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Abstract

An explicit sufficient condition on the hypercontractivity is derived for the Markov
semigroup associated with a class of functional stochastic differential equations. Con-
sequently, the semigroup P; converges exponentially to its unique invariant probability
measure £ in both L?(u) and the totally variational norm || - ||var, and it is compact
in L?(u) for sufficiently large ¢+ > 0. This provides a natural class of non-symmetric
Markov semigroups which are compact for large time but non-compact for small time.
A semi-linear model which may not satisfy this sufficient condition is also investigated.
As the associated Dirichlet form does not satisfy the log-Sobolev inequality, the stan-
dard argument using functional inequalities does not work.

AMS subject Classification: 656G17, 65G60
Keywords: Hypercontractivity, compactness, exponential ergodicity, functional stochas-
tic differential equation, Harnack inequality.

1 Introduction

The hypercontractivity, first found by Nelson [17] for the Ornstein-Ulenbeck semigroup, has
been investigated intensively for various models of Markov semigroups, see, for instance, [3, 7,
11, 21, 23, 24] and references within. However, so far there is no any result on this property
for the semigroup associated with functional stochastic differential equations (FSDEs, or
SDEs with memory).

*Supported in part by Lab. Math. Com. Sys. and NNSFs of China (Nos. 11131003, 11401592).
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It is well known by Gross (see [11]) that the log-Sobolev inequality implies the hyper-
contractivity. However, for SDEs with delay the log-Sobolev inequality for the associated
Dirichlet form does not hold. Indeed, according to [21, Theorem 3.3.6], the super Poincaré
inequality (and hence the log-Sobolev inequality) implies the uniform integrability of the
associated Markov semigroup P, for all ¢ > 0, which is not the case for the Markov semi-
group associated with SDEs with delay, since in this case P; is not uniformly integrable for
t smaller than the length of time delay, see Remark 1.1(2) for more details.

On the other hand, the dimension-free Harnack inequality introduced in [20] and further
developed in numerous papers is a powerful tool in the study of the hypercontractivity,
which works well even for non-linear SPDEs (see, e.g., [16, 22]). Recently, this type Harnack
inequalities have been investigated in [25] for FSDEs. To derive the hypercontractivity and
exponential ergodicity from the dimension-free Harnack inequality, the key point is to prove
the Gauss-type concentration property of the unique invariant probability measure with
respect to the uniform norm on the state space, which is, however, not easy for FSDEs. We
will see that our proof of the exponential integrability is tricky (see the proof of Lemma 2.1).

Let o > 0 be fixed, and let € = C([—r¢,0]; R?) be equipped with the uniform norm
|+ llo- Let %y(%€) be the set of all bounded measurable functions from % to R. Let
{B(t)}i>0 be a d-dimensional Brownian motion defined on a complete filtered probability
space (0, 7, {Z }1>0,P). Let o be an invertible d x d-matrix, a € C(R%;RY) and b : ¢ — R?
be Lipschitz continuous. Consider the following FSDE on (R%, (-,-), | - |):

(1.1) dX(t) = {a(X(t) + b(X) }dt + 0dB(t), t>0, Xo=(€E.

Herein, for each t > 0, X; € ¥ is fixed by X;(0) := X(t +0),0 € [—ro,0], and is called the
segment process of X (t).
Assume that

(1.2) 2{a(§(0)) —a(n(0))+b(€) —b(1), £(0) —n(0)) < A2ll€—nll% —M|€(0) —n(0)]*, & n e €

holds for some constants Aj, Ay > 0. Then, the equation (1.1) has a unique non-explosive
strong solution denoted by {X*(f)};>_,, with the initial segment X, = £ (see, e.g., [19,
Theorem 2.3]). The segment process is denoted by { X*},5¢. Let P, be the Markov semigroup
corresponding to the segment (functional) solution {X¢ }eso0, 1.

Bf(&) =Ef(X5), t>0,f € B(€),E€¥.

To study the hypercontractivity, it is essential to know the existence and uniqueness of
invariant probability measures of {Xf}tzo. For existence of invariant probability measures for
FSDEs, we refer to Es-Sarhir et al. [8] and Kinnally-Williams [14] by adopting the Arzela—
Ascoli tightness characterization, and Reif et al. [18] by considering the semi-martingale
characteristics; With regards to uniqueness of invariant probability measures for FSDEs, we
refer to Hairer et al. [13] by using asymptotic coupling approach.

The following is the first main result of the paper.
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Theorem 1.1. If \ := SUD,c[o,0] (s — /\ge’"os) > 0, then P, has a unique invariant probability
measure i, and the following assertions hold.

(1) P, is hypercontractive, i.e., || P;|la—a < 1 holds for large enough t > 0, where || - ||a—4 is
the operator norm from L*(u) to L*(p).

2) P, is compact on L*(u) for large enough t > 0.
( p

(3) There ezists a constant C' > 0 such that

HPt - MH% ‘= Ssup M((lth - ,U’(f))Q) < Cei)\ta > 07
n(f2)<1

where p(f) = [, f(E)u(dE), f € By(F).
(4) There exist two constants tg, C > 0 such that

1PF = P [yar < ClE=nlle™, ¢ > to,

where || - ||par is the total variational norm and P* stands for the distribution of X¢

for (t,€) € [0,00) X €.

Remark 1.1 (1) We remark that an invariant probability measure p of P, must be shift-
invariant provided; that is, letting ¢(&) = £(0), 6 € [—10, 0], we have

po := o @y = po, 0 € [—rg,0

In fact, if p is the law of X, = £ which is independent of (B(t)):>0, by [1, Lemma 1.1.9, p.14],
the independence of £ € ¥ and {B(t)}:>0 and the double law of conditional expectation,
one has

w(f) = / Ef(X7)m(dn) = E(E(f(X)|\F0) = E(F(XE), >0, feBy%).

Then, X _4 has the law u for any 6 € [—rg,0], so that Xy(f) has the same distribution as
X _4(0) = Xo(0); that is, g = po. Moreover, since the equation is non-degenerate, for any
t > 0, the law of X (¢) has a strictly positive density with respect to the Lebesgue measure
(see, e.g., [15]). So, pg(dz) = p(z)dz holds for some measurable function p > 0 on R? and
all 0 € [—r¢,0].

(2) Tt is well known that when P, is symmetric in L?(u1), the L?-compactness of P, for
some ¢ > 0 implies the same property for all ¢ > 0 (see, e.g., [21, Theorem 0.3.9, p.13]).
This assertion is wrong in the non-symmetric setting. In the present framework, P, is not
uniformly integrable (hence, non-compact) on L?(u) for t € [0, 7], since, according to (1),
f—r, = fht—r, has full support on R¢, and

Pf(&) =Ef(X;) = g(&(t — o)), €€ E,t € (0,r]
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holds for (&) := g(&(—r0)), g € %By(RY). Therefore, Theorem 1.1 provides a class of Markov
semigroups which are compact for large ¢ but not uniformly integrable (hence, non-compact)
for small ¢ € (0,79]. Moreover, when ry = 0, assertions in Theorem 1.1 reduce to the
corresponding well known ones for SDEs without memory.

In applications, the following consequence of Theorem 1.1 is more convenient to use.

Corollary 1.2. Let ki, ks > 0 be two constants such that

(1.3) (a(z) = aly),x —y) < —kfe —yl, @,y eRY,
(1.4) 6(&) = b(n)| < k2l = nlles EmMEE.
If
2/ K22 +1—1
(1.5) k3 < ( 17"(;(;— ) exp [\/k%rg +1-1- k17"0:|,

then all assertions in Theorem 1.1 hold for

2 2r2 411
A= 7o ( (\/klrg;r )_kgexp [1+k1r0— ,/k%r§+1]) > 0.
kirg — 1+ Ekirg +1 7o

Next, we consider a semi-linear model which may not satisfy conditions in Theorem 1.1
and Corollary 1.2. Let RY® R? be the set of all real d x d-matrices, and let v be an R? @ R%-
valued finite signed measure on [—rg,0]; that is, v = (1;;)1<; j<4, Where every v;; is a finite
signed measure on [—7g, 0]. Consider the following semi-linear FSDE

(1.6)  dX(t) = {/0 p(dO)X (¢ +0) +b(Xt)}dt+crdB(t), £>0, Xo=¢

o
where o, B(t) are as in (1.1), and b satisfies (1.4). Let
0
Ao = sup {Re()\) : A e C,det ()\Idxd — / e’\sl/(ds)) = O},
o

where ;g € R ® R? is the unitary matrix.
In particular, when v = Ay, where A € R? ® R? and d; is the Dirac measure at point 0,
equation (1.6) reduces to the usual semi-linear FSDE:

dX(t) = {AX(t) + b(X,) }dt + 0dB(t), t>0, Xo=¢,

and ) is the largest real part of eigenvalues of A.



CoO~NOOUPAWNLPE

OO OUUUIUUUUIUIUULAAMDDADLNDIARAWWWWWWWWWWNNNNNNNNNNRERRRRRRRER
ORWNPOOONONPRONROOOIDOUIRWNROODNONBRWONROOONOURAWNRPOOONOUDNWNRO

Let I'(0) = Iyxa, ['(0) = 04xq for 6 € [—rp,0), and {['(¢) }4>0 solve the following equation
on R? ® R%:

(1.7) dr(s) = ( / : y(d&)F(t+9))dt.

o
According to [18, Theorem 3.1], the unique strong solution {X*(#)};50 of (1.6) can be rep-
resented by

XE(t) =T ()€(0) + i v(de) 9 I'(t+ 60— s)&(s)ds
o,

+ /tI‘(t — 5)b(XE)ds + /t I(t — s)odB(s).

In what follows, we assume A\g < 0. By [12, Theorem 3.2, p.271], for any k € (0, —X\g), there
exists a constant ¢;, > 0 such that

(1.9) IT@OI < exe™, = —ro,

where || - || denotes the operator norm of the matrix -. We remark that the optimal constant
¢r 1s increasing in k € (0, —\g). If, in particular, v = Ady for a symmetric d X d-matrix A,
(1.9) holds for ¢, = 1 and k € (0, —\¢]. In general, see Proposition 4.1 in the Appendix of
the paper for an explicit estimate on c.

The second main result in this paper is stated as follows.

Theorem 1.3. Let P, be the Markov semigroup associated with the equation (1.6) such that
v satisfies \g < 0 and b satisfies (1.4). If X := supye(o ) (k — ckkae™®) > 0, where ¢ is in
(1.9), then all assertions in Theorem 1.1 hold.

The following corollary follows immediately from Theorem 1.3 since ky = 0 for b = 0,
and ¢, = 1 for v = Ady with some symmetric matrix A.

Corollary 1.4. In the situation of Theorem 1.3.
(1) If b= 0, then all assertions in Theorem 1.1 hold for all X € (0, —M\o).

(2) Let v = Ady for some symmetric d X d-matriz A with largest eigenvalue \g < 0. If
A 1= SUDge (oo (K — 2€"70) > 0, then all assertions in Theorem 1.1 hold.

To conclude this section, let us compare Theorems 1.1 and 1.3. The framework of Theo-
rem 1.1 is more general by the generality of a(-). On the other hand, the following example
shows that Theorem 1.3 is not covered by Corollary 1.2, a comparable consequence of The-
orem 1.1. Let ro = 1, v(-) = —Igxqe 10 _1(-), and b = 0. Then,

Xo=sup{Re(A\): AeC,A+e ' =0} =-1<0,

so that Corollary 1.4 applies for all A € (0,—1); but Corollary 1.2 does not apply due to
a=0.

The next section is devoted to the proofs of Theorem 1.1 and Corollary 1.2, while Theorem
1.3 is proved in Section 3. Finally, in Appendix we present an estimate on ¢, in (1.9).

5
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2 Proofs of Theorem 1.1 and Corollary 1.2

Since (1.2) still holds if we replace A; by a smaller positive number, and A = supyc( », ( —

)\geros) > 0, there exists A\, € (0, \1] such that A\ = A — )\zero’\l > 0. Hence, by using A to
replace \;, without loss of generality we assume that A = A\; — A" > 0.

Lemma 2.1. If A > 0, then there exist two constants c¢,e > 0 such that

supEeeHXng" < ec(1+||£|\§o)’ Eeé.
t>0

. . . €12
Proof. Since in our proof we need to assume in advance that Ee®l¥¢l% < oo for some £ > 0

and each t > 0, we adopt an approximation argument. For each integer n > ||{]|, let
7o = inf{t >0 | Xl > n}.
Then 7,, T 0o as n T oo. Consider the following FSDE
(2.1) dX™(t) = {a(X (1)) + b(X{) 0.7 (DA = A X D ()1 (1, o0 (£)dE + 0d B(1), ¢ >0

with the initial datum Xén) = ¢. Then (2.1) has a unique strong solution {X ™ (t)},>_,,
(see, e.g., [19, Theorem 2.3]) such that Xt(") = Xf for t < 7,. Therefore, for any ¢t > 0,

(2.2) lim | X" = Xfll =0, a.s.
Noting that there exists a constant C'(n) > 0 such that
Ha(X ™ (6) + bX) g (8) = MX D (01, 0 (8), XP(B) < Cln) = XD,
and utilizing [to’s formula, we infer that
(2.3) A X @) < 2{C(n) — M| XM (@)*}dt 4+ 2(X ™ (2), 0d B(t)).
For each integer m > ||{]|~, define
= inf{t > 0: | X™(#)| > m)}.

Then 7, T oo as m | co. In view of (2.3), for any a > 0, we arrive at

E exp (a /Ot/\?m |X(n)(5)|2ds) < Eexp (a(‘f(O)P + C(n)t) + @ /OM?MQ((”)(S)’ adB(s)>)

A1 A1
< oxp (a(|§(0)|2)\j— C(n)t)> (Eexp (2&2)[’%0'”2 /Ot/\rm ’X(”)(s)|2ds>>l/2
where in the last step we have used the fact that
(2.4) EeN®) < (BeXM)()1/2
6
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= D

A2
Aol

for a P-martingale N(s). Choosing o = taking m — oo, and applying Fatou’s lemma

gives

(2.5) Eexp <a /Ot |X(")(8)|2ds> < exp <2a(|§(0)\;1+ C’(n)t))

Also, by the It6 formula, for any § < V2”U” we deduce from (2.3)-(2.5) that

EePX"OP < Fexp <ﬂ(|§( )2+ 20(n)t +2ﬂ/ (X" (s),0dB(s )>>

26) < exp(3(E) + 20 (Besp (7ol [ 1X(s)0s))"

< exp(2(8 + /A1) ([E(0)* + C(n)1)).

Next, by virtue of (2.4)-(2.6), and Hélder’s inequality, for gy < %(ﬁ A —W) we derive that

E( sup oo

t—rog<s<t

—B(supexpleo( XVt~ ro) )P+ €l + 20(mIne)) + 2 [
(

t—rp)t<s<t (t—ro)t+

S

(X)), 0dB(u) )

< o (exp(eo(| X (¢ — 10)" ) + IE], + 2C(n)ro) + 22 /

(th‘())jL

<X(n)<5),UdB(3)>>
< e(B(exp(2e0(| X (¢ = 10) )2 + [|1% + 20 (m)ro))) 2
X <E<6Xp(853”g||2/t |X(n)(s)|2d8>>1/2

(t—ro)t

< 00,

where (t — )" := (t — 1) V 0, and, in the first inequality, we have applied the fact that

]E< sup eM(T)) < eEeM®)
r€(0,t]

for a P-submartingale M (7). Consequently,
(2.7) Eeol X% < 00, n>1, t>0

holds for some constant ¢ > 0.
Next, let (6) = 0,0 € [—r0,0]. By (1.2), we have

2(a(£(0)) +0(¢),£(0)) < 2(a(£(0)) +b(€) — a(0) = b(&o), £(0)) +[a(0) + b(&)| - £(0)]
< o+ AlEllS = MO, €€
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for some constants ¢y > 0 and A} > 0 such that N := X, — \ye™* > 0 due to A > 0. So, by

[t6’s formula,
AIX (@) < {er+ 2ol X2 = MIX™ ()P}t + dM ()

holds for ¢; := ¢ + ||o||% and dM (t) := 2{cdB(t), X ™ (t)). This implies

t t
MY XM (1)]2 < \5(0)\2+/ e’\'ls(cl+)\2HX§”)Hzo)ds+/ eMdM (s).

0 0

Let N(t) = supycpo Jy €"dM (r). We obtain

XD < 6 sup D X (1 4 9P
0€[—ro,0]

t
< AEIR + [ e X )ds + N )
0
t
< a1+ 206N + N0 + e [Ny

for some constant ¢, > 0. By Gronwall’s inequality, one has
G5 <ea(1+ €2 )N + NN (D)

¢
+ AgetiTo / {ea(1+]1€]1%)eM* + M N(s) } exp [AaeM17(t — )] ds.
0

Recalling that X' = | — A\pe!i70 > 0, we arrive at
IXT2, < eo(1+ [|€]2) + XD N ()

t
+ AQeA’ITO/ {ea(1 4 [|€]|%) + Mo N (s) Je ¥ 79 ds
0

t
<er(Ut el + e N) +es [ NN EIN s
0

for some constant ¢3 > 0. Therefore, for any ¢ € (0, 1),

(2.8) E e IXIE < eesHEIR) /T 5 T,

holds for
¢ ’ !
I :=Eexp {2035/ e MmN N (5)ds |
0

I, .= Eexp [2c3€e_)‘/1tN(t)] )

To finish the proof, below we estimate Iy and I, respectively.

8
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(a) Estimate on I;. Note that

2c3(1 —e e [,
I, =Eexp [W/ e M N(s)rp(ds)|,
0
where N
l/()(dS) = mei/\,(tis)dS, [O,t]

To avoid the singularity of the reference probability measure vy(-) above whenever ¢ — 0,
we extend the integral to the larger interval [—rg,t]. Define

)\/e)\lro

e)\’m _ e—/\/t

v(ds) =

e M=) s on [—70, t],

Letting N(s) = 0 for s < 0, and applying Jensen’s inequality for the probability measure
v(ds), we have

t
exp {4035/ e_’\ﬁs_’\l(t_S)N(s)ds}
0

4 Nrg =X\t t ,
:exp{ csele ¢ )/ e’\lsN(s)V(ds)]

)\Ie)\/’l’o —ro
t A7 =Nt
dege(er™ —e M)
< /_TO exp{ oV e 1°N(s)|v(ds)
)\,e)\,ro 4 4035 \ N
—As -\ (t—s)
= o —1/_m eXp{ XC IN(S)}G oo

So, by Jensen’s inequality and the Burkhold-Davis-Gundy inequality, there exist constants
¢y, c5 > 0 such that

¢
I} <Eexp {4035/ e_xls_’\/(t_S)N(s)ds}
0

NeXro t 4 /
< e—l/ e MK exp [ f\gge_)‘lsN(s)} ds
i 4

- e)\’To — !/

¢ ’ / 5 / %
< 04/ e N (=) (IE exp [0452e_”15/ || X )12 du}) ds
—7rQ 0

t s
<cs (1 + ]E/ e M=) exp [0552 / e~ 2lsw) x ()12 du} ds),
0 —To

-

where we set X" = ¢ for s < 0.
Now, using Jensen’s inequality as above for the probability measure

2\; Mo

62)\/11"0 _ e—QA/ls

p— U p—
e 2ME=Wdy, on [—r, ],
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we arrive at
t

Jf§c6(1+ﬂ«:/

—T

t t
:C()<1—|—/ E c662|X(n)|Oodu/ efk’(tfs)72)\’l(sfu)ds)

—T0 u

S
NI 2 (P12 _o\/ (o
o=V (t=9) g / ool XS 12 ~23 s “>du)
0 —To

for some constant c¢g > 0. Since A} > X > 0, we have
2\ (s —u) = N(t—s) < =Nt —u) — N(s—u),
so that this implies
¢ - ¢
I} < c6(1 - / e VIR o IX I gy / e—”ﬂs—“)ds)

(2.9) 0 y
1 t ’ 2) x (7))12
< cg (1 + )\—,/ e VT goos” I Xu s du).
“ro

1

(b) Estimate on I5. A shown in (a), by the Burkhold-Davis-Gundy inequality and using

Jensen’s inequality for the probability measure

2\ et

A L Y () _
o rr—— ds on [—rg,t],

we conclude that
t

I22 < c7<1 + Eexp |:C75262X1t/

—7ro

t
< s <1 + E/ ec852\|X§")H?,oe—zAi(t_s)d5>
N

P )
(2.10)

holds for some constants c7, cg > 0.
Now, combining (2.8), (2.9) with (2.10), and taking € = g A ——, we arrive at

cg\/c ?

()12 2 ¢ ()12 ’ %
EeIX™IE < ecg<1+|5||m)(1 N / (EeX 1) e (ts)ds)
010(1+||§2)_|__/ (B I )oY -9) g
for some constants cg, ¢19 > 0. Equivalently,
; ()12 2yany, NP OITRNRY
MBI < ety T / (B X 1) Vs,

By (2.7) and ¢ < gy, we see that

(")”2

EeslX: <oo, t>0.

10
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Then, by Gronwall’s inequality,

1ot ,
MR < ottt A / C10(LH €120 +N s+ 5 (t=5) g .
.

Therefore,

X2, < ety L AN [ eI X 09 g < ce(HIEIR)
Ee e + e ds<e
< 5 <
—ro
for some constant ¢ > 0. According to (2.2), the proof is finished by applying Fatou’s
lemma. ]
Lemma 2.2. For anyt >0 and £, € €, | Xf — X]||% < ||€ — |20,
Proof. By Ito’s formula, we have
dIXE(t) = X" < (Mol XF = XPN% — MIXE(E) — X7(8)]%)dt.
Then .
MIXE(t) — X()[* < [€(0) —n(0)]* + /\2/ M| XS — XY ds.
0
So,
t
MIXF — XTI, < M€ — 2 + AgerM / M| XE — X7|%.ds.
0

Therefore, the proof is finished by Gronwall’s inequality since we have assumed that \ =
)\1 — )\Qero)‘l . O

Now, we introduce the dimension-free Harnack inequality in the sense of [20]. We are
referred to [4, 9, 25] for more results on the Harnack inequality of FSDEs. Since results in
these papers do not directly imply the following Lemma 2.3, we include a simple proof using
coupling by change of measure introduced in [2]. By (1.2) and the Lipschitz property of b,
(1.4) holds for some ko > 0 and

2{a() — a(y),z —y) < 2b(&) — (&), x —y) + Qe — M)z —y[* < ke —yf", 2,y R

holds for some constant k1 € R as required in Lemma 2.3, where &,(0) = z,¢,(6) = y for
0 e [—T(), O]

Lemma 2.3. Let (1.3) and (1.4) hold for some constants ky € R and ko > 0. Then, for any
p>1,0 >0, positive f € By(€), and {,m € E,

P*lleH P (1 + 0) g 2k1[£(0) — n(0)?

(Pt+rof(f))p < (Pt+mfp(77)) exXp [

2(p—1) e2kit — 1
k2 L E(0) — (0)2(e*1t — 1 — dkyte?it)
+7(T0”€_77H°°+ le(e%lt_ 1)2 )} :
11
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53
54
55
56
57
58

60
61
62
63
64
65

Proof. Let Xy = X§ and Y (s) solve the equation

211 ¥ (s) = (alV () 45X + (5o (o) Jas +odB(o), ¥ =

where
T:=inf{s > 0: X(s) =Y (s)}

is the coupling time and g € C([0, 00)) is to be determined. It is easy to see that this equation
has a unique solution up to the coupling time 7. Letting Y(s) = X(s) for s > 7, we obtain
a solution Y'(s) for all s > 0. We will then choose g such that 7 < t, i.e., Xiipy = Yiis-
Obviously, we have

d[X(s) = Y(s)| < —{k1|X(s) = Y(s)| + g(s)}ds, s<T.
Then
212 X6) =Y < 60) -0t et [Cebrgman s<

In (2.12), take
1€(0) — n(0)]e™

t
fO eZklst

If t <7, we infer from (2.12) and (2.13) that

£0) = m(O)I(e1=H — e
e2k:1t _ 1 ’

(2.13) g(s) = . s€[0,t].

(2.14) | X (s) = Y(s)] < 0<s<t.

This implies X (¢) = Y'(¢) and hence, it is contradictory to ¢ < 7. Hence we arrive at 7 < ¢
and Xy, = Y., as required. Moreover, note that (2.14) still holds for t > 7. Now, let

X(s) = Y(s)

h(s) = 0_1{1[0,7)9(5)m +0(X,) = b(Ys) )

Noting that (2.14) implies

(Phi—hle—ro) _ his=m) (¢ (0) — p(0)]?
(e2k1t — 1)2 '

1 X = Yel1Zo < Ljoumg)($)11€ = 0l + Lrgiro+0(5)

we obtain from (1.4) and (2.13) that

M) < flo™ (1 a(s)as) + Rall X, = Yo o)?
< o (Lo (9)(1 +0)g(s)* + (1+ 8 MEIX, = Yel2)
AR5 o1+ D)[€(0)  n(0)
(Glet _ 1)2
o (1 + 8)I§(0) = n0) PR~ — ehioo )
5<e2k1t _ 1)2
+ o (o™ P14 67l = nli% = 2(5)

< lpo,g(s)

+ 1(T0,T0+t] (S)

12
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Then we have

t4ro t+ro
/ |h(s)[2ds < / 7(s)ds
0 0
<e4k1t —1— 4k1tezk1t)/€g‘§(0> - 77(0>|2

(215) < exp o~ 1+ 6) il oy
(oIl BRSO

0 e2kit 1

Hence we arrive at
1 t+T0
E exp [5/ |h(s)|2ds} < 0.
0

As a result, Novikov’s condition holds so that, by the Girsanov theorem, {E (8) }refo,40) 18 @
Brownian motion under the weighted probability measure dQ := RdP with

Rmep| - [Tneane) -5 [ hera]

Observe that (2.11) can be rewritten as
dY (s) = (a(Y(s)) + b(Y,))ds + odB(s), Yo=n, s€l0,t+r.
By the weak uniqueness of solution and X;;,, = Y4, we have

(2.16) Priro f(n) = E[Rf(Yitr,)] = E[Rf (Xitro)]-
Then, by Jensen’s inequality,

(Prrg f())? = (BIRF(X1100)])" < (Pryry J7(€)) (ERFT) .

Consequently, the desired assertion follows by noting that

2 t+r t+r 2 t+r
_p 0 __pP_ 0 __p 0 2
ERpfl < o201 Jo ’y(s)dsEe 21 Jo O (h(s),dB(s)) )2 Jo |h(s)|*ds

(2.17) t
e = RO
and taking (2.15) into consideration. O

Lemma 2.4. If A > 0, then P, has a unique invariant probability measure p such that
lim Pf(€) = pu(f). feCi(¥%), E€C.

Proof. Let Z(€) be the set of all probability measures on €. Let W be the L*-Wasserstein
distance on Z (%) induced by the distance p(§,n) := 1 A || — n||; that is,

Wip1, p2) == inf (W(PQ)) , s pe € P(F),

71Fe(g(ﬁ"l 7/"'2)

[SIE

where € (1, pio) is the set of all couplings of uy and ps. It is well known that (%) is a
complete metric space with respect to the distance W, and the convergence in W is equivalent
to the weak convergence (see, e.g., [6, Theorems 5.4 and 5.6]). Let PS¢ be the law of XF.
Then it remains to prove the following two assertions:

13
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(i) For any £ € €, there exists pe € Z(€) such that lim;_, W (Pt pe) = 0;

(i) For any &,n € €, e = .

To show (i), it suffices to show that {Pf}s¢ is a Cauchy sequence with respect to W. To
this end, for any 5 > t; > 0, we consider the following FSDEs

dX(t) = {a(X(t)) + b(Xy) }dt + odB(t), Xo=¢,t€]0,ts],
dX (t) = {a(X (1)) + b(X )}t + 0dB(t), Xp—4, = &t € [ta — ti, L)
Then the laws of X, and X, are Pti and Pfl, respectively. By (1.2), we have
dIX (1) — X () < (Al Xy — Xol|Z — MIX(8) = X(@)P)dt, t € [ta — ta, L]
As in the proof of Lemma 2.2, this implies
1, = T2 < M7 X i — €2 e [ty — by, 8]

In particular, B
HXt2 - thﬂgo < e>‘17‘0”Xt2_t1 _ gHZoef/\tl_

By Lemma 2.1, we have

El|Xp-r, —&l5 < Ci= sup || X, — £l5 < oo
t=

Then one has

sup W(PS, P,) < sup E{1A|X, — Xp|2} < CeMron

tQE[tl,OO) t2€[t1,oo)

which tends to zero as ¢; goes to infinity, so that {Pté}tzo is a Cauchy sequence with respect
to W.
Next, (ii) follows by observing that

W (pte, pn) < W(PF pig) + W (B ) + WP, B, &€,
and taking (i) and Lemma 2.2 into account. O

Proof of Theorem 1.1. (a) We first prove that ||P|/2—4 < oo holds for large enough ¢ > 0.
Let f € %,(¢) with u(f?) = 1. By Lemma 2.3, for any ¢y > g there exists a constant ¢y > 0
such that

(P f(©)* < (P f2(n)e e, ¢ e .
By the Markov property and Schwartz’s inequality,

P f(© = [B(RL NP < (B (B 2O expleo|XF - X7I2])
< (E(Ptof2(X?))Eecouxt&_xi’l”z = (Pt+tofQ(H))EeCOHXf_X{]”gO.

14



CoO~NOOUPAWNLPE

OO OUUUIUUUUIUIUULAAMDDADLNDIARAWWWWWWWWWWNNNNNNNNNNRERRRRRRRER
ORWNPOOONONPRONROOOIDOUIRWNROODNONBRWONROOONOURAWNRPOOONOUDNWNRO

Combining this with Lemma 2.2, we obtain

|Prato [ < (Peveo f*(m)) exp [cre™ 1€ — nll3.].
Let r > 0 such that pu(B,) > %, where B, := {|| - ||« < R}. Then

| Prito f(€)]? exp [ —cre M (J|¢]lo + 7")2} < 2’Pt+tof(§)|2/B exp [— cre M|¢ — ﬁ\’go}ﬂ(dﬁ)

< 2/ Priio f2(n)p(dn) = 2.
€
Thus,
(2.18) | Pt f (E)|* < exp [e2(1 + [[€]I2e™™)], £2>0

holds for some constant c; > 0. On the other hand, by Lemmas 2.1 and 2.4 we have
(N A ey = tlim E(N A eX%) < e < 00, N >0

for some constant ¢ > 0. Taking N — oo, we obtain p(esl%) < oo. Therefore, (2.18)
implies || Py, ||2—4 < 0o for large enough ¢t > 0.

(b) By, e.g., [25, Proposition 3.1 (2)], the Harnack inequality implies that P, has a density
with respect to p for ¢ > rg. Thus, according to [26, Theorem 2.3], the hyperboundedness of
P, proved in (a) implies that P, is compact in L?*(p) for large enough ¢ > 0. Hence, Theorem
1.1(2) is proved.

(¢) To prove Theorem 1.1(3), we let Xy, Y; and R be given as in the proof of Lemma 2.3.
By (2.16) and Py, f(€) = Ef(Xitr,), we have

| Prro f(€) = Py ()] < EJf (Xerao) (R = 1) < v/ (P f2(€))E(R? — 1).

Take p = 2 and ¢ = ¢; > 0 such that || P, 4,||2—4 < 00 according to (a). By (2.17) there
exists a constant ¢; > 0 such that ER? < eerllé=nlz So,

1Py iro F(€) = Prygrg fFP < (Pryyrg F2(6)) (e 1€ — 1)
< (Pt F2 ()€ - 77||§oecl”§_”“g°.

(2.19)

Hence, for any ¢ > 0,
2
|Pt+2(t1+7“o)f(§) = Pt+2(t1+ro)f(77)’2 < (Elptﬁ—?"o (Pt1+7’of)(Xt£) - Pt1+7"0 (Pt1+7’of)<th)’)
2
< (B (Pusno( P s P(XED | X§ — X[ xE-1)

C 57
< (Prvartro (e P (E))E 1| X5 — X7 |2, 00t 1XE -0 ]

Combining this with Lemma 2.2, we arrive at

| Prsaeyr0) f(€) = Prvaesno) f ()
< (Pt+t1+ro(Pt1+rof)2(§))029_kt“§ - T]Hgo €xp [Cze_AtHf - T]Hgo]

< Pttt (P f)(E)ese™ exp | 1€ = I

15
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for some constants ¢y, c3 > 0 and large enough ¢t > 0, where £ > 0 such that u(eEH'HEO) < 00
according to (a). So,

201(| Prsagey v f — 1(f)?) = / | Priaytro) f(€) = Prvageyro) f () 1(d€) pu(dn)

CXC

< o™ ( [ {Parssn( PPV Onta6)) : ([, ow[Sle= iz uagintan)

<CeMu(f?), t>0

holds for some constant C' > 0, since by Jensen’s inequality and the fact that p is P;-invariant,
we have

2
[g{Pt+t1+To(Pt1+rof)2} dp < /(Pt1+mf)4d,u < ||Pt1+ro”§a4ﬂ(f2)2-
3

Therefore, the assertion in Theorem 1.1(3) holds for large enough ¢ > 0. Since P, is contrac-
tive in L?(yu), it holds for all ¢ > 0.

(d) We now go back to the proof of Theorem 1.1(1). This assertion follows from (a)
and Theorem 1.1(3) by straightforward calculations. Let f € L?(u) with p(f?) = 1. Let
f=f—u(f). We have u(P,f) = u(f) = 0. Let to > 1o such that || Py]|2—4 < 00, we obtain
((Peyto )') = n()* + 4Nl (Prao 1)) + 610 1((Prao )) + 1((Prso )

< () + 4D [Pl { (B}
+6(f)*1((Prris f)) + HPtonqm

< u(f)* + e (N (7)) +

for some constant ¢ > 0 according to Theorem 1.1(3

)
I ((T)? < plF2u(FD) + (n(F2)?,
the relation (2.20) implies that for large ¢ > 0,

#(Praso £)') < D)+ 20 P(F) + (0(F)" = {1 + p(F)Y = m(s?) =
(e) Finally, we prove Theorem 1.1(4). By the first inequality in (2.19), we have

_ 2
IV P oo FI2(E) i Tim sup (o (64 51) = P /(O

s—0 52

2

2.20
( ) 2)2

)
7

a7
()2 u(F) + (n(F)*}

(P.f)
I

. Since

< Cl”n”ZoPth?"on(g)'

Thus, |Pyarof (&) = Poyirg f(M? < il fIIANIE — n]]2,- Combining this with Lemma 2.2 and
using the Markov property, we obtain

|Pettrro f(€) = Prrtriro /()* < e FIRENIXE = X715 < eI f]1%

for some constants ¢, > 0. This completes the proof. ]

16
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Proof of Corollary 1.2. By (1.3) and (1.4), for any s > 0 we have
2(a(£(0)) — a(n(0)) + b(&) — b(n), £(0) —n(0))
< —2k11€(0) = (0)[* + 2k2[|€ — 1lloo - [€(0) = 1(0)]
< —(2ks = 9)[€(0) = nO) + 2 — 2.
Let Ai(s) = 2k — 5, Ao(s) = . Then Theorem 1.1 applies if there exists s € (0, 2k;] such

that
)\2<3> < )\1<3>ef7"0>\1(8) — (le _ S)efro(lefs);

that is,

2.21 k2 < sup (2k1s — s e*m(%rs),
2
s€(0,2k1)

where the sup is reached at

_Iflro—i-\/m—l

To

S0

such that (2.21) coincides with (1.5) and Theorem 1.1 applies with

)\ = /\1 (80) — )\2(80)67«0)\1(30)

2(\/k2r2 +1—1
— "o ( ( 1T02+ ) — k3 exp [1+k:17"0— \/k%rg—kl}).
kﬂ"o-l—‘rm )

3 Proof of Theorem 1.3

We first recall the following Fernique inequality [10] (see also [5]).

Lemma 3.1 (Fernique Inequality). Let (X (t))iep be a family of centered Gaussian random
variables on RY with

supE|X (t)]* < o < 00
teD

for some constant o > 0, where D := [],,-yla:, bi] is a cube in RY. Let ¢ € C([0,00]) be
non-decreasing such that [ Ple™)dr < oo and

E[X(t) - X(s)]* < ¢t — s]), s.t€D.

Then there exist constants Cy,Cy > 0 depending only on (b; — a;)1<i<n, N, d, ¢ and o such
that

P(sup\X(t)| > r) < Ce ' p >,
teD

17
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Proof of Theorem 1.3. Let P, be the Markov semigroup associated with the equation (1.6)
such that v satisfies Ao < 0, b satisfies (1.4), and X\ = supje(g _y,)(k — ckk2e") > 0. Then,
by following the proof of Lemma 2.4, (1.8) and (1.9) for some k € (0,—X¢) imply that P,
has a unique invariant probability measure u. Moreover, by taking Z = 0 and combining
the linear drift with b, we see that Lemma 2.3 applies to the present equation for k£ = 0 and
some constant ky > 0. Thus, following the line in the proof of Theorem 1.1, we only need to
show that Lemma 2.1 and Lemma 2.2 apply to the equation (1.6) as well.

Let k € (0,—\¢) such that
(3.1) A =k — ckoe™™ > 0.

It follows from (1.4), (1.8) and (1.9) that

XE() = X0 < PO 160 )]+ [ | [ T8 - s0@s)]| - le(s)  nts)ias

—To 70

t
T / ID(E — )] - [b(XE) — H(XT)|ds
0
t
< Cre M€ =l + ciks / e M=) | XE — X7 o ds
0

for some constant C; > 1. Then

MIXF = Xl S €0 sup (X% (s) — X7(s)))

t—rog<s<t
t
< Cref 1€ =l + ckkgekm/ )| XE — X7||ods.
0
This, together with Gronwall’s inequality, gives that
(3.2) 1XF = X7 lloo < Cre"™ € = pl|oce™"

So, Lemma 2.2 applies.
Next, by (1.4), (1.8) and (1.9),

t
M X e < Cal(l€lloe + ) + etk / ]| € o

/OS (s — T)JdB(T)D

+ ekro sup (eks

(t—ro)t<s<t

18
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holds for some constant Cy > 0. By Gronwall’s inequality, this implies

Xl < Calll€llc+ 1) + 67 sup_| [ T(s = rjoa(r)]
0

B t—ro<s<t

t
+ Co(([€]l + 1)/ M=)
0

t
+ ghro / ( sup
0 (s—ro)t<u<s

¢
< Os(1+ 1€11%) +C3/ e M) gup | Zs.u|ds
0

u€[—ro,0]

/Ou ['(u—r)odB(r) D e M=9) s

for some constant C3 > 0, where
(s+u)*
Lo 1= / I'(s+u—r)odB(r), s>0,u€ [—r0].
0

Then, by Jensen’s inequality for the probability measure %e*)‘(t*‘s)ds on [—ro, t], there
exists a constant Cy > 0 such that

t 2
ResI XS < O+ IEIR)E exp [€C4< / e =9 gup |Zs7u|ds> ]
0

u€[—7ro,0]
(33) ol ) )\e/\ro t i 048 )
< &£l +|§||M)A_/ ¢33 [ Eexp [_ Sup | Zon] ] ds
Aerro — 1 —7r0 A u€[—7ro,0]
for any € > 0, where we set Z,,, = 0 for s € [—r9, 0]. Note from Itd’s isometry and (1.9) that
o= sup E|Z,.|* < oo,
$>0,u€[—ro,0]

and that there exist constants ¢q, ca, cg > 0 such that

(stu)® 2

E|Zgu — Zso|* < QE‘ / I(s+u—r)odB(r)
(stv)*

2

(stv)t
—I—QE‘/O (T(s+u—7)—=T(s+v—7r))odB(r)

(s+u)t
§01|u—v|+2||0||2/ IT(s 4+u—7)—T(s+v—r)|*dr
0
<clu—vl+eu—v?<eclu—v, §>0, —rg<v<u<O0.

Thus, by Lemma 3.1 with N =1, D = [—r,0] and ¢(r) = cr,

Cye
C(e) :=supEexp [—4 sup | Zeul?| < o0
5>0 A u€[—r0,0]

holds for small enough £ > 0. Therefore, (3.3) implies the assertion in Lemma 2.1. O

19
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4 Appendix

For application of Theorem 1.3, we aim to estimate the constant ¢ in (1.9). Write v =
(Vij)1<i j<a for finite signed measures v;; on [—79,0]. Let |v;;] be the total variation of v;;.
For any A > )¢, define

ol = sup [ > |l ([=ro, 0)2, Th=2e" |||, A~ = (=A) V0,

tsisd \[ 1 <j<d
o -1
Pr = max (()\ + ie)ldxd - / e>\+16V<dS)) o~ (/\ + 0 — /\0>71]d><d .
0€[=Tx,T)] —r0

Proposition 4.1. For any A > A,

A= Do+ 1)m 4N + X0
- 0

Proof. For any z # )\, define

0
1
Q. = zlgxq — / e*v(ds), G,=Q;' — Igxq.
o zZ — )\0
We have (see [12, Theorem 1.5.1])
K T )
41) T(t) = 1 OO0 = 1 (G i $) OHOd9 A > A,
(4.1) Tl_fgo/ Qxy v n HG—'—/\—)\O—HGG ; 0
: (A +HiT)s TOAT
Obviously, |f7me v(ds)|| < e |lv]| and
ol _ 1
V14+A2T-2 — 7| 25 T| > T
Then
1 2
< — |T| > Ty.
This yields
4 ffr M5y (ds) — Nolgxa
|Gzl < 1Qxkirl - || . -
A+1T — X
2 ) Al 4
SV ey e CE

Thus, for any T' > T,

T ) Ty ) .
[ G ds = [ G a0 + [ G a0
T =T

|0]>Tx
A(| Aol 4 e v e
T\ '

(4.2)

< 203 The +

20
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(& e (&
1i 46 =ieM T AT A0E 49— eM T I
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15 It is easy to see that
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21 Moreover, by the residue theorem,
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33 2(A = o)t

gg = et < e,

36 .

37 Hence, we arrive at
38
39
40
41
ig Combing this with (4.2) and (4.1), we finish the proof.
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