] Davidson PA. An introduction to magnetohydrodynamics, vol. 25. Cambridge
University Press; 2001.

[7] Demkowicz L. Computing with hp-adaptive finite elements: volume 1: one and
two dimensional elliptic and Maxwell problems. Boca Raton (FL,
USA): Chapman and Hall; 2007.

[8] Demkowicz L, Kurtz J, Pardo D, Paszynski M, Rachowicz W, Zdunek A.
Computing with hp-adaptive finite elements: volume 2: frontiers: three
dimensional elliptic and Maxwell problems with applications. Boca Raton (FL,
USA): Chapman and Hall; 2007.

[9] Dong X, He Y, Zhang Y. Convergence analysis of three finite element iterative
methods for the 2D/3D stationary incompressible magnetohydrodynamics.
Comput Methods Appl Mech Eng 2014;276:287-311.

[10] Dulikravich GS, Lynn SR. Electro-magneto-hydrodynamics: (Part 2) A survey of
mathematical models. In Developments in rheological flows, vol. 71; 1995. p.
95-69.

[11] Eringen AC, Maugin GA. Electrodynamics of continua I: Foundations and solid
media. New York: Springer-Verlag; 1990.

[12] Eringen AC, Maugin GA. Electrodynamics of continua II: Fluids and complex
media. New York: Springer-Verlag; 1990.

[13] Gerbeau J-F. Problémes Mathématiques et Numériques Posés par la
Modélisation de L'electrolyse de L'aluminium. PhD thesis, Ecole des Ponts
ParisTech; 1998.

[14] Gerbeau J-F. A stabilized finite element method for the incompressible
magnetohydrodynamic equations. Numer Math 2000;87(1):83-111.

[15] Gerbeau J-F, Le Bris C, Leliévre T. Mathematical methods for the
magnetohydrodynamics of liquid metals. Oxford University Press; 2006.

[16] Gerbeau J-F, Leliévre T, Le Bris C. Simulations of MHD flows with moving
interfaces. ] Comput Phys 2003;184(1):163-91.

[17] Gil AJ, Ledger PD. A coupled hp-finite element scheme for the solution of two-
dimensional electrostrictive materials. Int ] Numer Methods Eng 2012;91
(11):1158-83.

[18] Greif C, Li D, Schétzau D, Wei X. A mixed finite element method with exactly
divergence-free velocities for incompressible magnetohydrodynamics.
Comput Methods Appl Mech Eng 2010;199(45-48):2840-55.

[19] Guermond J-L, Minev PD. Mixed finite element approximation of an MHD
problem involving conducting and insulating regions: the 2D case. ESAIM:
Math Model Numer Anal 2002;36(03):517-36.

[20] Guermond J-L, Minev PD. Mixed finite element approximation of an MHD
problem involving conducting and insulating regions: the 3D case. Numer
Methods Part Diff Eq 2003;19(6):709-31.

[21] Hasler U, Schneebeli A, Schétzau D. Mixed finite element approximation of
incompressible MHD problems based on weighted regularization. Appl Numer
Math 2004;51(1):19-45.

[22] Horiuchi R, Sato T. Three-dimensional self-organization of a
magnetohydrodynamic plasma. Phys Rev Lett 1985;55(2):211.

[23] Houston P, Schétzau D, Wei X. A mixed DG method for linearized
incompressible magnetohydrodynamics. ] Sci Comput 2009;40(1-3):281-314.

[24] Jin D. An hp-finite element computational framework for nonlinear magneto-
fluid problems including magnetostriction. PhD thesis, Swansea University;
2015.

[25] Jin D, Ledger PD, Gil AJ. An hp-FEM framework for the simulation of coupled
magneto-fluid effects. In Proceedings of the 22nd UK conference of the
association for computational mechanics in engineering. University of Exeter;
2014. p. 222-5.

[26] Jin D, Ledger PD, Gil A]. An hp-FEM framework for the simulation of
electrostrictive and  magnetostrictive  materials. Comput  Struct
2014;133:131-48.

[27] Jin D, Ledger PD, Gil AJ. An hp-FEM framework for the simulation of stationary
incompressible magnetohydrodynamics with magnetostrictive effects in three
dimensions. In Proceedings of the 23nd UK conference of the Association for
Computational Mechanics in Engineering, Swansea University; 2015.

[28] Kolesnikov Y, Karcher C, Thess A. Lorentz force flowmeter for liquid aluminum:
laboratory experiments and plant tests. Metall Mater Trans B 2011;42
(3):441-50.

[29] Landau LD, Lifschitz EM, Pitaevskii LP. Electrodynamics of continuous media.
2nd ed. Oxford: Pergamon; 1984.

[30] Moreau R. Magnetohydrodynamics. Dordrecht: Springer-Science+Business
Media, B.V.; 1990.

[31] Morley NB, Smolentsev S, Barleon L, Kirillov IR, Takahashi M. Liquid
magnetohydrodynamics—recent progress and future directions for fusion.
Fusion Eng Des 2000;51:701-13.

[32] Poya R, Gil AJ, Ledger PD. A computational framework for the analysis of linear
piezoelectric beams using hp-FEM. Comput Struct 2015;152:155-72.

[33] Rieutord M. Magnetohydrodynamics and solar physics. Available from:
arXiv:1410.3725; 2014.

[34] Schneebeli A, Schétzau D. Mixed finite elements for incompressible magneto-
hydrodynamics. CR Math 2003;337(1):71-4.

[35] Schoberl J, Zaglmayr S. High order Nédélec elements with local complete
sequence properties. Int ] Comput Math Electr Electron Eng (COMPEL)
2005;24:374-84.

[36] Schotzau D. Mixed finite element methods for stationary incompressible
magneto-hydrodynamics. Numer Math 2004;96(October):771-800.

[37] Schwab C. p- and hp-Finite element methods: theory and applications in solid
and fluid mechanics. Oxford: Oxford University Press; 1998.

[38] Stratton JA. Electromagnetic theory. 1st ed. New York: McGraw-Hill Book
Company; 1941.

[39] Wong KL, Baker A]. A 3D incompressible Navier-Stokes velocity-vorticity
weak form finite element algorithm. Int ] Numer Methods Fluids 2002;38
(2):99-123.

[40] Zaglmayr S. High order finite element methods for electromagnetic field
computation. PhD thesis, Institut fiir Numerische Mathematik, Johannes
Kepler Univeritdt Linz, Austria; 2006.

[41] Zhang ], Ni M. Direct simulation of multi-phase MHD flows on an unstructured
cartesian adaptive system. ] Comput Phys 2014;270:345-65.



